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Abstract

Let C(x) be tSe set of alí convex arad continuousfunctions
on a separableinfinite dimensionalBanachspaceX, equipped
with tSetopolo~’ of uniform convengenceon borandedsubsetaof
>2. We show that tSe subsetof alí convexFréchet-diffenentiable
franctionson 2<, andtSe subsetof alt (not necessanilyequivalent)
FYéchet-differentiablenormson>2, reduceevenycoanalyticset, ira
particularthey are¡mt Borel-sets.

1 Introduction

LetX be an irafinite dimensionalBanachspacc.Wedenoteby ]N(X) the
set of alí eqtiivalent nonmson >2. This spaceis topologically metnizable

complete when equippedwiih tSe unifonm convengenceon boranded
subseisof >2. Recently, tSe topological natureof sorne collectioras of

normshas beerainvestigated:In [1], tSecollectioraof alí raniformly roturad
normaira every dinectionora a separablespacewiih abasiswasshowrato
be coanalyticnon Bonel for tSeEffros-Borelstrixctune,as weIl as tSeset

of all iveakly locally ranifonmly roturadnorms (see [2], [3]).
More necently, it is showedin [12] thai dxcset of alí GAteaux-srnooih

nonms reducesany coanalytic subsei of a Polish spaceM through a

continuorasfuraction in IN(X). This implies of corarsethai tSis set is
coanalytic complete ivhera IN(>2) is equipppedwiiS tSe Effnos-Bonel
stnucture(see[61,[16] fon tSedefinition of iSis notion).
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In a tSind anticle [4], tSelocally uniformly roturadraorms areinvesti-

gated. Recalíthai an equivalenínorm 11.11 on aBanachspace>2is localy
uraifonmly roturad (ira shont, L.U.R) if xvhenevera’ E >2 arad a sequence

(a’,,) ira 2< saiisfy

Hm 2(Ila’112 + ¡[~»¡[2) — ¡¡~ + a’»¡l~ =
?t”* ±00

one has

Hm ¡¡a’ — a’4¡ = O

lxi [4] it was showra by cornbining the methodsof [12] with

a classicaltopological iSeorem due to Iulurexvicz [11] arad its extensioras
([13],[14fl, ihat a similar nesult is oblainedfon tSe L.U.R. raorms whera
>2 is separable.Moreover fon tSecasewhen X’ is separablewe SavetSe

following resulí fon L.U.R. dual-raorms(see ¡41)
Theorem 1. Leí >2 be an ¿rafinite dimene¿oraalBaraach epanesucia thai

>2’ ¿e separable.Leí M be a Polieit spane, and A an analytic subsel of
M. Thera itere exietea corat¿nuousrnap A: M —* IN(>2) euchthai:

(i) 1! 1 E A, titen tite raorrn A(i) = ¡¡.j¡~ is raot everywhereGáinauz-

differeratiable.

(u) Ift « A, titen tite dual norm A’(t) = ¡¡.1j is L.U.R.

Ira particular, since a nonin whosedual norm is L.U.R. is Fréchel-
differeratiable ([9], p.43), it follows thai if >2 is a separableinfinite
dimensionalBanachspacesuch ihat >2’ is separable,then tSe set of

alí equivaleníFréchel-difenentiablenorms on >2 \ {0} arad tSe set of

ah convexcontinuousarad FnécSet-diffenentiablefuractiorason X are raot
¡lord subsetsof C(>2).

TSe airn of ibis xvork is to show a similar result fon every separable
infinite dimensionalBaraachspace(iheorem 2, corollary 7 arad 8).

2 Notations and deflnitions

Leí >2 be a Banachspace.We denote by (‘(>2) tSe set of aH convex
arad continuorasfunciions Gr >2. TSis set is topologically metrizablearad
completewhen equippedwith the topology of uraiform convergenceon

boundedsubsetsof>2. By 8(X) (resp.B(X)) we denotetSe urait sphere
(resp. tSeunu balI) of>2.
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A raorm ¡.¡¡ ora >2 is Gáteaux-differentiableal a non zero point a’ of

>2, if fon every it EX,

¡la’ —4— it]]

—

Hm exísis.
t

An equivaleníneformulation fon a’ E S(>2), is thai Ihene is a uraique

f E S(X) such thai f(a’) = 1 ([9], p. 5). Ira this caseive say thai f
is ihe differeratial of tSe nonm ¡j.¡] at a’. This norm will be said Fnéchet-
diffeneniiableai a’ if tSelimit aboyeexisisunifonmly fon ia E 8(X).

