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the orientablecase.

FranciscoSANTOS

Abstract

We study a constructivemethodto find an algebraiccurve in
therealprojectiveplanewith a (possibl>’ singular)topologicaltype
given in advance. Qur methodworks if the topologicalmodel T
to be realizedhasonly doublesingulanitiesandgives analgebraic
curve of degnee2N + 2K, where N and K are the numbersof
double points and connectedcomponentsof T. Tbis degreeis
optiinal in the sensethat for an>’ choice of the nurnbersN and
K thereexist modelswbich cannotbe realizedalgebraicall>’with
lower degnee. Moreover,we characterizeprecise)>’which models
havethis property.

The constructionis basedmi a preliminar topological manip-
ulation of the topological model followed by sorne perturbation
techniquete obtain the polynomial which definesthe algebraic
curve. This papenconsidensonly thecasein whxch T has an en-
entableneighborhood.The non-onientablecasewill appeanin a
separatepapen.

1 Introduction

lix a pneviouspapenby the autitor ¡Santosil it was showntitat aix>’ real
plane modal curve ‘witit N singular (double) points andK connected
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compenentsin tite projectiveplaneis isetepicto a realalgebnaicplane
curveofdegreeatmost4N+2K. Also, tite conjecturewasraisedthat tite
degreebeundcould be lovveredte2N+2K. lix titis papenwesettledoWui
tite conjectuneun tite aflurmative, fon mientablecurves(seetite definition
beloxv). Moneoven,We give a tepological-combimatonialcitaracterization
of curves fon ‘witicit tite degreebound is optimal Qun nesultsafro hold
un tite non-onientablecase,but tite proofis more intnicate[Santos2]and
will be detailedin a fertitcomingpapen[Santos3].

Jet us fix sorneconceptsand notation. Througitout titis papenwe
wili usetite tenm alyebraic curve as aix abbreviationfon real projective

alyebraic plane curve. 13>’ this we meana non-zero real itomogeneous
pol3’nomial ¡ E R[X, Y,Z] in threevariables,consideredup to a con-
stant factor. Sometimes,b>’ abuseof language,~‘e ‘will cail algebnaic

curve tite zenoset 11(f) cE 11P2of tite polynomial ¡. We will normalí>’
assumetitat we itave an affine citant given fon tite projectiveplane. Titis

allowsus te speakof the lisie at infinity andte sa>’, fon example,that a
centainconicis aix ellipse.

Aix algeitralecune¡ is called orientableuf its zenoset 11(f) itas an
open meigitboritoodwhicit is onientable;equivalentí>’,uf it canbe moved

an isetopy to the affine citart of tite projective plane. It 18 called
nodal if all ils singulanitiesare orden2 singularpointswith two diffenent
tangeuits,real en complex. II the tauigeuitsare real we cail the singular
point a siode. uf tite>’ arecomplex,WeWill cail it a simple isolaledpoiní.

Twe algebrajecurves(lix general,two subsetsIt andVV of IRI> 2> are
said te itavethe sametopological typeor te be topoloyicallg, equivaleníif

titere existsa global homeernerpitismof tite planeunto itself sendingIt
te VV. Note titat this cendition is equivalentto 11 being isotopic to VV,

andstnongenthan It and VV being itomeemenphic.Qur man nesult un
titis papenis tite fellowing, witicit is a re-writing of Titeorem4.3:

Titeorem 1.1. Let F be att orientable nodal alyebraic curve witit K
cosineciedcomponenteami N singularpointe (siodes or simple isolated
poirde). Titen, F la topoloyically equivaleníte a certain nodal algebraic

curve f< of degree2N + 2K. Moreover,one canfisid eucit att f< asbeiny
a evnall perturbalion of tite form f~ := ¡ + cg, witere ¡ is a producí of
N + K ellipees(or degenerateconies)asid y te tite product of 2N + 2K

different lisies.
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Transíatedto tite affine planeIR2 titis gives:

Corollar>’ 1.2. Any compact nodal curve itt 112 witit K connected
componenteasid N singular pointe itas tite sametopological type as a

certain alyebraic curveof degree2N + 2K.
Of counse, fon most curves tite degreebouuid un oun theorem can

be siguiiflcantly lowened. Tite classicalboundsby Bezout ¿md[¡annack
indicatethat fon eveny N andK titenearealgebraiccurvesun tite condi-
tions of the theonemwitit degneeessemtially 12N + 2K. Let us remark
that a constructionproduciuig tite optimal degreefon an>’ topological
type would provide a (constructive) answento [¡ilbent’s XVI problem

fon nodal curves,Whlle the answer fon tite simpler caseof non-singular

curves is oid>’ knowui up to degree 7 (cee [Gudkov, Viro, Wilson] fon
generalinifonmatioui on [¡ilbent’s XVI problem). Titus, titere is no itope
of obtainingsucit an optimal construction.

