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Periodic solitons and real algebraic curves.

5. M. NATANZON

Abstract

We describea metbodof calculationof alt pbysical algebraic-
geometricalsolutionsof KP-equations.

1. lix the middle of seventiesha works of 5. P. Novikov and others
wasdiscovereda new metitod of solution fon sorneimportantdifferential

equationsof matitematicalpit>’sics [4]. At first, 1 sitortí>’ remind titis

metitod.
Jet

B = {B1~} E CL(y, 0)

be a complexs>’mmetnicmatrix sucit titat tite matrix ReB is negative
definite. Titen titere exists a O-functionO : C~ —* 0, witere

O(zIB)= E iex~jjZBíiNíN~+EN.ze},
N~Z9 11

z(zi,...,zg), Nrt(Ni,...,Ng).

Jet

be tite standardbasisof 09 ¿md .f~ = Bek. Titen

6(z + 2lriek) = 0(z)
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and

O(z+ fk) 1exp(——Bkk — Zk)6(Z).
2

Let r be a groupgeneratedb>’

2irie1,. ..,2rie9,f1,...,f9.

Thentite quotieuit set J = C~/]? is aix Abchan vaniet>’. Jet

4> : C~ —. J

be thenaturalprójection.
In applicationstitereoften appearO-functionsconnectedwiticit Rie-

mannsurfaces.Let 1’ be a ffiemann surfaceof gextus y and

jai,bí, 1 1 y} E Hi(P,Z)

be a symplectic basis of Hi(P, Z). Titis means that tite intersection
indexesare

(a~,a5) = (b~,b~) 0, (a1,b¡) = bij 1 <1 j <9.

Let w1, . . . , w9 be itolomorphic differentia]s 011 P sucit titat

Lk w~ =

27rtókj.

Titen tite matnix

= Wj

is s>’mmetric and ReB is negativedefinite. Titus it gives a 6-function
O = O(z ¡ B).

2. Considernow Knicitever’s constructionof r-ftrnction. Let po E P,

Po E V cE P, and E: It —* O be a local map suchthat c(po) = 0. Titen
tite differential (4 itas a nepresentation

w~= (w4 +v4<+v4c2+...)de (i 1 y).

Considervectors

w,. = (t4, . . . , uf~) (si =1,2,...).



Periodic solitonsasid real.. 279

Consideralsoa meromorpiticdifferential O. on 1’, witicit is itolomorphic
on P — p~, itas a representation

ide
Zaúcide

and sucit titat

1Gb (h=1 y).
Titeseconditionscompletel>’ defineaú E 0. It is possibly to provetitat

aíj = ají.

Aix algebraic-geometnicalr-functioui is

z2,...) = expj— >3 aúzízj}O(Z z
1w1+ A ¡

ij=1 i=1

where A E C~.
Solntionsto a~lot of important equationsof matitematicalpit>’sics

can be expressedb>’ za = luir. Consider fon exampletite equationsKP

(Kadomtsev-Petviashvili),whicit describewavesun plasma.

= 81[83u — ~¡6uO1u + Oj~u)] KP1

3 1
= 8~frJaii — —(6ú81ii+ &jki)], KP2

4

where O~ =

1. M. Kricitever provedtitat

Z2,za) — 28
2za(zi,Z2, Z3,0,0,...)

la a solution of KP1 and

i¡(zl,z2,za) = u(zi,iz
2,zs)

is a solution of KP2. Tliese fuuictions u and u arecomplexmeromorpitic

functions. Fon ph>’sics applications,itowever, it is necessar>’that u and
£¿ will be real and smoothfunctionson (zi, Z2, za) E R

3.
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3. Ir 1988 13. A. Dubrovin andme proved [5] titat tite functionsu
andu are real(on R3) ir andoid>’ ufP is a realalgebraiccurve ande, A
satisfr sorneadditional conditions.

