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Strict uniformization of real al~ebraiccurves
and global real analytic coordrnateson real

Teichmhller spaces.

.1. HUISMAN

Abstract
Wcconstructaglobal systemof reahanaíyticcoordinatesonthe

real Teiclimijíler apaceof acompactreahalgehraiccurve X, using
so-calledstrict uniformization of the real algebraiccurve X. A
global coordinatesystemla tbenobtainedvia real quasiconformal
deformationeof dic Kleinian subgroupof PGL2(R) obtained88 a
groupof coveringtranaformationaof a strict uniformizationof X.

1 Introduction

The objectof thia paperla to constructa global syatemof real analytic
coordinateson the real Teichm6llerapareof a compact real algebraic
curve.

In the litteratureonecanfind aeveralglobal systemsof complexan-
alytic coordinateaon the complexTeichmiiller apareT(X) of acompact
complexalgebraiccurveX [3, 5, 8, 9, 13]. If the complexalgebraiccurve
X can be defined be polynomial equationswith coefilcientain E?, then
the Galois group E of «~over .1? actanaturally on T(X). Someof the
fore-mentionedcoardinatesystemsthen,areequivariantwith respectto
the E—artion on T(X) [3, 5, 8, 9] andhence,induce global syatemaof
real analyticcoordinateson the real TeichmiilleraparelA(X)E of the real
algebraiccurve X. Thesecoordinateayatemaarereiatively complicated.
For example, it seemanot feasibieto determineexplicitly their image-
which would haveita intereatin questionaconcerningmoduli aparesof
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48 3. Huisman

real algebraiccurves.
One can hopeto find a more simple coordinateaystem on lA(X)E

by constructingaglobal systemof real analyticcoordinateson
whichdoesnot necessarilyextendto aglobalsystemof complexanalytic
coordinateaon T(X). Thia is indeed the case,88 we will ahow in the
preaentpaper.

The ideaof constructionja roughiy the following. Givenacompact
real algebraiccurveX of genusy =2, thereis auniformizationp: (2 —> X

of X by an open subset(2 of the RiemannaphereF’ (<1) having the
following properties.

1. The mapp is a holomorphiccoveringmap.

2. The set (2 la stabiefor the actionof the Galois group E of Cover
iR and the mapp is equivariantwith reapectto the action of E.

3. The inverse image p1(XS) of the aet of real pointa XS of X is
equalto (2flP’ (iR)

In fact, p is universal amongalí uniformizationaof X havingthe aboye
properties.Such auniformization will be calied a sirid uviiformizatiovi
of X. Suchauniformizationof a real algebraiccurveseemato havebeen
consideredfor the first time ní

Koebe,P.: Uberdie UniformiaierungreelleralgebraischerKurven. Nachr
Akad. Wias. Gattingen(1907), 177-190.

Let Gbe thegroupof automorphismsof the coveringp of X which are
equivariantwith respectto the actionof E on (2. Then, Gturnaout tobe
a Kleinian aubgroupof PGL2(R) and ita quasiconformaldeformationa
in PGL2(R) turn out to parametrizethe real Teichmiiller apareof X.

The groupCia what we will cali the strict fundamentalgroupof X
and hasa particularly easypresentation.If X docahave real pointa,
.thenG is afree groupon y generatora.1? X doesnot havereal pointa,
then (2 ia agroup on y + 1 generatoraaatiafyinga simple relation. In
both cases,one can eas¡ly constructa global ayatem of real analytic
coordinateson the real quasiconformaldeformationapareof (2. That
coordinatesyatemwill thengive riae to aglobalayaternof real analytic
coordinateson the real Teichmúllerapareof X. The imageof the latter
coordinatesystemwilI be atudiedin a forthcomingpaper[10].
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The paperis organizedas fo¡lowa. Section 2 introducesbriefly the
equivarianttheoryof topologicalcoveringmapaandintroducesthestrict
fundamentalgroupof atranaformationapare.Section3 relatesso-calía!
atrict equivariantcoveringaof a tranaformationapaceto ordinarycover-
inga of ita quotient. Section4 determinestheatrict fundamentalgroup
of acompartreal algebraiccurve. Section5 recallawhatuniformization
of areal algebraiccurveby the doublehalf-planela. That is thenuaedin
Section6 to proveatrict uniformizationof compactreal algebraiccurves.
AII this is thenused in Section7 to conatructaglobal systemof real
analytic coordinateson the real Teichmiiller apareof a real algebraic
curve.

Convention. A Riemannaurfaceis not necessariiyconnectednorcom-
pact.

2 The universalstrict equivariantcovering

Let E be anygroup. A E-space ja a topologicalapaceX endowedwith
an actionof E such that every elementof E actacontinuoualyon X. A
subaetU of X la said to be siable if a • u E U for ah u E U and alí
a E E. A E-apareX is saidto be.equivaria»tly co»»ected if O andX are
the only openandcloaedatablesubsetsof X. If X la locally connected,
then X is equivariantly connectedif andonly if E actatranaitively on
the set of connectedcomponentsof X.

A continuouamap f: Y —> X of E-aparesia aaid to be equivaria»t
if f(a . y) = a - f(y) for ahí y E Y and ahí a E E. An equivariavil base
poivil of a E-apareX ia an equivariantmapb:E —> X. Let X andY

be E—apaceaand let 6 and c be equivariantbasepointa of X and Y,
respectively. An equivariant map f: Y —* X is said to be equivariavit
basepoi»t-preservivigif fo c= b. Wc denotethia by f: (Y, c) —> (X, b).

An equ¿varia»tcoverivigof aE-apareX is an equivariantmapp:Y —>

X of E-apareswhich ia acoveringmap. Recalí that a morphiamfroní
a cover¡ng p: Y —* X into a covering q: Z —> X ia a continuous map
f: Y —> Z auchthat q o 1 = p. A rnorphisrn of equivariavil coveriviys is
a morphismof coveringatbat is equivariant.