[¡ovvever,our bound is yenerically optimal ha tite following sense:
for ever>’ N andever>’ K, titene are onientablenodal algebraic curves

witit N doublepohatsandK connectedcomponentswiticit havenot the
topological type of an>’ algebraiccurve of degneelower titan 2N + 2K.
Titis is shownin Section 5. Moreoven,ha titat samesectionWe give a
topelogicalcitaracterizationof algebraiccurves fon witicit tite degnee¡ix

our main titeeremcannot be lowered (seeTheorem5.2) fon tite precise
citaractenization).

The stnuctuneof tite papenis as folloWs. lix Section 2 we introduce

the notion of a topoloyical modelfon en algebnaiccune and the basic

comceptsandresultsneededin eur topelogicalconstructionl Section3
shows the main constructionof acomplicatedtopologicalmodel fnom
simple pieces, un WIllcit oun constructien of algebnaic curves is based.
Frem titis, Bnussotti’s titeorem Would inniediatel>’ give tite flrst pant of

Titeorem1.1. To gettite secondpart, aix explicit perturbatientecitnique
is exhibitedun Section4. Finail>’, Section5 studiesthe optimalit>’ of the
degneeobtained.

2 Topological preliminaries

We wauit te flnd aix algebraiccurvewitesezeroset itas tite sametopolog-
ical t>’pe of a certain curve given in advance.Equivalentí>’,we can sa>’
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that we aregivenacertainsubsetT cE RIP2 in tite projectiveplaneand

want to find an algebnaiccurve ¡ such that V(¡) itas tite sametopo-
logical type as T. Tite conditions titat such a T must satisfy fon this
to be possiblearecontainedin tite folloWing definition (cf. fon example

[Becit-Cos-Royj).

Definition 2.1. Leí2’ be a subsetofIRP2. Wesay that T is a topolog-
ical rnodel for an alyebraic curve if it la itomeovnorpitic lo a yraph witit
an even(possiblyzero) numberofedgesincident to eacit vertea’. We say

thai att alyebraic curve ¡ reatizes a topoloyical model2’ if its zero set
V(f) c RIP2 itas tite sametopoloyical type as2’. By a nodal (topolog-

ical) modelme mean a topological modelsuch thai alt of tite verticesof
tite umierlying yrapit 0T itave 0, 2 or 4 edges. Wesay tital a topological

model is orientable if it can be isotopically movedto a position mitere it

doesnol intersecítite lisie al infinuty (equivalerttly, if it itas att oriesitable
oVenneiyitborhood).

Observetitat tite underlyingyraph Oj’ of acertaintopologicalmodel
2’ is not uniquel>’ defined. In particular, en oval is itomeomorpitic to a
c3’cle gnapitwitit as man>’ edgesandverticesasenewants. Tite points
witene a topologicalmodel 2’ is locail>’ homeomorpiticto a Une WIIl be

called regular andthe rest sinyular. The singular points of a nodal
topologicalmodel aretite verticesxvitit O auid4 edgesof tite undenlyiuig
gnapit 0T and ‘will be called isolated pointe and double points of 2’,
nespectivel>’.A double point P Will be said to be disconnectisigif 2’ \ 1’
itas oneconnectedcemponentmoretitan 2’.

Qur basictepelogicaloperationon atopelogicalmodel2’ Will be tite
deeinyularizationof sorneof its deublepohats. Let P be a deublepeint

of T. Tite desingualanizationof T at P consistsof consideringa suit-
ablesmall open ixeighbonitoodU of P ¿md substitutingT rl U fon tWo

disjoint open curvesun sucit a way titat we get anew modelwitit one
deublepoint less. This openationwas calleda‘flip’ ha [GConb-Recioland
[OCorb-Saixtos]. Titere are exactí>’ two ways, up te topologicalequiva-

lence, of desingulanizingadoublepoimt. Titeseare sitown in Figure 1.
If tite deublepoint was discoixnecthag,eneof tite two desingulanizations
leavesthe numbenof connectedcomponentsuncitangedand tite otiter
eneincreasesit it>’ ene.