A raonm is said Gáieaux-differeniiable(resp. Fnéchet-diffenentiable),
if it is Gáieaux-differentiable(resp.Ftéchet-differeratiable)at alí nonzero

points of>2.

3 Results

Theonem2 is tSemain resulí of this xvork, its pnoofnelies ira part on tSe
proof of Theorem 1 mentionedaboye.

Theorem 2. Leí >2 be a separableirafiraite dimensionalJianacit space.

Leí M be a Polisit epacearad A ara araalyiic subeetof M. Titen titere is
a continuousmap 1’: Al —~ (‘(>2) sucia titat:

(¿) If 1 E A, titen tite furantiora 17(t) is v¿oi everywhere(Játeaua’

differentiable.
(u) If t « A, titen tite furaction17(t) is Fréchet-differeratiable.

Proof of Theorem 2:

The proof is divided irato txvo casesaccondiragto xvhether >2 * has
or has not tSe Schun propenty.Rememberthai a Banachspacehas tSe
Schunpropertyif evenyweaklyconvergenísequenceis norm convergent.

1st case X itas tite Seiturproperty~

Thera ira particular >2’ contairas an isomorphic subspaceto ti(IN)
([10], p. 112). Moreover, sirace >2 is separable‘ve deducethai co(IN) is

isomonphicto a quotiení spaceof>2 ([15], p.104). Hence, iheneexisis a
sunjectiveoperatorT fnom >2 onto co(]N)

Qn tSeothen harad, Theonemn1 applia! to tSe Banachspaceco(]N)

implies thai ihereexisisacontinorasmap A: M —‘ ]N(co(IN)) suchthai:
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(i) If it « A, tSe nonm A(t) = ¡.¡¡~ is Fnéchet-diffeneniiableora

co(IN) \ {0}.
(u) If it E A, tSe nonmA(t) sc ¡¡.¡¡~ is noi CAteaux-differentiableat

somepoints of co(]N) \ {O}.
We defineihe map 17: Al —~ (‘(>2) by,

17(í) sc ¡T(.) í¡?

Fact 1. If it ~ A, tite furactiora 17(t) is Frécitet-differeniiableon X.

Indeed,it is tSe compositionof Fnéchet-diffeTentiablefuractiorassince

tSe furaction ¡¡.¡Q is Fréchei-differeratiableon co(]N).

Fact 2. ¡fi E A; tite furactiora 17(t) is nol Gáteaux-differeratiableal sorne

poirais of>2.

Leí to E A and let z
0 be a non zenopoint of co(]N) where tSeraorm

¡HIte is nol G&teaux-diffeneratiable.T being sunjective,we considerxo E
>2 suehthai T(a’o) = zo . Assume thai tSe furaction F(to) sc IIT(.)I¡?0 is

Cáteaux-differeraiiahleni x~j. ThentSefunciion ¡l7’(.)I¡~~ is alsoCñteaux-

diffenentiable at a’4j since T(a’o) = 20 is non zeno. It follows thai fon alí
it EX,

hm ¡~ + tia) lito — Il7’(a’o)ll~0 exisis.
it

Hencefon ah Iv E co(]N)

Hm ¡Izo + tIv¡j1 — ¡lzo¡W amis,
it

since 7’ is surjeetive.
Ira other xvonds, tSe norm ¡¡.¡¡~ is Gñteaux-diffenentiableat 20. It is a
contradiction , thus tSe furaction 17(b) is not C&ieaux-differentiableni
a’0.

u

case :X itas not ihe Sciturproperty.

Ira iSis case,we use tSe sameidea as ira ihe pnoof of tSe firsí case,
namely, to firad a Banachspace Y whose dual is separablearad an
appnopniateoperator 7’ from >2 to Y. Then Wc considertSe furactioras
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I7’(-)II~ araX wSenetSecoflectionof ihe norms ¡I¡I~ ora Y is appnopriately
given ½Theorem 1. To have (u) 7’ has to be “raearly surjective”

(wiih dense range) and U’ tSe raorm fl.¡¡~ is raoi everywhereG~teaux-
differeraiiable, it is necessanilynot Gáteaux-differentiableai sornepoinis

of T(X)

Fact 3. Titere exists a separablereflexive Banacit sapeeY arad a non
cornpant operator 7’ frorn>2 to Y with denserange.