An equivariantcoveringp: (X, 6) —> (X, 6), wherebandb areequivari-
ant basepointa,is saidto bea universal equivar¿a»t coverirty of X if, for
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everycoveringq: (Y,c) —> (X, b), therela auniquemorphismof equivari-
ant coveringaf: (X, 6) —4 (Y, c) suchthat q of = p.

Let X be a E-apare,and let b be an equivariantbasepoint of X.
SupposethatX hasauniversalequivariantcoveringp: (1?,b) —* (X, b).

By the universal propertyof such a covering, the groupAut(Ñ/X) 18
uniqueiy determina!by X, up to uniqueisomorphiam.

Definition 2.1. TheyroupAut(Ñ/X) ofautornorphLsrnsofihe equivari-
avil cover¿vig $7 ofX ¿a called the equivariantfundamentalgroup of X,
avid la devioted by iri(X,E;b), or sirnply by ir1 (X, E).

The following propoaitiongivea acriterion for auniversalequívariant
coveringto exiat. For aproof, oneis referredto [8].

Proposition 2.2. Let X be a locally avid eqtdvariavitly coviviectedE-
apoce. Leí b be a» equivarioní base poivil of X. Leí >4, be ihe coviviected

compoviení of X covitaiviiny b~ for oil a E E. lAhe», ihe followiviy condi-
hoya are equivolení.

1. TIte E-apoce X has a universal equivariavil coverivig.

2. The topological spoce X~ has a uvilversal coverivig for alt a E E.

Moreover, :f oye of ihese conditiovis 18 satiafied, a uvilversal equ:von-
ant coverivigp: (1, b) —> (X, 6) is Galola; i.e., tIte rnap p induceso
homeornorphLsrn

Ñ~rí(X, E) ~ X.

An equivariantmap f: Y —* X of E-aparesla said to be atrict if
f maps any E-orbit in Y bijectiveiy onto a E-orbit in X. The map
f is a siricí equivaria»t coverivig if f is an equivariantcovering map
that laatrict. A rnorphLsrn of atricí equivariavil coveriviga is amorphiam
of equivaria»tcoveringa. Note that such amorphiam ia automaticalhy
strict.

A strict equivariantcoveringp: (1, b) —> (X, 6), whereb and b are
equivariantbasepointa, la saidto be uvilversol strict equivariavil coverivig
of X if, for every atrict coveringq: (Y, c) —> (X,b), therela a unique
morphlam of atrict equivariantcoveringa f: (X, 6) —> (Y, c) such that
q of = p.
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Let X be a E-apare,a»d let b be an equivariantbasepoint of X.
Suppoaethat X hasa univeraalatrict equivariantcoveringp: (X, b) —>

(X, b). By the universalpropertyof auchacovering,thegroupAut(XI/X)
la uniquely determinedby X, up to uniqueiaomorphlam.

Definition 2.3. TIte group Aut(Ñ/X) of autornorphiarnaof tIte atricí
equivariavil coverir¿g X of X Ls ca ¡Lcd tIte strict fundamentalgróup of
X, a»d mill be de»oted by aí(X, E;b), or simply by aí(X, E).

We wihi deducefrom the foliowing iemmaacriterion for auniversal
atrict equivariantcovering to exist.

Lemma2.4. Leí X avid Y be loca¡ly covi»ectedE-spacea.Leí p: Y A X
be a» equ¿variovitcoveriviy. TIte», diere ¿8 a atr¿ct equivariavil coveri»g
¡3: Y —> X, a»da rnorphisrn of equ¿vario»tcoveringaf: Y —> Y haviviy
tIte followiviy irniversal property. For aviy atricí equivariavil coveri»y
q: .3—> X, avid a»y rnorphiarn of equivariavil coverivigag:Y —4 Z, ihere
¿a a trnique rnorphism of atricí equivariavit coveriviys j: Y —> .3 rnaleiny
tIte followúig diayram comrnutative.

y —4 Z

ti.

Proa?. Let 3 be the aubsetof the fiber productY xx Y conaiatingof
alí paira (z,y) such that z andy behongto the sameE-orbit in Y. Let
R be the amaliestopena»d cloaedsubsetof Y Xx Y containing 3 and
which is an equivalencerelationon Y. Observethat auchasubaetexista
aince Y xx Y ia locally connected.Let Y be thequotient Y/R. Let 1
be the quotient mapfrom Y ontoY. Since the equivalencerelation R

is containedin Y xx Y, the mapp factorizeathrough f, i.e., there¡a a
continuouamap¡3 from Y onto X auchthat ¡3 o f = p. Since R la an
openand closedaubaetof Y Xx Y, themap¡3 la acoveringmap.

Conaiderthe naturalactionof E on Y Xx Y. Obvioualy, a• 3 = 3
for ahí a E E. Hence,a•R alan la anequivalencerelation on Y, openand
closed in Y Xx Y andcontainingthe aubaet3. SinceR ia the amahlest
equivalencerelationhavingthlaproperty,onehasa•R cE R for alía E E.
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It follows that the action of E on Y inducesan artion of E on Y and
the mapaf and¡3 areequivariant.

Sincethe equivalentrelation R on Y containathesetS, theequivar¡-
ant coveringmap¡3 la strict. We ahowthat this strict equivariantcover-
ing of X satiafleathe requireduniversalproperty.

Let q: Z —* X be aatrict equivariantcoveringof X and iet g: Y —>Z
be a morphismof equivariantcoveringaof X. Conaiderthe equivalence
relation R’ = Y xzY on Y. Since qoy = p, the set R’ la asubsetof
Y Xx Y. Sincethe coveringq ja atrict S cE R’ Moreover, 1?’ ja openand
closed in Y Xx Y sincethe mapy la acoveringmapof.3. It followa that
R la containedin R’ and,hence,that thereis auniquecontinuousrnap

4 from Y into .3 auchthat 4 o f = y. It ja clearthat 4 is equivariant.

