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On the controllability of the Laplace equation
observed on an interior curve,

A. OSSES! and J.- P. PUEL

Abstract

The boundary approximate controllability of the Laplace equa-
tion observed on an interior curve is studied in this paper. First we
consider the Laplace equation with a bounded potential. The L»
(1<p<oo} approximate controllability is established and controls of
LP-minimal norm are built by duality. At this point, a general re-
sult which clarifies the relationship between this duality approach
and the classical optimal control theory is given. The results are
extended to the L7 (1<p<oo) approximate controllability with quasi
bang-bang controls and finally to the semilinear case with a glob-
ally Lipschitz non linearity by a fixed point method. A counterex-
ampie shows that the globally Lipschitz hypothesis is essential.
To compute the control, a numerical method based in the duality
technique is proposed. It is tested in several cases obtaining a fast
behaviour in the case of fixed geometry.

1 Introduction and Main Results

1.1 Introduction

In this paper we present some extensions and numerical applications
of a method which has been developed by Fabre, Puel and Zuazua in
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a series of papers [Fa-Pu-Zu 1,2,3]. They studied the boundary and
internal approximate controllability of the semilinear heat equation ob-
served at final time. We consider here the boundary control of the
semilinear Laplace equation observed on an internal surface (also see
[Os-Pul]). The boundary value is unknown on a part of the boundary
but some “measurements” of the solution in L? are given on the internal
surface. The problem is then to retrieve the boundary value from the
given measurements. This can be viewed as an inverse problem to which
approximate controllability techniques apply.

By definition, if we can find an approximation of the boundary value
we say that we have LP-approximate controllability. In this paper, we
study in an unified manner the LP-approximate controllability for 1 <
p < oo with controls of minimal p-norm, the case of quasi bang-bang
controls, the semilinear case and a numerical resolution of the problem.

Our results make use of unique continuation properties which are
classical in the case of the Laplace equation. Thanks to recent unique
continuation properties of the generalized Stokes system [Fa-Lej, we
treat in another paper the Stokes case for which numerical calculations
are also given [Os-Pu2).

1.2 Control Problem

Let € be a regular hounded open set of RN, N > 2. We also suppose
that Q is connected, in fact the results of this paper are valid in each
connected component of §2 separately.

We denote by I' the boundary of £, and by v the unit outward normal
of €2. We suppose that I'g is a non-empty and relatively open part of
I' which represents the boundary where the control acts. We are now
given an internal regular subset S5 of Q of codimension 1, that is to say
a curve in two dimensions or a surface in three, where we observe or
measure the solution.



On the controllability of the Laplace equation ... 405

Fic. 1. Principal notations.

Let us consider for each v € LP(Ig), 1 < p < oo the following
Dirichlet boundary problem:

—Ay+ay=f in Q (1.1a)
y=uv on Iy {1.1b)
y=0 on TI'\Ty, (1.1¢)

where f € LP(2) and the potential function a satisfies the following
conditions

a(z) >0 ae. r€fl ifp#2

a(z) > -0>-N ae z€Q fp=2 (1.2)

¢ € L>() and {
where A; > 0 denotes the smallest eigenvalue of the —A operator in
Q with Dirichlet homogeneous boundary conditions. We will see that
problem (1.1) has a unique solution y = y(v} in a transposition sense
[Li-Ma], but this solution is only in LP(£2). Nevertheless, the trace of
y(v) on S still makes sense if S is supposed to be strictly included in §2
as we will see later.

Given y; € LP(S) and & > 0, our aim is finding v € LP(I'g) such that

lvw)ss — ||D'p’ s<ao (1.3)

where ||-||, , s denotes the standard norm in L?(S) (see section 1.4).

Of course, @ = 0 would be the ideal case of exact controllability, but
this is in general impossible due to regularity reasons. For example, if
f=0in (1.1) then y(v) is analytic in Q and y, is only taken in L?(S).
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Condition (1.3) follows from classic approximate controllability meth-
ods since our problem is equivalent to showing that the set {y(v),s,v €
LP(Tg)} is dense in L?(S5).

1.3 Main results

In order to obtain the approximate controllability results, we have to
introduce the following geometrical hypothesis on § and Iy:

Sis strictly coniained in Qand each point on Scan be (1.4)
connected to Toby an arc in Quwhich does not cross S. )

For each @y € L7 (S), let us denote by ¢ the solution of the problem
—Ap+ap=gods in (1.5a)
w=0 on T, (1.5b)

where d5 denotes the Dirac mass on S.

Finally, we define ¥ as the solution of the following homogeneous
problem:
~Af+ag=f in Q (1.6a)
0

on [I. (1.68)

Theorem 1.1. Assume (1.4). For each y; € LP(S), 1 < p < oo and
a > 0, there ezists a control v in LP([g) such that the solution y(v) of
the problem (1.1} satisfies (1.3). Moreover, if U,q represents the set of
all v in LP(T'g) which satisfies (1.3), called admissible controls, then the
mintmization problem:

. 1 P .
min =~ [l (1.7)

vEll,

has a unique solution ¥. On the other hand, if we define the functional

3o =5 [ 122 do + algollogss = [ - Dipods, (19
Po) = 7 Jr, |80 Poilo,p’,5 s Y1 — Yo as, .

for each g in LP'(S) and the associated solution o of (1.5), the problem
of minimizing J in L?'(S) also has a unique solution $o. Moreover, the

minimal norm control v is given by

-2 55
é%(:c) ae. z € lo, (1.9)

-~

i(z) =~ |22(2)
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where @ is the solution of (1.5) associated to $o. We also have

lly(¥) — yluo,p,s = min{a, Hyllln,p,s}- (1.10)

Theorem 1.1 is proved in Section 2. A unique continuation property
based on the hypothesis (1.4) leads to show the existence of a control
satisfying (1.1)-(1.3) by a classical density argument. This enables to
construct controls of minimal L?-norm such as in (1.7} by using a method
[Li1,2,3] based on the duality theory of Fenchel and Rockafellar [Ek-Te]
which gives functionals like (1.8).

In an optimal control philosophy, another approach for solving (1.1)-
(1.3) is to minimize for some £ > 0 the functional

1 1
H :—[ —wnl’d +—f v|Pdo.
()= [ lvt) = wpds+— [ 1

This method and the method presented in Theorem 1.1 seem to present
some similarities but they are actually different. We study this relation-
ship in Section 3. More precisely, we generalize a comparison given by
[De]. The extension (Theorem 3.4) evidences some equivalence between
the two approaches in reflexive spaces. The cases studied in Section
2 fit into this framework, but not those of Section 4. Except for this
comparison, we will not consider the optimal control method in this
article.

Following this study, in Section 4 we consider the case of the L?-
approximate controllability for 1 < p < oo with controls of infinity
minimal norm {Theorem 4.2) by inversing the duality argument [Fa-Pu-
Zu3). The case of the L!-controllability is also studied (Theorem 4.3).
In this case duality is no longer valid and we use a proof by modifying
the dua! problem [Fa-Pu-Zul,2]. In all the cases we obtain the same
kind of quasi bang-bang controls.

In Section 5 the study of the linear case leads to state the approxi-
mate controllability result in the globally Lipschitz semilinear case (The-
orem 5.1) by a fixed point method [Fa-Pu-Zu3]. A counter example
based on a technical argument shows that the result is not true in the
superlinear case at infinity, that is a non-linearity of the type yI" 'y
with r > 1 [He]. Nevertheless, the resuit could be slightly extended to a
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non-linearity between the sublinear and the superlinear comportments
at infinity [Fe].