Proof. SinceX’ fails thc Sehurpropeniy, ihereexists asubseiC ira >2
which is w-compactbuí nol raonm-compact.We put

K = ~w(c u (-c))

xvhich is also w-compact (¡18], II.c.S) but not norm-compact.[set ~K

be the vector spacegeneratedby 1< equippedwiih tSe norrn j¡< (tSe
Mirakowski funcijonal of K). Then Ex is a l3araachspacesince 1<

is w-compact. Iradeed, let (r,,),t>o be a JK-Cauchy sequenceira Ex.
Then fon every integenp, ihene exisis an inieger N(p) such thai a’, E

(a’N(p) +p”’K) fon every integer q =N(p). Wc prat

1KP=a’N(p)+V K.

It is clear that every finite intersectionof K~ is non empiy, arad so by
compactraess,fl K, # 0. It is easyto check that fl 14, = {x00} arad

p>
0

thai ix — lina’,, = a’
00. Thus, (Ex,jx) is a Banachspace.

Corasider raow tSe canonical irajection i Ex —. >2’, which is

w-compaci arad not raonm-compactbecausei(B(Ex)) = K. Uy tSe
interpolation iheoremofDavis-Figiel-Jobnsora-Pelczynski(see[71ora [18],

II.c.5), ihereexisis a nefiexive spaceU arad two openatorsa : Ex —* U
arad fi: R —<>2’ such thai i = ¡Ja.

Ira particular, /3 is raot norm-comnpactsince USe operator i = fi~ is

uot. Moreovenfi is w-continuoussince 1? is reflexive. Hence,iheneexisis
an openator¡Jo 2< —-< U’ such thai ¡3 = fi¿3 aud ihen, like fi, ¡Jo is uwt

raorm-compact(see ¡18], I.A.15).
We put Y = IJo(X) arad 7’ = ¡Jo : X - y. it easily checkedthai Y

arad 7’ xvonk. This prove tSefact 3.

u
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Leí 7 be afixed closedhyperplaraeof Y. We wnite Y = lite Z. Since

Z is a separablerefiexive Baraachspace,xve rnay and do assurnethai Z
is equippa!with ara equivaleníL.U.R norm .¡ xvhosedual non ¡.¡‘ Ls

also L.U.R. (see¡9], p. 55).

Fact 4. Xo = T’1(Z) is a ityperplarae of >2.

Indeed,let (4 be tSe quotiení map from Y orato Y/7. If we corasider

tSeopenator7’ sc QcT definedfrom>2 to Y/Z, ihen siracedim(Y/7) = 1
andT hasdenserange,tlue operator7’ correspondsto anon zeroelernení

of >2* arad iherefore,kenT = T’(Z) = >2o is a Syperplaneof>2.

u

Now if we cail 7’o tSe restniction of 7’ on tSe SypenplaneXo, it is

cleanthai T
0 is alsoa non-compacíoperaton.

From raow on, xve denote(O, z) E Y tSeelementz E 7

Fact 5. Titere ea’ists a weaIvly closedsubsetF ira tite unu spitereS(7)
sunit thaI F Ci 8(7) fl To(>2o) arad F is weaklyhomeornorpitinlo INN

lb provethai fact, we needtSefollowing iheorem(see ¡17], [141,[13]
p. 133)

Theorem 3. Leí E be a metrizable compacíset, A an araalytic subsel

of E arad B a subsel of E havirag ara ernpty iratersectionwiih A. 1! itere

exisísno E0 subselofE containiny A arad itaving emptyintersectiorawzth

B, titen Itere exisisa subselK ofE iracludedin AUB arad itorneomor’phin

lo NN such titat (K nR) is couratable arad denseira RE.

Wc prat:

E = (B(Z), iv).

A = 8(z)n To(>2o).
B=B(Z)\S(Z).