Proposition 2.5. Leí X be a locaily avid equivarianuly coviviected E-
apoce, avid leí b be mi equivariovit base poivil of X. Leí X0 be the con-
viected componevil of X containing b0 for aH a E E. Suppose thai ihe
topological apoce Xa has a uvilversal coveri»gfor aH a E E. Then, ihe E-
apoce X has a ur¡iveraal siricí equivariavil coverivig ¡3: (1, b) —* (X, b).

Moreover, ihia universal atr¿ct equivoriavil cove ring la Galois; i.c., ¡3 ¿vi--

duces a homeornorphLsrn

it/aj (X, E) ~ X.

Proal’. By Proposition2.2 there is a universal equivariantcovering
p: (X, b) —> (X, b) of X. It foiiows readily from Lemma 2.4 that the
inducedatrict equivariantcovering

¡3:(X,b) —> (X,b)

ja universal. It afro follows froro Leníma 2.4 that the the action of
irí(X, E) on it induces an action of irí(X, E) on 1. Sínce the latter
actionla oneacting by automorphiamsof thestrict equivariantcovering
¡3, onehasinducedsurjectivemapsof the quotienta

it/ir1 (X, E) —* it/ir1 (X, E) —> Ñ/ai(X, E) —* X.

Accordingto Propoaition2.2, thecompositionof thesernapsisa horneo-
morphisrn.It follows thatearhof the aboyemapsis ahorneomorphiam.
In particular,¡3 inducesahomeornorphisrnfroní it/aí (X, E) onto X.

u
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3 Universal coverings and universal strict
equivariantcoverings

It wili be uaeful to relateatrict coveringaof a E-spaceX to ordinary
coveringaof thequotient apareX/E. Firat, we needto introducesorne
notation.

Let X be aE-apare.Denoteby SCavx thecategoryof atrict equivari-
ant coveringaof X anddenoteby Cavx1r the categoryof coveringaof
the topologicalapareX/E. One hasafunctor

F: Covxir —> SCovx.

Indeed, let ir: X —* X/E be the quotient map. If f: Y —> X/E la a
covering, the fiber productY X ia a topological apareon which
E actadiagonaíly. The projectionon the secondfactor froní Y Xx/s X
onto X ha an equivariantcoveringof X. We denotethia rnap by Ix. It
la trivial to check that fx is aatrict coveringof X. Define the functor
E on objectaasF(f) = fx. It ia clearwhat the functor F ahouldbe on
rnorphiama.

Recalí that an actionof agroup E on a topological apareX is said
to be diaconti»uousif for ahí z E X, thereia an openneighborhoodU
of z auchthat

1. (a. U) ~ U for ahí a E E~, and

2. (a.U)flU=Qiforall o’ E E\EX,

whereE~, denotesthe atabilizerof z.

Proposition 3.1. Leí X be a locally coviviectedE-apoce. Supposethai
E acis dLscoviti»uouslyo» X. Thevi, ihe fuvictor E: Covxir —4 SCavx
rs ay equivaleviceof categories.

Proof. We define a funetor

O: SCo~< —> Covx1r

as followa. Let 9: .3—> X be astrict coveringof X. Onehasan induced
mapf: .3/E —> X/E andoneneedato ahowthat f la acoveringof X/S.
It will then follow that (2(y) = f defines a functor frorn SCavx into
covxIr.
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Let z be anyelernentof X. Let U be an openneighborhoodof such
that (a. U) C U for aH a E E~, and (a. U) fl U = 0 for ah a E E\E~.
Sincey is acovering, the inverse imagey’ (U) of U is adiajoint union

U~6¡ V1 of opensubsetaVj of .3. Moreover, the restrictionof y to each
y1 ia ahorneornorphismontoU.

SinceU is atablefor the actionof S~, the inveraeimageyt’ (U) ja
alan atablefor the action of E~. The topologicalapareX being locahiy
connected,we rnay assurneU to be connected. Then, eachVj ja con-
nected. Let yí be the inverae imageof z in Vi. Since the coveringy is
atrict, yj ja afixed point of £,. By connectedneaaof 14, the openaubset
Vi of.3 is E~-stable.

Since(a.U) n U = 0 for ahí a E E\E~, the quotient U/EX la an open
neighborhoodof lr(z) in X/E. Similarly, g’(U)/E~ can be considered
as an opensubaetof .3/E. The inverseimageof U/El by f is equalto
thiaopensubaetof .3/E. Thequotientg’(U)/E~ ja equalto thedisjoint
union of the quotientaVi/El, eachof which iamappedhomeomorphically
by f onto U/EX. Therefore,f ia acoveringrnap.

It is easyto check that the functoraF and(2 arequasi-inveraesof
earhother.

u
Corollary 3.2. Leí X be a locally avid equivariantlycoviviectedE-apoce.
Supposeihat E acta discovitiviuoualyovi X. Let 6 be ay equivariavil base
¡mini of X. Leí

¡3: (13)—> (X,b)

be a atrict equivarianí cover¿ny of X. Denote by

p: (it/E, 6) —> (X/E, 6)

ihe inducedordi»ary cover¿vigof ihe quotievil spoceX/E, whereb avid 6
denotetIte inducedordiviary basepoi»is of it/E avidX/E, reapectively.
TIte», ¡3 Ls a universal siricí equivariavil coverivig if a»d ovily if p Ls a
universalcoveri»g. lvi particular, tIte following coviditiovisare equivale»t.

1. TIte E-apoceX has a uvilversalsiricí equivarianícovering.

2. TIte quotievil apoceX/E has a universalcovering.
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Moreover, if oyeof ihesecondit¿o,tsLs aatLsfiedtIte» oye Itas a» iaomor-
pItLsm

of fundamental yroups.

Remark 3.3. Observethat Propositions2.2 and 2.5 and Coroiiary
3.2 show the following atatement.Let X be alocally andequivariantly
connectedE-apace. Suppoaethat E actadiacontinuoualyon X. If al
connectedcomponentaof X admit auniversal covering, then the quo-
tient X/E admitaauniversalcovering.

