
REVISTA MATEMÁTICA COMPLUTENSE

Volumen ~1, número2: [998

On the controllability of the Laplace equation
observed on an interior curve.

A. OSSES’ and 3.- P. PUEL

Abstract

The beundaryapprexmrnatecontrellabilityof tIte Laplaceequa-
tion observeden an interior curve is studiedin this paper. First we
considerthe Laplaceequatienwith a beundedpetential. The L~
<i<p<~> approximatecontroliability is establishedandcontreisof
L~-minimal norm are built by duality. At this point, a generalre-
su¡t which clarifles tIte relatienshipbetweenthisduaíity approach
and tIte classicaleptirnalcontrol theery is given. The resultsare
extendedte the L

5 (1<p<oo) approximatecontrollability with quasi
bang-bangcontrelsandflnally te the sernilinearcasewith a gleb-
ally Lipschitz non linearity by a fixed point method. A ceunterex-
ample shows that the globally Lipschitz hypethesisis essential.
Te computetIte control, anurnericalmethodbasedin tIte duality
techniqueis prepesed.It is tested iii severalcasesobtaininga fast
behaviourin tIte caseof fixed geernetry.

1 Introduction and Main Results

1.1 Introduction

In tItis paper we presentsorne extensionsand numerical applicatiens
of a method whicIt Itas beendevelopedb>’ Fabre, Puel andZuazuain
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aseries of papers[Fa-Pu-Zu 1,2,3]. TItey studied tIte beundar>’ and
internal approximatecentrollabilit>’ of tIte semilinearheatequatienob-
serval at final time. We consider Itere tIte beundarycontrol of tIte
semilinear Laplace equation observeden an internal surface (alsesee
[Os-Pul]). TIte beundary value is unknewn en a part of tIte boundary
but sorne“measurements”of tIte solution in L~ aregiven en tIte internal
surface. TIte preblem is tIten te retrieve the beundary value frorn tIte

given measurements.TItis canbe viewed asan inverseproblern te wlíich
approximatecentrollability tecItniquesapply.

By definitien, if we canfind an approximationof tIte botíndar>’value
we sa>’ that we Itave L~-apprexímatecontrollability. In this paper, we
study in an unifled mannertIte L~-approximatecentrellability for ¡ <
p < no with contreisof minimal p-nerrn, tIte caseof quasi bang-bang

contrels, tIte semilinearcaseand a numerical reselutionof tIte preblem.

Our results make use of unique centinuationproperties which are
classicalin tIte caseof tIte Laplaceequatien. ‘i’Itanks te recent o¡nique
centinuation properties of tIte generalized Stekessystem [Pa-Le), we
treat in anotherpaper tIte Stekescasefor whicb ntímerical calculatiens

arealso given [Os-Pu2].

1.2 Central Problem

¡Jet 9 be a. regular beundedopen set of ~N N > 2 We also snppose
that 9 is connected,in fact tIte resultsof this paper are valid in each
connectedcon3ponentof 9 separatel>’.

Wedenoteb>’ 1” tIte beundar>’of 9, andby u tIte unit outwardnormal
of 9. Wesuppose that to is a nen-em~tyand relativel>’ open part of
U wIticIt representstIte beundar>’ wItere tIte control acts. We are new
given aix internal regularsubset5 of 9 of codimensien 1, that is te sa>’
acurve in two dimensienser a surfacein tbree, wherewe observeer
measuretIte selution.
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1;

Fío. 1. Principalnotations.

Let us considerbar each u E L~(r0), 1 <

DiricItlet beundar>’problem:
p < no the fellowing

(lila)—Ay+ay=f in 9

y=v en Fo

y=O en F\Fo,

(1.lb)

(1.1e)

wItere f E L~(9) and the potential function a
conditions

a E L¶S2) and {a(x)=—fi> —-Xl

satisfies tIte fellowing

a.e. xef2 ifp#2
a.e. xEQ ifp=2

wItere A1 > O denotestIte srnallesteigenvalueof tIte —A operaterin
9 with Dirichlet Itemegeneousbeundar>’cenditiens. We will seetItat
problem (1.1) has a uniquesolutien y = y(v) un a transpesitionsense
[Li-Ma], but this selutienis ení>’ in L~(9). NevertIteless,tIte trace of

y(u) en 5 still makessenseif 5 is suppesedte be strictly includedin 9
as we will see later.

Given¡ñ E LP(S) anda> 0, eur aim is flnding u E LP(r0) suchthat

(1.3)

where ¡I~,s denotestIte standardnorrn in LP(S) (seesectien1.4).

Of ceurse,a= O would be tIte ideal caseof exactcentrellability,but
tItis is un general irnpossibledue te regularit>’ reasons.For example,if
1 = O un (1.1) tIten i¡(u) is analyticin 9 and y~ is only taken un Lp(S).

— ~

(1.2)
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Cenditien(1.3) follows frem classicapprexirnatecentrollabilit>’ meth-
ods sinceour problemla equivalentte showing that tIte set {y(v)¡s, y E
LP(Fo)} is densein LP(S).

1.3 Main results

lix erder te obtain tIte approximatecontrellability results, we Itave te

introducetIte following geemetricalItypethesisen 5 and F0:

Sisslriclly containedira 9orad eacitpoiní on Scanbe
connectedlo r0by an are ira 9mnicit doesnot crosss. (1.4)

FereachYo E L~’(S), Iet usdenoteby p tIte solutionof tIte problem

—Acp+a~a=~oo&s lix 9 (1.Sa)

en 1’, (lSb)

wItere
6s denotestIte Dirac masaen 5.

Finalí>’, we define ~ as tIte selutienof tIte fellewing Itomogeneous
problem:

—Ay+ap=f in 9 (1.Oa)

en E. (1.6b)

Theorem1.1. Assurne(1.4). For eachy~ E Lp(S), 1 < p < no arad
a > 0, 1/acre crisis a control u ira LP(r

0) sucit t/aat tite solution y(v) of
tite probleni (1.1) solisfies(1.8). Morcouer, if 1Á0d represenistite set of
oíl u ira LP<Fo) mnich satisfies(1.8), calledadrnissiblecoratrols, titen tite
mirairnizaliora probleni:

1

p
itas a uníque solution 15. Qn tite oliter harad, if mc definetite furaclional

J&po) = 14 04~ da + a iI’t’oiio,,’,s — ¡(iio — Y)9’o cis, <1.8)0v

for cacit Ñ’o ira L~’(S) orad lite associalcdsolulion so of (1.5), tite problera
of minmmiziny3 in LP’(S) also itas a uraique solulion ~o. Moreover, tite
niirairnal non controlíiis given by

p’—2 a.e. xEFo,37(x) (1.9)



Oit 1½contro¡¡abi¡ity ofthe Laplaceequation 407

ir/acre ~ is lite solution of (1.5) associatccilo <~o~ Wc also itave

— iñIio,~,s = monja,¡iyiii~,~}. (1.10)

TIteoreni 1.1 is prevedin Section 2. A uniquecontinuationproperty
baseden tIte It>rpethesis (1.4) leadste show the existenceof acontrol
satisfying (1.1)-(1.3)by a classicaldensit>’ argument. TItis enableste
constructcontroisof minimal L~-normsucIt as in <1.7) by usingametIted
[Lil,2,3] baseden tIte duality theor>’ of FencItel andReckafellar[Ek-Te]
wItich gives functionalslike (1.8).

In an optirnal controlphilosophy,anetherapproachfor selving(11)-
(1.3) is te minirnize for sornes > O tIte functional

H(v) = ?‘¡ ¡yO’) — xn¡~ds+ 1j ¡v¡~ciu.

TItis methodandtIte methedpresentedun Theerem1.1 seemtepresent
semesimilaritiesbut they areactuallydiffereuit. We stud>’ tItis relation-
sItip in Section3. More precisel>’, we generalizeacemparisongiven by
[De]. TIte extensien(Theerem3.4) evidencessorneequivalencebetween
tIte two approachesin reflexive spaces. The casesstudied in Section
2 fit unto this framewerk,but not thoseof Sectien4. Except for this
comparison, we will net censider tIte eptimal control metItod in this
article.

Following tItis stud>’, in Sectien 4 we considertIte caseof tIte L”-
approximatecontrollability for 1 < p < no with centrels of inflnity
minimal norm (Theerem4.2) by inversingtIte duality argument[Fa-Pu-
Zu3]. TIte caseof tIte L’-controllabilit>’ is also studied(Theorem4.3).
In tItis caseduality is no longer valid andwe useapreefb>’ modif>’ing
tIte dual preblem [Fa-Pu-Zul,2]. lix alí tIte caseswe ebtain tIte same
kind of quasi bang-bangcontrois.