Witeneverwe perfonma desingulanizationof acune,we will mark
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tite placewitere it itasbeendonewitit a bondinylisie whichjoins tite twe
brancitesWlucit we itave inserted. lix all aun figures bonding limes will

appearasgreyisit dotted linee. Tite reasenfon including bondinglinee is

titat tepologicalmodelearecensideredmodulo topologicalequivalence.
Thus, we are allowed te tnansfonmtitem it>’ global itomeomonphisms.

Tite transfenmedbonding linee will telí us witat topological citange is
neededte recoventhe original topological typefnom tite desingulanized
ame.

x
Figure1: Desingulanizationof a deublepohatP.

We cali facesof 2’ tite connectedcomponentsof RIP2 \ 2’. Cleaní>’ T

itas auniquenon-onientablefaceF
0. We will cail deptit of aix arbitrar>’

faceF of 2’ titeminimal numbenof cnossingswitit 2’ neededtogo fnom F0

to F (a cnossingat adoublepoint of 2’ countstwice). Tite panityof the
intensectionnumberWitit 2’ of a patit joining F te Fo doesnot depend
en thepatit (titis is not tnueha generalfon non—orientablemodeis). Titus,
adjacentfacesitave depthswhicit difer it>’ 1. Figure2 sitoWs the deptit
diagnamof acertaintopologicalmodel.

Figure2: Depthof faces.
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Jet P be a deuble point of 2’. We have two possibilities fon tite
distnibutionof deptits ha tite feur facesaround1’ (seeFigure 3):

• We will sa>’ that P is of Type 1 uf the deptitsof facesarouuidP are
r ±1, r auid r + 1, fon sorner >0

r+l r-I

r r

r+l

Figure3: Possibledeptit distnibutionsaroundadoublepoint.

• We will sa>’ titat P is of Type JI if tite deptits of faces arouuid 1>

are i- — 1, r, r + 1 amd r, fon sorner > 0.

Wewill sa>’ that a desingularizationof 2’ at sorneof its doublepoints
is depiit-consietentif tite two faceswitich arejoined by tite desingular-
ization of eachdeublepoimt itave tite samedepth.

Deptit-consistemcycan equivalentí>’ be statedsaying titat each face
of tite desingularizedmodel 2” itas tite samedeptit as all tite facesof 2’
fnom wit¡cit it has been obtained. Note titat the different facesof the
original medel2’ Which fonm a face of 2” are still ‘sepanated’by tite
bendingUnes. If the desingulanizationis deptit-consistent,titen titeneis
no ambiguityun couisideningtite bondinglunesor uiet fon computingtite
depth of a face of 2”. Botit desingulanizationsof adoublepoint of t>’pe
1 are deptit consisteuit,but oní>’ onefon doublepointsof type II is.

3 Main Construction

The basis of our constructionwill be, given anodal topologicalmodel
2’, tnying to obtain a desingulanizationof 2’ which consistsof ellipses
andwith bondhagUnes beiixg straigitt lime segments.Howeven,ha orden
to optñnizetite degneewe WLII only performapartial desingulanizatien
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of 2’; titat is, sornedoublepoints of 2’ will not be desingulanized.We
flnst consideronly connectedmodeis.

Proposition 321. Leí T be a connectednodal orientable topological

model itt RIP2. Titen, itere la a consiectednodal orientable topological

model 2” obíained ae a deeingularization of 2’ in sorne ofita dauble
pointa, ami witit tite following properties (seeFigure 4):

(i) Tite desinyularizationla deptit-consistent.

(u) Everij double poisit of 2” disconnecte2” asid is of typeIL

(iii) Leíb bea bondinglisie of T’. Leír betite deptit of tite face itt witich
b is. Titen, at leasí one of tite tino faces adjacent to tite extremal

pointa of b has deptit r —1.