E is compactmetrizablesince7 is separablearadreflexive. TSe set A is a
Borel subset(Seracearaalytic)of E. Indeed,tSesphene8(7) is w-borelian
sinceit is a G6 of (B(Z), iv). Moreoven,To(Xo) is a .1-Bone] subselsince
it is tSe injective aradcontinuousimageof Xo/ kenTo (see[6]). Moneoven,

sínce7 is separable,any nonm-Bonelsubsetof 7 is w-Borel. ThusTo(Xo)
is w-Borel subset.
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Assurneuow that ihene is a F0 subset O of E snch that A Ci O

arad B fl O = 0, i.e. thai O = U RE» xvhene RE» are closedsubsetsira

(B(Z),w) andTo(Xo)flS(Z)CO ~ 8(7). In particular, fon any irategen

ra, RE» is w-compactira 8(7). Moreoven, since tSe nonm . is L.U.R on
7, tSe weak arad nonm topologiesagnee011 tSe spSene8(7) of 7, arad

henceK» is ¡.¡-cornpactfon any integer ra.
We corasidentSe map ~ IR x Z —. Z

(X, z) —< Áz.

If fon eveny integers» arad p we prat RE,,,~ = 4~~O,p1 x RE,,), thera tSe
subseisRE,,,~ are ¡.¡-compactsincep is coratiraucusaradmoreoverWc hayo:

To(>2o) ~ U RE»,,.
OIP>

0

Tbus, the subseisF,~, = 7’& ‘(K,,~) of X~ areclosedand,

>2o U F»,~.
»=0,p=o

Acconding to Baire theonem,ihene exisis two integensno arad po such
o

thai tSe interior ,~ of F»
0,,0 is raora-empty.Leí B0 a non-enípty

operabalí includa! in E~ Then T(Bo) £ RE,,01p~, aradhenceTo(Bo)

is t.I-relatively compactira 7, aud firaally by inaraslationarad homothety,
xve deducethai To(B(Xo)) is I.¡-relatively compací.This contradicistSe

fact thai T0 is not a compactopenaton.

TSus,by tSetheorem3 aboye,iheneexistsasubsetK of E satisfying:
• RE•Ci (T(>2o)nS(Z))UB.
• 1< w-Soníeomorphicto 2N~

K fl B is coraratablearadw-denseira RE.
It follows thai E = K (1 (T(Xo) fl 8(7)) is w-homeomorphicto IN~ arad

w-closed ira 8(7).

u

TSe next fact canbe also seeraras a particular caseof ihe lemina 10
ira ¡8].
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Fact O . Leí a (S(Z),iv) —. (S(Z*), iv) be tite map witich associatelo

a’ E 8(Z) tite elerneníf = a(r) of 8(t) such tital f(r) = 1. Titen,
sznceZ ¿e reflexive arad tite raorrns ¡. arad ¡.j’ are L.U.R., tite rnap o’ ¿e

an itorneomorpit’Lslfl.

Indeed, fon a’ E 3(Z), o’(a’) is tSe differential of tSe raorm ¡.¡ at a’.

Since tSe raorm ¡.¡ is Fr&het-diffenentiable, o’ is a (¡., j.¡’)-continuous

map (see 19k p. 7) arad surjectivebecause7 is nefiexive. Sirnilarly, fon

f E 8(Z*), a”’1(f) is tSediffereratial of tSenorm .‘ at r. SincetSenorm
¡.1 is Fróchet-differeniiable,a”’1 isa mapfrom 8(V) ontoS(Z*) sc 3(7)

‘which is ¡noreover(¡I’~ ¡.I)-contirn¡ous.

Hence u is a (I.¡,¡.I*)~Someomorphism, and iSus, a (iv,w)-

homeomonphismbecausetSeweak arad tSe strong topologiesagreeora
tSesphenewhen tSenorm is L.U.R

u

Ira particular, tSe subseta(F) = F’ is w-closed ira tSesphere8(Z’)

arad w-bomeomorphicto INN.
By usiragtSe sarneargurnenisas ira tSe proof of the r1~he4U>rem 1 of

Bossard-Godefnoy-Kaufman([4], theorem3), but appliedto oitr reflexivo
spaceY arad fon orar apecial srabsetF of 7, ~veget:

Lemma 4. Leí M be a Pol¿sh epacearad leí A be an analytin subsel of

M. Titen itere existea noratinuousmap A : M —* ]N(Y) eucit that:
(¿) If t « A, titen tite raorrn A(t) = ¡I.H~ is Précitet-differeratiable.

