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An exampleof degenerationon the noded
Schottky space.

Rubén A. HIDALGO

Abstract

In theaenoteswe constructexplicit examplesof degenerations
on the nodedSchottky space[~Iof genusg =3. Theparticularity
of thesedegenerationsis the invarianceunderthe actionof a dihe-
dral groupof order 2g. More precisely,we find a two-dimensional
complex manifold in the Schottky spacesuch that alí groups (in-
cluding thelimit oneain the nodedSchottky space)admit a fixed
topological action of a dihedralgroup of order 2g as conformal
automorphisms.

1 Preliminaries

The basicliterature for this section is ¡11]. A conformalautomorphism

of the RiemannsphereC is calleda M5bius transformationand hasthe
following form

T(z)=r az+ b
cz + d’

wherea, b, c,d e Candad — be~ 0.

The set Al consistingof alí Mbbius transformationsis a topological
group isomorphicto PSL(2,£), in particular, wecantalk aboutdiscrete
groupsof Móbius transformations.

A Kleinian group O is a group of Mébius transformationsfor which
there is a point x E Csatisfyingthe following:
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(1) 0(x) = {g E O : g(x) = x} is finite,

(2) thereexistsan ¿penneighborhoodU of x such that

(2.1) g(U) fl U = 0 for al] g E O — 0(x) aud

(2.2) g(U) = U for al] g E G(x).

The set of points of the Riemannspherefor which the aboyeproper-

ties hold is cafled the regionof discontinuity of O and denotedby fi(O).
Its complementA(O) is called the limit set of O.

A Kleinian group is in particular discrete,but the converseis false.
We are interestedin a ver>’ particular type of Kleinian groups called
noded Schottky gréups, that is, geometricail>’ finite (see the definition

in ¡11J) discretegroupsof Móbius transformationsisomorpbic to a free

group of finite rank (the rank is also called the genusof the group). In

[7] we haveobservedthat a nodedSchottky group is in fact a Kleinian
group.

Exampleof Noded Schottkygroups arebr instance:

(a) Schottky groups: Purel>’ loxodromic Kleinian groups. Theseare

the nodal Schottky groupshaving no parabolic transformations
(M¿ibius transformationshaving exactí>’ onefixed point).

(b) Schottky-Type groups: These are Kleinian groups constructed

from Klein-Maskit first combination theoremusing cycic groups

of either loxodromic or parabolietype.

(c) Torsion-freefinitel>’ generatedquasifuchsiangroupswith parabol-

ics elements (either of secondor first kind): Theseare quasí-
fuchsian deformationsof torsion-free finitel>’ generatedFuchsian

groups.

(d) Groupsobtainedcombiningthe aboyeonesusingtheKlein-Maskit
Combination theorems.

In the aboye,we that the groups in categor>’ (a) belongto categor>’
(b), thoseof category(b) belong.tocategor>’ (c), and thosein categor>’
(c) belongto categor>’ (d). It is interesting to note that thereare more

complicatednoded Schottky groups than the aboyeexamples.
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A markednodedSchottkygroupof genusg is by definition a (g + 1)-

tuple (O,T1, ..., Tg), whereO is a nodedSchottkygroup of genusg, and
T,,..., Tg is a set of free generatorsof O.

It is not hard to prove that if we have a marked nodedSchottky
group of genusg > 2 as aboye, then wecannothavetwo different gener-

atorssharingacommon fixed point (this will contradictsthediscreteness
property of Kleinian groups).

Civen a nodedSchottkygroupO of genusg, wedenoteby fl«Ét (O) its
regionofdiscontinuity,that is, f1aÉ(Q) = Q(G)uP(O), wherefi(a) is its
regionof discontinuity andP(G) is theset of fixed points~oftheparabolic

transformationsof O. We consideron fiat(a) the topolo~’ generated

by the usualopensetsof fi(a) andthe setsof the form fi, U 82u {x},
where x E ¡‘(O) and Di and fi2 are disjoint open round discs inside

fi(O) both tangentat x. In this topology, the group O actsasgroup of

homeomorphisms,preservingeachfi(a) and¡‘(O), sothat its restriction
to fi(O) is conformal. Thequotient S — fiat(O)/O is astableRiemann
surfaceof genusg (for g = 1 we meansat most one node). We sa>’ that

the nodedSchottk>’ group O uniformizes S and that the natural map

Q : fiat(o) S is the uniformizing map. Reciprocail>’, each
Riemann surfaceof genus g is uniformized by some noded Schottky
group (seeretrosectiontheoremwith nodesin ¡71).