4 The strict fundamentalgraup of real alge-
braic curves

Let E be the Galois group of Cover iR, i.e., E = {1,a}, wherea is
complexconjugation.Let X be aRiemannsurfare.A real atrncture on
X is ay artion of E on X such thata artaantiholomorphicaliy.We will
also aay that aucha Riemannsudarela definedover E?. We denoteby
XE the subsetof fixed pointa for the artionon X by E. The pointaof

arecalla! real pointa of X.
Recail that aRiemannsurfaceX ja of finute type if X la biholomor-

phic to the complementof afinite set in acompactRiemannsurfare. A
Riemannsurfaceof finite type is eaaentiallyacompiex algebraiccurve.
Similarly, aRiemannsurfareX definedover 1? which ¡a of finite typeia
eaaentiallya real algebraiccurve. Therefore,in what follows, by acom-
plex algebraiccurve (resp.a real algebraiccurve) we meanaRiemann
aurfare of finite type (resp. a Riemannaurfaceof finite type defined
over .1?).

Let X be acompactconnectedreal algebraiccurve. Let y = g(X)
be the genusof X. The numberof connectedcomponentaof XE will
be denotedby a = s(X). The real algebraiccurvela said to be dividi»g
il’ X\XS is not connected. It la well known that a y + lmod2 and
1 < a <y + 1 if X la dividing, and that O < a < y if X la nondividing.

Proposition4.1. Leí X be a compací cor¡»eciedreal algebrale curve.
Leí g = y(X) avid s = s(X). TIten, tIte siricí equ¿varioviifundarnen-
tol group o’í(X, E) ¿a Lsornorphic lo tIte yroup yeneratedby e¡ernertte
Y1,..~,7g~fl subject to tIte followi»y relaiiovi.
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1. IfX Ls dividí»9 tIten

-y, . [Ys+í, 7s+2] ... [y2, Yg+1] = 1.

2. If X ¿a »o»dividñigthevi

1»porticular, ihe group a1(X, E) ¿a a free yroup o» y gevieratora if XE !=
0. Thegroup ai(X, E) ¿a isornorphic to tIte yroup

IfXS=«t

Pmo?. Since the Eulercharacteristicx(Xs) of the set of fixed pointa
XE of X ¡a equal to 0, onehasx(X/E) = lx(X) = 1 — y. Let S be
a connectedcornpactsurfaceauch that X/E is homeornorphicto the
complementof the union of a diajoint opendiacs in S. Then, x(S) =

1— y + a.
If X ¡a dividing thenX/E ja orientabie. The sarne thenholda for

S. It foilows that 8 ja an orientableaurfareof genus 1(9 — 8 + 1).
Then, the groupaí(X, E), being iaomorphicto the fundamentalgroup
of X/E by Corollary 3.2, la generatedby elernenta71,..., i’g+í, subject
to relation 1.

If X ¡anondividingthenX/S janonorientable,andso ¡a 8. It foiiowa
that8 ¡a theconnectedaumofg+1—srealprojectiveplanes. In thia case,
the group a1 (X, E) is thengeneratedby elernentan, , ~ subject
to relation 2.

u

5 Uniformization of real algebraiccurves

For the convenienceof the readerwe recalí somefactaon ordinary uni-
formization of real algebraiccurves before diacussingtheir strict uní-
formization. For proofs, the readerja referedto [8].

We will calI a connectedRiemannsurfacehyperbolic if it is univer-
aaliy covered,in the hoiomorphicsense,by the upper half-plane liii. An
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equivariantlyconnectedRiemannaurfacedefinedover fi will be said to
be Ityperbolic if each of ita connectedcomponentaja a hyperbohicRie-
mannaurfare.

We denotethe upper (resp. lower) half-plane by U (resp. L), avid
we denoteby 13 the double haíf-plane U U L. The uniformization of
Riernannaurfacesover fi is then rnerely aconsequenceof the clasaical
uniformization of Riernannsurfaces([6], TheorernIV.4.1).

Theorem(Uniformfration of Riemannsurfacesover fi).

Leí X be a Ityperbolic equivaria»uly covi»ectedRiemavinaurfacedefi»ed
over fi. TIte», ihere Ls a trniveraal equivariavil holomorphic covering
p: 13 —> X ofX by tIte doublehalf-pla»e U.

A universal equivariant holornorphic coveringp: Di —* X wiii be
calla! a uviiform¿zatiovi of tIte RiemavinsurfaceX over fi. In caseX
la a real aigebraiccurve, a uniformization of X as a Riemannaurface
definedover fi will be calla! a uniformizatio»of X os o real algebraic
curve.

If p: 13 —* X la a uniformization of a RiemannaurfareX over fi,
thenthe groupGof automorphiamsof p actaholomorphicailyon 13, i.e.,
o ia aaubgroupof the group Auts(13) of equivariantautomorphiams
of 13. The group Auts(13) is nothing but the group PGL2(fi) acting
on 13 by Móbius tranaformationa.Hence,the groupO ¡a aaubgroupof
PGL2(fi). SinceO artadiscontinuoualyon 13, thegroupO is Kleinian.
(We refer to [14] for definitionaand factaconcerningKleinian groupa.)

We will say that a Kleinian aubgroupO of PGL2(fi) la of tIte firsí
lei»d if ita regionof diacontinuity la equalto 13. Otherwise,O is said
to be of tIte secovidlei»d. In that case,the domainof diacontinuity of O
containa13 asapropersubset,andthe iimit setof O ¡a anowheredense
aubsetof F

1(fi). Note that the definition of the kind of aKleinian aub-
groupof PGL

2(fi) extendatheclasaicaldefinition in caseO is contained
in PSL2(fi), i.e., in caseO is FNjchsian.

Proposition 5.1. Leí X be a hyperbolic equivario»tly co»»ected Ríe-
man»surfacedefiviedover fi. Let p: 13 .-+ X be a u»iveraa¡equivarioní
Itolomorphiccoveririg of X. Leí O be tIte yroupof automorphiamaof tIte
coveri»gp. Then,

1. tIte group G ¿a iaoraorphic lo tIte equivariavil fu»dameviialgroup
rí(X,E) of X;
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2. ihe yroup (2 ¿a a Kleiviian subgroupof PGL2(fi), act¿»ydLsco»t¿»-
uouslyo» 13;

8. ihe quot¿evitR¿ernanviaurface13/G ¿a equ¿var¿avitlyiaomorphic lo

x.