Figure 4: Desingulanizationof tite model ha Figure which satisfles tite

conditionsha Propesition3.1

Praof. We flrst desingularizeall the double points of type 1 ha the
wa>’ titat joins tite tvvo facesof maximaldeptit. Titis desingulanizations
cannot discoixnect2’; otiterwise, fon going from eneof tite two facesof
xmmmaldepthte tite non-onientablefaceit wonld be necessar>’te cross
the (new unique) face of maximaldeptit, witich is impossible.

We titen proceedte desingulanizenon-disceuinectingdouble points

of t>’pe II ome by ene, untul all tite remainingdouble points are d.is-
connecthag.Condition (iii) is clearí>’ satisfledfon alí tite bondingunes
obtained.

a

Prapositien 3.2. Leí 2’ be a consiectednodal oriesitable topoloyical
model itt RIP2 witicit la not att isolatedpoiní. Leí 2” be a partial desin-

gularization 2” of 2’ eatla.fyinytite conditions of Propoeitiosi .9.1. Titen,
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tite boundarpof tite sion-orientablefaceof 2’~ is att ovalO. Let a certain

homeomorpitismit from O mio att ellipee E of tite proyectiveplane be
given. Titen, 2” can be trartsfor’medby a global itorneomorpitiemofRIP2
mio a iopoloyical model2”’ itt tite followiny conditione:

• ~ is tite union of a certain numberof ellipsee.

• i¡ tino of tite ellipeesintereecíat a pointP, titen iitey do it tangen-

tially asid one la insidetite otiter one.

• tite bosidinylinee are straiyitt lisie seyvnesits.

• tite ylobal itomeomor-pitlamwiticit eends2” lo 2”’ agreeswitit it initen

reetricted te O.

Proof. Tite fact titat tite beundar>’of tite non-enientableface is aix oval
isguanaixteedb>’ 2” beingconnectedanditavingonu>’ Type II discennect-
ing deublepoints. Alse, thereareno bondinglunes un tite non-onientable

facebecauseof cendition(iii) un Preposition3.1.
Thenestof tite pnoefwill useinductionen themaximaldeptitof faces

un 2”. If tite maximal depth is 1 titen 2” consistsof auniqueoval O witit
sornebonding Unes un its interior. Titus, 2” la tepologicail>’ equivalent

te the ellipse E with tite bonding limes beiixg straigitt lime segmeuitsun

its interior. Cleaní>’, tite homeomonphismfrem O te E canbe prescnibed
in advance.

II tite maximal deptb of a face in 2” is r > 1, we still itave ver>’
particular prepenties fon 2”: fon a certain deuble point P of’ 2”, tite

depth-cemsistentdeshagulanizationof 2” at P is precisel>’ tite enethat
disconnects~ Moreever,eneof tite cennectedcomponentswh¡cit re.
sults is insudetite etiten ene,becauseP is of t>’pe II. Let uscail tite inflen

enetite earat tite deublepoint P.
Titen, 2” censistsof aix outeroval witit sorneof titese‘ears’ attacited

te it un its innen sida Eacit ear itself is a tepological medel un the
couiditionsof Propesition3.1, but witit maximal deptit stnictly lees titan

r. Moreover,differentearsarenot connectedte oxte anotiterb>’ bouiding
Unes, becanseof condition(iii) in Propositien3.1. Howeven,an earma>’
itave bendingUnes cennecthagit te tite eutenoval, en titere xnigitt be
bendingunescoixnectingtite euteroval te itaelí, titrougit its inner face.
Let us do the follewing:
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Finst of all, take the ontenoval as tite elipseE ¿md nealize imnen
bonding Unes of the euteroval as tite Une segmentsjohaing tite points
enit prescribedby tite itomeomonpitismit. Titen iixsert a tengentelipse

at eacit peint witere an eanitas te be attached(titis poimts are again
prescnibedby it), smalleneugitfon not intersectimgotitenearsenbondimg
unes. Titen, draw tite bonding Unes joining tite innen ellipseste the
(again prescribed)pohatsun tite entenelipse. Titis can be done un a
uniquewa>’ modulo tepologicalequivalence. Final>’, prescribein each
innenellipseaitomeemomenphismtetiteconrespondiixgeanof 2” inaway
whicit agneesw¡tit tite extremepoiuits of bendingUnes alneadydnawui,
andapply recursionte insent tite nest.