In this work we are interestedin finite normal extensionsof nodal

Schottky groups, that is, stableRiematin surfaceswith automorphisms
that are reflected by noded Schottky groups. In the particular case
of Schottky groups, Suite normal extensionshavebeenstudied, for in-

stance,in [Sj and ¡10].

2 A family of M8bius transformationsand
noded Schottky groups

Let us considerfor eachintegerg =3 the Mbbius transformations

2,rt 1
Ag(z) = e o z, and B(z) = —.

z

The groupFg, generatedby A9 and fi, is isomorphic to thedihedral
group of order

2g, and

= fi2 = (BA )2 — 1.



168 Rubén A. Hidalgo

A fundamentaldomain for E’9 is given by the region D9 U P~, where

-Ir? si
= {z E <17: jz¡ < 1, — .c arg(z)= , aud

9 9

¡‘9= {zEC:IzI=1i 0=arg(z)=r}U{0}.

Denoteby X the set of Mbbius transfor¡nationsO $ B such that

BOR = 0.1 aud 0(0) # 0. Such a Mbbius trausformationO E X has

the form

0(z)— az + 1 ab+l#0.
—z+b

If we considerthe two-dímensíonalcomplexmanifold

W = {(a, b) E «Y : ab + 1 # 01,

then we havea bi-analytic map given by

~‘: W — X, (a,b) —.0(z) = az+ 1
—z + b

For eachp = (a, b) E W, we considerthetransformations

Do(p) = «p)~ D~(p) = A,Do(p)A7, i E {1 g — 1}.

Denoteby a(p) the groupgeneratedby the aboyeMóbius trausfor-

mations. We also denoteby S (respectivel>’,NS) the set of pointsp E W
suchthat the group 0(p) is a Schottky [3] (respectivel>’,nodedSchottky

[71)group of genusy, free generatedby the aboyetransformations.
Sinceever>’ Schottkygroup is in particulara nodedSchottky [7], we

have
8 ci NS ci W.

We have that 8 is an open and connected(consequenceof quasi-

conformal deformation theor>’ [1]) subset of W and, in particular, a
connectedcomplexmanifold of dimensiontwo. Moreover,the closureof
8 in 14’ contains(strictly) J’f8.

Proposition 1. Ifg is even, theniv’Sfl {(a,b) EW : a = b} =

Proof. flfwehavea = b, thenboth Do(p) and D&(p) havefixed points

ti. It fol]ows that 0(p) cannothavethesetwo transformationsas free
generatorsand to be discreteat the sametime. u
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If we denoteby S~ (respectivel>’,NS9) the Schottky space(respec-

tivel>’, noded Schottky space[7]) of genus g, then we have a natural

map

4>9 : NS - NS9 : p — [(0(p), Do(p) Dg—í(p))I
Its restriction to the manifold 5 (into S~) is holomorphic.

Propositian 2. Tite map 4,9 is ¿mo-to-one.Moreover, if4’g(p) =

titen q = —p.

Proal’. Let p and q two different points in NS. The equality 4’g(p)
assertsthe existenceof a Mábius transformationH ~ 1 such that

BH’fiH andHlAkHAk commutewitb Do(p), for alík = 1,..., g—1.
9 9

(1) Lot us assumefirst that HlA~.kHA~ ~ 1, for ah /v = 1, ...,g — 1.
The fact tbat Do(p) is not elliptic of order two ensurestbat the commu-

tativity conditions are equivalent to the equality of the fixed points of
the transformationsDo(p) andJrlAkHAk for alí k = 1, ...,g — 1.9 9’

Theequationof fixed points of Do(p) is given by ¿2 + (a — b)t + 1 = 0.

It follows that the two fixed points of Do(p) are inverseof eachother.
In particular, u we write

HQz4~~U aud p=e~,
nl + in

then the aboyeassertstbe equality wy(p
2k —1) = 1, for /v = 1,...,g—1.

Sinceg =3, we havethat this is impossible.