Moreover, tIte following equivaleviceahoid.

.4. TIte yroup (2 ¿a of tIte aeco»dleivid if avid o»ly if tIte Riema»vi
aurfaceX Itas a no»emptyideal bouvidary.

5. TIte yroup(2 Ls Fuchala» if avid ovily ji X ¿a viol covinected.

6. TIte group(2 covitaivisparabol¿celemevita¿f and ovily ¿IX Itaspunc-
turca.

7. TIte yroup & covitaina ellipiic elemevita ¿j< and only if X Itas real
poinís.

6 Strict uniformization of real algebraiccurves

In thiasectionwe ahowthat,with afew exceptiona,areal algebraiccurve
can be uniformized by ay openaubsetof the Riemannsphereauchthat
thia uniformization ¡a, in fact, auniversalatrict equivariantcoveringof
the real algebraiccurve.

Theorem(Strict uniformization of real algebraiccurves)
Leí X be a compacícovinectedreal alyebraic curve of genusy. Suppose
thai XZ la vio»empiyji y = O or 1. TIte», ihere ¿a a E-atable ope»
subsel(2 ofF’ ((3 covitaivii»gtIte doublehalf-plavie ID, such tItal ihere la
o uvilversal atrid equivariavil holomorphiccoveriny¡5: (2 —* X of X by
(2.

Proof. Let Y be the cornplementof X~ in X. Then, Y la an equivari-
antly connectedRiernannaurfare defined over fi. Obaervethat Y ¡a
hyperbolic. Indeed,if X~ ¡a nonemptytheneveryconnectedcomponent
of Y hasanonempty ideal boundary,henceY ¡a hyperbolic. If XE ¡a
empty, then by hypothesia,X ja of genusgreaterthanor equal to 2.
Then,sinceX = Y andX ¡a hyperboiic, Y ¡a hyperbolic too.
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Applying to Y uniformization of Riemannaurfareaover fi, thereis
a universal equivariant holomorphic covering p:13 —> Y of Y by the
doublehalf-plane13.

Let (2be the groupof equivariantautornorphlarnsof p. Then, G ja
a Kleinian aubgroupof PGL2(fi). Let (2 be ita region of diacontinuity.
Then, (lis atablefor the actionof E. We ahow that O artafreely.on (2.

That will ahlowa us to extendp to a map¡3 froní (linto X. Then, we
will ahow that ¡3 ia a universalstrict equivariantholomorphiccovering
of X.

Supposethat O arta not freely on (2. Let z E (2 havea nontrivial
atabihizerG~. Let -y e O,, be nontrivial. Then, y ja an eiliptic Móbius
tranaformation.But Y doeanot havereal pointa. Accordingto Propoai-
tion 5.1, 0 doesnot containeliptic elementa.Contradiction,i.e., O acta
freely on (2.

Let pi be the restriction of p to U, and P2 the restriction of p to
L. Sincep la equivariant,p2(z) = a(pi(o}z))) for ahí z E L. Sincep’ la
conformalandO artafreely on all of (2, the mapPi extendauniquely to
acontinuouamapih froní (2flU into X (cf. [2], SatzIV.8.41). Sirnilarly,
P2 extendauniquelyto acontinuouarnap¡32 from (2fl~ into X. Then, by
uniquenessof¡32, onehask(z) = a.¡31(a(z))for ahí z E (2flL. In partic-
ular, ¡3~ and ¡32 coincideon (2fl ~ (fi). Hence,theyinduceacontinuoua
map ¡3: (2 —> X whoaerestriction to 13 ¡a equalto p. By the so-calied
analytic definition of quasiconformalmapp¡nga([12], TheoremIV.2.3),
¡3 la quasiconformal.Sinceita restriction to 13 ¡a holomorphicand (2\13
¡a of measure0, ¡3 is holomorphicon ahí of (2.

It la clearthat the elementaof O art asequivariantautomorphiama
of the map¡3. Hence,¡3 inducesaholornorphicmapf frorn the Riemann
aurface(2/O into X. Ita reatriction to the openaubaet13/O is a» iso-
morphiarnonto ita imageY. Therefore,f ¡a ay openembeddingof (2/O
into X.

SinceY hasno punctures,the groupO ja ioxodromic by Proposition
5.1. Therefore, the quotient (2/O ¡a compact. It followa that 1 ia an
isomorphismontoX, i.e., the map¡3: (2 -4 X la surjective.Since (2/E la
aimply connected,the inducedmap(2/E —> X/E ¡a auniversalcovering
of X/E. By Corollary 3.2, ¡3 la auniversalatrict equivariantcoveringof
X.

u
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A universal atrict equivariantholomorphic covering ¡3: (2 —* X of a
real algebraiccurve X will be calla! a atricí uniformizatio»of X.

Remark6.1. Let p: (l-> X be astrict uniforrn¡zationof areal algebraic
curve X. By Corollary 3.2, the inducedmapon the quotienta

frQ/E—> X/E

is auniversaldianalytic coveringof the Kiein aurfareX/E associatedto
X (see[1] for the theoryof Klein aurfaresanddianalyticmapa). Thesim-
ply connectedKiein aurfare(2/E ¡a open in the Klein aurfaceF’((fl/E.
Strict uniformization of real algebraiccurvesthuaimphiesuniformization
of Klein aurfacea.

Proposition6.1. Leí X be a compací corniecied real alyebra¿c curve of
genusy. Supposethai Xr ¿a vionernpty jiy = O or 1. Leí ¡3: (2—> X be

o uviiveraal atricí equivarioníItolomorph¿ccoveririy of X. Let O be tIte
yroup of autornorpIt¿amaof tIte siricí equivariavil coverivig¡5. TIten,

1. tIte yroup0 ¿a ¿somorphiclo tIte strlci fundamentalyroupa1(X,E)
ofX,~

2. tIte yroup & ¿a a lozodrornic Kleiviiavi aubgroupof PGL2(fi) w¿tIt
(2 as regio» of d¿aco»tinuitv;

3. tIte quotievil JUemavirzsurface(2/O ¿a equ¿varianulyisomorphic lo

x.

