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Abstract

Relationsbetweeuhomomorphismson a real funetiorí algebra
aud different properties(sucbas being inverse-closedandclosed
underboundedinversion) are studied.

1 Introduction and notation

By a function algebraA un X we meana family of real-valuedfunctions
un X such that: 1) A is a linear algebra with unit underoperations

definedpointwise, 2) A separatespoints un X and 3) A is closedunder

bounded inversion, that is, if f E A and f > 1 then - E A. We
1

denoteby Ram(A) the family of ah A-homomorphisms,that is, non nuIl

multiplicative real linear functionals on A, endowedwith the Gelfand
topology.

Horn(A) hasbeenintensivelystudiedwben X isa completelyregular
Hausdorff spaceaud A is C(X) (see [121). In recentyears different pa-

pers hayobeen devotedtu stucly homornorphisrnsun sorno subalgobras
of 0(X), fur examplealgebrasof differentiablefnnctionshaveheencon-
sideredin [1]-[5], [14] and ¡151. As can be seenin the quotedpapers,
stndying functiun algebrasfrequently oneneedsresults assertingthat a
homurnurphismis the evaluationat sornepoint of the supportingspace.

This paper is devoted to elaboratea general theory relatedwith this
subject.
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2 Single-set evaluating algebras and
A-realcompactness

2.1.- Let X be a cornpletely regular Hansdorff space,Y G X
and f : Y —* E a continuousmap. If f has a continuousextensionto

p E X \ Y, this extensionwill be denotedby .f(p). For 1 : X —+ IR,
Z(f) = {x E X :1(x) = O}. A set S G Y is a zero set if thereexists

g E 0(Y) suchthat S = Z(g) aud0 is the closureof 9 luX. As usual
IJX denotesIhe Stone-Cechcompactificationof X.

2.2.- Theelementsof any functionalgebracanbeconsideredasuniforrnly

continuous functions on X iii the following sense. Denoteby Ab the
subalgebraof alí boundedfunctions in A. Let UA be the uniforrnity

generatedon X by Ab, that is U¡, is definedby the pseudometrics

djr(x,y) =11(x)— f(y) fE Ab,x,y EX.

Let ~
7~Adenotethe topology induced by UA on X. Since A separates

points in X , (X, -‘-A) is acompletelyregularHausdorffspace.Alí topo-
logical notions on X areassumedin the ~A topology.

Denoteby XA the completion of the uniforrn space(X, UA), then
XA is a cornpactHausdorff spaceand X canbe consideredas a dense

subspaceof XA. It is knownthat eachf E Ab has a uniqile contirnious
extensionf to XA. Set A = {f : f E Ab}. Á separatespoints in XA
([7]) then, by the Stone-Weierstrasstheorern,A is a densesubspaceof

C(XA) in the unifonn norrn.

2.3.- The following result from [7] will be usedin the sequel:

Thearem.Let A be a function álgebra en X, titen

(a) ~ E Hom(Ab) if and only if Ihere exisis a (unique) p E XA snch
that ~p(f)= f(p) for everyf E A. MoreoverXÁ is (horneomorphic
lo) tite maximal ideal spaceof Ab;

(b) ‘p E Hom(A) u and only if ihere exisísa (unique)point p E XA
SUC/I thaI, ever7g/f E A has a finite eontinuousextensionf(p) lo
p aud ~c(f) = 1(p). Tite set 1(A) of ah such p, with tite topology
induced by X,~, is (homeomorpitielo) tite maximal ideal spaceof

A.
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2.4.- In what follows we associateta a given function algebraA the

spacesXA and 1(A) deflnedaboye. Moreover,we identify Hom(t4)with
1(A) aud X with a (dense)subsetof XA. Thus Wc havethe inclnsions,

X es ¡(A) C X~.

In studying propertiesof hornornorphismsit is irnportant to have

conditionsto recognizepoints in ¡(A) \ X. It is easyto verify that for
a point p E XA \ X tbe following assertionsareequivalents:

(a) p E ¡(A);

(b) for every f E A, thereexists a net {~rx} in X such that zA —~ p

and f(xx) is baunded;

(c) for every f E A, thereexisis a neighbourhoody of p in XÁ such

thai f(VflX) 18 bounded.