To complete the study, we present in Section 6 a numerical method
for the linear case in L? based on the duality approach of the previous
sections. The method has been constructed in order to have a fast up-
date of the control in the case of changes of 'y, @ or y; and only a small
stockage is required. We observe a loss of accuracy for small values of
o independently of the mesh, which is a typical problem in numerical
approximations in control and inverse problems. The proposed numer-
ical method is easily generalized to the L? case and it can be adapted
to other similar control problems. The semilinear case might be treated
by a fixed point procedure, but we do not follow this idea here,

1.4 Notations

We recall some classical definitions. For each integer n > 0 and real p
with 1 < p < 00, we recall that W™ () are the classical Sobolev spaces
with norms

‘ 1/p
Hellnp.0 = ( Y. folDo()P dr) for 1<p<oo

jafem
”(p"m,oo,ﬂ = MaX|yjcm (ESSSUprEQ lDa(P(z)I) for P = 00.

For p = 2 we denote the classical Hilbert space H™(Q) = W™2(Q) and
we drop the subscript p = 2 in the norms. We recall also that W,""*(2)
is the closure of D(R2) (infinitely differentiable functions with compact
support in Q) for the norm ||-}},, , . For the definition of W™ on the
boundary and for non integral or negative values of m, see for example
the introduction in [Gi-Ra]. We only recall here that the trace space of

Wme(8) is W™~ PP (T) for T regular and that the dual space of Wy ?()
is by definition W=1#'(§). We denote by p’ the conjugate exponent of
pie 1/p+1/p = 1.

Remark. Without a loss of generality, we suppose in all sections that
f = 0. Otherwise we introduce ¥ solution of (1.6) and the results are
valid by changing 1n by y1 — 7.
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2 [P-approximate controllability

In all this section 1 < p < co. Section 2.1 presents the classical density
argument used to show the existence of a control satisfying (1.1)-(1.3).
By using the geometrical hypothesis (1.4), a unique continuation prop-
erty is proved in Section 2.2 and it leads to show Theorem 2.1. In
Section 2.3 a constructive approach [Lil,2,3] to construct controls of
minimal LP-norm is used and Theorem 1.1 is proved.

2.1 Classic approach

Theorem 2.1. Assume (1.4). If y(v) denotes the solution of (1.1) for
v € LP(I'g) then the set

Ry ={y(v)ys st. ve LP(Ty)} (2.1)

is dense in LP(S).
First we give a transposition sense [Li-Ma] to (1.1). Let ¢ be the
solution of the following problem for & € L*' ()

-Ap+aep=h in Q (2.2a)
=0 on TI. (2.2b)

Under the hypothesis (1.2), we know ([Ag-Do-Ni] or [Mi], Theorem 38,
V1) that {2.2) has a unique solution ¢ € Wy () N W' (Q) and that
there exists a constant C which depends only on 2, p and @ such that

”(P“Zp’,ﬂ S c ”h’”ﬂ,p',.ﬂ . (23)

If we multiply (1.1a) by the solution ¢ of (2.2) and if we integrate by
parts, we obtain the following weak characterization of {1.1).

Lemma 2.2. The unique solution y € LP(Q) of

3 '
dz = — - he L7 (Q 2.4
_[th z /["gUaV do  Yhe L?(Q), (2.4)

where ¢ denotes the solution of (2.2) associated to h, is also a solution
of (1.1) (with f = 0} in a weak sense and conversely. Moreover, Ay €
L?(R2) and there ezists ¢ constant C such that

I¥llop < Clivllopr, - (2.5)
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Remark. Since Ay € L?(Q) then y € Wi‘f(Q) ([Li-Ma], Theorem 3.2,
p.138) and thus the trace of y on S makes sense if § is regular and
strictly included in Q.

Lemma 2.3. For each ¢y € LPJ(S), there erisis a unique solution
¢ € WL (Q) of problem (1.5). Moreover, if S is regular and strictly
included in Q and ' is regular, then

Oy

aeW'”’(F) (2.6)
and there exist constants C and C such that
A
—- <C o < C f o 2.7
v 00T = w1 “(P”l,p =2 “(POHO,p 5 ( )

Proof. Case p= 2. From (1.5) we have

1961q+ [ ate) lol” de = [ eopds (2.8)
But
_ 18 ||v90||on _ A -8
= ( “erwﬁno -M)

N (1 BTy
el X

since from the condition (1.2} we have 0 < i{ﬁg < 1. Thus

- Bllelq < Vel + [ (@) lof da.

Then (1.5) has a unique solution thaks to the Poincaré inequality and the
Lax-Milgram Lemma. Combining this result with (2.8) and using a trace
theorem we obtain the second inequality in (2.7) with C3 = CA1/(A1—8).

For the general case p # 2 (see also [La-Ur] and [Ne]}, let us first
notice that g € W=1P'(Q) if g € L¥'(S). Indeed, by definition and
by using classical trace theorems we obtain
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8seollr prn = sup{/swo pds; ¢ € WoP(Q), llellpn < 1}
< sup{ligollopr,s el 55 # € WP, Il pa < 1)
< Cllgollo p,s (2.9}

Now, let us denote by Th the solution of (2.2). We know that 7" is an
isomorphism from L? onto W2PNW, ? (we drop £ to simplify the expressions).
But T = T* is also an isomorphism from (WP N Wy*)' onto L. If [A, B)
denotes the 1/2-interpolated space between A and B (see [Li-Ma], Theorem 1.4)
we also see that T is an isomorphism between the corresponding interpolated
spaces: ,

T:[LF (WP n WP} — (W2 nwyP , L¥).
But .
(L7, (W22 A WEPY) = (12, W22 AWRP] = (Wor) = w2’

and [W2P A WP [7') = W} . Therefore T is an isomorphism from W=1#"
onto WP This is equivalent to the existence and uniqueness of problem (1.5}
and the second inequality in {2.7) follows from (2.9}.

To prove (2.6) and the first inequality in (2.7), let 8 € C°($) be a function
such that # = 1 in a neighborhood of T and = 0 in a neighborhood of $ (this
is possible since S € §2). One may note that for the solution ¢ of (1.5) we have:

Afp) = pAI+2V0 - Vo +0Ap = oA +2VE - Vi + abyp
and it follows that # is the solution of
—Alfg)+afe)=h in Q
fp=0 on T,
where h = —pAf + 2980 - Vi € LP'(Q). Therefore 0 € Wol'p‘(ﬂ) nwae'(Q)

and consequently by classical trace theorems

B0p) _d¢ 1-4 p'
dv ~ By ew (r)

and
dp

v

b
— l 9(0p) < CHlopllz pra < MIbllopra < llelly praa -
- ov
1—;7.P I

l—;’,—,p',I‘

Finally we obtain the first inequality in (2.7) due to the continuous injection
of W'™#"7 (T} in LP'(I").
]

411
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2.2 Unique continuation property

Lemma 2.4. Assume (1.4). Let ¢ be the solution of problem (1.5). Then

i) S :
a—f:O on Ty implies p=0 in Q.

Let us define the set of all the arcs which connect S with Ty as
A(5;Tp) = {c € C{[0,1;); c(t) € 2\ T Vi €]0,1], ¢(0) € S,¢(1) € To}.
The geometrical condition (1.4) can be more technically stated as follows:
S C Q and ¥z € 5, 3c € A(S; o) such that ¢(0) = z. (2.10)
Let us also define the exterior and interior sets of S5 relative to I'y as

Sezr = {e(t); c € A(S;T), t€]0,1[} (2.11)
Sint = Q\Sext. (2.12)

00000

Fig. 2. In all cases Iy is the whole boundary. The curve § is represented with a dashed line.