Moreover, tIte followiviy equivaler¡ceaItoid.

4. TIte yroupO ¿a viovielemevitaryif avid ordy if y =2.

5. TIte real ¡<leinia» ymup O ¿a of tIte aecovidleivid ji and o»iy ji X

Itas real poinia.

6. lAhe group O ¿aFuchata» ji avid o»ly ji X Ls dividiviy.

Proof. Staternent1 ia clear. Staternent3 followa froní Proposition2.5.
To ahow statement2, it aufficesto observethat the restrictionof ¡3 to
the doublehalf-plane 1) is a universalequivariantcoveringof X\XE,
and therefore,O docanot containany elliptic or parabohicelernentaby
Proposition5.1.
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By Proposition4.1, if y = O or 1 tben the group O ia cornrnutative,
¡vi particular,elementary.If y =2 thenO ¡a not conímutative.SinceO
¡a loxodromic, O la neceaaarilynonelernentary.This showsequivalence
4.

Since the equivariantcovering ¡3 is atrict, ¡31(XE) — (2fl F’(fi).
Hence, O ja of the secovid kind if and only if X~ # 0. Thia provea
equivalence5.

Equivalence6 ja obvious.

u

Remark 6.2. Let X be a compactconnectedreal algebraiccurve of
genusy having real pointa. Let p: (2 —* X be a atrict uniformization of
X and let O be the groupequivariantautomorphiarnaof the covering
p. By Proposition4.1, 0 la a Kleinian group freeiy generatedby y
elementa.Since anyfinitely generatedfree Kleinian groupja aSchottky
group [14], the group O ia a Schottky group. Sibner ahowed that a
cornpartconnectedreal algebraiccurvecan be uniformizedby aclasaical
Schottkyaubgroupof PGL2QT) [16]. We will ahowin aforthcomingpaper
that theatrict uniformizationp: (2 —> X of X la, in fact, auniformization
of X by a real Schottky group [10].

7 Global real analytic coordinateson real
Teichmiiller spaces

In thia section,a real or cornpiex algebraiccurve is underatoodto be
compartandconnected.

Let X be a real algebraiccurve. Let 1(X) be the complez Te-
¿ch múller space of X, i.e., ita elementaare paira (Y, f), where Y ja a
complexalgebraiccurveavid 1: X —> Y ¡a an orientation-preservingqua-.
siconformalhomeomorphiarn.Two auchpaira (Y, f) and (Z, It) repreaent
the sameelementof T(X) if ayd only if thereja a biholomorphicmap
le: y —* .3 auchthat le o f la hornotopic to It. It la known that T(X)

admitaa natural atructureof a complex analytic manifold. For that
atructure,T(X) ja connectedandof dirnension3y — 3 if X ia of genua
~=2 (aee[15] for detaila).

The actionof E on X inducesay artion of E on 1(X). Indeed,one
definesa.(Y,1) as (Y

0, f0), whereY0 lathecomplexconjugateatructure
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on the manifoid Y and f0: X —> Y0 la defined by f~(z) = f(a . x). It
la easily verified that thla gives rise to a» action of E on 1(X). It
turna out that a acta antiholomorphically on lA(X). Since lA(X)E la
nonempty, lA(X)r ia a real analytic manifold of dimension 3y — 3 if

y =2. Furthermore,T(X)E is connected[4]. The real anaiyticmanifoid
lA(X)s ¡a calla! the real Te ichmdller .space of X.

The real Teichmúllerapareof a real algebraiccurve X is of intereat
for the studyof moduhi of real algebraiccurveshaving the sametopo-
logical type asX [7]. In this sectionwe wiii conatructaglobal systemof
real analyticcoordinateaon the real Teichrnúllerapareof a real algebraic
curveof genusy =2.

Let p: (2 —* X be aatrict uniformization of the real algebraiccurve
X. Let O be the groupof automorphlamsof the equivariantcoveringp.
Let M(O) be the apareof Beltrami coelficientafor Owith supportin (2
(see [11] for definitiona or nontrivial unprovedatatementathat appear
without reference). SinceO ¡a aaubgroupof PGL

2(IR), the group E
artanaturahlyon M(G).

Recail that for any Heltrami coefllcient ji E M(O), thereia aunique
orientation-preaervingquasiconformalaelfhomeomorphiamtít of 1>1 (it)
having 0, 1 and ~ as fixed pointa and which ia such that ita complex
dilation ja equalto ji. Since the aetof ahí or¡entat¡on-preservingqua-
siconformalaelfhomeomorphiamsof F’ (it) having 0, 1 and ~C Rs fixed
pointa ia agroup, onegeta, by tranaportof atructure,the atructureof
a group on M(G). Thia structureon M(O) is such that E acta by
homomorphiama.

Let ji be in M(O). Then, for al a E O, the selfhomeomorphiam
o a o (w~)’ of F

1(6S) ¡a a M5biua tranaformation. One definesa
homomorphiamof groups

0:0 —* PGL
2(<9

by letting ¿~‘(a) = mP o a o (w~)’ for any a E O. Of courae, U’ ia an
iaomorphiamof Oonto ita irnage. The mapaU’ arecalled quasicoviformal
deformationaoJO. We put

Def(G) = {K: G —* PGL2QL) ¡ Bg E M(G): U’ = 4

the setof quasiconformaldeformationaof O. Notethat U’ la equalto the
incluaion of O into PGL2(<9 when ji is the trivial Beltramicoefflcient 0.
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Theaction of E on PGL2QL) inducesan artionof E on Def(G). The
aubsetDef(G)E of Def(G) is the aubsetof real quaa¿co»formaldeforma-
hong of 0. Obvioualy, aquasiconformaldeformation~:0 —> PGL2(L)
¡a real if andonly if ¡c(O) C PGL2(R).