(2) If we havethat HlAkHAk — 1 for some /v = 1 g — 1, then it

follows that H andA commute.SinceA hasno ardertwo, it follows that
H fixes the points O andoc, that is, ¡¡(u) = Att. On the otherhand,we

now that fiH’fiH must commutewith Do(p). Rut BJ.fl’BH(u) =

V~. IfA2 # 1, then the commutativity propertyandthe factthat Do(p)
is not elliptic of order two asserttbat the fixed points of Do(p) must be
o and oc, a contradiction. It follows then that A = {t1}. Sincewe have
assumedH j~ 1, we have ¡¡(u) = —u and, it follows that q = —p.

u

ILet us consider the holomorphic involution ,~ : ¿ .—~ «9 definedby

«p) = —p. SetU tbe cyclic groupgeneratedby this involution. Tbe set
of fixed points of i~ is just the singleton {(O,0)}. It follows that W/U
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is a complex orbifoid with oní>’ one singular point. U we considerthe

map ¿ : W — «Y definedby t(z,w) = (A, zw), then t(p) = t(q) if and
oní>’ ifp = ±q.The imageof t is the the locus «Y — {(t, —1): t E 64. In
particular, W/U is a complexmanifoid of dimension two.

The map 4>~ then producesaone-to-onemap from NS/U into NS9,
with holomorphic restrictionto S/U.

Remark 1. For eachp E W, the group K(p) generatedby 0(p), A9
and fi is a finite normal extensionof 0(p). In particular,

(1) K(p) is Kleinian group if and oní>’ if 0(p) is Kleinian group.

(2) K(p) is geometricail>’ finite if and oní>’ if 0(p) is geometricalí>’
limite.

(3) The region of discontinuity of 0(p) aud K(p) are the same.

(4) K(p)/O(p) is isomorpbicto the dihedralgroupof order
2g.

3 Hyperelliptic noded Schottky roups

A (marked) noded Schottky group (O,Ai A
9) of genus g is called

hyperelliptic if there is a Mbbius transformationH such that H
2 = 1

andHAjH=A’,forallic{1 g}.

We denoteby 1tNS
9 the locus in NS9consistingof h>’perelliptic

nodedScbottkygroups,andwe set fl59 = 1-iNS9nS9theset consisting

of the hyperelliptic Schottky groups. It was shown in ¡10] that lis9
parameterizesah hyperelliptic Riemannsurfacesof genusg.

Set UNS= tk;’t7hNS9)and liS = ip;’(fl59).
We havea natural involution on W definedb>’

r((a,b))=(b,a).

Praposition 3. If g is even,¿hennNS = 0. Ifg 18 odd, titen UNS =

{(a,b) ENS:a= b} =ir(Fix(r)).

Praof. A point y, = (a,b) E NSbelongs to lt>.1S if and oní>’ if there is
a Mébius transformationH with ¡¡2 = ¡ and HD2(p)H = D1fri)’, for

ahí 1.
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1 pt
The fixed points of D~(p) are A~,(x) = p1x audA~,(—) = —, where

x x
2,ri 1

p = e and the fixed points of Do(p) arex and —. It follows that
x

H(9x)=.— foieach i=0,1,...,g—1.
x

Rz+S

Using the fact that H(z) = TR’ with R + ST = —1 an(l the

aboyeequationfor i = 0,1,2,weobtain (aftersomeminorcomputations)
that H(z) = —z. It follows that x = ti and, in particular, a = b. As a

consequence,

1-MIS = {(a, b) E NS: a = b} = ir(Fix(r)).

Wheng is evenwe have, from proposition 1, that 7INS = 0.

u

The aboyesaysthat, for y odd, the hyperelliptic involution is repre-

sentedin W by the involution r.

Remark. It is known that therearehyperelliptic Riemannsurfacesof
genusy having automorphismgronp isomorphic to a dihedral group of
order 2g for which the group generatedby such a group togetber the

hyperelliptic involution do not satisfycondition (A) of [8] ascanbe seen
in [2] and ¡9], in particular, cannotbe uniformizedby Schottky groups.

4 Boundary points of ~~(8) C J’/S~

Now we proceedto loolc at the boundary points of the two-dimensional
complex manifolds 4>~(S) in NS

9. Thesepoints are exactí>’ ik9(NS)—

Let usconsiderthe following regions:

(—~k ~-), Oc ¡z¡ -c1Z~ = {z E 67: arg(z) E

1Z2 = {z E «7: arg(z) E (0,

—ir ir ‘1
1Z~ = E «7: arg(z) E (—, —) >{z

99)
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Rl4 = {z E «7: arg(z) e (~ — , +

aud the lines

Li = {z E «7: arg(z) = ZL}

= {z E «7: arg(z) =

= {z E «7: arg(z) = +

= {z E «7: arg(z) = —

1
Set

04z) = — the reflection on the unit circle.
z

If we considera circle O ci Rl
3 suchthat E(O) nO = O (or O ci Rl4

for g odd aswe do in degeneration4.6), and e denotes the refiection on

O, then thereexists apoint p E 5 such that e4e = Do(p). In fact, if

is the centerof such a circie and r is radius, then p = ~ r~)

In what follows, we proceedto approachthecircie O to a limit circle
contained in the closure of the region Rls (or Rl4 for g odd as donein de-

generation4.6). This procedurewill producepoints in NS representing
nodedRiemannSchottkygroupsas limit of Schottky groups in 5.