In Sectien5 tIte studyof tIte linear caseleadste statetIte apprexi-
matecentrellability result un tIte globail>’ LipscItitz semilinearcase(TIte-
orem 5.1) by a fixed peint method [Fa-Pu-Zu3]. A ceunter example
baseden a tecItixical argumentshowsthat tIte result is net true in tIte
superlinearcaseat infinity, that is a non-linearit>’ of tIte t>’pe iYirl y
with r > 1 [He]. Nevertheless,tIte resultceníd be slightl>’ extendedtea



408 A. Osaes and J: p. Puel 

non-linearity between the sublinear and the superlinear comportments 
at infinity [Fe]. 

To complete the study, we present in Section 6 a numerical method 
for the linear case in L2 basad on the duality approach of the previous 
sections. The method has been constructed in arder to have a fa& up 
date of the control in the case of changes of ro, a or yt and only a small 
stockage is required. We observe a loas of accuracy for small values of 
o independently of the mesh, which is a typical problem in numerical 
approximations in control and inverse problems. The proposed numer- 
ical method is easily generalized to the LP case and it can be adapted 
to other similar control problems. The semilinear case might be treated 
by a fixed point procedure, but we do not follow this idea here. 

,1.4 Notations 

We recall some classical definitions. For each integer m > 0 and real p 
with 1 < p 5 OO, we recall that kV-r(Q) are the classical Sobolev spaces 
with norms 

For p = 2 we denote the classical Hilbert space H”(Q) = kV”‘*2(Q) and 
we drop the subscript p = 2 in the norms. We recall also that iV~‘P(0) 
is the ckxure of ‘D(Q) (infinitely differentiable functions with compact 
support in 0) for the norm ]($,,p,n. For the definition of Wm*P on the 
boundary and for non integral or negative values of m, see for example 
the introduction in [Gi-Ra]. We only recall here that the trace space of 

wm+(Q) is Wm-PSP(r) for r regular and that the dual space of fV~Sp(Q) 
is by definition kV-r+‘(n). We denote by p’ the conjugate exponent of 
p, i.e. I/p + l/p’ = 1. 

Remark. Without a loss of generality, we suppose in all sections that 
f = 0. Otherwise we introduce y solution of (1.6) and the results are 
valid by changing yt by yr - g. 
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2 L~-approximate controllability

In alí this sectien1 < p < no. Section2.1 presentsthe classicaldensit>’
argumentusedte show tIte existenceof acontrol satisfying(1.1)-(1.3).
By using tIte geometricalItypetItesis (1.4),a uniquecontinuationprep-
erty is preved in Section 2-2 and it leads te show Theerem2.1. In
Section 2.3 a censtructiveapproach[Lil,2,3] te construct contreisof
mmírnal L~-norm is usedand TIteorem1.1 is preved.

2.1 Classic approach

Tbeorem2.1. Assume(1.4). ¡f y(u) denoleslite solulion of (1.1) for
u E LP(I’o) liten tite set

14 = {Y(v)/s s.l. ~e L»(r0)} (2.1)

is denseira LP(S).
First we give a transpositionsense[Li-Ma] te (1.1). Let ~obe tIte

selution of tIte following problem fer it E LP’(9)

—As¿i+aso=h in 9 (2.2a)

en 1’. (2.2b)

Under tIte It>’petItesis (1.2), we knew ([Ag-Do-Ni] or [Mi], Theerem38,
VI) tItat (2.2) Itas auniquesolutieny e W¿’~’(9) fl W

2’P’(9) and that
tItere existsa corostantC which dependsen!>’ en 9, p auid a sucIt tItat

If we multipí>’ (1.la) b>’ tIte selution y of (2.2) and if we integrate b>’
parts, we obtain tIte fellowing weakcharacterizationof (1.1).

Lemma 2.2. Tite uniquesolutioray E L~(9) of

r r 09’

.11k = Ir
0 vda Vh E L’(9), (24)bu

itere y denoteslite solutiora of (2.2) associoledlo it, is also a solutiora
of (1.1) (with f = O) ira o weak serasearad conuersely.Moreover,Ay E

L~(9) arad 1/acre exisísa corastoníC such thai

IiYi¡0,~,62 =C ik’iI~,~-. - (2.5)
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Remark. Since Ay E L~(9) tIten y E W’(9) ([Li-Ma], Theorem.3.2,
p.l38) andthus tIte trace of y en 5 makes senseif 5 lii regular and
strictl>’ included lix 9.

Lemma 2.3. For eac/a <Po e L~ (5), 1/acre exisís a unique solution
~ E W”~(9) of problent (1.5). Moreover, if $ is regular orad stríctly
iracluded ira 9 orad 1’ is reyular, litera

E (2.6)
0v

arad Itere exisíconstaraisC~ arad (32 suc/a 1/aol

0v O,p’,F

Proof. Casep = 2. From (1.5) we Itave

+ IBax ¡¡2 dx = fYo9’ cis, (2.8)

But

A(11t~inf ¡iV9’¡1
2 A

= ‘k A¡)H¿(cl) 2(1 A, fi)

i¡~~I¡t,
1k (í— A,

—

, O
since frem tIte conditien (1.2) WC haveO < < 1. TItus

— ~ IIv<PIItrz =iI~<P¡itn — /3 ¡¡4’¡io,cl =¡¡v9’¡¡g,62 + IB a(x) I~¡2 dx.

A,

TIten (1.5) hasauniquesolutionthakstetIte Poincaréinequalit>’ andtIte
Lax-Milgram Lemrna. Cembining tItis result with (2.8) and using a trace
theoremweobtaintIte secondinequality in (2.7) with C2 = CA,/(A1 —/3).

For tIte generalcasep # 2 (see also [La-Ur] and [Ne]), let us flrst
notice tItat

6ssceE W”’ (9) if <Po E L~’(S). Indeed,by definition and
by using classical tracetheoremswe obtain
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¡i&s4ooii~tp:,n = sup{j’eo 9’ds; ~ E W¿’~(9), iisoik,,,n =l}

< SuP{i¡9’o¡iop.s Ii’piI1.-~,~,8 w E W¿’~(9), ii9’i¡í,~,n =11

< Ciiwailo,p,,s (2.9)

New, let us denoteby Th tIte solution of (2.2). We knew that T is an
isemorphismfrem L~ ente W

2~flWd’~(we drop 9 tesimplify tIte expressions).
But T = r l~ alsoan ¡somerphisrnfrom (W2’~ flW~’)’ ente L>”. If [A,B]
denotestIte 1/2-interpolatedspacebetweenA and8 (seo [Li-Ma],Theorem1.4)
we also seothat T is an ¡somorphisrnbetweentIte correspondinginterpelated
spaces:

Rut

[Le’, (W2.’ n W”~)’] — [Lp, W2’ n WJfl’ = (w”~)’ —

and[W2P’ (1 WJ’~, LP’] — _ . ThereforeT is an isomerphismfrom W’>’
ente . Tbk is equivalenttethe existenceand uniquenessof problem (1.5)
andthe seceudinequality in (2.7) fellows from (2.9).

Te prove (2.6) and tIte first inequality in (2.7), letO E (300(9) be afunction
such that 6 = 1 in aneighberheedof r and O = O in a neighborhoodof 8 (this
¡a pesaiblesinceSc 9). One maynotethat for tIte solution~pof (1.5) we hayo:

A(O
9’) = 9’AO + 2W. V9’ + VA9’ = 9’AO + 2W V9’ + a%

andit follows that 09’ is the solutienof

—A(6’p) +0(09’) = it in 1?

0420 en

where it = —<PM + 2W~ S’9’ E LP’(S2). Therefere69’ E W¿’~’(Q) fl
andconsequentí>’by classicaltra*ie theorems

8<69’> = 9’ ~
8v 8v

and

8v í—4p’,r 8v

Finalí>’ we ebtaintIte first inequality in (2.7) due te tIte centinueusinjectien
of W’fr~(r) in L~’(1’).

U
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2.2 Unique continuation property

Lenima2.4. Assume(1.4). Leí 9’ be lite solulion of problein (1.5). Titen

oro I’o mmplies 4Q=O ira 9.
dv

Let us definetIte set of alí the arcswhich connect5 with r0 as

.4(5;1%) = {c E C<[0, 1]; ?1~; c(i) E 9 \ 5 Vi E]0, l[, e(O) eS,e(1) E FoJ.