Onehasanatural map

¿: M(G) —> Def(G)

definedby letting the irnageof ji be ¿~ for aH /1 E M(O). Thia map ja
clearly equivariant. Let Mo(O) be the subsetof Beltrami coefficients ji

in M(O) auchthat the deformationU’ ja equalto the inclusion ¿~ of O
in PGL2Qt). Then, Mo(O) ia aaubgroupof M(O), atablefor the action
of E on M(O), andthemap¿ ia aquotientmapfor theartionof M0(O)

on M(G).
The set Def(G) of quasiconformaldeformationaof O geta the atruc-

ture of comphex analytic manifold since M0(G) arta freely on M(O).
In fact, Def(G) ia aconnectedcornplexana¡yticmanifoid of dimension
3g — 3 if y =2. The artion of o on Def(G) is antiholomorphic. Since
Def(G)E!=0, thesetDef(G)Eof fixed pointa ia a real analytic manifoid
of dimensionSg — 3 if y ~ 2.

A uaeful fact on Mo(O) is the following. An elementji E M(G)
belongato Mo(O) if andonly if the restrictiontu” of w~’ to the limit setJA
A of O la equalto the ¡dentity.

It ia clear that for ji E Mo(O), the map tu” mapathe domain of
discontinuity (2 into itaelf. One leta Mo(O) be the aubaetof Beltrarni
coefllcienta ji E Mo(a) auchthat tu”, considera!as amap from (2 into
itself, la homotopic to the ident¡ty map id~ on (2. Then, Mo(O) is a
normal aubgroupof Mo(O) which ja atablefor the actionof E on M(O).

Let T(O) be the quotient of M(O) by the action of Mo(O). Then,
lA(O) hRs a natural atructureof a complex analytic manifoid and is
calla! the TeicItmñllerspaceof O. In fact, 1(0) ja aconnectedcornpiex
analytic manifold of dimension 3y — 3 if y =2. One has an induced
action of E on 1(0). Complex conjugationa actaantiholomorphically
on lA(O). It turna out that 1(0) laequivariantly biholornorphic to the
cornplexTeichmiiiller apare1(X) of X. Let

~p:T(X) —-4 T(G)

be auchabihohomorphicmap.
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The map ¿:M(O) —+ Def(G) fartorizesthrough the quotient map
M(O) —> lA(O) andgives rise to an equivariantholomorphicmap

mT(O) —* Def(G).

In fact, ir ja a universal holomorphic coveringof Def(G). The group
of automorphiama of thia covering is equal to the quotient group
Mo(O)/Mo(O).

Let Def(G)5’0 be the connectedcornponentof Def(G)5 contain¡ng
the inclusion ¿0:0~..* PGL

2((3.

Lemma 7.1. TIte ftzducedmap

,rE:T(o)E ...*Def(G)
5

maps lA(O)5 reol bia»alyt¿cailyovito Def(G)50.

Prao?.SinceT(O)~ ¡a connectedandsince mr(O) — onehasthat the
imagemr(T(O)5) of 1(0) si

8 containedin Def(G)
5’0.

It la easyto ace that mr5 la aurjectiveonto Def(G)5’0. Indeed, the
reatrictionof ir to the inverseimageA — r1(Def(G)5’0) ¡a acovering
of Def(G)5’0. SinceE actatrivially on the iatterapare,E actatrivially
on the connectedcomponent(2of A that containalA(O)~. Then,

T(O)~ C(2CA5 CA(O)5.

Hence T(O)5 — (2is aconnectedcomponentof A. Therefore,mr~ mapa
ontoDef(G)5’.

Let us ahowthat mr5 ja injective. Let ji andu be Beltrami coeflicienta
in M(O) representingtwo elementaof T(0)5. Due to a resultof Earie
(see [4] or [7], Theorem 21.1), we may asaumethat ji and u are in
M(O)5. Supposethat ji andu areauchthat U’ —O’. Then,w=g.v-’
la in Mo(O). Hence,the mapnr mapa(2 into itse¡fand la equalto the
identity on the himit set A of O.

Since ji andu are in M(O)E, w ¡a also in M(G)5. Therefore, the
map tu”’ la equivariant. In particular, ut’ mapaP1(fi) into itself. Since
thia map¡a the identity on A cE P’ (fi), one hasthat a»y point z of
F’ (fi) avid ita imagett(z) beiongto the sameconnectedcomponentof
F’(fi)\A. It followa that mt’, considera!as amap from (2 into itaelf la
homotopicto the identity. Hence, fi u~ — w E Mo(O) and therefore,
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ji andu give rlae to the aarneelementof 1(0). Thia ahowathat ,r’ is
injective.

Now that we have prova! that ir~ is bijective onto Def(G)E~O, it
followa that ,rE ja a real bianalytic mapsinceita complexificationmr is a
holomorphiccoveringmap. u

We wilI now conatructay equivariantholomorphicopenembedding
4 of Def(G) into C~-<3, in casethat X hasreal pointa and ita genua
satisfiesy =2.

According to Proposition4.1, the group O ia freeiy generatedby y
elementa71,.. . ,y~ of O.

ObservethattheMbbius tranaformationa~‘ avid 72 do not havefixed
pointa in common. Indeed,if theyhadaconímonfixed point thenthey
would havehadbothof their fixed pointain common([14], Proposition
1.0.4). Thia would imply that therearenonzerointegeram and vi auch
that ~yr= y~. Thia contradictathe fact that O is freely generatedby

~
Since -» and72 are loxodromic elementanot having conímonfixed

pointa, onemay assumethat yí hasO Rs attrartiveand as repelling
fixed point and that 72 has1 asattractivefixed point.

Define
~b:Def(G) .~g—3

by letting
= (aa, . . ., a

9, b2, . . . , b9, eí,..., c9), (1)

wherea, (reap.b1) is theattractive(resp.repelh¡ng) fixed point of ¡«ye)
and c~, ¡c~¡ < 1, la the multiphier of Ic(~yí), for alí ¿ = 1,.. .,y.