2.5.- We need sornedefinitions: a function algebra A on X is called
single-setevaluatingif, for every ~ E A and cadi f E A, thereexists

x E X such that ‘,o(f) = f(x). A 18 called inverse-closedif for every
f E A snchthat Z(f) = 0, ~ E A. It is easyto provethat mverse-closed
algebrasare single-setevaluating. Tbere exist single-setevaluatingal-

gebraswhich arenot inverse-closed¡6].

2.6.- Given a nonernptyset X, (A, B) is called a subordinatedpair [7]

on X if: 1) A and B are function algebrasan X; u) B es A; iii) every
hornornorphismon B hasan extensionfo ahornomorphismon A.

2.7.- Theorem. Por a function algebra A mi X tite following conditiona
are equivalent:

(a) A ja single-setevaluating;

(‘b) Por allp E ¡(A) \X, iff E A and 0< f =1, titen Ib’) # 0;

(c) (RA,A) is a sudordinatedpair, where RA the smallest inverse-
dosedalgebra oit X containingA.
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Praaf.

i) Supposethat (a) holds but (b) doesnot. Fix p E ¡(A) \ X and

h e A such that O < it < 1 and h(p) = O. Since evaluationat p is
a hornomorpbisrnon A, A is not single-setevaluating.

Ii) Supposethat (b) holds and A is not single-setevaluating. Take

p E ¡¡orn(A), iv E 1(A) and k E A such that cp(g) = ~(p) for every
g E A and q’(k) # k(x) for all x e X. Set h(x) = (k(x) —

and f(x) = j-~y~ Then .1b’) = so(f) O and O < 1(x) < 1. ibis

contradicts(h).

iii) For (a) implies (e) seelemma 16 of 16J.

iv) Since RA is rnverse-closedit is single-setevaluating. !f (RA, A) is

a subordinatedpair, then A is single-setevaluating.

u

2.5.- Recail that a completely regular Hausdorffspacey is realcompact
[12] ifevery C(Y)-hornornorphisrnis theevaluationat sornepoint p iii Y.

This conceptcanbe generalizedin the following way: if A is a functioix

algebraon X, X is said to be A-realcornpactif every A-homomorphism
is the evaluationat sornepoint p of X. A similar notion wasused iii [8],
¡161 and [171.

2.9.- Reniax-ks.

1) If Ab = A, then X is A-realcompact if and only if X is conv-
pact (in the ‘~A topology). When XÁ \ X ~ we can obtaiu
A-realcompactnessonly whenA containsan unboundedfunctioií.

In particularif (X, ‘r) is a pseudocompactnoncornpact,cornpletely
regular Hansdorff space and A = 0(X), tben X is not

A-realcornpact.

2) Notice that if A aud B are function algebrason X, B C A, with
X A-realcompact,then X is B-realcornpactif aud only if (A, 13)
is a subordinatedpair.

2.10.- Propasitian. Leí A arzd B be funetion algebras on X with B
uniforrnly dense iii A. Titen (A,B) is a subordinatedpair.
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Prao?. SinceB¡, is uniformly densein Ab, thespacesC(XA) andC(XB)
areisornorphic, thusby the Banach-Stonetheorem(see[12]) XA andXB

arehorneornorphic.Wc rnay identify XA aud XB. Fix a homomorphism

on B and a point p E XÁ such that for every 1 E B, ~(f>= 1(p).
We will flnish our proof by showing that every y E A has a (unique)

continuous limite extension to p. Fix y E A and f e B such
that sup ¡ 1(x) — g(x) 1=1. Thereexist aneighbonrhoodV of p in XA

zeX
auda positiveconstantM such that for everyyE VflX, ¡ f(v) 1=M.
Then for every y E y flX, ¡ g(y) 1=M + 1, now the assertionfollows

frorn 2.4.

u

In [10] (proposition 1.8) was proved the following fact: if X is a
realcornpactspaceand A C 0(X) is a subalgebrawith unit, closed
underboundedinversion,uniformly densein 0(X), then 1-! orn(A) = X.
Our next result, asan applicationof proposition2.10 (seerernark2.9.2),
providesanaturalextension.

211.-Carollary. Leí A mU B befunclionalgebras vn X, B c A. IJB is
uniformlv densetu A and X is A-realcornpaci, ihen X ¿e B-realcompact.

2.12.- Theorem. Let A be a single-setevaluating algebra on X. Titen

X is A-realcornpact if and only X is RA-realcompací (see (e) in 2.7,).
MoreoverifA is inverse-closed,titen X is A-realcornpactif and only if

for everyp c XÁ \ X, itere exisis

fEAb, 0<1=1, sucittitatftp)=0. (1)

Proa?. The first part follows from theorern2.7, the remark 2) in 2.9

ancl the constructionof RA.