TIte geornetricalcondition(1.4) canbe meretechnicallystatedas fellows:

SG 9 andVx E 5, Be E .4(5;Fo) such that e(o) = x. (2.10)

Let us alsedefine tho exterior andinterior setsof 5 relativo te r0 as

Sexo = {c(t); cE.4<5; P0), 1 E]0, I[} (2.11)
= 9 \

5ta (2.12)

<b)

Fío. 2. 1., .11 cases1% ~sthe whoíe boundary. Thecurve 3 k representedwith a dashed une.

la (a), (b> sad (c) the geometrical hypothesis (1.4> la satiafled but not ~n (d) ami (e>.

The set S.t la ahaded ln eachcase.

From tIte definitiona aboye, tIte follewing geometricalprepertíesare easilyde-
duced.

Proposition2.5. Ássume(1.4). Titen

(1,) Sen is a non-empty open set arad me Aove 5 C 8S~n, ~a C 85en
Moreover, ofSexOhas severa! connectedcomponenis,lite boundary of cae/a
of tAna coníairas a nonempiy opera subsel of 1%.

<a> «1) <e)

(II) 5ínt maybe emptybuí if nol, 851nt C Sur.
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Proof. (of Lemrna2.4) TIte selutien~ of <1.5) clearlysatisfies

= O in Sen
9’ = O en 1’

= o en

and it is easyte prove that ~ E vv,; (S6~~), therefore,since r0 C
85ext,

by unique centinuatien[Sa-Sc]9’ = O in S~. Since 9’ E W”~’<9), we have
necessarííy9’ = O en85en As S G 85efl, it alsevanishesen Sand thus~ = O
en 85ínÉ If 5int is ¡íet empty (otherwise~ = O in 9 = 5ext u 5) tIten

= O in S
1,,~

9’ = O en
851nt

andthis implies9’ = O in 5i,,e~ Therefere,9’ vanishesin alí 9 = SenU 5ínt U 5.

U

Proof. (of Theerom2.1) Let y E L~’(S) be given aud Iet y(v) be the solutien

of (1.1) un the weaksense(2.4). We will show that

LY(v)g dr = O Vv E L~(r
0) implies yE O en 5.

If p is tIte solution ef (1.5> with ~ = y then by (2.4)

fYsds=—fv~da=O VvEL~(ro).

Therefere ~ = O and by tIte unique continoíationproperty of Lemma 2.4,
9’ E O in 9,seg= 420 E O.

U

2.3 Constructive approach

Thereexistsa rnorecenstructiveappreachtetIte L~ approximatecontrollability
en a curve which is in fact aix explicit method te fluid centrelsof minirnal
nerm. The methedwas intreducedby J.-L. Lions (seo [Lil,2,3]) and is based
en tIte duality theory of FenchelandReckafellar.We usethe fellowing duality
theorem.

Tbeorem2.6. [Ek-Te] Leí V bea Banachspacearad Y a separablelopological
veciorspace. Leí E : y —* fi arad G : Y —+ 1? be tiro convezfuractioras. Leí
L : V —+ y be a linear contirouotás operator. We suppose thai ibero crisis
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v<, E y suc/a thaI F(vo) < +no, G(Lva) < +oo arad ihal G is continuousal
Lv

0. Titen, II tite injmmum is jinite, me itave:

mf (F<v) + (3(U)) = sup (~FS(L*tn*) — G*(w*)) (2.13)
VEV wEY

Tite supremumira (2.13) is altained al leasí iii one poiní ii~ E Y. ¡1 lite
infirnum is also aliair¡ed al 15 E V (for example~1V is rejiexive arad 9(v) +
G(Lv) —* +00 as Vii .—~ no), tite following enromo)relalioras are satisfied:

F(15) + F(L*t7i)~ < L¾3,V> O (2.14a)

G(L15) + cT( t3*)+ < ir, LÍ >= O. (2.14b)

Remark. The respectiveduality preductsbetweenV and Y and their topo-
logicaldualspacesV andV aredenetedequally by < -, - >. The respective
normsare fl. ¡ and ~ We recalí that r is the conjugatefunctionof F in

Le.
F(v) = sup(< tÉ, y > —F(v)) fer each tÉ E V~

vFV

andsimilarly fer 0 defined in Y~. MereeverV denotesthe adjeinteperater
of L. We presentin Table 1 sornefunctiensE and their conjugateswhich are
useful Itere. TIte syrnbol I[-.ú,a] denotesfer a > O the cenvex function equals
te O unto tIte interval [—a,a] andte ±noira its cornplernent.

TABLE 1. Conjugate funct~oris.

Function F(v) Conjugate F(vfl

Ií~a,ai(hIvvoIl) ahIvfll.+<v yo>

We will also use the following well known preperty (Young~s ínequality)
which can be easiíyprevedby develepingIog(ab) (seo fer instance[Br])-

Proposition2.7. Leí 1 <p < no, 1/p+ i/p’ = 1, a >0 b> O be givera. Titen
+ -~-b” — ab> O

P Y

orad tite equalityholds if arad only if a” = ab =

Proof. <of Theorem 1.1) We apply Theorem2.6 with V = LP(1’o) arad Y =

L”<S). Wealsetake

1
F<v) = i¡~IIo,py0 , (tv) = IJ¿~aja)(IIW — ux¡io,~,s) L(v) = y(v)¡s.
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Wc can write (1.7) un tIte ferm of the infimum in (2.13). In this caso, the
infirnum is attainedat a unique peint. Teseo this, lot us notice tbat tIte set
l4ad is not empty,since tIte existenceof a control function that satisfies<1.3) is
assuredby Theerem2.1. Moreover, it is easyte seothat U

0d is a convexset.
TIten, since~ . ~ is a strictly cenvexandceercivefunctional,thereexists
a unique15 c LP(S) wbich minirnizes(1.7).

FunctiensE and (3 are clearí>’ cenvex. By Theorern2.1 we can diesey0
such that

¡y(vo) — yíiIo,~,s < a,

thenF(vo) <+no ami G(y(vo)is)= O anddue te tIte continuousdependenceof
yen u (seo (2.5)), tbereexistsaneighborheedO of yo such that G(y(v)13)= O
for alí vEO, thusGis centinuousat y(vo)¡s. Therefore,tIte identity (2.13) is
valid in this case.Wedenoteby ~o afunetionwheretIte suprernumis attained.

We precise tIte dual prebíem of <1.7) given by tIte right band side in (2.13).
From Table 1, we seo that

F(v) 9 ¡ivI¡~,>~ , G(w
t) = & ijw¡i

0,,8 + jwíw ds,

and tIten

fl(L*w*) + G(—m’) = f ¡L*tv*II~p,r + a ¡ir i0~,8 — ¡uit? ds. (2.15)

Let us identify Lt Frein (2.4)

ju(v)soo ds= — fv~ da,

and then
L%0 = 89’ (2.16)

—37.
Wc obtain frern (2.15) and (2.16) the expressien(1.8) fer .1 (Itere P = O).

lix eur case,tIte extrernalrelatien(2i4a) can be written as

1

+ .! ¡iL%o¡i~,,.r, — ji5L~o da = O (2.17)

tIten
/1 1 ‘

L~o(x)j” —f j~,,— ¡15(x)¡” + v(x)wo(x)) da O.
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FrernPrepositien2.7 the integrandof tIte last expressíonosnon negativethus

= i3(x)L%o(x) = ¡L%o(x)j” a.e. rE 1%, (2.18)

and rnultiplying by L~0(x) we ebtain tIte relation (1.9). Te seethat ~o is
unique,we use tIte fact thaI 15 is unique. Indeed,if ~ and~ are twe functiens
where tIte minimumof J is atíained,tIten frem tIte ffrst equality in (2.18)

TItus by uniquecontinuatien(Lemma2.4), tIte correspondingsolutiensof (1.5)
satisfy ~ = ~2 audIherefere~¿= 4

On tIte etherhaud,since we know that ¡¡LV — yoi¡~,,,8<a, tIte extrernalreía-
tien (2.14b) gives

— jux~ocis+jLí¡ssods= 0. (2.19)

TItus

= —¡(LV— y=)@0d8=¡¡LV—yij¡0~3¡¡~o¡¡0~~3

from whicIt, ib ~ ~ O
iiLV — ~ = a. (2.20)

By(1.9) @o = O implies V = O and tIten ¡iLV— yo¡b,.9 = IuiiIo,~,s ~ a. Con-
versely, if ¡~y~~i0 ~ < a then i(9’o) ~ O fer al! 9’o E L”’(S) and J(O) = O, by
uniquenesswe ¿t’tain tItal

0o = O. TItis preves(1.10).