4.1 Degeneration of type 1

Let us start with a circle O ci Rl1 and, by moving both the center and

the radius without getting out of the aboye region, we can obtain as
limit a circie Ci tangentto the unit circle at 1 andCi — { I} ci Rl1. Let

e1 be the refiectionof this limit circie.

In this situation, thereis a point p~ E NS—Swith e,e1= Do(pi) a
parabolictransformationwith fixed point 1. Thegroup O(pi) isa noded

Scbottkygroup (in fact a Schottky-Typegroup) and it uniformizes(see
[7]) astableRiemannsurfacetopologicallyequivalentto theonein figure

1. The locus in NS — 5 obtainedby this type of degenerationis given
by

{(a,b) EW :b=a+2, —(1+sin(
1)) < a< —1}.
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4.2 Degeneration of type 2

As is the aboyecase,we can move the circle O ci Rl1 to obtain a li:nit

circie 02 tangent to the lines L1 aud L2, and containedin Rl1 (by ex-
ception of the tangencies). if 02 denotes the refiection on this circle,

then there is a point P2 E NS — 5 with 0*02 = DO(p2) a loxodromíc
transformationsuch that A;’Do(p2)’A9Do(p2) is parabolic with fixed
point ~2 fl L1. The group 0(P2) is a noded Schottky group obtained

from the free combinationof two torsion-freefinitel>’ generatedFuchsian
groupsuniformizing sphereswith punctures. This group uniformizes a
stableRiemann surfacetopologicaliy equivalent to the one of figure 2.

The locus in NS— 5 obtainedby this type of degenerationis given by

{(a~b)EW:ab—cO5(—)~
9

4.3 Degeneration of type 3

Combining degenerations1 aud 2, we can obtain a limit circle O~ tan-
gent to the unes L1, L2 sud the unit circle. If 0~ denotesthe re-
fiection 011 such a circie, then there is a point p3 e NS — 5 with

0,0~ = Do(ps) a parabolic transformationwith fixed point 1 suchthat
• co.2L

A
1D

0(p3)
1AD

0(pa) is parabolicwith fixed pointO~ nti = e ~ ~9 .9

In this case,tlíe centerof O~ is sud its radius is sin(~

)

1 + sin(~) 1 + sin(~’

It follows that

/.ircos
2(PN

The group O(pa) uniformizesa stableRiemannsurfacetopologicalí>’
equivalent to the one described in figure 3.

4.4 Degeneration of type 4

We can startwith acircle O ci Rl
2 and moveit in this regionto obtain a

‘ti

limit circle 04 tangení lo L1 at e u, aud contained in the aboye region.
If 04 denotesthe refiection on 04, then Ihere is a point p~ E NS — 5
with B0*04 = DO(p4) a loxodromic trausformationsuchthat AgDo(p4)
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is parabolic with fixed point e a. This group O(p~) is a torsion-free

Fuclisian group of the secondkind acting on the unit disc E, freel>’
generatedby g hyperbolic transformationswith the product of them a

parabolic, witb H/G(p4) a spberewith 9 holes and one puncture. In

particular, it is a nodedSchottlcygroup uniformizing a stableRiemann
surfacetopologicalí>’ equivalent to the oneof tbe figure 4. In this case,

the locus in NS — 5 obtainedby this type of degenerationis given b>’

b) ~ — cosQ—0) e~
0 tan cos(E~0

)

_________ 2(1? o)+

1 e~ , b=— cosQ—0)

ir
—<0< fi.