In (a), (b) and (c) the geometrical hypothesis (1.4} is satisfied but not in (d) and (e).
The set S.z¢ is shaded in each case.

From the definitions above, the following geometrical properties are easily de-
duced.

Proposition 2.5. Assume (1.4). Then

(i) Sezt is a non-empty open set and we have : S C 8S.xt, To C 8Sez:.
Moreover, if S..: has several connected components, the boundary of each
of them contains a nonempty open subset of ['p.

(12} Sin: may be emply but if not, 8Sine C SUT.
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Proof. (of Lemma 2.4) The solution ¢ of (1.5) clearly satisfies

—Ap+ap = 0 in S.p
¢ = 0 on I
%{1 = 0 on Ty,

and it is easy to prove that ¢ € VVi‘fr(Seﬂ), therefore, since T'g C 39Sz,
by unique continuation [Sa-Sc] ¢ = 0 in S.r;. Since ¢ € WI*P'(Q), we have
necessarily ¢ = 0 on 3Sezt. As S C Sen, it also vanishes on S and thus ¢ = 0
on 3Sine. If Sians 1s not empty (otherwise ¢ = 0in Q@ = S5 U §) then

—Ap+ap = 0 in S
w = 0 on 3aSin

and this implies ¢ = 0 in Si,;. Therefore, ¢ vanishes in all @ = 5.0t U Sint US.
]

Proof. (of Theorem 2.1) Let g € L?'(S) be given and let y(v) be the solution
of {1.1) in the weak sense (2.4). We will show that

/y(v)g ds=0 VYveL’(Ty) implies ¢=0 on &S
5§
If ¢ is the solution of {1.5) with ¢q = g then by (2.4)

/ygds:—[va—sgdo':(l Yuv € LP(Ty).
8 Ta ov

Therefore %‘5 = 0 and by the unique continuation property of Lemma 2.4,
p=0in ), 50 g =@ =0.

2.3 Constructive approach

There exists a more constructive approach to the L? approximate controllability
on a curve which is in fact an explicit method to find controls of minimal
norm. The method was introduced by J.-L. Lions (see [Lil,2,3}) and is hased
on the duality theory of Fenchel and Rockafellar. We use the following duality
theorem.

Theorem 2.6. [Ek-Te] Let V be a Banach space and Y a separable topological
vector space. Let F :V = R and G : Y = R be two conver functions. Let
L : V = Y be a linear continuous operator. We suppose that there ezists
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vg € V such that F{vy) < +oo, G(Lwy) < +oo and that G is continuous at
Lvg. Then, if the infimum ts finite, we have:
inf (F{v) + G(Lv)) = sup (—F {L"w") — G"{—u"})) (2.13)
veEV wreyY"
The supremum in (2.13) is attained at least in one¢ point W* € Y*. If the

infimum is also attained at 5 € V (for ezample if V is reflexive and F(v) +
G(Lv) = 400 as ||v|| = o0), the following extremal relations are satisfied:

F(§) + FY (L")~ < L*®*, 5 >=10 (2.14a)
G(LF) + G*(~&")+ < &, LF >= 0. (2.14b)

Remark. The respective duality products between V and Y and their topo-
logical dual spaces V* and Y* are denoted equally by < -, - >. The respective
norms are ||- || and ||-||,. We recall that F* is the conjugate function of F in
V,lie.
F*(v") = sug(( v*,v > —F(v)) foreach v'eV"®
vE

and similarly for G* defined in Y*. Moreover L* denotes the adjoint operator
of L. We present in Table 1 some functions F and their conjugates which are
useful here. The symbol fj_4 o) denotes for a > 0 the convex function equals
to 0 into the interval [—a, o] and to +co in its complement,

TaBLE 1. Conjugate functions.

Function F(v) | Conjugate F"(v*)

fma,op(llv—voll) | allv®], +<v",vo>

4
vl arllvHe

We will also use the following well known property (Young’s inequality)
which can be easily proved by developing log(ab) (see for instance [Br]).

Proposition 2.7. Let 1 < p < oo, 1/p+1/p' =1, a >0, b > 0 be given. Then

1 1. .
g+ =P ~ab>90
r 4 -

and the equality holds if and only if of = ab = b’

Proof. (of Theorem 1.1) We apply Theorem 2.6 with V = LP{I'¢) and Y =
LP(S). We also take

FO) = 2 MBpre + OW) = fraaiv=wilys) L) =ulo)ls.
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We can write (1.7) in the form of the infimum in (2.13). In this case, the
infimum is attained at a unique point. To see this, let us notice that the set
U,q is not empty, since the existence of a control function that satisfies (1.3) is
assured by Theorem 2.1. Moreover, it is easy to see that Uy, is a convex set.
Then, since %" |16 .5 is a strictly convex and coercive functional, there exists

a unique ¥ € L?(S) which minimizes (1.7).

Functions F and ( are clearly convex. By Theorem 2.1 we can chose vy
such that

ly(vo) ~ willop.s < &,

then F(vg) < +oo and G(y(vo);s) = 0 and due to the continuous dependence of
y on v (see (2.5)), there exists a neighborhood @ of vp such that G(y(v};s} =0
for all v € O, thus G is continuous at y{ve)|s. Therefore, the identity (2.13) is
valid in this case. We denote by {g a function where the supremum is attained.

We precise the dual problem of {1.7) given by the right hand side in (2.13).
From Table 1, we see that
t ] - 1 * ! » = = Ll
0= 21w, o G =0l loys + fuiwds

and then
'YE X ] - 1 - =P » =
FHL*w* )+ G(—w") = F”L w ||§'pf,pu+a||w {lo,pr,s —-/Sylw ds. (2.15)

Let us identify L*. From (2.4)

and then P
Lo = —22. (2.16)
We obtain from (2.15) and (2.16) the expression (1.8) for J (here ¥ = 0).

In our case, the extremal relation (2:14a) can be written as

1

- | T pam
LBl + 1 Boll i, — [ L Edr=0 @D
1]

then
[ (Lper + Siwsr - s et ) dr=o
L \P 4
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From Proposition 2.7 the integrand of the last expression is non negative thus
[5(z)] = B(z)L*Po(z) = |L*Po(z)P ae zeTyq, (2.18)

and muitiplying by L*&p{x} we obtain the relation (1.9). To see that $q is
unique, we use the fact that ¥ is unique. Indeed, if 3} and @2 are two functions
where the minimum of J is attained, then from the first equality in (2.18)

L*(7) — #3) = 0.

Thus by unique continuation (Lemma 2.4), the corresponding solutions of {1.5)

satisfy $! = $? and therefore 3} = 53,

On the other hand, since we know that [|L¥ — yi|l, , ¢ < a, the exiremal rela-
tion (2.14b} gives

allﬁollo,pf,s—[gy;@DdS—l--[gLﬁ@n ds = 0. (219)

Thus
a ”‘:’50”0',,:.5 =- [S(Lﬁ — 1 )Pods < ||LY ~ yl”o,p,s ”50”0,;;',5

from which, if g #£ 0
L5 = llg .5 = (2.20)
By(1.9) po = 0 implies ¥ = 0 and then ||LV ~ ]y, s = Hylllo,,,,s < a. Con-
versely, if [[tn{lg , 5 < o then J(pa) > 0 for all o € L*'(S) and J(0) = 0, by
uniqueness we obtain that gy = 0. This proves (1.10).
|

Remark. In the case p=2 and a < |jy1|l, s a more precise result than (1.10)
is

W6) - 1)) = —a-2E) e ses. (2.21)
”‘PO“D,]J’,S
Indeed, if we use (2.27) and (2.28) we have

2

o~

¥o

— + (LY — 1)
{7 0,5

o

1 - -
02+02+20—~A—=-—-—/(pg (Lv—y)ds
“S"O“o,s s

= 20°-2a°=0.