U

R.emark. In tIte case p = 2 anda < Ii~í ~ a more precise resulí tItan (1.10)
15

(y(V)—yí)(x)=—a ~(x> ae. rES. (2.21)
II0oiIo,p’,s

Indeed,ib we use (2.27) and (2.28) we have

2

_____ 1 f
a <P~ +(LV—yi) - = &+a2+2a II,]

9’0.(LV—yi)ds
IWaI¡o,s 0,3 iI~o os s

= 2a2~2a2~O

lix fact, tIte propertyof uniquenessof tIte minima and other propertiesof
J can be prevedindependently,aswe seo in tIte following result.
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Leinma2.9. Assume(1.4). Por eacha > O arad y~ E L~<S) lite fur¿clíonal 3
defined ira (1.8) is contirzuous,sirictly convezorad

Ik~ohI,.~~,s-.oc ¡I9’o¡¡o,p,s —

Moreover, lite fundiera ~ E L”’ <5) itere 3 acitieves lis uraique mínimum
satisfies

~- a < ¡¡YI¡IO,p,S (2.23)

Proof. We give a preefsucIt as in [Fa-Pu-Zu3]. Te seethat 3 is centinuous
we only needte recalí the centinuity preperty (2.7). 3 is strictíy cenvexsince
it is tIte sumof strictly cenvexterms.

Te prove(2.22),we takea sequencesucIt that ¡<Pallo rs —* ceand we denote
It>’ ¿p,. the selutionof (1.5) asseciatedte ~. If we define

— 9’~ and =

tIten It>’ (2.7) iIWnuIí,p;,n =Cjkogi¡ors, and thus ‘~,, is beundedin W’”’(9)

arad ~ is also beundedin L”’(S). As a result, up te asubsequence:

~ in W”P’(9)-weakly

—~ ~o in LP’(S)-weakly.

But

_ da—________ ~9’n 1y~0 dr + a. (224)
i¡9’Ui¡o,p’,s »

If wo define tIte number:

da,y = lirninf# ~ 8v

we Itave two cases: if y >0, since Ii9’aII0~~8 —* ce tIte equaíity (2.24) implies
that

liminf ~¡«P~> -4+00> a.
~

We considernew tIte casey = 0. 13>’ usingtIte continuity arad tIte convexity of

and (2.7) we can deducetItat

lirninfviro ~J~0
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tIten ~2 = O en 1’o andby Lemma2.4we seo that ~ = O in 9. TherefereDv

9’,, —~ O in W””’(9)-weakly

andah the sequenceconverges.But by definition ~, is the solution ef (1.5) fer
~, and by continuity (see (2.7)) ~ = O is tIte solutienof (1.5) for ~o andthen

= 0. TIten -

Using this fact, frern (2.24) we ebtain

Iiminf ~(9’R) — 1 Iirninfi¡so~¡i~»sf 2~1dao+a>a,
“ i¡9’~Iio,p’s Y ~ 8v

and (2.22) is preved. TIte direct implication in (2.23) is easy. For tIte otIter
ene, let ng supposetItat ~o = 0. TIten

os ¿~,‘~- ¿(7o) ú¡í9’0¡¡o,p~fl — f~í y
0ds V9’0 E L~’(S).

Taking = /~ weebtaina¡¡yí¡¡§’s..-¡iyí¡i~p,s=0andtIten i¡vii¡o,~s <a.

U

3 Relationship with the optimal control theory

Weprevide Itere a generalizationof a result given in [De],seo alse [Ca-Ch-Li).

Let E be a separabletopolegicalvector spaceand E a reflexive BanacIt
space. Let L : E —* E be a linear centinuousoperator and L

9 : E’ -4 E’ its
adjoint operater. Lot e > O and a > O be given real numbersand yí E E a
given functien.

Wc considerthe fellewingabstractcontrol problem:

Fund VE F such tItat jLv — y~j¡~, and IiVIIF are smalL <3.1)

We introducetwe different strategiesor minirnizationpreblernsand their re-
spective dual problorns in the sonso of TIteerem 2.6. Here 1 < p < ce and
hp+ hp’ = 1. TIte follewing ItypetItesisensuresthat all conditions about yo
in TIteerem2.6 are fulfilled. Wc supposethat

- BvEF suchtItat i¡Lv—vxIi~<a.
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Optimal control strategy:(Tychenev’sregularization)

mInVEF ~ ¡Iv¡I~’ + j~ [Lv — Yti¡~E = — minWEEJ ~vijLwi[~, (3.2)

+ ~,— ¡¡w~, — <YÍ,tLjEE>

Duality strategy: <FencIteL’sregularizatien)

mInVEF ~ ik4i~’ + Ir-caí ¡Lv — uí¡L = — minWEc~ ~r i¡Lw1¡% (3.3)

+ &lIWi[E, —

TIte extrernalitycenditions(2.14a)and (2.14b) whicIt cItaracterizetIte so-
lutiensof (3.2) and (3.3) are respectively

•i—íiP 1 ~! IIVILp + — ¡[Lw¡[% — <~, L*13>FF, = O (3.4a)
p p

1 Ep’—1
— ¡¡LV — ~ + r ¡hti¡~,. — <y’,w>n,E’ + <LV, tZ>n,z’ = O (3.4b)
Lp

and
1 1

iIVi¡~, +~ iiL¾7i¡i~.,—<15, L*fñ>FF, = O (3.5a)
p

~L;— víj¡s <a and a1¡~¡¡~, — <y1,w>E,E’ + <U, ii»n,z’ = O. (3.bb)

Lemma3.1. Fm e > O given, leí (15, ii3) be a soluiíon ofproblem (3.2). Titen
tve Aove

eiIti>¡i~, = IiLV—yx¡I~§’ . (3.6)

Proof. TIte condition(3.4b) implies that

1 1
— ¡LV — yíI¡~ + IkilL’ =¡[LV — Yi¡IE Ik’<In’
p

then, usingPrepesitien2.7 we obtain

c~ ii~~iI% = [LV— yij[~

andsincep/p’ = p— 1 we can deduce (3.6).

u

Lemma3.2. For a < ¡¡~~ ¡IB given, leí (154> be a solutíon of <‘3.3,). Titen tve
Aove

a=ijLi—y=i¡E. (3.7)
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Re¡nark. The casea ~ ¡iyi ¡L~ is net really interestingsincein tItis casey = O
and ir = O isa selutienof (3.3).

Proef. Onemaynote tItat if tu = O tIten frem tIte extremalitycendition (3.5a)
we have 15 = O and ib we use (3.5b) we seetItat U” 1W a. By Itypethesis
& < ~yíff~andtIten Itere ~ ~ O. New frorn (3.5b> we seetItat

a ¡WiIs =¡iLi — Yí ¡E ¡iWiiE,

andso we Itave (3.7).

U

Wedirectly bave frem these twe LemmastIte follewing Cerellary.

Cerollary 3.3. For c > O orad a < ¡¡yíj[~ givers, ¡el (vm) be a soluliori of
(3.2) arad (3.3) al tite samelime, liten tve necessarilyAove

— E ik~>¡IE>

TIte converseproperty is alsetrue in tIte fellewingsense.

Theerenx 3.4.

(i) Foo” e> O gívero, leí (V, u;) be a sohuionofproblerra (3.2). Titen (Vii;) is
also a solutior¡ of (3.3) for

& = £~‘—‘ IIiVl¡E> . (3.8)

(ji) For a < U’~ ¡E given, leí (15, u;) be o soltiliorj of (3.3). Titen (15, u;) 15
also a solulion of (3.2) for

E = ~ ¡7¡¡ . (3.9)
Proef. Te prove (i), let ¿ > O be given and let (15, iii) be a solution ob preblem
(3.2). Take5 sucIt as in (3.8). TIten, usingtIte relatien(3.6) we easily seethat

1 ~
5P

1— ¡¡LV— YI¡¡E + —~-— IIt7¡I~> = OIIW¡IE, (3.10)
sp

and

¡iLV— YIWE = 5.
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Frern thesetwo latter expressions,if we comparetIte extremality conditiena
(3.6) and (3.7), it is clear tItat (15, u;) also is a selutienof (3.6) and tIten fer
(3.3) fer a = a.

TIte proef of (u) is cornpletely similar. Ifa < fly~ ~ is given and (15, u;) is a
selution ob (3.3), by choosing ?sucIt as in <3.9) and by using the relatien (3.7)
we can deduce tItat

1
IIL— ~ + —--- ¡u;¡íi = ~í¡u;¡l5’ (3.11)

If we compare again the extremality cenditions (3.6) and (3.7) again, it is easy
te seotItat (15, u;) is a solution of (3.7) andtIten it is a solution of <3.2) with
E = e.