Tite fact titat tite resultiuigtopologicalmodel2”’ aixd bondingIhaes
is tepologicail>’equivaleuitte 2” follows from tite fact titat eacit stepun
tite ‘draw¡ng’ pnocessof ~ is un¡que,modulo topologicalequivalence.

a

Titeorem 3.3. Let 2’ be a nodal orientable topological model witit N

doublepointa, M isolated pointe asid K connectedcomponente.Titen,
itere it a nodal orientable topoloyical model 7 ¡mm whicit T can be
obtained by deeinyularization of come double pointe, iii tite followiny

conditione:

• 7 la a union of N + K ellipaes asid M isotatedpoinís.

• any intereectionpoiní P betineenellipeesof?’ ti a tanyent ínter-
section of osily tino ellipees. Titere are at mosí2N .sucit tasigency

pointe.

• Tite singular (i.e., double or ieolatcd) pamueof?’ are itt yeneral
position (no titree of ítem on tite samelisie).
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Figure 5: Tite topologicalmedelY of Titeorem 3.3.

Proof. Let us flrst assumetitat 2’ is cennectedandnot aix isolatedpeint.

Considertite topolegicalmedel2” obtainedfrom 2’ un Proposition3.1,
embeddedlix tite form descnibedun Proposition 3.2. 2” itaseneelipse

more titan it itas deublepeints. lix otiter werds, 2’ has N1 + 1 elipses

and N2 bondingUnes,witit N1 + N2 = N. SubstituteeachbendingUne
of 2” it>’ asuificientí>’ nannowellipsejoining tite two endsof tite bonding
Une and tangentte tite elipsesat tite ends. Jet 7 be tite topological
model se obtained(seoFigure 5).

Tite topelegicalmedel2’ canberecovered(modulotopologicaleqn¡v-
alence)by desiixgularizingeneof tite two tangencypoints of thesenew
ellipses. Titis is exhibited ha Figure 6 witich shoWs tite fulí sequenceof
topologicalmanipulationsperfenmedat a deublepoint of 2’.

~— -~

Figure6: Topologicalcitangesat adeublepehat.
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Tite generalpesitionof tite tangeixcypohatscanbe easily obtained
titanks the freedomwe itaveun Propesition3.2 fon citeesingtite extremal
points of bondinglunesandtite tangencypeimtsof elipses(b>’ arbitrar>’
itomeomonpitismsunto elIpses).Titis finisites tite connectedcase.

II 2’ is not connected,let l’i, ... ,
Tj< be the connectedcempenents

of 2’. Stantingwith tite outenmestenes,appl>’ tite previousconstruction
te tite connectedcompenentswiticit havedeublepointsandnealizetite
etitersb>’ ellipsesen isolatedpoints. Placeacepyof tite resultingmodels
Z in the apprepniatepart of MP2 (neducingtitem as needed)un ordente
get 7 ha tite requiredconditiens.Observetitat un tite reductionprocess
it is esseixtialte assunietitat tite conics un the modeleare elipses,i.e.,
titat tite modelsareembeddedun tite affinecitartof tite projectiveplane.

u

Rernark3.4. Supposetitat tite original nodal topologicalmodel 2’ itas
a noix-discennectingdeublepeint. We claim titat, un theseconditions,
tite numbensof elipsesanddeublepointsof?’ in Theenem3.3 can be
decreasedit>’ ene.

Indeed, if 2’ has a non-disconnectingdeublepoint, titen tite desm-
gulanizedmedel2” of Propesitien3.1 itas at leastenebendinglime con-
nectingtwo nestedellipses. lix titis case,tite insertion of the innen ellipse
(the ‘ea?) un tite pnoefof Propositien3.2 cansaveonebondinglime With
tite felloWing tnick: insert the ean as aix elipse (as narnowas needed)
joining tite centactpoint of tite eante tite extremalpoint of tite bondimg
lime un tite outer elipse(titis producestxve elipsestangentte eneaix-
otiter un two different points). Titen addtite otiter bondinglunes,if aix>’.
The resnlthagmodel is not in the comditionsof Proposition3.1, but it
still servesfon tite constructionun Titeonem3.3.