0,5

In fact, the property of uniqueness of the minima and other properties of
J can be proved independently, as we see in the following result.
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Lemma 2.9. Assume (1.4). For each a > 0 and y; € LP(S) the functional J
defined in (1.8) is continuous, strictly conver and

lim inf J{go)

_ W0 N 2.22
lleallo,r, s=+o0 [lollo pr,s = (222

Moreover, the function $q € LP'(S) where J achieves ils unique minimum
salisfies
Pr#0 & a<lmlloys- (223)

Proof. We give a proof such as in [Fa-Pu-Zu3]. To see that J is continuous,
we only need to recall the continuity property (2.7). J is strictly convex since
it is the sum of strictly convex terms.

To prove (2.22), we take a sequence such that ||¢g||y ,» 5 — o0 and we denote
by @n the solution of (1.5) associated to ¢f. If we define

~ ¥n ‘Pg
= Pn - -
Neets o s llegllo pr s’

then by (2.7} [lenll; ,» o < Clleklle, s> and thus @, is bounded in W' (12)
and 3} is also bounded in LP'(S). As a result, up to a subsequence:

and &g =

Pn = @ in Wl:P'(Q)—weakly
P — @y in LP (8)-weakly.
But
J(¢B) - ] 05 |7 /
LA 4 LR ;| 2ol do— | @t ds+a. (2.24)
T = ks [ |7 S0

If we define the number:

1 [ |8F I
v = hmmf—Tf Lbn do,
n P Jry 8!/
we have two cases: if v > 0, since ||¢§|lg ,» 5 — 00 the equality (2.24) implies
that .
llmmfiﬂ)— =+ 400 > a.
llseit llo,pt,5

We consider now the case ¥ = 0. By using the continuity and the convexity of
0l p.F 2ud (2.7) we can deduce that

'

1 de < hm mf

3

agn P
av

47 da:‘y:O,

e
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then %E =0 on Iy and by Lemma 2.4 we sce that @ = 0 in 2. Therefore
Pn—0 in W' (Q)-weakly

and all the sequence converges. But by definition @, is the solution of (1.5) for
@7, and by continuity (see (2.7)) ¢ = 0 is the solution of (1.5) for Py and then
P = 0. Then -

gn—0 in LP (S)-weakly.

Using this fact, from (2.24) we obtain

R ) I 1 [ |05 ]
liminf ———>"— = — lim inf||@} |} .. f
n ”‘th,pgs 7' n ”0,? ) o L

do—0+a > a,

and (2.22) is proved. The direct implication in (2.23) is easy. For the other
one, let us suppose that &, = 0. Then

.St ;
0 S tllm ——(-—‘Pi) =« “(Pﬂno,pfls - Lyl Yo ds V(pn € Lr (S)

-1

Taking ¢y = y’l’/p' we obtain a [{u|[f s

~ w115 5,5 > 0 and then il 5 < e

3 Relationship with the optimal control theory

We provide here a generalization of a result given in [De], see also [Ca-Gi-Lij.

Let & be a separable topological vector space and F' a reflexive Banach
space. Let L : F = E be a linear continuous operator and L* : E' — F' its
adjoint operator. Let ¢ > 0 and @ > 0 be given real numbers and y; € E a
given function.

We consider the following abstract control problem:
Find ve€ F such that J{Lv - w||z and ||v||p are small (3.1)

We introduce two different strategies or mintmization problems and their re-
spective dual problems in the sense of Theorem 2.6. Here 1 < p < oo and
1/p+ 1/p = 1. The following hypothesis ensures that all conditions about vg
in Theorem 2.6 are fulfilled. We suppose that

v € F such that [[Lv—y]lg <a.
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Optimal control strategy: (Tychonov’s regularization)

miner ol + & ILv —wlf = —minwes F [IL7 |3 (3.2)
vy + .
+ S Ml — (. whe B
Duality strategy: (Fenchel’s regularization)
minger Lol +  F-aa)llLy —millp = —minwesr 5 1L wlf (3.3)

+ allwllg — (v, w)e e

The extremality conditions (2.14a) and (2.14b) which characterize the so-
lutions of (3.2) and (3.3) are respectively

1. | RN
Ellvll"~+ ,7“L @\ = (&, L*@)p,p =0 (3.4a)

1, . e? ip ~ “
5 ||Lv - yﬂl% + 7—— ”w”‘;‘u - (yl,w)g,ga + (L'U,’lﬂ)E'Er =0 (3.46)

and ' 1
B e + 17 1L |5 — (v, L*@0)pp = 0 (3.5a)

L5 -wllg <o and alldllp — (w, 8)s.er + (L5, Bep =0.  (3.56)

Lemma 3.1. For £ > 0 given, let (v,1) be a solution of problem (3.2). Then
we have

-~ o~ -1
e lldllg: = 15— w5 (36)
Proof. The condition (3.4b) implies that
| DU S . .
—|1L0 = nll + < lle@|z < 1LV~ nlig llewli g
14 v
then, using Proposition 2.7 we obtain
e? (@l = HL¥ - mlle
and since p/p’ = p— 1 we can deduce (3.6).
n

Lemma 3.2. For a < ||yl{g given, let (¥, W) be a solution of (3.3). Then we
have
o= |IL7— g - (3.7)
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Remark. The case a > ||y ]| is not really interesting since in this case v =0
and w = 0 is a solution of {3.3).

Proof. One may note that if @ = () then from the extremality condition (3.5a)
we have ¥ = 0 and if we use (3.5b) we see that ||y ]|p < «. By hypothesis
a < ||ly1]|g and then here @ # 0. Now from (3.5b) we see that

afft@llg <L - wllg l@llg

and so we have (3.7).

We directly have from these two Lemmas the following Corollary.

Corollary 3.3. Ffore > 0 and o < |jy1|lg given, let (v,w) be a solution of
{3.2) and (3.3) at the same time, then we necessarily have

o = el

The converse property is also true in the following sense.
Theorem 3.4.
{i) Fore >0 given, let (1, ) be a solution of problem (8.2). Then (¥, @) is
also a solution of (3.8} for

a=e "l@In". (3.8)

(1) For o < ||lysllg given, let (¥,@W) be a solution of (3.3). Then (¥,%) is
also a solution of (3.2) for

F=o |5 . (3.9)

Proof. To prove (i}, let ¢ > 0 be given and let (¥, %) be a solution of problem
(3.2). Take & such as in (3.8). Then, using the relation (3.6) we easily see that

gp'—1

I

1. P :
. IL5 - mlle + @l = &lldllg. (3.10)

and
L5 — wilfl = &
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From these two latter expressions, if we compare the extremality conditions
(3.6) and (3.7), it is clear that (¥, ) also is a solution of (3.6) and then for
(3.3) for o = &.

The proof of (ii) is completely similar. If a < |||z is given and (7, &) is a

solution of {3.3), by choosing € such as in {3.9) and by using the relation (3.7)
we can deduce that

—l iLy ~ e + - : ||m||pr o ||w]| (3.11)
= [ w y = I '
& nlie v E

If we compare again the extremality conditions (3.8) and (3.7) again, it is easy
to see that (¥, ) is a solution of (3.7) and then it is a solution of (3.2) with
€ =E¢.