U

4 Ffrst extension: quasi bang-bang controis

4.1 L~-controIlabiIity with an L=c>-.minimalnorm control
Wegive aix extensionof Theerern2.8te contreisof rninirnalinfinity nerm. Here

1 <pC q < 00.

flefinition 4.1. We soythai y E 9’~gnt 1! v<x) = w(x)j$~j oc. in ube ecl

{x¡ 4’(x) jO} and [v(x)j =¡~(x)j oc. en ihe set {x ¡ 4«x) = 1».

Theorem 4.2. Assume (1.4). For each y1 E L”(S) and a > O itere existe a
control u E L

00(I’o) sucia thai ube so!ut¡on y(v) of (1.1) satisfies (1.3,). More-
ovesII U~ represente ¿hesetofal! conirol funciions ín L00 (Fo) irnicia satisfice
(1Sf ¿ben ¿he míním:zai:onproblein:

~[Hl9 (4.1)
uEU~ q

hasa solulion 15. The minmmizatíonproblein in L”’ (5) for

Jo 1 842 ‘~

_ 7 ~ + CV Ii42O¡Io,~’,s — cis, <4.2)
o,1,rO

tnhere w represeníslite solution of (1.5) for eocit <Po E fY’(S), has o uníque
solution ~ ond 15 satisfice en Fo

q’-I
VE— 1 ~—l sgn—, (4.3)

¡ oír. 8v



422 A. Ossesand 3.- F. Fuel

irhere 9 is ihe solution of (1.5) for 9a. Fo,- tite en-vr ove aleo have lite ídentity
(1.10).

Proof. TIte proob is alsobaseden Theorern2.6, but Itere we takethe moní-
mizationof (4.2) as tIte primal problern. Wc cItose Y = L’(l’o), y = LP (5),

~ih’i¡~,1,17, , Lsoo =FO’o) = a ¡¡Wo¡¡o,p¡,s— j LÚ9’o ds , 0(w) = ¡17~.
9 8v

Wc haveF(0) = O < ce, 0(0) = O < ce, O ja clearly centinueusat O and
J = F + O o L. Wc notice that 3 alse satisfles tIte ceercive preperty (2.22)
witIt tIte sarneproofof Lernma2.9 (we enly use tIte continuity andconvexity

of I¡.¡i~1~3. Since Itere y is reflexive, tIte minimization problernfer 3 has a

uniqueselutien 9o andits dualproblemfellowing TIteorem2.6 is

— VEL==<170) (I¡...a,al(¡¡LV — !/1¡io,p,S) + !
equivalentte (4.1) sinceL½o= y(v),s. Theorem2.6 enahlesus te seethat
tIte extremalityconditions(2.14a)and (2.14b) Itoid. TIte error preperty (1.10)
is deduceddirectly frem (2.14a>and (4.3) is obtainedfrom the otIter extrernal
relation (2.14b) as fellews:

=1 ~ +i¿i¡Vfl~or<jV~
2da

q’ bu ~ q

= ~ da[¡15¡¡
000~, ijÍ5~j_ da> O

tIten frem Proposition2.7

= ~ ~ —

Also
fil 8~ 8~jjj~(x) IVi¡o~r0 — ~(x)V(x)j da — O

thus
~(x)15(x) = ~E(x) [¡

15i¡ooor a.e. x C re.

But (4.4) meatos

q’—1It(x)I< y a.e. XEF
0,

elfo

andtIten (4.3) Itolds. u
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Remark. With tIte santo proof of Lernrna2.9, we can preve tIte equivalence
(2.23) in the case of TIteerem 4.2. Se tIte casea ~ ¡iyiilo,,s implies ~o = O
and 15 = O (unique).

Remark. TIte exprossion<4.3) moansthat tIte control 15 is quasi bang-bang.
If & < ¡jy~¡[0,9 tIten Vis not uniquein general. In fact, alí selutiensof <4.1)

only differ en tIte set {x E r0j ~<x) = O}. TIte measurernentof tItis set is an
epenpreblem,but it doesnet centainany non-emptyepenset of fo due te
the uniquecentinuationproperty.

4.2 L’-controllability with an L~-minimal norm control

In tIte presentcase,we can not apply aduality argument. Hewever, the idea
is te directly introduce a functional like <4.2) and te write tIte extremality
conditionat its minimurnteobtaina controlwhich satisfiestIte error condition
(4.7). Here we considerthe selutionop of (1.5) with 9’0 E L

00(S). The function
9’ is reguiar near1’o andits normalderivativeen fo satisfies

89’ =C¡YeiIo,
00,s.

8v oír.

Given y~ E L’(S) and a> O, we define for 1 <q <oc

189’ q 1’
+ CX Ii9’Oi¡o,c.o,s +“<420> — q 8v OlEo ds. (4.5)

We can prevetIte analogeusof tIte ceercivepreperty(2.22) fer this new func-
tional usingtIte weak-* topelogy lix L

00. As aresult, 3 Itasa uniquerninimum
andwe can extendthe resultof Section4.1in a weakerferm. Here 1 <q < ce.

Tbeorein 4.3. ~4ssume(1.4). For all y’ E 0(5) and a > O, if ~ is tite
solulion of (1.5) ossocíatedmillo tite mínimum ~o ira L00(S) of (4.5), liten
itere ex2sts

VE— ~ oir
0 sgn37 on F0, (4.6)

such thaI ¿he solution y<V) of (1.1) satisfies

— tuj¡01 £ <~ (4.7)

Remark. A priori, (4.7) is not valid for aH 15 satisfying(4.6), but this is true

if tIte set {x E Fo i ~(x) = 0} Itas zero measure,sincein tItis caseVis unique
(a.o.).
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Proof. lf J attains its minimurn at ~o, we Itave for eacb~o E L00(S) that

whereJ@o + e~o) — J@o) ~ O fer alí e > O. We note J
1(~0) = II IIu oír0’

~ is the solutionof (1.5). 13>’ usingtIte triangular inequality we obtain tItat

1 1
—(J=(~o + #o) — Ji (Wo)) + a IItOIjOooS — Iyi4’o ds > Oe is

V~o E JS~~(S)

One rnayobservethat Jí is subdifferentiable,tIten by taking lirnit as e -4 0 we
candeducetItat tItere exists¿E 8J1<@o) such that

ds + a ¡i~o¡io00s — L yíd’o cis =o V~o E L¶S).

Hut J1 = Jí o L wItere lí(u) = 1 ¡ufl~1,- and Lpo = —~ ever Fo. Since

8(J1 o L)(~o) = L8J1(~o) (see [Ek-Te] p 27) we candeducetItat ¿ is of tIte
form

E = L15 (4.9)

where tu satisfies(seo [Ek-Te] p.
2l)

q
8v O1,17o

1-
+ ~7~ = ¡~E~15 do

q
<4.10)

and this implies (4.6) with tIte sarneproef as in TIteorem 4.2. Here we alse
have12v = y(V), where y(V) is tIte selutienof (1.1). By using (4.9) andif we
follow (4.8) again, we ebtain

Is(15~ods+&i¡~o¡io,00,s ~LY=~ods=~
Vto E L00(S).

TItis impliestItat

— Yi)#o ds~ ~a i¡toI¡o~s V~o E L00(S),

atod taking to E —sgn (t415)—yQ we obtain (4.7).

u

Remark. TIte equivalence(2.23) is alsevalid in this caseand takestIte same
proof of Lemma2.9 with ‘Po E sgny

1 at tIte end. (Jonsequontly,tIte case
o =¡iyíjj01~ implies tu= O in TIteerem 4.3.

(4.8)
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5 Secondextension: the semilinear Laplace equa-
tion

5.1 Main Result

The following tIteorern statestIte L2-approximatecontrellability of tIte semi-
linear Laplaceequatien.TIte proof of tIte L” (1 =p < ce) caseis similar and
we do not give tIte details(see [Fa-Pu-Zu3]).

Theorem 5.1. Leí f be a real valued and continuousfunclion mU leí us
supposethai ¿¡‘¡ere cxlst positive constonís fi ond y sucia thai

—~ ~ ~ ~ f(O) y for oíl sE R\ {O), (5.1)

irloere -A
1 > O denotestite srnallesi eágenvalue of Me —A opemior in fi ovitia

Dirichiel homogeneous boundary condáiions. If me consider ihe probiem

—Ay + f(y) = O in 9 (5.2a)

y=O en 1’\Fo (5.2b)
y = y on (5.2c)

ihen, rinder ¿loe geomeirical hypot/aesis (1.4), tIte set

1e12= {y(v)/s si. y E L
2(r

0fl

os densein 12<5).