Jet usdescribetiteseconditions. Let (P, /3) bea realalgebraiccurve.
Titis meanatitat fi: P —* P la aix antiitolomorpitic involution. Tite lix
points of fi form aset Re(P,fi) of realpoints of (P, /3). It disintegrates
on le =y + 1 simplecontoursao,.. . ,a~..1. We supposethat po E ao.
A local map E : V ~-.* O is called real if ¿/3 = ~. A diferential w is
called positiveon a ir w = ¡(4<1<, witere £ is real and¡(It rl a) cE R,

¡(‘Irla) =0.
Tite involution fi gives aix antiitolomorpitic havolution /3j : J —* J.

Tite fixed points of tite involution fij form vn —

2k—í toni
6k1 (c~ = 0,1).

Tite Abelianmapgives aone-to-onecorrespondeixcebetweenpointsof

anda set of divisors D E P~ sncit that a set a, rl D contains

si~ c¿ (vnod2)

points.

Theorem[5]. Tite ¡unclion u(zx,Z2,zs) la real on R3 i¡ asid mUy 1)’ tite

e te a real local map and fijA = A. It it smootitif ami ortly if le = y + 1
andAE4dTx O.

A localmap c is calledimaginar>’ ir a = —& Tite fixed points of the
involution —fi.¡ form m — 2k1 toni ~ 6*..q (6~ = ±1). Tite Abelian
map gives aone-to-onecorrespondencebetweeixpointa of iBi,...A*.i and

a set of divisors D E pg sucit titat D + rD is tite divisor of zerosof a
itolomorphic diferential w, whicit la positiveon ao and has a siga ~ on
a¿.

Theorem[5]. Tite fusictionu(z
1,Z~, za) it real oit R

3 if arid only if tite
e it att irnayinarij local map ami rjA = —A. It le emootit if asid only if

P\Re(P,r) le non consiectedasid A E 4d1x 1).

4. Fon calculationsb>’ titese titeoremsit la necessanyto find tite
matnix B, tite vectorstu,. andtite aix. Fon arbitrar>’ Riemannsurfaces
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this is Scitottky’s problem,whicit hasnot now eflectivesolution. But ha
1987A. L Bobenko[2] fornid ametitodof calculationE, VV,.,a11 fon real
algebnaiccurves,whicit wasbasedon classicalresultsof W. Burnside[3]
audH. F. Baker [1] andmoderixresultsof tite titeor>’ of Fuclisiangroups

161.
Let Obe aSchottk>’ groupon lic CUco witit generatorsal,...

witene — —

= si,.
a».z—A,. z—A,.

such titat P = li/O. Put us

O/On={a=o~...atiik#tt}

and

Om\O/0n{00/OnIii#vnl.

Considertite series

= oW,n\G/Gn In{.Bm.Am, aB,~,«A,.}

witere (zí— za)(z2—24

)

1 Zfl Z2,23, = (zi— Z4)(22 — nf

One can prove [1,2,3], titat ifA,., B,,,p,. E R, titen ~ < oc and

11
= ~ 1 >3 ln{Bm~Am~OBn~CTa4n}+6rnnlnPj)~

\ocGn\G/Gm

4. = >3 ((«A¿)».— (aB¿)».),
oEG/Gn

a11 = >3 c
2,

o~G\1

witere
az+ b

«2=
cz + <1

Tite involution z ‘—~ ~ gives aix involution /3 : P —. P. One can
prove [21 titat titis canstructiongives alt realalgebraiccunes (P, 4 for
OH = H witereH = {z E 0 ¡ ¡ritz > 0}.
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Titus 1’ = O Jg is a Fucitsian gronp with a standards>’stem of

generators{ax,. .. , ag}. Sets of nmnbers jA,., B,.,ji». si = 1,... ,
whicit cornespondto sucit a s>’stemof generators,werefound un [6].

Titus we describeascitemeof calculationof all algebraic-geometnical
pitysical solutions of KP-equations. 1. M. Krichever proved that titese

solutions approximatealí quasi-peniodicalsolutiouisof KP. In ¡7,8] an
analogousmetitod itas beenusedfor an integration of two-dimensiouial

Scitroedingeroperators.
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