Por the secondpart supposeflrst that X is A-realcornpact. Supposc
that p E XA \ X. Taking mio account that p ~ 1(A) = X, there

exists f E A \ Ab such that for every net {xx} in X, with XA —~ iv,

f(XÁ) is unbounded(seo the 1-ant assertionin 2.4). Then ¡¿(p) O miii
1±12(x~

o < h(x) =1 for x EX, where h(x) =

Supposenow thai for ah p E XA \ X thereexists 1 E A such that

0<1=1 and Ib’) =o. 1$’ deflning g(x) = 1 wehavethai gEA7~y,
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and for every net {xx} in X, x> —. p, {g(xx)} is not bounded. This

completesthe proof.

u

2.13.- Remark. In generalcondition (1) doesnot imply A-realcornpact-

ness. For example,let X be the real interval (0,1] audA the restriction
of continuousfunctions in [0,1] to (0,1]. In this casethe conditionholds
but X is not A-realcompact(notice that XA = [0,1]).

2.14.- Thearem. Let A be a function algebra. Titen XA is tite Stone-

Cech compactificationof X if and only if for any disjoint zero ate 8

and T in X, itere exisis f E A, sucit titat

0 = f = 1, 1(S) = {0} sud f(T) = {1}. (2)

Proaf. If A satisfles(2) by theorem 11 of (11], Ab is uniformly dense

in the spaceCb(X)of all realcontinuousboundedfunctions on X, then
13X=XA.

On the otherhandif f3X = XA, Ab is densein Cb(X) and the result
follows again from theorern11 of [11].

u

From theorems2.12and2.14weobtain aproofof the foflowing result

due to S. Mrówka (proposition3.11.10 in ¡91).
2.15.- Carallary. Leí X be a cornpletelyregular I-Iausdorff epate. Titen
X ¿e realcornpact if and only if for every p E /3X \ X, titere existefE
0(X) sucit that O < f(x) =1 , x e X, andf(p) = O.

The next result extendsTheorem 2 of [15]. Jaramillo presentedin

¡15] different examplesof functions algebrasfor which Theorem2.16may

be applied.

2.16.-Thearem.Leí tu supposetital a function algebra A on X satisfies

tite following conditiona:

(a) for everyf,g E A ami p,c >0, if tite sete

14(f) = {x f(x) 1~ 4 ami Qdg) = {x :1 g(x) 1=~}
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are nol empty ami disjoint, itere exisis it E A , O < it < 1 sucit

thai

h(P6(f)) = {0} ami h(Q~(g))= {1};

(b) given an opera (ira tite TA topology) cover {H~} of X , sucia thai

II,, c H~i, arad f X .-.*R , iJ itere exisis a sequencef,~ ira A
sucia that f,~ ¡u,, = f IR,,, titen 1 E A;

(c) for everyp E XA \ X itere exisisy E C(XA) whicit satisjles (1).

Titen X is A-realcornpact.

Proof. Let p be ahomornorphisrnon A. Thereexistsp E XA suchthat
‘,o(f) = ¡(p) for every 1 E A. We wiII shaw that p E X.

Supposethat p E XÁ \ X, takey E C(XA) such tbat O < g =1 and

ñb’) = 0. Set

1

E,,= {x EXA g(x)> ~}, 71 1,2,...

We may supposethat each E~ 13 not ernpty. Since A is densein
C(XA), thereexists asequence{1,,} in Ab such that

1 -~ 1
II —y 1100=~ and II 1,. — fnn 11~=~

where ¡¡ . jj~ denotesthe sup norm in C(XA). Set

1

= {X E XA :¡ ¡n(x) 1=—}.

It is easyto provethat for ra =2, En—í C E’,, C E,,+i.

Now we havethat (Xfl U E,.) = flX U F,,, thus {F2nflX} 13
ncIV ncffV

an increasingopencoverof X. For eachn >2 takeg,, E A , 0 =g,~ < 1

such tbat

9,,(F~,,+0flX) = {1} and g~(EY?.~flX)= {0}.