4 First extension: quasi bang-bang controls

4.1 [LP-controllability with an L*-minimal norm control

We give an extension of Theorem 2.8 to controls of minimal infinity norm. Here
l<p<g<oo

Definition 4.1. We say that v € psgn v if v(z) = ga(a:)ﬁ‘bb—g}[ a.e. in the set
{x| ¥(z) # 0} and [v(z)| < |p(z)] a.e. on the set {z | ¥(z) = 0}.

Theorem 4.2. Assume (1.4). For each y, € LP(S) and o > 0 there ezists a
control v € L% (T'g) such that the solution y(v) of (1.1) satisfies (1.3). More-
over, if USS represents the set of all control functions in L™ (['g) which satisfies
(1.3), then the minimization problem:

.1
min ~ |fulff (4.1)
&

has a solution 5. The minimization problem in L¥'(S) for

1] aell”
Ipo) = — |50

p + allpolly pr.s — fs "o ds, (4.2)

0,1,le

where p represents the solution of (1.5) for each @o € L' (S), has a unigue
solution g and U satisfies on I'g

g'~-1 66

9@ sgn 52, (4.3)

dv

v E —

0,1,T
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where @ is the solution of (1.5) for {po. For the error we also have the identity
(1.10).

Proof. The proof is also based on Theorem 2.6, but here we take the mini-
mization of (4.2) as the primal problem. We chose Y = L(Ty), V = LP (S),

1 : e 72
Flpo) = allpolly p s — /Sylson ds , G(w) = 7 llwll§ 4 » Lo = ~ 3, o

We have F(0) = 0 < oo, G(0) = 0 < oo, G is clearly continuous at 0 and
J = F+GolL. We notice that J also satisfies the coercive property (2.22)
with the same proof of Lemma 2.9 (we only use the continuity and convexity
of ”-||g:1’r.0). Since here V is reflexive, the minimization problem for J has a
unique solution g and its dual problem following Theorem 2.6 is

. . 1

= et (TicaalllEs = nlloy,s) + - 1l o5,

equivalent to (4.1} since L*oq = y(v);s. Theorem 2.6 enables us to see that

the extremality conditions (2.14a) and (2.14b) hold. The error property (1.10)

is deduced directly from (2.14a) and (4.3) is obtained from the other extremal

relation (2.14b) as follows:

L]ea|”
I

q || v

/|2
Iy 3!1

then from Proposition 2.7

0 =

60, — [ 952 do
U,I,Fo

~ ~OF
40 [l 5, ~ [ 35 do 2 0

) _ 0% ag |
13 00,00 = IPllo,co,00 [| 5 e ' (44
f “o, o = I1¥llo,c0,r, O 1, v llo,1,r4
Also a,, 86
-~ (P -
[ (32| 6l e, - Go(e)0)) do =0,
thus

Pllgcor, ae €T

& e = 2w

But (4.4} means

3¢
A 0,1,I%

and then {4.3) holds. ]

7 -1
ae. T €y,

|o(=)] <
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Remark. With the same proof of Lemma 2.9, we can prove the equivalence
(2.23) in the case of Theorem 4.2. So the case a > |lnlly , 5 implies o = 0
and ¥ = 0 (unique).

Remark. The expression (4.3) means that the control ¥ is quasi bang-bang.
If o < |{mllp,,s then ¥ is not unique in general. In fact, all solutions of {4.1)

only differ on the set {z € T'g| %—g(z) = 0}. The measurement of this set is an
open problem, but it does not contain any non-empty open set of Ty due to
the unique continuation property.

4.2 [L'-controllability with an /*°-minimal norm control

In the present case, we can not apply a duality argument. However, the idea
is to directly introduce a functional like (4.2) and to write the extremality
condition at its minimum to obtain a control which satisfies the error condition
(4.7). Here we consider the solution ¢ of (1.5) with g € L*(S). The function
¢ is regular near 'y and its normal derivative on I'y satisfies

3

v < C”‘PUIIO,W,S -

0,1,

Given y; € L'(S) and o > 0, we define for 1 < g < ¢

1{8
J(¢0)=E‘a—f

q

+ai|<pn|lo,w,5+/y1goo ds. (4.5)
6,1,Tp 5

We can prove the analogous of the coercive property (2.22) for this new func-
tional using the weak-* topology in L. As a result, J has a unique minimum
and we can extend the result of Section 4.1 in a weaker form. Here 1 < ¢ < oco.

Theorem 4.3. Assume (1.4). For all y; € L}(S) and a > 0, if p is the
solution of (1.5) associated with the minimum @y in L>(S) of (4.5), then
there exists

__ egt o8
i€ — || = sgn — on Ty, (4.6)
O llo,1,r, dv
such that the solution y(v) of (1.1) satisfies
Hy(v) — yl”o,1.s <o (4.7)

Remark. A priori, (4.7) is not valid for all ¥ satisfying (4.6), but this is true

-

if the set {z € T'p | %‘f(a:) = 0} has zero measure, since in this case ¥ is unique

(ae.).
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Proof. If J attains its minimum at $p, we have for each ¢ € L™(5) that

~ilq
J(Po + ego) ~ J(Fo) > 0 for all € > 0. We note J1 (o) = 1 122 i
o

@ is the solution of (1.5). By using the triangular inequality we obtain that

, where

2o+ £60) = 11 B0) + lldllo s ~ [mbods 20 Voo € L™(S).

One may observe that J; is subdifferentiable, then by taking limit as £ — 0 we
can deduce that there exists £ € 3J;{{o) such that

[etuds+aliballes - [usads>0 Vb€ l®(s).  (18)
5 5

But J; = J; o L where J(u) = 1 ||'¢.:||0 11, 20d Lo = ~22 over T'p. Since

8(J1 0 L)($o) = L*8T1(P0) (see [Ek Te] p. 27) we can dodure that £ is of the
form

= L% (4.9)
where v satisfies (see [Ek-Te] p.21)

2" 05

— ¥ —vdeo 4.10
R (4.10)

and this implies (4.6) with the same proof as in Theorem 4.2. Here we also
have L*v = y(¥), where y(V) is the solution of {1.1). By using (4.9) and if we
follow (4.8) again, we obtain

[¥@bods+allbolles -~ [wdads >0 Voo L7(S).
5 S

This implies that

fs (¥(E) — 1)dods > —allfollyes Voo € L(S),

and taking ¢o € —sgn (y(?¥) — y1) we obtain (4.7).
=
Remark. The equivalence (2.23) is also valid in this case and takes the same

proof of Lemma 2.9 with ¢y € sgny; at the end. Consequently, the case
a > |lwli, 1.5 implies ¥ = 0 in Theorem 4.3.
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5 Second extension: the semilinear Laplace equa-

tion

5.1 Main Result

The following theorem states the L?-approximate controllability of the semi-
linear Laplace equation. The proof of the LP (1 < p < o) case is similar and
we do not give the details (see [Fa-Pu-Zu3l]}.

Theorem 5.1. Let f be a real valued and continuous function and let us
suppose that there exist positive constants § and v such that

—z\u(-—ﬁfﬁsl-—f—w)gy forall se R\ {0}, (5.1)
_

where A; > 0 denotes the smallest eigenvalue of the —A operator in {2 with
Dirichlet homogeneous boundary conditions. If we consider the problem :

~Ay+ f(y) =0 in Q (5.2a)
y=0 on T[\TIyp {5.28)
y=v on Iy (5.2c)

then, under the geometrical hypothesis (1.4), the set
Ro = {ylv)ys s.t. v€ L*(To))

is dense in L%(S5).