Proef. Leí Yo E 0(5) and a > O be given. We will prove thai tItere exisisa
control funclion y E 12(F0) sucIt tbat

1 YO’)/s — ti’ i¡o.s< a. (5.3)

WitItout less of generality, we can suppose thai 1(0) = 0. Wc also suppese
tItat fc C’(It) (seo tIte Remark al tIte end of tIte preof). TIte role of f will
be played by tIte tIte fellewing real function:

y(s) _ f(s) TajO and g(0)f’<O).
5

For eacIt z E 12(9) fixed, we asseciate tIte solution y(z,v) of

—Ay+ y(z)y= O in fi (5.4a)

en F\I’o (5*)
(5.4c)y=v en
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It is easy te deduce from (5.1) that y satisfies tIte conditions <1.2). TIten, tItanks
te TIteorem 2.1, we cancItoese v(z) E L2(I’o) sucIt that iiy(z,v(z)) — yíii

0~ S
a. Ameng thesepessible contrels,we cIteosev(z) witIt minimal L

2-norm. A
characterization of sucIt control is given by duality in Theorem 1.1. We recalí
that if we considertIte selution op(z,‘pO) of

—Aop4-g(z>op=6sopo in 9 (5.5a)

op=O en 1’ (5.5b)

and we define as @o<z) tIte minimum in 12(5) ob tIte functional

Jdwo) = 89’(z<po) da + ilyaiio,s —Jtiíwods (5.6)

tIten

v(z) = 8op<z,~
0<~» en F~. (5.7)

8v
TIte ideais te show tItat tIte application A z -4 y(z,v(z)) Itas a fixed point~ in
L

2(9). In tItis caseg(fl~ = f(V) , wItere ~ = y(i, v%) and, as a consequence,
v(T) is tIte required control function fer wIticIt (5.3) Itolds.

Let us sItew tItat tIte application A : z —4 y(z, v(z)) is continueus brern
12(9) into itself. We take a sequencez,, —4 z in L2(9), and for a fixed
opo E L2(S) we denote tIte selutien of <5.4) by 9’,, = op(4,,’po). By usingLemma
2.3 we obtain i¡opnlií,n =Cliopoiio,s. Consequently,up teasub-sequence,tItere
exists a functien 9’ E HJ (9) such that

op,, —‘ 9’ in H¿<9)-weakly. (5.8)

Let us notice tItat -

g(z)op¡i
01~ ~ flg<z,,)op,, — 9(Z) 9’nhlo,n + ¡[g(z) 9’,, —

< II9’nIIo,n IU’(zn) — s(z)Iio,n + fis(z)110,n ¡[9’n — 9’IIo,n
tItus

g(z,,) op,, —.> g(z) op in L
2(9)-strongly. (5.9)

le order te identify 9’, remark tItat by definition op,, is selutien of

IBv~n .v~dx+fu<zn>wntdxJ
8wo~ds for all ~ E H¿(rn. (5.10)

By taking limitas ra -4 ce, using (5.8) and (5.9) and tIte fact tItat <¿Xop,,~>
convergeste <A9’, ~>for all t E 13(9), we obtain

fv9’. V#dx + IB~~(z>9’4~dx = f9’04ds for ah ~ E ¡4(9),
(5.11)
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whicIt implies tItat
= op(z,‘Po). (5.12)

lix fact, tIte convergence is strong un (5.8). Indeed, if we take ~ = op,, and~ = op

in (5.10) and (5.11) respectively, we obtain

l¡V9’niI~,n + IB~izn) 14212 dx = f ‘Po42n ds (5.13)

+ IBYZ ¡~o¡2 dx= joposods~ (5.14)

and by taking limitas ra —* ce in (5.13) atod by comparingtItis limit witIt <5.14)
we can see tItat V9’» converges te S~op in L

2(9)~. Te surn up, we see tItat if
42o is fixed then

9’<Z,,, opo) —> ‘p(z, 42o) in H~(9)-strongly. (5.15)

TIte sarne argument is alse valid te show that

tp<z,,j~o(z,,))—‘ op(z,~o(z)) in H¿<9)-weakly, (5.16)

provided that

@o<z,,) —‘ @o(z) un L2<9)-wealdy. (5.17)

By contradiction, suppose that tItere exists a sub-sequencesucIt tItat

i¡@o(zn)iia ~ —* ce. Since~o(zn) monímizes the functional 3z, tIten

i~(9o<z,,))=Jz~opo) for ah 420 E L2<S).

Frem (5.15) atod Lemma2.3, the normal derivative of <p(z
20,opo)alsoconverges

un L
2<1’o) te tIte normal derivative of ‘,o<z, ‘Pa), se J~~(opo)convergeste ¿<‘Po).

TIterefore, there exists a censtant M sucIt that

JzÁ@o(zn))<M. <5.18)

Thesamepreefsuchasin Lemrna2.9sItewsthat foreacIt z,,, J~, is acontinueus
and strictly convex fuactienal aud that

lirninf
¡i~O(zn)i¡o,s~00 i¡opo(zn)¡io,s —

As a result, the uniferm beutod un (5.18) is a centradiction. Then, up te a sub
sequence,~o<z,) weakly convergesun 12(5) te a lirnit deneted$o, that is

0
0(z,,) —.‘ ~o un L

2(S)-weakly. (5.19)



428 A. Osses and3.- E’. Fuel

New, we rnustprovethat ~ = ~o(z). Indeed,by (5.19) andusingtIte fact that

~o(z,,)minimizes ~ we obtain

J~(@o) =lirninfJ2~(@o(z,,)) < lirninfJ~ (9’o) = L(wo) for al! opo E 12(S),

tIterefere ~o minirnizes A and @o = ~o(z). Consequently,tIte convergences
(5.17) and (5.16) are valid. From tIte definition (5.7), by using (5.16) and
Lemma2.3we seethat tIte control functien v(z,,) weakly convergeste v(z) in
L

2(F
0). Finally, since 2 —* z,, un L

2(9), it is easy te sItow tItat y(zn, v(z,,))
stronglyconvergeste y(z, v(z)) in L2(9). TItereforeA is acontinuousmap.

Let us prove that tIte application A : z —~ y(z,v<z)) maps12(9) un a
baundedsubsetof L2(9). Wehave ¡[g(z)~¡

01k unifermly beundedin z. TItanks
te Lemma2.3 we seethat ¡iop(z, <P0)¡¡j~ andtIte L

2-norm of its normal deriva-
tive remainunifermly beundedin z, therefore¿(wo) is besíndedwitIt respect
tez. Consequently,tItere existsa constantM only dependingen ~o, sucIt tItat
.J~($o(z)) < M. IftItere existeda subsequencesucIt tItat ¡i@o(zn)i¡os -4 cewe
weuld necessari]yhave

3z@o(zn)) J49’o) < M
_ ¡i~o(zn)Iio,s — ¡I@o(zn)iIo,s — IYo(zn)iios

andthis is impessible.Therefore[i~o(z)¡i
08 is únifermly beundedin z. Frem

Lemrna 2.3 we Itave 9’(z,~o(z))unifermly beundedin ¡4(9) and tIten v(z)

definedun (5.7) is alseuniformly beunded.WeconcludetItat y(z,v(z)> rernains
beundedin 12(9), uniform!y witIt respectte

a
Rsmark. lix the proef we supposefE C’(9). We can always take a regular-
izing sequence

= * f, suppp,, c [—1/ra, 1/ra]

wIticIt satisfies(5.1) for each n (see [Fa-Pu-Zu3], Propositien3.4). TItus
ebtain a control y,, satisfying (5.3). Taking limitas ra —* ce, we can pass te tIte
lirnit un <5.2) arad tIte weak lirnit of y,. is the requiredcontrol te assure(5.3).