4 Perturbation of algebraic curves

In ordente ebtainaunmain theeremwe enly ixeedte considertite topo-
logical model 7 obtainedha Theorem3.3 asbeing aix algebnaiccurveof
degree2(N + M) + 2K and algebraicail>’perturb it un arderte desin-
gulanizesorne smgularpeints. One wa>’ te de Uds could be emlarging
semeof tite elipsesun small amountsso titat ever>’ taugencypoint be-
comestwo transversalcnossings(nodes).Titen we could usetite classical
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Brussotti’sTheonem(seefon examplepage12 of [Gudkevl). This result
saystitat a singular curvehaving only nodal peintscan be perturbed
te a curve of tite samedegreewitere sorne of tite singular peints are

desingulanizedin aix arbitrar>’ prescnibedway.
Nevertiteless,we will sitow en explicit wa~’ te perturb tite curve 7

of Titeenem3.3 in tite desiredWay, un orden te obtahatite seceixdpant
of Titeanem1.1. and te make our result more censtructive. Let us
flnst of all fermalizetite conceptof aperturbationof aix algebraiccurve.
Perturbationtechixiquesarequite standardun tite studyof tite tapolagy

of real algebnaiccunes(see[Gudkov, Virol).

Jet¡ beanalgebraiccurvewith finitel>’ man>’ singularities. Jet (fa),
e E [0,oc) be a famil>’ of algebnaiccurvesdefinedby pal>’momials f~ of
tite samedegneeas¡ = ¡o andwitosecoefficientsvan>’ continuansí>’with
e. Titen, fon e suificientí>’ clasete zero, the zero-setsIt (fe) arecontained
un en arbtnanilysmallneigitboritaodof It(f) andtiteintapolegycoincides
with tite topalogy of V(f) except,maybe,at small ixeigitbonitoedsof the
singularpoints of f. Moreoven,tite possiblecitangesof topelagyat tite
singular paintscanbe predicted,if tite singulanitiesof ¡ are suificientí>’

simple. Qurpenturbatiansvvill beexplicití>’ givenun tite fanm f~ =

witeney is apolynomialof titesamedegreeas¡ ¿mdwitit alimite number
of cemmanzeroeswith f.

Titecitangeun the tepologyof acunein a neigitberitoodof a singular
point by. a small perturbationis called a diseipation. lix aun penturba-
tions, the singularpaintsof ¡ will besimpleisolatedpaintsen tangencies
of twa real non-singularbrancites. Titis twa types of singulanitiesare
classifledas At andA7 (witit 1 =3 andodd) un [Viro, p. 1098 ff.] (see
also [Ann-Van-GnsZ])andarediffeomonpitic te tite enesun x2+ Y2 and

Y2 — V, nespectivel>’. Tite dissipatiansof aix At point P of ¡ areeasy
te descnibr. if tite perturbingcuney itas a singularpoint at P titen no

changeha the tepalogyappeans;if y hasa zenonon-singularpoint at P

thenan oval passingthnougit 1’ appears;if y la non-zenaat 1’ titen tite
isolatedpaint either dissapearsen becomesaix oval, dependhagen tite
signof y at 1>. Titedissipatiansof aix AE singulanityadmitsevenaletiter
passibilities; wewiil be ami>’ interestedun the following cases:

Lemma 4.1. Leí ¡ E 11[X, Y, Z] be a itomoyeneouspolynornial of a
certain degreed and let P be att A~ singularpoint of ¡ (witit i odd). Leí
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= ¡ + cg be a perturbation of ¡ by a certain itomoyeneouspolynomial
y E 11[X, Y, Zj oftite samedegreed witit jinitely manyintersectionswith
f. Titen,

(Q i¡g la nol zero at P, titen tite dlasipationof P producedla a topo-
logical desingularization(as tite oncein Section 59. Witicit of tite

tino desingularizatiosisoccuredependeonly on tite sign of y ai P.

(Ii) if y has a nodal singular poiní at 1’ (i.e., a donble singular poiní
witit tino real brancitee of different tangente) titen tite perturbed

curve itas a nodal or simple isolatedpoiní at P. By citanging dic

sign of y if necessarya nodalpoiní canbe obíained,witit no chanye
tn tite topology of tite curve.