00

Notice that ~,«p) = 1, thus ~ = 1. The function f(x) = E
n

a’ E X is weIl defined. Set k,.Gr) = E gj(x). Since k,. E A, f E A.
j=2
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It is easyto seethat for every x E X aud eachn, k~(x) =fQr), then
n

so(f) =~p(k,,)= E so(gJ)= n (see 1.4 of ¡13]), this says thaI. cpu) =

j=1
a contradiction.

u
2.17.- Theorem2.3 gives a representationof the real maximal ideal of A
but, as the following result will prove, we cannot expect to obtain aone

to onerelation betweenz-ultrafllters and maxirnalideals. Thenotion on
z-fllter is usedas in ¡12]. An ideal in A is a proper ideal. For an ideal 1,

7(1) = {Z(f) : f E 1}. If 3 is a z-filter Jj~1 = {f E A : 7(f) E J}.

2.18.- Thearem. Let A be a furactiora algebra witieit satisfies (2,>. Tite
following assertionare equivalení:

(a) for eacit maxirnal ideal 1 ira A, ihere exisisp E j3X such titat

¡=41 EA:pCZ(f) }.

(b) for eacit maxirnal ideal 1 ira A, tit ere exisis a maxirnal ideal .1 ira

0(X) sucit that ¡ c 3;

(e) for eachrnaxirnal ideal 1 ira A, 7(1) is a z-ultrafihter;

(d) A is inverse-closed.

Proa?. SinceA satisfies(2), for everyzeroset P in X thereexistsf C A

such that 7(f) = P.
The assertions(a) implies (h) aud (b) implies (a) follow directly frorn

the Celfand-Kolmogorov theorem([121, 7.3).

(b) implies (c) Fix maximal ideals 1 and 3 in A and 0(X) re-

spectively, with 1 C J. ZQ(Z(J)) is ah ideal in A. Therefore, 1 =

Zj4’(Z(J)). Since7(I) = 7(3), 7(1) is a z-ultrafllter.
(c) implies (b) Fix a maximal ideal 1 in A, since7(I) isa z-ultrafilter

3 = {f E 0(X): 7(f) E Z(1)} is a maximal ideal iii 0(X) containing
1.

(c) implies (d) Take f E A such that 7(f) = 0 and set
1 = {gf :q E A}. Since f El, 1 can not be an ideal, therefore 1 = A.

(d) implies (e) Pix an ideal 1 in A. SinceA is inverseclosed0 ~ 7(1).

On tbeotherhand,iff,g El aid it EA, Z(f2+g2) = Z(f)flZ(g) and
7(f) c Z(fy) = 7(g).

u
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3 The sequentiallyevaluating property

3. 1.- A funetion algebraA 011 X is called sequentiallyevataating if, for
every~ E Horn(A) andeachsequence{f,.} in A , thereexistsx E X rnch
that q4f,,) = f,,(x), for n = 1,2,... This propertyhas been intensively

stndiedin [2]. As far aswe know the useof this propertygoesbackto 5.
Mazur (seethe note to stateinentA of [8]). Ifa function algebraA on X
has the sequentiallyevaluatingproperty, then every homomorphismon
A is sequentiallycontinuouson A~, whereA~ is tite algebraA endowed
with the pointwiseconvergencetopology. rrhis fact wasnoticedfor sorne

particular algebraslix (2] and [6].

3.2.- Denoteby [A UC(XM] theclosedunderboundedinversionalgebra
on X generatedby A aud 0(XÁ). By setting

n

Aí := {Zíkgk: 1k E A,gk E C(XA),n E N},
k=1

we havethat ¡A UC(XA)1 = {iti/it2: it1, it2 c A1,it2 =11.

3.3.- Theorem. Leí A be a single-setevaluaiing algebra on X. Tite

following conditioras are equivalení:

(a) A itas tite sequentiallyevaluaiingproperty.

(b) Eacit zero set ira XÁ \ X doesnol meel1(A).

(e) [A UC(XA)] is single-setevaluating.

Prao?. Supposethat (a) holds aud (b) fajis, then thereexistsa zero set

PC XA\X such that PflI(A) ~ ~. Ftx qE PAL(A) aud lot so be
the evaluationat q. Since P is a zero set, thereexistsf E C(X~) snch
tbat P = Z(f). Since A is densoin C(XA) for tho uniforrn norm, thore
exists {f,~} in Ab, with f.. f uniforrnly on XÁ. Wc hayothat ~(f,,) =

¡n(q) —~ f(q) = 0. Set g~ = fn — so(fn) E Ab. According to the aboye
argurnents~,. — f íxniformly on XA andy4g,,) = 0. By the sequentially
evaluatingproperty thereexistsx0 e X suchthat ‘p(gn) = gn(xo) = 0.