4.5 Degeneration of type 5

As before, we can obtain a limit circle 0~, tangentto L
1 at e a , and

tangentto the real axis at 1. lf 05 denotesthe refiection on 6%, theíí

thereis a point p~ E NS — 5 with B0.~5 = Do(ps) a parabolic traus-

formation fixing 1 sucb that AgDe(ps)is parabolicwith fixed point e

The group O(ps) is a torsion-freeFuchsiangroup freel>’ generatedby
g parabolic transformationswith the product of them also parabolic,

acting on the unit disc II so that E/G(ps) is an spherewith (g + 1)
punctures. In particular, it is a nodedSchottkygroup that uniformizes

a stableRiemannsíirfaceasdescribedin figure 5. We also have

4.6 Degeneration of type 6

The next type of degenerationsoní>’ work for g odd. We assumethen

g =3 andodd. Lot r> O aud in > O be such that thecircle O centered
at iw and radiusr is containedin theregionRl4. Lot O bethe refiection

on O, J(z) = —z and 3(z) = —z+ 2iw.
We considerthe transformationie.ei = Do(p), wbere

,~ (ú—(w
2±r2)) EW.
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The famil>’ of circíes obtaiuedby rotation of O by powersof A<,, are

disjoint if and only if r < wsin(~). If r = wsin(), then they are

tangent.
The circle O is disjoint from the famil>’ of circíes obtainedby rota-

tionsof fi(O) = Do(p)(O) ifand only if w4—2(r2+cos(~))w2+(r2—1)2 >

0. Eqnality to zero is equivalentto tangency.

It follows that p E 5 if both inequalities aboyearesatisfled at the
sametime. Wema>’ try to approachto somepoints in NS—Sby making

someof the aboyeinequalitiesan equality. In fact, taking r = ir sin()

and ir4 — 2(r2 + cos(~))uA + (r2 — 1)2 > 0, we obtain the sametype

of noded Schottky groups obtained in degeneration2. In this case,

/—1
= k~r’ iw(1 + sin2(i))).

The anotherpossibility is r <ir sin(~) and tu4 — 2(r2+ cos())w2+
(r2 — 1)2 — O In this case,we obtain a point p6 E 1V 50 that the group
0(p6) is a quasifuclisiangroup of the first kind uniformizing a surface

of signature(212,2;oc,oc) and, in particular, a noded Schottkygroup
witb P6 E NS — 5. Figure 6 shows the topological type of the stable

Riemann surfaceQttt(C(p
6))/G(p6). the locus in NS — 5 obtainedby

this degenerationis given by

cW: tu
4 — 2(r2+ cos(i))w2 + 2 1)2 o{ 2W IV> 9

y < wsin(ZL)}.

For instance,if tu = 1, then r is the positive root of r4 — 4r2 + 2(1 —

cos(~)) = O with r < 1, that is, p6 = (i,i(3 — 2 + 2cos(~))). Another

particular casein this degenerationis to assumeir2 + r2 = 1. This gives

usa point p~6 E HNS— liS (the hyperelliptic involution is represented

1 + cos(5

)

by H(z) = —z). In this case,ir = 2
The group generatedby G(ph6) and H uniformizes an stableRe-

mann surfaceas describedin figure 7.

Questian: Are all points in ip
9(NS) — 4>~(S) describedb>’ the aboye

degenerations?
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Ftom the viewpoint of algebraic curves and principalí>’ polarized

abelianvarieties, someexplicit degenerationshavebeenconstructedin

¡4], [5]aud [6].

Remark 2. rrhe sublocusNi? = {(a, b) E NS : a, b E 14 represents
nodal Schottkygroupsadmitting the symmetry 0,. We also havethat

NRl fl U/VS = {(a, b) E NS: a = bE 14.
Remark 3. The ideascarriedout for the group F9 canbeusedfor any
finite Kleinian group to constructdegenerationson the nodedSchottky

space.

Acknowledge. The authorwould like to thank the refereefor the com-

mentsaudspecially for pointing out amistakein the original staternent
of Proposition2.
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A stableRiemannsurfaceof genusg with exactlyone coxnponentand g
nodes.

Figure 1.
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A stable surfaceof genus g with exactí>’ two componentsand g nodes.
Quecomponentis a g-pointedsphereand the other is a g-pointedtorus.

Figure 2.
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An stahleRiemannsurfaceof genusg with exactly (1 + g) components.
One of the componentsis a g-pointedsphereand the other are three-
pointed spheres.

Figure 3.
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A stable Riemannsurfaceof genus g with exactí>’ one componentsand
one node. The componentis a two-pointedRiemann surfaceof genus

(g—1).

Figure 4.
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A stableRieinann siírface of genus g with exactí>’ two componentsand

(g + 1) nodes. Eachcomponentis a (g + 1)-pointedsphere.

Figure 5.
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A stable Riemanu surfaceof genus g with two coínponentsand two

nodes. Eachcomponentis a two-pointedRiemaunsurfaceof genus (g —

1)/2.

Figure 6.

Two Riemaunspherestouching at onenode. Eachcomponentis a Rie-

mailn spherewith (g + 1) points of order two.

Figure 7.
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