Proof. Let y; € L?(S) and a > 0 be given. We will prove that there exists a
control function v € L?(I'g) such that

I #{v)ss — 5 lo,s< e (5.3)

Without loss of generality, we can suppose that f{0) = 0. We also suppose
that f € C'(H) (see the Remark at the end of the proof). The role of f will
be played by the the following real function:

s) .
o)=L its 20 and g0)=r(0)
For each z € L*({2) fixed, we associate the solution y(z, v} of

—Ay+g(z)y=0 in 2 (5.4a)

y=0 on F\Ty (5.4b)
y=v on [y (5.4c)
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It is easy to deduce from (5.1) that g satisfies the conditions {1.2). Then, thanks
to Theorem 2.1, we can choose v(z) € L*(I'g) such that ||y(z,v(2)) —mlly 5 <
a. Among these possible controls, we choose v(z) with minimal L%-norm. A
characterization of such control is given by duality in Theorem 1.1. We recall
that if we consider the solution (z, wg) of

-Ap+g(z)p=0dspp in {(5.5a)
=0 on T (5.50)
and we define as $o(z) the minimum in L?(S) of the functional
1 [ |9¢(z,%0)|"
s =3 [ |2l o+ elieals - [nnas  ©9)
then
v(z) = _é’ﬁf’(_’"b‘ls’_(_fl)_ on Ty (5.7)

The idea is to show that the application A : z — y(z, v(2)) has a fixed point Z in
L?(2). In this case ¢(Z)F = f(¥) , where § = y(%,v(Z)) and, as a consequence,
v(Z) is the required control function for which (5.3) holds.

Let us show that the application A : z — y(z,v(z)} is comtinuous from
L%(R) into itsell. We take a sequence z, — z in L?*(2), and for a fixed
wo € L?(S) we denote the solution of (5.4) by ¢ = ¢{zn, ¥0). By using Lemma
2.3 we obtain |lenll, o < Cllwolly s- Consequently, up to a sub-sequence, there
exists a function ¢ € H} () such that

on =@ in H}(Q)-weakly. (5.8)
Let us notice that

llg(zn) ¥n — 9(2) @ullo o + llg(z) on — 9(2)0llp o

Ho(zn)}on — g{2) 0llo g <
< ”S"ﬂ”u,n llg€zn) — 9(2)”0,9 + “9(3}”0,0 [ken — ‘PHo,n

thus
g(zn)on 2 g(z)@ in  L%(2)-strongly. (5.9
In order to identify ¢, remark that by definition ¢y, is solution of

fV(pn .Vqﬁd:r-l-/g(z,.')gonqbdz:[(,ogcf:ds forall ¢ € Hé(ﬂ). (5.10)
[t} 1] s

By taking limit as n — oo, using (5.8) and (5.9) and the fact that {Ap,, ¢)
converges to {Ag, ¢) for all ¢ € D(12), we obtain

wa-V¢dz+fg(z)go¢a’x=f(pg¢ds forall ¢ € Hy(Q), (5.11)
1] 1] 5
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which implies that
# = ¢(2,0). (5.12)

In fact, the convergence is strong in (5.8). Indeed, if we take ¢ = ¢, and ¢ = ¢
in (5.10) and (5.11) respectively, we obtain :

IVenllsa+ [ aan) al® ds = [ popnts (5.13)
IVl a+ [ o)l ds = [ gopds (5.14)

and by taking limit as n — oo in (5.13) and by comparing this limit with {5.14)
we can see that Vi, converges to Vi in L2(Q)¥. To sum up, we see that if
g is fixed then

@(2n,00) = @(z,0) in H}(Q)-strongly. (5.15)
The same argument is also valid to show that
@(2n, Polza)) = ©(2,Po(2)) in H;(S)-weakly, (5.16)

provided that
Bolza) = Po(z) in  L*(Q)-weakly. (5.17)

By contradiction, suppose that there exists a sub-sequence such that
|I@o(2n)llg, 5 —= oo- Since Po(zn) minimizes the functional J,  then

Jo(Bolzn)) < Jon (o) forall o € LE(S).

From (5.15) and Lemma 2.3, the normal derivative of ¢(zn, po) also converges
in L2(Ty) to the normal derivative of (2, ¢o), 0 Jz,, (o} converges to Jz(wo)-
Therefore, there exists a constant M such that

Jon(Po(2a)) < M. (5.18)

The same proof such asin Lemma 2.9 shows that for each z,,, J;, is a continuous
and strictly convex functional and that

dimint pePolin))
{[Potza)]l, s—+oo 1Po(2n)llo,s

As a result, the uniform bound in (5.18) is a contradiction. Then, up to a sub
sequence, Po(zn) weakly converges in L%(S) to a limit denoted @o, that is

Folza) = Po in  L*(S)-weakly. (5.19)
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Now, we must prove that @y = $o(z). Indeed, by {5.19) and using the fact that
#o(2n) minimizes J, we obtain

J (@) < lirrfllinf.]z“({ag(zn)) < liminfJ,_(go) = J.(wo) for all @, € LE(S),

therefore Py minimizes J, and @ = {$p(z). Consequently, the convergences
(6.17) and (5.16) are valid. From the definition (5.7), by using (5.16) and
Lemma 2.3 we see that the control function v(z,) weakly converges to v(z) in
L?(Tp). Finally, since z — z, in L%(Q), it is easy to show that y(z,,v(z.))
strongly converges to y(z,v(z)) in L?(Q2). Therefore A is a continuous map.

Let us prove that the application A : z — y(z,v(z)) maps L%(Q) in a
bounded subset of L2(2). We have llg(z)llp o uniformly bounded in z. Thanks
to Lemma 2.3 we see that [|¢(z, ¢o)||; o and the L?-norm of its normal deriva-
tive remain uniformly bounded in z, therefore J, (o) is bounded with respect
to z. Consequently, there exists a constant M only depending on g, such that
J:(Po(z)) < M. If there existed a subsequence such that ||Go(za)lfy 5 — 00 we
would necessarily have

Jzu(‘ﬁﬂ(zn)) J:.(pa) M
= Weateaillos = @65 ~ [Botealllos

and this is impossible. Therefore {|@o(2)|, 5 is uniformly bounded in z. From
Lemma 2.3 we have ¢(z,$o(z)) uniformly bounded in H{(2) and then v(z)
defined in (5.7) is also uniformly bounded. We conclude that y(z, »(z)) remains
bounded in LZ(£2), uniformly with respect to z.

— 0,

Remark. In the proof we suppose f € C'{Q2). We can always take a regular-
izing sequence
Jo =pn *f, supppn C[-1/n,1/n]

which satisfies (5.1) for each n (see [Fa-Pu-Zu3], Proposition 3.4). Thus we
obtain a control vy, satisfying {5.3). Taking limit as n — co, we can pass to the
limit in (5.2) and the weak limit of v, is the required control to assure (5.3).