5.2 A counterexample

Wc consider anon-linearityof tIte form:

f(s) = ¡~¡r—1 s for r > 1. (5.20)

We will prevethat if y is solution of <5.2) tIten the set

U = {y(v)/g s.t. y E L
2(r

0)J
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is beunded in L2(9). In particular U is not dense iii L2<9). TIte proof is hased
en tIte classic example of Bamberger [He]. If we onultiply (5.2a) by Oy, O ~ 0,
O E H’(9) ri L00<9), and if we integrate by parts we obtain

IB 7~’ V(Oy) dx — f £!ov do + IBOf(Y)Y dx= O

thus, if we define q = r — 1

~‘~2 ~a’+ IBtivv . VG dx+ IB~ j~jq+2 dx — ¡ ~kov da = 0. (5.21)

Rut ~+
2c7%,+w4-~-1and ~—2&V2>+~4~.=0tIten by H5lder inequality

juVuVGdx =(f o Ivurdxj (jr~? lV6lt>dxf~ (j 6

1f~ n
Tuil 2<g+2) f

< —I6¡Vyj’ dx+ ¡ O~ V6¡ dx+ 10 ~

1q+2 dx_ 2J~ 2(q+2) j~-, .10

tIterefore by <5.21)

IBy ¡¿12 dZ=Jr~Ovdc+ 2(q q 2) Lo— ~t VG¡ dx. (5.22)

ny hypotItesisSn 89 = ~, tItus let {B(x
1,2r1) C 9 st. r¿ > 01~t be a

finite coveringof the curve 5, where B(x1, 2v1) denotestIte bali of center x¿

and radius2171. We define
= B(x¿,r1).

Applying tIte trace tIteerem for eacIt B1, we obtain:

M M

1=1

where(31, 1 — 1 M are censtantswItich dependen Sn B1 andB1.

Wenote that fer a parameter y >0, if p = ¡x¡ tIten

¡VYI
2 dx ~ L(2) (2 ~)¡Vy¡

2 dx. (5.24)

New we cItoese in (5.22) tIte function O = Oí, wItere

6
1(x) = J’ (znr)

1 xc B(xe,2r
1)

O x E 9 \ B(x1,2v1)
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tItus, using (5.23) we obtain

¡ ~¡¿r2 2(q4-2) 2w” 2r, f2r~ —

2(q +2) o • +2(~—I)
1 I P da

and tIte rigItt side integralconvergesji andonly ji the exponentis greatertItan
—2, tItat is if > 4/q. Here we use tIte fact tItat q Itas beensuppesedstrictly
positive. TItus leí us cIteose y sucIt tItat

7~j2 dx <C~ (5.25)

Wecenclude from (5.23) and (5.25) tItat ihv¡i
0,5 < (3 wItere O is a constant

wIticIt does not depend en tIte control y. Wc cencludetItat U is heundedand
thereforeU is net densein L

2(9).

U

6 Numerical method

6.1 IJiscrete method

Let us consider a triangulation rb of 9 wItere it is a discretizationparameter,
andlet usdenoteby r,, ro,. andS¡, tIte respectivediscretizationsof 1?, F

0 and
S induced by m~ lix our implernentation,we supposetItat tIte triangulatien
consistsof trianglesK:

9b U x.
KET,.

We suppesetItat ~ is formed by Q — 1 segments[p~,p~í], S¡, is formed by
M —1 segrnents [qí,qí~í] and tItat eacIt segment isa side of a triangle in r,..

TIterefere,Q andMare tIte total numberof vertices in t’oh andSh respectively.
We wiIl denoteby NV the total numberof interior vertices in 9h•

Wc considera ¡bite dimensionalsubspaceLb of L2(Sh),endowedwitIt tIte
inner product and norm of L2(Sb). TIte dimensienof Lb is a function of M

denotedD(M). TIten Lb is generatedby a basis

Lb = (6.1)

Let us denoteby

T: 42o E L2(S) -4~ E ¡4(9) (6.2)
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tIte linear eperatorwIticIt associates42o te op It>’ (1.5), i.e., tIte solutienof the
variationalproblem:

\7~, dx + ja op ~ dx = Lsoo 4’ ds

Ibwe censider a finite dimensional space V0,. of ¡4(9),
follewing discreteapproximationof T:

‘Poh E Lb -4 9’>. E Voh

V4’ E ¡4(9).

tIten we candefine tIte

(6.4)

where 9’>. is the selutionof

IB. v9’hv4~dx±IBa<P>.4’dxL42o>.d~ds
V4’ E V0>.. <6.5)

If we definethe matrices

= f 8T>.4 8T>.4’i da
ir,h 8v 8v

Okl = ¡ 4 4’í cis,

atod usingtItat for eacIt <Po>. E Lb we havetIte decomposition

D(M)

<PO>. = >3 ¡%4,
k=1

we can expresstIte following quantitiesun terms of fi = (fi,... ,/3D(MD

0 (a
repeated index indicatessurnmation)

1 ¡ 8T,.opo>. da
8v 2 kfihI 8Th4’k 8T>.4q 21/3 ~ 8v 8v da=!fit (3/3

Ii9’Ohi¡L. = 44~3~4’, ds= ¡3M ¡3sf 4’&4’¡ ds= fit Cfi.

Resides,ib we supposethat tIte prejectien ini. of y’ en L>. is of tIte ferm~>. =

fík4, we Itave

ISh Yi>.4’o,. ds= hM fis Lh 4’k4’s ds= ¡3t Cfi.

Therefore,we find the following finite dimensionalforrnsof tIte functional J
and its difierential J’ defined for /3 ~ O:

Jb(¡3) — ‘fitCfi+ty(¡3tC¡3)1/2fitCfí (6.8)

(6.3)

(6.6a)

(6.66)

<6.7)

J>.’(fi) = Gfi+a(/3’C¡3S’12C¡3—Cfí (¡3!=0). (6.9)
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lf fi = (fi I3JJ(M)) is the solution of

J>.(fi)= mm J>.(¡3) (6.10)
flER~><M>

andif ~QII = E~ ¡~~S tIte discretecontrol Vi. en F
0>. is given by

8Ti.so~i. — D(M) OThsbk (6.11)
k=1

6.1.1 Operator Th

We introducethe standardImite elementspaceof polynomialsof degreeless
tItan or equalte 1, wIticIt are piecewisecentinuous

= ½E (3O(9)[ 42W E P1(K), Vii e r>.}

atod we cItoeseV0,, = V,, fl ¡4(9). We denoteIt>, {w1}ff1 tIte canonicalfinite
elementbasisin Vo>.. New, we definetIte rnatrix A andfer eacIt 4’,, of (6.1) tIte
vector 6(4’,,) by

A13=f Vwí.Vwádx+jawíviidx (6.12a)

= j 4’,,w~¡ ds. (6.126)

From (6.5) we obtain for k = 1 D(M)

NV

T>.4’,, = >3a~w~ where Aa = 6(4’,,). (6.13)

6.1.2 Normal derivatives

Te calculate the normal derivatives in (6.6a), we multiply <1.5) by ~‘ E 1-J’(9)

andafter integratingIt>, partswe obtain

8v ~-¼I ‘j
89’#ds= . 7~¿1~ JQ<P~~X + ~kdx.

Wcrecalí tItat {p~jJ?—í is theset ofverticesin E
0>. andwedenoteIt>, {#}2...~ the

canonicalfinite elementbasis lii V1, asseciatedte tItese vertices,i.e. ~bg(p,,)=
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8jk~ If we use new a Sirnpsen quadrature formula te compute tIte left Itand side
in tIte equationaboye,we seetItat

= —IB. \7op.t7o.bidx+j a9’tP~dx,
k=1

where7k are specific weights. We suppesedthat the mesIt is suflicientí>,refined
te separate tIte curve from tIte supportsof tIte functions Ú’k. Thereforewe
obtain for k= 1,...,Q tIte fermula

Oop _ 1y(~4——— (IB. Vop- S7Úkdx+]awtksedx).

See fer example[GI-Li-Li] and [GI-Li-Tr] for a discusgienabeutthis and
other pessible metheds te calculate tIte normal derivatives.

6.1.3 Basis in Lp,

We Itavediscretized S~. in M — 1 segmentsIi = [qe, q~~’] of lengtIt I~ wIticIt
are sidesof trianglesof ni.. Wc tested twe different discretizationsof ~<S>.),
the piecewisecenstantfunctiensen eacIt segmentandtIte continuousfunctions
which arepiecewisedegree~ 1 pelynomialsrespectively:

L~’~ ={4’EL2<S>.) ¡4’ltEPo,11 M—1J
4’> — {4’e 13(5>.) [ 4’b.. E P

1,i= 1 M— 11.

WeItavedimL(0>— M—1 anddirnL<’> — 2(M—1). WecancItooseertItogenal
basisin tItis spaces,for example,with tIte fellowing functiens:

= ? t~:~wise and&>= { 1— ~}x—qi) otIterwise

Then

andit is easyte seethat

.1k 4’(0)4’(0) ds= ~¾. 18k 4’(1>4’(1) ds = 6 f~ <4’~
1>ds=O.