Proof. Let us flnst prove a generalfact: un a dissipationof a singular

point P of ¡ obtainedun tite form ¡ + cg witit ¡ and y itaving finitel>’

many intensectiens,at most emenew oval can appeanbut ixever in orn
cases(i) and (u). lix fact, observe that aix>’ new ovals (as Well as tite
dissipatedreal bna~ncitesof ¡) must collapsete P ase gente zenoand
titat fon differentvaluesel # £2 of tite parametentite curves¡ + e1y and
¡ + e~g do not iixtensect un U \ 1’, fon a centainneighboritood U of P.
Fremtitis, thepenturbedcurvecannetitave evalswitit P outside; if tite

perturbedcurveitas en oval witit P insude,titen tite oval is uniqixe ¿md¡
caxmatitave aix>’ realbrancitesat P; if tlie penturbedcurve itas an oval
passingtitneugit 1’, titen y has a non-singularzero at P and no otiten

evals passimgthrough P en witit P insudecanappear.
Part (u) fellows inmediatel>’ from tite aboye,becansein aneigitbor-

iteod of P tite penturbedcurve vvill not itave singular points en new
evals. Fon part (u), wetakeP as tite onigin of aix afflne citant andstudy
tite local developementsof ¡ ¿mdy at P. Tite lower degreepart of ¡
is tite squareof a linear functian 1 (whosezero set is tite tangentUne
of ¡ at P). Tite lowen degreepart of y is tite product of two difl’erent

linean functiens 1112. II 1 coincideswitit eneof l~ ¿md 12 (sa>’ witit It),

titen tite perturbedcurvehas1(1±£12) as lowen degreepart, i.e., a nodal
singulanity. Otitenwise,tite lowen degreepart 12 + £1112 decomposesha

two (perhapscomplexconjugate)linear factonsfon esmall;by citanging
tite sign of 1112 if necessarytite factorscanbe assumedte bereaL

Thus, un aix>’ casea nodal singulanity can be obtained(perhaps
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citanging the sign of y). Since no new evais can appear, titere is no

changeun tite topolo~’.

u

Titearem4.2. Let ¡ be att algebraic curve of degree<1. Supposetitat alt
tite singularities of ¡ are a certain numberofAt pointe Pi, ..., ~ and

of A (with t odd) pointe Qí, .. . , Q~. Supposetitat tite singular poinis

of¡ are itt generalpocition, i.e. no titree of ítem on tite sameline.
Titen titere la a product y of d different línea euchtitat tite periurba-

tion f~ = ¡ + cg witit e > O preservesalí tite ~‘1, converte a numberIi
of tite Q1 itt nodes(witit no citange itt tite topology), asid desingularizes

tite otiter 12 = 1 — l~ Q2 itt a prescribedway, under tite aseumplionthai

Ii + le + 1/2 =d.

Proof. According te the previous lemnia and Witat we said fon At
singulanities, tite following comditionsen y are sufficient te guarantee

the desiredperturbation:

• For tite le points (of type At) tobe preserved,titat y itasa singular

point at eacit of titem.

• Fon tite ~2 points (of type ~4) te be desingulanized,titat’ y does
not vanisit at titem, anditas tite appnopniatesign.

• Fon tite l¡ points (of type Afl te be conventedha nodes,titat y itas
anodal poimt at eacit of them, and the appropiatedistnibutionof
signsin a.ixeigitboritoodof titem.

Jet r1 r¡~j.¿1 bedifferentstraigitt limes, eacitpassiixgthnougittwo
of tite singular points te be preserved(en convertedun nades)and such

titat eacli of titen peints lies un twa of them. Then, tite product g~ of

titese le + Ii stnaigitt lunes itas a nodal shagularpoimt at eacit of titem,
becauseof the generalpositienassuxnptienen the peints.

Jets~, ... , s<¡—~—¡1 be different limes not passingtbrougit the peints

Pe andso titat eachof tite Qe lies in exactí>’ eneof titern. Theselimes
exist, becauseof tite conditian 1/2 <d — le — l~. Theú, tite limes can be
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sligittl>’ moved(as shownun Figure 7) in sucitaway titat tite pnoducty~
of them itas a prescnibedsign at eacit point Q¿.

•

•
si • —

•

Figure7: Obtentionof tite adequatesign at apoint by moving Si.

So, jnst make tite signs of ~ at tite peints Q¿ be tite enestitat we

needun ordente obtain g = y~g~ witit tite appropniatesigns,and takee
suflicientí>’ small and positive

u

Titis, togetitenwith Theorem3.3, gives our main titeanem:

Theorem 4.3. Let 2’ be att orientable nodal topological modelinith N
singular (double or isolated)points ami K connectedcomposiente.Titen,
2’ can be algebraically realizedby a curve f~ := f+ey o¡degree2N+2K,
witit ¡ being a producíof N+K ellipeesor degenerateconice asidy being

a producí of 2N + 2K lisies.