5.2 A counterexample

We consider a non-linearity of the form:
f&=|s"ts for r>1. (5.20)
We will prove that if y is solution of (5.2) then the set

U={ylv);s st. ve L¥Ty)}
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is bounded in L?(Q). In particular ¥ is not dense in L2(€2). The proof is based
on the classic example of Bamberger [He]. If we multiply (5.2a) by 8y, 6 > 0,
8 € HY(Q2) N L={Q), and if we integrate by parts we obtain

ny-V(Gy)dz— @-evda+/9f(y)yda:=0
0 . v o

thus, if we define ¢ =r —1

/am? dz + nyy Vﬁdz+/9[y|q+2 dz — [ Hovdo=0. (5.21)
i) l"o
But { + Tyt ?z_-ll-—2 =1land {5 ‘;f? + E-ll_f = 0 then by Holder inequality
/yVy-Vﬂd.r < (f9|Vy|2dz)¥( g 152 x)ﬂ”” (fa|y|q+2arx)Fjﬂ
Q 0
1 2 q 2{q+43) +2
<= | 61VyP do + —2— vo|—— — v
< oo ane gt [0 1wa e fﬂiyl do

therefore by (5.21)

zﬁ 2 3
g dr < —Gud < Vo dx. .
f wf? dz f dudo + o1 +2) o 2 4. (5.22)

By hypothesis S N AR = ¢, thus let {B(z;,2r:) C Q st. r; > 0}M, bea
finite covering of the curve S, where B{z;,2r;) denotes the ball of center z;
and radius 2r;. We define

B,' = B(a:;,r.—).

Applying the trace theorem for each B;, we obtain:

M M
s s < S 1vlls snp, < 3 Cillvllt 5, . (5.23)
i=1 i=1

where C;,i=1,..., M are constants which depend on 5N B; and B;.
We note that for a parameter v > 0, if p = |z{ then

R hi
f [Vyl? dz < / (“'T—”) |Vyl? dz. (5.24)
B Blz:,2ri) Ti

Now we choose in (5.22) the function 8 = 6;, where

sy = { (B5=)" =eBm)
' 0 z € Q\ B(zi, 2ry)

429
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thus, using (5.23) we obtain

. L 1)) —1yiat3a
2 2(g+2) 2Tl'q 2ri 21‘1' - p v 7‘ +2(1 1) q:

Vy|" dz <y _= p do
B; - 2(q + 2) Jo i

3

and the right side integral converges if and only if the exponent is greater than
-2, that is if v > 4/q. Here we use the fact that ¢ has been supposed strictly
positive. Thus let us choose + such that

f |Vy)? dz < C!. (5.25)

We conclude from (5.23) and (5.25) that ||y||n'¢ < (', where C is a constant
which does not depend on the control v. We conclude that i/ is bounded and
therefore U is not dense in L%(£2).

6 Numerical method

6.1 Discrete method

Let us consider a triangulation 75 of € where h is a discretization parameter,
and let us denote by 'y, I'gs and S, the respective discretizations of I', 'y and
5 induced by 7. In our implementation, we suppose that the triangulation
consiste of triangles K:

We suppose that 'y is formed by @ — 1 segments [p;, pi4+1], Sa is formed by
M — 1 segments [g;, gi4+1] and that each segment is a side of a triangle in 7.
Therefore, @ and M are the total number of vertices in I';p and Sy, respectively.
We will denote by NV the total number of interior vertices in {2

We consider a finite dimensional subspace Lj of L?(S)), endowed with the

inner product and norm of L?(S;). The dimension of L is a function of M

denoted D(M). Then L is generated by a basis {¢k}f=('}”

Ly ={é1,....¢ppn))- {(6.1)
Let us denote by

T : 0 € L*(S) = p € Hy(Q) (6.2)
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the linear operator which associates g to ¢ by (1.5), i.e., the solution of the
variational problem:

[vp-wdﬂfawdz:/%ws Vée HAQ).  (6.3)
4] N s

If we consider a finite dimensional space Vg of H}(2), then we can define the
following discrete approximation of T

Th : won € Ly = ¢n € Vou (6.4)

where @, is the solution of

V"ph -V¢d.’£+]

apnpdz = / won ¢ ds Vo € Vou. (6.5)
(1Y -7

1473

If we define the matrices

ITyr Ty

Gu = S - d .
ki o o (6 60)
Cm = qﬁk (ﬁg ds, (666)
Sh
and using that for each wo, € L, we have the decomposition
D(M)
pon= D Brdx, (6.7)
k=1
we can express the [ollowing quantities in terms of § = (61,... ,,GD(M))t {(a
repeated index indicates summation)
1 8Thion 2 1 OTwdr OThn 1,
- = = - = — G
2 Jra| OV do 2'6"‘ﬁ'r ren Ov _Ov do 2 A oB

ooty = [ Budesionds=pus [ uguds=p'CB
Sh Sa

Besides, if we suppose that the projection yis of y, on Ly is of the form y1» =
flk ¢k1 we have

/s Y1aPon d8=ﬂkfu/; drdr ds =B Ch.

Therefore, we find the following finite dimensional forms of the functional J
and its differential J’ defined for 3 # 0:

Ju(B)
Jn'(B)

!

16Ghta(s CH - FCh, (68)
CB+a(@ CATCH-CH  (5#0).  (69)
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If ﬁ = (ﬁl, .. .,ED(M)) is the solution of

WA= min_ J(B) (6.10)
peR

M)

and if Pon =3, Ekcﬁk, the discrete control ¥y on Ty is given by

D(M)
N aT;

5 = _aTh‘POh _ Z hd’k. (6.11)
6.1.1 Operator T}

We introduce the standard finite element space of polynomials of degree less
than or equal to 1, which are piecewise continuous

Vi = {p € C°(Q) | lr € PI(K), VK € 1}

and we choose Vo, = V4 N Hé(ﬂ). We denote by {w,-}f-‘;l the canonical finite
element basis in Vp4. Now, we define the matrix A and for each ¢ of (6.1) the
vector b(¢y) by

Ay = Vwi - Vw; dr +[ aw; w; de (6.12a)
Qn 179
bi{¢s) = drwj ds. (6.1208)
Sh ’

From (6.5) we obtain for k = t,..., D(M)

NV
Thdy = Z a;w; where Ao = b(de). (6.13)
=1
6.1.2 Normal derivatives

To calculate the normal derivatives in (6.6a), we multiply (1.5) by ¥ € H1(Q)
and after integrating by parts we obtain

/a—‘pwdsz—/V(p-Vtﬁdm+[a<p¢dz+/wo¢da:.
r v 1) 0 5

We recall that {pk}kQ=1 is the set of vertices in T'ys and we denote by {;bk},?:I the
canontical finite element basis in V, associated to these vertices, i.e. ¥;{ps) =
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;i If we use now a Simpson quadrature formula to compute the left hand side
in the equation above, we see that

Z‘Yk (P )bs (nk) [ Ve V¢1d1:+j‘; apy; dz,

where - are specific weights. We supposed that the mesh is sufficiently refined
to separate the curve from the supports of the functions ;. Therefore we
obtain for £ =1, ..., the formula

Jy 1
5(1’&)——7—* ( o V@'Vlf)kdr-!'/ma@\bkdz)-

See for example [Gl-Li-Li} and [GI-Li-Ty] for a discussion about this and
other possible methods to calculate the normal derivatives.

6.1.3 Basis in [,

We have discretized S in M — 1 segments F; = [g;, ¢iy1] of length [ which
are sides of triangles of 7,. We tested two different discretizations of L%(S),),
the piecewise constant functions on each segment and the continuous functions
which are piecewise degree < 1 polynomials respectively:

LY ={¢eLl*Si)|dlre€Pni=1,... . M~1}
LYY ={4€LXSy) |¢lnePi=1,..,M—1}.