Therefore,tIte diagonalC matricesassocxatedte 40> and L~> are respectively

(3(0) — diag(ly IM—1) , (3(1) — diag(lí, . . .,lM.-.i,li/3, . .
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6.2 Test examples

Wesolve tIte L2-approximate controllability problern (1.1)-<l.3) for N = 2 witIt
f = O auda = 1. Using tIte expressien(6.13), we compute the matrices Oand
(3 in (6.6), tIten we mínímwetIte functional (6.8) and we compute tIte control
It>, using tIte identity (6.11).

Wewill use tItree different geemetries (see Figure 5), alí of tItem satisfying
tIte geemetrical ItypetItesis <1.4). Wc work witIt tIte parametersa, Uit. and
fo>.- Table 2 summarizes tIte implementation of the discrete rnetIted applied te
tIteseexamplesandsbows tIte addeddependeuicyob eacIt stageen tIte principal
parametersof tIte preblem.

TABLE 2. The numerical impiementation.

Stage Appiied method Dependency on

Mes>, and ciernen- p,-íinite elements SI>.
tary matrices

System Choieski with 0(M) St.
NVXNV Hght eMes

Normal Variational-quadrature Fo,,
derivatives aigorithm

Minimization ¡ Quasi—Newton REOS O, UIt.
and Control

Fer tIte mesh and the computationof tIte elementar>,matriceswe use a
standard ¡bite element package. The system NVx NV sItewnin <6.13) witIt
tIte D(M) rigItt sidesis solved by aCItoleski decomposition. -

In order te ebtain tIte matrix O, defined un (6.6a), we use <6.13) and tIte
variational and quadraturemethedsexplainedin Section 6.1.2 te calculate
tIte normal derivativeen the beundar>,. In practice, G is aix ilí-conditioned
matrix. Te overcome this preblem, it is necessary te work witIt deuble precosoen
variablesandte do, for example,tIte follewing preconditiening:

¡3 = diag(GQ12)/3’. (6.15)

Matrix (3 defined in (6.6b) is cemputedfollowing tIte directives of Section
6.1.3 te havea sparseprefile. We observein eur calculatiensthat in the case

= 40) (see (6.14)) tIte conditien numberof O (nermalizedwitIt (6.15))

is better than un tIte case Li. — L<’> This result ceuld mean tItat tIte basis
0(M) t Itavesu

{4’klkl mustno perfiueuselements.Tberefore,we choese(3—
in alí our calculations.

Te solve tIte rninimizingproblem we use tIte variant Bro>rden—Fletcher—-
Geldfarb—Shanno(BFGS) algeritItm [Pr-Te]. We rnakesememediflcatiensof
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tItis methedaccerdingte (6.15) andwe cIteesetIte initial guestparallel te fí.
TItis ameuntste minimizing Ji.(Af1) witIt respect te > El?. Weeasilyobtain

Po = (f~(3fí)* — a

)

fi. (6.16)

TIte stop test is a “small” gradient or a limit of tIte precision machine.

Figure 5 shows tItree examplesof centrolacemputedwith tIte described
metIted. On tIte left column, we sItow tIte curve S~ (dasIted line) and F0,,
(solid line). Example1: (Ny = 1287, M = 20, Q = 30) a square demain with
a rectilinearcurve 5 neartIte upperside Fo. Example2: (Ny = 991, M = 20,
Q = 110) a squaredomain witIt a circular curve¿Here r0 are tIte left, right
and upper sides. Example 3: <NV = 1983, M = 30, Q = 90) a curved dernain
and a central curve. F0 is ene Italf of the beundar>,.

un alí tIte exauixplesof Figure5, tIte airn is teebtaina minimalnormcontrol
function 15>. such tItat tIte solution ti of (1.1) satisfies Y(vt.) ~ = 1 en St..
En tIte rigItt column,we representscItematicall>,tIte control V~ It>, straight lines
fellewiugtIte normalen 1’o~. TIte associatedsolution Yi.(vt.) is indicated with
gra>, levels in tIte range (—2.00,2.00)un alí cases.Level 1.00 +0.03 is rnarked
out in white.

Figure 4 shows two other examples with the sarne geometry as Example 1,
buí a different y~¡,. In Example 4 ~‘. is a sinusoidalfutoction. lix Example5
YI>. a Heaveside functien. TIte trace en St. of tIte calculated solutien vt.(Vi.) of
<1.1) (solid luxe) and tIte desired functienti>. (dasItedline) are sItown.

The total cemputationtime un Example 3 was approximately60 set in
a work siatien HP9000. TIte perceníof the total computatientime in tItis
examplefor eacIt stagewas: rnesh and elementar>,matrices33.0%, system
50.0%,normalderivatives13.3%,minimizationandcontrol 3.3%. TIte situatien
is similar for the otIter examples.

Te solve tIte systern, tIte memor>, storage is of erder (Ny + D(M)) x Ny,
buí in practice A is a sparse rnatrix. In th~ other siages, we must store tIte
normalderivativesen F, O, fi and (3, i.e. of order (4~ + D(M)) x D<M).

TIte precision is siudied hy intreducingthe follewing errors: ihe tIteeretical
error ¡y — ¡¿1 I¡L’(£) = min{a, huí¡l~ ~} andtIte numericalerror ¡1v>. — Y1t.¡¡O,Sh~

where ti. is tIte selution of a discretized version of (1.1) for tIte computed
control 15,,. Leí us netice thai Itere tItere is an added error, due te this new
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discretizatien.We work witIt relative errers, le. tIte errers are multiplied by
100/ jtiih¡IOSk

In alí eur exampleswe observe a similar relatien betweon the numerical and
tIteoretical errers. Figure 3 sItows this relation for tIte initial meshof Example
1 (NV = 1287, M = 20, Q = 30) and twe otherrefinementswitIt tIte same
geemetr>,. Refinement1: (Ny = 2552, M = 30, Q = 40) more elements
everywItere. Refinernent2: (Ny = 2063,M = 20, Q = 100) more elements
near Fo.

Wcobserve tItat tIte numerical method does net improvetIte precisien under
a minirnal value of alpIta (1% in Figure 3). Belew tItis value, tIte numerical
relative error does net decreaseas expectedtheoreticalí>,. It is net oní>, a
discretizatienproblern,sincewe observethat tIte meretIte rnesIt is refined,tIte
worse is tIte conditioningof tIte minimizatien preblem. Wc can seein Figure
3 tItat tIte situatienis net as geod as we Weuld expectafter tIte refinements.
TItis is a classical situatien in tIte numericalalgorithmsfor control andinverse
problerns.

10’ ~
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¡

10-
- ,.
1

ir’ 1J...rcfliraeitll
IIreil¡unwrtil
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Fio. 3. Cetnparison betweentSe theoretkai and numerical errors.

In Examples1, 2 and 3, tIte mitoimal numericalrelative errors are 0.8%,
0.3% and 6% respectivel>, In Examples4 and 5, tIte>, are 1.6% and 29%
respectivel>,. The important error in tIte last case is fulí>, justifled: we can
not ebtain a discontinuous functien due te tIte smootIt effect of the Laplace
operater.

The time required te updatetIte control representsení>, 3.3%of tIte total
CPU time in tIte case thai ti. or a are modified <ber instance oní>, 2 see tu
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Example 3). TIte stockage required in tItis caseis small aswell. It is due te the
fact tItat we Itave te repeatoní>, tIte minirnization stage (6.10), wIticIt is uncou-
pled te tIte resolutionof tIte wItele finute elementsystem(6.13). TIte sizeob the
minmrnizatienproblem is only relatedwith tIte total numberof discretization
nodesof tIte curve D(M). TItis fact reducesnotabí>’ the degreesof freedom
andcensequentí>,tIte steckageandcomputationtime.

Finalí>,, we weuld like te emphasizetIte fact tItat tIte presentednumerical
implementatiencan easilybe adaptedte othersimilar linear control problema
in which tIte dimensionof tIte discretizedobservedspace is amalí cornpared
with tIte dimensionof tIte discretizedstatespace.

a
fi

j

.1

Fia. 4. Controlled soiution Y4~t.) (solid une) ami desired vaine ¡¿~>. (dashed Une) on St..
Exampie A (top>: ti>. sinusoidal funotion. Exampie 5 (bottom): ¡¿~>. Heaveside function.
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s

/

II ¡IIIl¡I¡~l~i¡~

‘a

FIG. 5. Boundary controi wUh Uit. = 1. Exa¡npies 1 (top), 2 (middle) and 3 (bottem).

Right: Control shown as nonnais. Solution iii gray scale, leve> set 1 + 0.03 white.
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