(u) Ift E A, titen tite norin A(t) = ¡¡.¡k is nol Oáteaua’-differentiable.
More precisely, it is nol Oóteaua’-differentiableat sorne poinís of tite

subset({0}.xF) ofY=]ReZ.

Proof of ¡emma 4: Fon tSe proof, we iteed tSe folloiving lemnia ([4j,

lemma2).

Lemma 5. Let (8,d) be a rnetric epacewitinit corata¿nea closedsubsel
E horneornorpitin lo INN. Let A be ara araalytic subsel of a Polisit

epace(Al, d’). Titen, titere exists an uniformly corat¿nuouemap p from
(M x 8, d’ + d) lo [0, 1] sucia tital:

(i)Ift«A,theracp(í,y)<lforaí¡yes

(u) ¡fi E A, titen Cp(t, y~) sc 1 for sorne yo e E.

We apply lemma 5 to 3 = E = (F’,d) where d is tSe nestrintion to
F* of a distanceora B(Z’) which definestSe w-topology ( (B(Zfl, iv) is



The topologica) complexityofsetsof con...... 87

inetrie conipacísinceZ is reflexivo separable). Thereexistsa uniformly
continuorasfunetion w: (Al x F, d’ + d) - [0,1] suehthai:

(i) If it g A, ihen s~$, f) .c 1 for all f E Ft
(¿u) lf it E A, ihera q’(t, f) = 1 fon sornefe E F*.

We prat L — F*” which isa compacíof (B(Z*),w). Observethai sirace

<p Ls (d’+d)-uniformly coratirauous,it hasan uniqueuraiformly continuoras
exterasion4’ to ihe completiora(M >< L) of (M x F*). Moreover, it E A if

arad only if iberois fo E F’ such that 4$, fo) sc 1.
We considertSe following w-compacisiibsetsof Y~ = IR e7’:

R(t) = ({O} x B(7)) U {+(1, 4’(t, f»f) : f E L}

arad
RE(t) =

Clearly, RE(t) is ihe unu bail of ara equivalenídual raorm on Y~ xvhich

we denoteby ¡.~. Finally, we define an equivalenídna] norm ¡j¡ by

= I(s,f)¡2 +

whose predual raorm is denoted by AQ) = ‘.1¡~ . TSis give us tSe
coniirauous map A M —~ ]N(Y), whicS satisfies (¿) arad (u) of tSe

Iemma4. Indeed,
(i) Leí it ~ A. Assume thai tSe nonm ~ is not Fréchet-

differeniiable. Then ihe dual raorm ¡l.I is raoi L.U.R. ([9], p.43), arad
Sence,iheneexisis fo E 8(7’) arad so > 0 sueSthai ([41, proof of theo-

nern3),
¡(0, fo)I~ = 1 = (so, fo)l~.

Since 1 « A, we have«t, f) c 1 fon alí f E F’. Smc. Y’ is w-closed ira
8(V), L n S(Z’) = F’. It follows thai ¡$(t, f).f)¡ < 1 fon alí f E L.

Leí ji a pnobabilitymeasuneoraii(t) suchthai (so,fo) is tSebanycen-
ter of ji. TSe furactiora h((so,g)) = ¡91* is convex arad w’-loxven semi-
continuouson Y’, Sonco(seo [5] proposition26-19)

1 = IfoI* = h((so, fo)) =JR(t) IgI’dpX(s, a)).

Since ¡$(t,f).fI* < 1 fon ah f E L, it follows thai ji Ls suppontedby
({0} x 8(V)) aradheraceso = O. This contradictiorashows (j).
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(ii) Let t e A aud leí thera fo e F sueh thai $(t, fo) = 1. Wc

consider20 = a””(fo) E E, so fo(zo) = ¡zo¡ = 1. Fon any f E Z~ arad

s E IR, we have

¡(e, f)I¡ = j(Q f) ¡~ =

Heracefon alí z E 7,

Qn the other harad,sirace$(t,fo) = 1, we have fon alisE ¡—1,1],

¡(s,fo)1 = 1.