Observetbat ~ la welI definedinto r~ sinceearh Móbius trana-
formation y~, for ¿ > 2 ¡a loxodromic anddoca not have ~ as fixed
point.

Proposition 7.2. SupposetItal X Itas real poinis avid thai ita gevius
sai¿afiesy ~ 2. TIte», tIte map~ ¿a a» equivarianíb¿holomorph¿cope»
em&ddñigofDef(G) ¿vito¿9s3

Prao?. It followa from quasiconformaldeformationtheory that ~kia a
holomorphicmap. It ¡a clearthat ~bis equivariant.Sincedim Def(G) =

3g — 3, it suificeato ahowthat ~ ¡a injective in order to conchudethat ~
¡a ay equivariantbiholomorphicembedding.
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Supposethat n and A are ¡vi Def(G) such that ~b(n)= ip(A). By
definition of quasiconformaldeformationa,‘«~yi) avid AQyí) both have
O as attrartiveand ~ as repelhing fixed point. Since their rnultipliers
areequal, icfryi) = AQyi). One airnilarly proves that n(y2) = A%). It
la obvioua that ‘«71) = A%) for i = 3,... ,g. Since O la generatedby

‘yí, . . .,y~, onehasn = A. This provesthat ip ja injective. .

Tbeorem7.3. Suppoaethai X Itaa real poinia avid that ita yemasatis-
fleay> 2. Let tP: T(X) —> ~ be tIte rnap ipoiro’p. TIten, tIte ividuced
map

q~xT(X)s—*

a global aystern of real analytic coord¿»ateso» the real Teichmiiller
spaceT(X)s ofX.

Proof. Of course, = o o ~ Now, ~ T(X) -4 lA(O) is ay
equivariant b¡holornorphicmap. Hence, <pS: T(X)r ~> T(O9~ is real
bianalytic. By Lenírna 7.1, lrS:T(O)E ~* Def(G)~

0 la real bianahytic.
By Proposition7.2, ip: Def(G) —* ~ ia an equivariantbiholornorphic
open embedding. Hence, ipE: Def(G)S —> R3~3 ja a real bianalytic
openernbedding.Therefore,ita restriction to the connectedcornponent
De?(G)E.o ja a real bianalytic openembedd¡ngtoo. It follows that tpS

ia a real bianalytic openernbeddingof T(X)E into fi393, i.e., aglobal
ayatemof real analyticcoordinateson T(X)E.

u

The situation in the caseof X being a real algebraiccurve without
real pointa is ratherdifferent. In thia casethe global aystem of real
analytic coordinateson T(X)E turna out to be the oneinduced by an
equivariantglobal syatemof complexanalyticcoordinateaon the entire
complex TeichmOller apare1(X). Ihe reasonfor this la that, since X
hasno real pointa, a uniform¡zationof X as a real algebraiccurve ¡a
neceaaarilyaatrict uniformization of X. Complex analyt¡c coordinates
on complexTeichrniiller aparesobtainedby quasiconformaldeformationa
of the uniformization of a real algebra¡ccurveX havebeenconatructed
in the papera[8, 9].

Porcompleteneas,wetreatbriefly theconstructionof aglobal systern
of real analytic coordinateaon T(X)s lvi the casethat X hasno real
pointa. It w¡ll thenalsobe clearwhy ¡y Udscasethecoardinateaystern
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extendsto ay equivariantglobal aystemof complexanalyticcoordinates
on T(X).

Let X be a real algebraiccurve without real pointa. We auppose
againthat the genusof X satisfiesy =2. By Proposition4.1, thereare
elernenta71,.. . , 7~I4 of Oaatisfy¡ngthe relation

Aa before we may assumethat yi has O as attractiveand x
repehhingfixed point andthat 2 has1 asattractivefixed point.

Thenonedefineaa rnap

by Equation1, as ¡vi the caseof X having real pointa. Note that y
2+i

docanot interveneat ahí in the definition of 4’. Nevertheleas,4’ is injec-
tive. More preciaely:

Proposition7.4. Supposethai X Itas no real poivita vid thai ita gevius
aaiisfieay =2. TIte», tIte mapip ¿a a» equivarianí biholomorph¿cope»
embeddi»gof Def(G) ¿vito C~—

3.
Proof. As before it suificesto ahowthat 4’ ¡a injective. Hut thia is done
in the proofof Theorern5.2 of [8].

u

Theorem 7.5. Suppose thai X Itas vio real poivita a»d thai ita genus
satisfiesy > 2. Leí V¿: 1(X) —> be tIte map 4’ o ir o ~. lIte», ‘II

¿a a» equivariavil global aysiemof complezavialytic coordiviatea ovi tIte
corviplez lAe¿chmiillerapoceT(X) of X. ¡vi porticular, tIte ividucedmap

qvE:~(x)S—*

is a global systemof real avialytic coordiviaiea o» tIte real TeicItmiiller
apoceT(X)s of X.

Proof. As before, w: T(X) A 1(0) ¡a an equivariantbihohomorphic
map. SinceX docanot havereal pointa, the domain of diacontinuity (2
of O la equalto the doublehaif-plane 13. Since the connectedcompo-
nentaof (2 areaimply connected,Mo(O) = Mo(O). It followa that the
equivariantrnap ir: lA(O) —* Def(G) ia biholomorphic. Hy Proposition
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7.4, the map 4’ ¡a ay equivariantbiholomorphicopenembedding4’ of
Def(G) into ~ Hence,

‘II = 4’oirow:T(X) —>t~3

¡a ay equivariantglobal ayatemof complexana¡yticcoordinateson the
entirecomplexTeichmiiller spaceT(X). u
R.emark7.6. It should be eminently clear that, in the casethat X
hasreal pointa, the coordinateaystem‘¡4 on the real Teichmiiller apare
T(X)E of X docanot extend to aglobal coordinateayatemof complex
analyticcoardinateson the cornplexTeichmiiller apareT(X) of X.
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