We have dim Lg'o) = M—1and dim LS) = 2(M —1). We can choose orthogonal
basis in this spaces, for example, with the following functions:

¢ = { (1) motehi:wise and ¢ = { (la- wlema) :;teh::-wise

Then

(0) (¢(0) (0) D, L(l) (¢(0) B ,(12) N (11)’_‘_,,;5&1‘)_1 (6.14)
and it is easy to see that

/ $06 ds = 1, 55 / B{1 gD ds_ 4 / $0¢1D ds =0

Therefore, the diagonal C' matrices associated to L§,°’ and Lf,l) are respectively

CO =diag(ly,....ly_1) , CY=diag(l,...,ln_1.11/3,..., Im-1/3).

433
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6.2 Test examples

We solve the L%-approximate controllability problem (1.1)-(1.3) for N = 2 with
f =0 and a = 1. Using the expression (6.13), we compute the matrices G and
C in (6.6), then we minimize the functional (6.8) and we compute the control
by using the identity (6.11).

We will use three different geometries (see Figure 5}, all of them satisfying
the geometrical hypothesis (1.4). We work with the parameters o, y1, and
[os. Table 2 summarizes the implementation of the discrete method applied to
these examples and shows the added dependency of each stage on the principal
parameters of the problem.

TABLE 2. The numerical implementation.

Stage Applied method Dependency on
M‘iﬂ}.;g&f}.fggn‘ P,-finite elements Qn
System Choleski with D(M) s
NV XNV right sides h
Normal Variational-quadrature r
derivatives algorithm 0h
Minimization Quasi-Newton BFGS a, Yin

For the mesh and the computation of the elementary matrices we use a
standard finite element package. The system NV x NV shown in (6.13) with
the D(M) right sides is solved by a Choleski decomposition.

In order to obtain the matrix G, defined in (6.6a), we use (6.13) and the
variational and quadrature methods explained in Section 6.1.2 to calculate
the normal derivative on the boundary. In practice, G is an ili-conditioned
matrix. ‘To overcome this problem, it is necessary to work with double precision
variables and to do, for example, the following preconditioning:

B = diag (G518 (6.15)
Matrix C defined in (6.6b) is computed following the directives of Section
6.1.3 to have a sparse profile. We observe in our calculations that in the case
Ly = Lgo) (see {6.14)) the condition number of G (normalized with (6.15))
is better than in the case Ly = Lgl). This result could mean that the basis

{qbk}f:(}lw) must not have superfiucus elements. Therefore, we choose C = G0
m all our calculations.

To solve the minimizing problem we use the variant Broyden-Fletcher—
Goldfarb-Shanno (BFGS) algorithm [Pr-Te]. We make some modifications of
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this method according to {6.15) and we choose the initial guest parallel to f;.
This amounts to minimizing Ji(Af1) with respect to A € K. We easily obtain

(fiICH)% — a)

o= (S =2) g, (6.16)

The stop test is a “small” gradient or a limit of the precision machine.

Figure 5 shows three examples of controls computed with the described
method. On the left column, we show the curve S, (dashed line) and T,
(solid line). Example 1: (NV = 1287, M = 20, @ = 30) a square domain with
a rectilinear curve S near the upper side I'y. Example 2: (NV = 991, M = 20,
Q = 110) a square domain with a circular curve; Here T'y are the left, right
and upper sides. Example 3: (NV = 1983, M = 30, Q@ = 90) a curved domain
and a central curve. I'y is one half of the boundary.

In all the examples of Figure 5, the aim is to obtain a minimal norm control
function v4 such that the solution y of (1.1) satisfies y(v)) & s = 1 on Sj.
In the right column, we represent schematically the control 1 by straight lines
following the normal on I'y,. The associated solution y,(¥,) is indicated with
gray levels in the range (—2.00,2.00) in all cases. Level 1.00 % 0.03 is marked
out in white.

Figure 4 shows two other examples with the same geometry as Example 1,
but a different g15. In Example 4 ¥, is a sinusoidal function. In Example 5
#ha a Heaveside function. The trace on Sy of the calculated solution yy (V) of
(1.1) (solid line) and the desired function 5 (dashed line) are shown.

The total computation time in Example 3 was approximately 60 sec in
a work station HP3000. The percent of the total computation time in this
example for each stage was: mesh and elementary matrices 33.0%, system
50.0%, normal derivatives 13.3%, minimization and control 3.3%. The situation
is similar for the other exampies.

To solve the system, the memory storage is of order (NV + D{M)) x NV,
but in practice A is a sparse matrix. In the other stages, we must store the
normal derivatives on I', G, fi and C, i.e. of order (@ + D(M)) x D(M).

The precision is studied by introducing the following errors: the theoretical
error {jy ~ yi}l1a(s) = min{a, || llo s} and the numerical error ||ys — y1allo,s,
where yy, is the solution of a discretized version of (1.1) for the computed
control T,. Let us notice that here there is an added error, due to this new
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discretization. We work with relative errors, i.e. the errors are multiplied by
100/ Hly1ally s, -

In all our examples we observe a similar relation between the numerical and
theoretical errors. Figure 3 shows this relation for the initial mesh of Exampie
1 (NV = 1287, M = 20, Q = 30) and two other refinements with the same
geometry. Refinement 1: (NV = 25562, M = 30, Q = 40) more elements
everywhere. Refinement 2: (NV = 2063, M = 20, @ = 100) more elements
near I'g.

We observe that the numerical method does not improve the precision under
a minimal value of alpha (1% in Figure 3). Below this value, the numerical
relative error does not decrease as expected theoretically. It 1s not only a
discretization problem, since we observe that the more the mesh is refined, the
worse is the conditioning of the minimization problem. We can see in Figure
3 that the situation is not as good as we would expect after the refinements.
This is a classical situation in the numerical algorithms for control and inverse
problems.

relative alpha

Fi16. 3. Comparison between the theoretical and numerical errors.

In Examples 1, 2 and 3, the minimal numerical relative errors are (0.8%,
0.3% and 6% respectively: In Examples 4 and 5, they are 1.6% and 29%
respectively. The important error in the last case is fully justified: we can
not obtain a discontinuous function due to the smooth effect of the Laplace
operator.

The time required to update the control represents only 3.3% of the total
CPU time in the case that y,, or a are modified (for instance only 2 sec in
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Example 3). The stockage required in this case is small as well. It is due to the
fact that we have to repeat only the minimization stage (6.10), which is uncou-
pled to the resolution of the whole finite element system (6.13). The size of the
minimization problem is only related with the total number of discretization
nodes of the curve D{M). This fact reduces notably the degrees of freedom
and consequently the stockage and computation time.

Finally, we would like to emphasize the fact that the presented numerical
implementation can easily be adapted to other similar linear control problems
in which the dimension of the discretized observed space is small compared
with the dimension of the discretized state space.

1| Values oa the curve St | Vathmes on the curve Sl

PR SR

%; \ _ __: :E': \ 1
SERENEY S \

L[ = cateutated vatue _\_ / 1 <1 [-{ == calcutated valne ||

ares deshredvalue [T F ===~ vakie

[ B U SR N P

3 10 15 20 8 0 ° s 10 15 20 25 20
Nodes on the curve S Nodes on the curve S

FiG, 4. Controlled solution g4 (¥ ) (solid line) and desired value 314 (dashed line) on Sj.
Example 4 (top): Y14 sinusoidal function. Example 5 (bottom): ¥;p Heaveside function.



438 A. Osses and J.- P. Puel

SN

LI Y YEY YV

o,
& e

e
",

s,
Ssmant

7]

F16. 5. Boundary control with 314, = 1. Examples 1 (top}, 2 (middle) and 3 (bottom).
Right: Control shown as normals. Solution in gray scale, level set 1 £ 0.03 white.
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