This saysthat limg,.(xo) = f(xo) = O andwe havea contradiction.
n

(b) implies (e) Supposethat (b) boldsand let so be a hornomorphism

on IAUC(XA)]. We will prove that for each it E [AU0(XA)],
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Z(1¿ — so(h)) ~ 0. Since p is a hornomorphisrnon A (C(XA)), there
existsp e 1(A) (q E C(XA)) such that, for eachf E A (g E C(XA))

#f) = .fb’) (so(W = ~(q)). Since Ab C AflC(XA), for eachf E Ab,
Ib’) = f(q). Taking into accountthat ~1separatespoints in XÁ, we have
thatp= q. Nowiff c (AUC(XÁ)),setg~=f—~(f). IfZ(g)flX = 0,
then Z(g)flI(A) = O and this is ijot posible (p E 7(g)flI(A)).

Sincefor every f E A, hasa continuousextensionto XÁ,

we have that for any it c Ai (see 3.2), Z(h — so(h)) # 0 In fact, if

fn...,f,,EAandgi gnEC(XÁ),

Qi#z(Z (fk—so(fk))2 + (9k— so(rn3)2)+ (1k — so(fk))2

n

c Z(Z(fk — so(fk))9k + so(fk)(9k — so(gk)))

k= 1
n

= Z(Zfkgk—so(Zfkgk))
k=1

Now if it
1, it2 E Ai with it2 =1, then

ial ial
—. vi—)) = Z(so(it2)hi — so(itl)h2)it2

= Z(so(h2)itl — so(hí)it2 — so(so(h2)itl — so(itl)h2)) # 0.

(c) implies (a) Supposethat [A UC(XA)] is single-set evahiating.
Fix 4’ E ¡¡orn(A). There existsp E ¡(A) such that, for each 1 E A,
~p(f)= f(p). Let us provethat 4’ may beextendedto a homomorphisrn

so on [AUC(XA)]. It 15 sufficient to prove that every funetion it E
[A U C(XÁ)l has a (unique)continnausextensionto p.

n
Supposefirst that it = >3 f¡~y¡<, with 1k E A and9k E C(XÁ), for

k=1
n

= 1,2,...,u. Set Ab’) = >3 fkb’)4’k(p). Wc havethat, for any net
k=1

{XA}~cA in X, such that x~ — p in XÁ,

n n

lirnit(x>,) = ~1irnfk(x4limgk(xx) = Z¡kb’9kb’) = Ab’).
k=l k=1
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Fina]ly, if it = c [A UC(XA)I. with it1, it2 E A1 ( it2 =1), set

¡ib’) L~21 Then, by deflning so(h) = Ab’) for it E [A UC(XA)1, we

havethat so E Horn([A UC(XA)]) aud so(f) = 4’(f) for f E A.

lUn<r»40(In>)2 audNow, fix a sequence{f,,} in A. Set gn(x) = —w
00

y = >3 y,,. Wc havethat ~ E C(XA). Lot us prove that ep(y) = O.
ti=1

fl

In fact, notice that the sequence{>3 y¡~,} convergesuniformly to g and
k= 1

n n
>3 9k =y. Then, given E > O and n such that >3 gb—y IL,<,< e, it
k=1 k=1
follows that

n It

O = so(>39k) =sob’) = so(~ — >39k) =Etp(l) = e.
k=L k=1

Taking into accountthat [A UO(XAU is single-setevaluating,there

exist xo E X such that O = sob’) = ~(xo). Thereforeso(f,.)= f~(xo) for
oachn.

u

3.4.- Remark. If A is an inverse-closedalgebraon X closedunder the

nniforrn convergence,then [A UC(XA)] = A, and A has the sequential
evaluating property. This assertioncan be obtained frorn the result

of 5. Mazur quoted in [8] and gives a proof of following fact: X need
not be A-realcornpactwhen A is a sequentiallyevaluatingalgebra oíx

X. For certain class of algebrasthe sequentiallyevaluatingproperty

implies A-realcompactness(for exampleif X is a Lindelbf spacein the
r,4 topology), this just was the main reasonfor studying this property

in [2j.

The lastproposition in this sectioncanbe provedas theorem2.16.

3.5.- Prapasition. If a funetion algebra A satisfiesconditions(a) arad

(b) ira theorern 2.16 titen A itas tite sequentiallyevaluatingproperty.

Acknowledgments. The authorsthank the refereefor severalsugges-
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