Proof. Jet f be tite product of tite elIpsesobtainedha tite model 7

of Thearem3.3, and a factor of tite form (cx — aZ)2+ (bX — aY)2+
(cY — bZ)2 fon eacitiselatedpoint (a, b, c) E MF2 of?’. Eachcennected

componentT¿ of 2’ contnibutesN
1 + 1 elIpsesor degenenateconics te
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¡, witere N< is tite numberof singularpeints ha T1. Titus, ¡ is as un tite

statement.
Jet le and1 betite numberofisolated anddeublepointsof?’, and1 =

li + 12 with li and 12 being tite numbersof deublepoints te be preserved
anddesingularized,respectivel>’. Titen ‘1 + k = N and 1 = l~ + ~2 <2N.

Titus, Ii + le ±1/2=2N <d ¿mdTheorem4.2 applies.

u

5 Optimality of the construction

The purpeseof titis sectionis te show in witat casesthe degneeun our
censtructionis eptimal. fis will give ustite someitovvsurpnisingresult
titat tite oní>’ obstructionste loweniixg tite degneeun tite constructionare

titosewiticit areobvious,as tite ene un tite follewing example. Considen
tite medel dnawn un Figure 8 with titree deuble peints, en its obvieus

genenálizationte en arbitran>’ numberN of deublepeints. Irsent K — 1

add.itioixal elipses insudetite innermost face, ene inside anotiter. The

nesultingmodelcamnetberealizedby an>’ algebraiccurveof degreelower
titan 2N + 2K becauseun aix>’ realization of tite model aix>’ straigitt

Une passingtitreugh the inixenmost face intersectstite curve (at least)
2N +2K times, ceuntedwith multiplicity.

Figure8: A simplemodel,not realizablewith degneelowen titan eigitt.

As a ffrst result, un remank3.4 we mentienedtitat if the topolegical
model 2’ has a ixen-disconnectingdeuble peint, titen the degneeof tite
constructiencan be lowered, at least,b>’ two. Titus, we ení>’ needte

considertite caseof tepologicalmadelswith oid>’ discenixectingdeuble

peints. Titis cendition 15 necessar>’but not sufficient: fon example,tite
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seven topological medels ha Figure 9 can easily be constructedwith
degree4 (as we will seeun tite proofof Lemma 5.1).

o

o o
00

Figure 9: Sornemodelawiticit cen be realizedwith degree4.

Jet 2’ be a nodal onientabletopological model, all of witose deuble
paintsdisconnectit. Let IV be tite numberof deublepeintsof 2’ andK

tite numbenof cennectedcompenents.If we desingulanizeever>’ deuble
point of 2’ ha tite wa>’ titat discennects2’ we get a non-singulartopo-

logical model To witit IV + K connectedcomponents.Tite topelegical
stnuctureof To cenberepresentedun a neotedtree,witit anadefon eacit

cannectedcomponemtof To anden extranade (tite noot of tite tree) ‘at
infinity’. A. carnponentCi is asonof a secomdcompanentC2 un tite tree

if ¿mdoid>’ uf C¡ is inmediatel>’ insideC2. Tite sonsof the nootnadeare
tite outenmostcomponeixts.

Tite interesting paint is titat a sufficient candition fon tite model

not beiixg realizablewitit degneelower titan 21V + 2K is tliat tite treeof
connectedcemponentsof To itasat most twa leaves(innenmostconnected

compeixents): if titis is tite case, titen fon aix>’ algebnaicnealizationofTo aix>’ Une intersectingtite twa innermost camponentswill cnt ever>’
canixectedcompoixentof To at least twice (cauntedwitit multiplicities).
If 2’ wasrealizablewitit degreelower titen 21V +2K, titen To would alse

be, by meaixsof a small perturbation. Thus, 2’ itself cannot be realized
with degreelowentitan2N+2K. Wewill seetitat this snfficientconclition
turus eut te be also ixecessany

Fon titis observethat tite tree structureof To suggestsa diferent

constructionprecedurefon aix algebnaic realizationof tite topological
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