Hencefon aH s E [—1,1],

< (s, fo), (0, 20) >= 1 = ¡¡(e, fo)¡¡ . ¡¡(O, zo)M~

Arad ihus, tSeraorm ¡¡. ¡¡~ is not (ñteanx-differentiableat a poirat (0, 20)

of ({0} >< E). This finishes ihe pnoofof lernma 4

u

Wc define the map E : M —* (‘(>2) xvhere fon it E Al arad a’ E >2,

F(t)(a’) = j7’(a’)j¡~. [set ras check thai 17 is tSe mapwe are looking fon.
Firsí, if it « A, accordingto lemma 4, tSe furaction ¡HI? is Fnéchet-

differentiableora Y, aud ihen 17(í) is also Fr&het-differentiable as coral-

position of Fréehet-diffeneratiablefuractioras.

Fact 7. lE 1 E A, tite rnap 17(t) is raot Cáteaua’-differentiableal sorne

poirais of>2.

Let ito E A. TSe len~ma 4 provi&s tSe existenceof zo E E’ sueh
that tSe norm ¡¡.¡~0 is not GAteaux-differeratiableat (O, zo). SiraceE Ci

8(7) fl To(>2o) (see Fact 5), we considera’o E >2o sueh that To(a’o) = zo.
Recail thai 7’o is ihe nestnictionof the operaton7’ >2 —~ y to tbe
SypenplaneXo aradthai an elementz of tSehyperplane7 of Y is wnittera
ira Y as (O, z). Then siracezo E 7, we have

T(a’o) = (O, 20) E Y.

Leí us check thai 17(to) is raot G~teaux-diffenentiab1eat a’o~ Iradeed, if
1not, sirace 1” (to) (a’o) sc ¡¡T(a’o)¡1f0 = ¡(O, zo)¡I~<, sc 2 ~ O, ihe serni.-norxn
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xvill be also Cñteaux-differeniiableat a’o~ TSus, tSe nonrn

will be G~teaux-differeratiableat T(xo) = (O, zo) along ihe directioras
subsetT(X). It follows thai tSe raonm ¡.¡¡‘o is Gateaux-differeratiableat

(O, zo) since T(>2) is denseira Y . WitS ihis contradictionwe finish tSe

pnoof of iheonem2

u

Now we turnio tSenonmcase.Leí A’(>2) be the set of a]] coratinuoras

norrns on a Banachspace>2, equippedwith tSe topology induced by
(‘(>2).

Corollary 6. Leí >2 be a separableinfinite dimensionalBanachepace.

Leí Al be a Polish spacearad A an analytic subsel of M. Titen, itere
exisis a continuouernap ~II M —* A’(X) sucia it al:

(i) If t E A, titen tite norrn ‘14t) ja nol everywitere Cdieaux-
differentiableon >2 \ {O}.

(u) If it « A, titen tite raorrn iIi(t) ¿e Préchet-differentiableonX\{O}.

Proof. We consider tSe semi-nonms(17(t))4 = ¡T(.)¡j~ , defiraed ira ihe

proof of iheonein2 satisfyirag
• litE A,r(t) = ¡T(.)¡¡~ is raot evenywhereC~teaux-differeniiab1e.
- Uit ~ A,r(t) = II7’(~)II~ is Fróchet-differeratiableon >2.

>2 being separableinfinite dimerasional,we Save§(Wj”> = B(X’) arad
(B(>2~j, iv’) is metnizable.Hence, ihere exisis a sequence(a’~),,=i un
8(t) xvhich is w’-dense ira ihe urait bail B(V). Thera ‘¡<le define ihe

injective openatonJ fromX ira co(IN) by

J(a’) = (a’da’))

Leí ¡1.] be a Fréchet-differeniiablenorm 011 co(IN). xve define ¡[¡¡¡ a

Fréchet-differentiablenorm on>2 by

¡¡¡a’I¡I =

Let now tSe nonrn ¡¡¡.1¡~ defiraedoxt>2 by
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It is easyto checkthai tSemapII’: M —* A’(X), defined’by ‘IJ(t) =

xvonks. U

Siraceany uracorantablePolisSspaceM (fon exampleINN)) contairas

an araalyticnora-ford subsetA, theorern2 arad corollary fi irnply

Corollary 7. Leí >2 be a separableirafinite dimensionalBananit spane.
Titen, tite set of coratinuousnonvea’ arad Précitet-d¿ffereratiablefurantioras
on >2 arad tite set of alt Prénitet-d¿fferentiable(‘arad nol raenessar-¿ly

equivalení)norma on >2 \ {0}, are non Borel subseisof (‘(>2).
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