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Abstract

A nonreducedorderof a ringA is asubsetosatisfyingu) a+a c
a, u) a a cE a, iii) .~& U a = A (without an>’ restriction on
—., rl a). The purposeof this paper is to organizetitese objects
into a topologicalspaceor spectrum,to show relationsto existing
concepts,to analyzesorneexamples,and to motivateour inquiry.
by questuonsof multiplicity.

1 NonreducedOrders

Tite concept of order in a fleid and its generalizationsto connnutative

rings play a central role un real algebraicand semialgebrajegeometry.
Titis paper studiesanothersuch generalization, titat of a siosireduced

o,-rler of a ring. (By ring we understandwithout further mention com-

mutative ring containing 1/2.) Tite nonreducedorder seemsto be tite
weakestpossiblenotion of lolal arder in a ring titat is compatiblewith
tite ring structure. E>’ titis we meantite following: eacittotal order 011

a ring A is determinedby tite subset a consistingof elementswhicit
arenonnegativelix tite order. (We freel>’ use tite singleterm “order” or

moreexplicití>’ “nonreducedorder” to refereititer to titis subsetor tite
relation > inducedon A accordingto b > a if and oní>’ uf b — a E a.)

TitÉ nonnegativeconeshould itave someobvious properties. It should

be closed underaddition and multiplication andcontain all squares.un
otiter languageit sitould be a “quadratic semiring” or “preordering’.
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Also for tite order to be total it is necessarytitat —a U a = A. Witat

seemslessobvious la titat titeseconditioixs alone suificeto give aix inter-
estingclassof objects. Thepurposeof this paperis to supporttitÉ clairn
by introducing a correspondingspectrum,sitowing relations to existing
concepts,analyzingsorneexamples,andmotivatingour inquiry 1»’ ques-

tions of rnultiplicit>’. (Althougit the unadornedten» “order” itas otiter
usesun ring titeory, our use itere is distinct enoughto be unambiguous

evenuf we omit the qualifler “sionreduced”.) If we were to requireafro
titat tite elementsorder-equivalentto O (titat is, witicit areboth > O and

=O) form aprime ideal,wewould arriveat tite conceptof primeconeor
prime orderingandtite relatedfundamentalnotion of the realspectrum
of a ring Specr(A) [2]. However, our aim is to stop sitort of titis witit

tite following weakerdefinition.

Definition 1.1. An order of a ring A is a subsela satisfyisiy

a + a cE a
u) a cE a

iii) —a U a = A.
We note titat propertiesu) and iii) togetiter impí>’ titat a contains

the squares. Ihe book [3] surveysa numberof spectraassociatedwitit

orderedstructuressucit as tite Reirnel spectrumfor F-rings.
It is often convenieixtto regardA itse]f, whicit satisfiestitesecondi-

tions, as tite ivnproper order. AIí otiter orderswe considerproper. It is
easyto seetitat aix order la proper if and only uf it doesnot contain-1.

Tite supportof aix ordersupp(a) is tite ideal —arl a. Wecail elementsof
titis subset“order-eqnivalentto 0”, apropertywitich we indicateby -‘a O.

Tite term “nonreduced”refers to tite quotientring A/supp(a), which ha
general coixtauna nilpotents. However, ir a is aix elemeixt of tite real

spectrumtiten titis ring is reduced. Thus, a moreaccurateterm would
be tite (absurd) “not-necessaril3í-reducedorder” accordingto witicit tite
real spectrumis the snbsetof prime orders. Tite order spectrumof A,

denotedb>’ Ord(A), is the set of properordersof A.
We equip Ord(A) with tite ordinarij topology using the subbasisof

principal basic closedseIs of tite form

{a ¡ a E a,a a properorder }

for a E A. We understandconstructible seta to be membersof tite

algebra of sets generatedby the principal basic sets and freel>’ define
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sets it>’ inequalities according to {a =O) = {a ¡ a E a} and {a >

01 = {a ¡ a E a, a ~ —a). We note that titere is a certain danger
un becoming too comfortablewitit tite inequalit>’ symbolismsincehere

a> O andb> O do not impí>’ ab> O but on]>’ ab > O. Howeveralgebraic
operationsrespectun a familiar sensethe weaksiyns =O and <O.

We afro itave tite finer cosistructible Iopolog~ for witjcit tite con-

structiblesetsforma subitasis.It is easyto seethat constructiblesetsare
flniteunionsofsetsoftiteform {fl = O,...,¡».= 0,y~ > O,•~•,y~> O).

Titis is tite simplest forrn un the order spectrumas opposedto thereal
spectrum,whereseveralequalitiescanbereplacedit>’ a singledegenerate

equality But un general,

{¡2 + y2 = O} = {¡2 = ¡y = y2 = O} # {¡ = y 0).

Open constructiblesetsaredefinedas finite unions of sets of tite forrn
> O, ~, ¡,,, > 0) andclosed constructiblesare finite unionsof sets

of tite form {f’ =0,•..,¡~ =01.
Wity stud>’ nonreducedorders? Qur motivation is to obtain intrin-

sicail>’ semialgebraicnumericalattributesof points,sets or functions by
using information residing lix nilpotent elements. Crudel>’ put, un the
stud>’ of varieties we know itow to distinguisit tite equationsz = O and

= 0. Wewish, at tite very least,to give analogousdustinctionsin’tite
study of inequalities for distinguisiting a’ =O and a’3 > 0. Iii algebraic

geometr>’we start witit algebraicdatasucit as tite coordiixatering A(V)

of aix affine variety y• From titis we strive to derivegeometricinforma-
tion. Tite ke>’ device of tite modern abstractapproachis to assemble

directí>’ ftom A algebraicail>’ defined imagesof y witicit articulate y
for different purposeswitit var>’ing degreesof explicitness. Here, titere
are man>’ possiblecitoices: prime spectra,maximal spectra,real spec-

tra, valuation spectraetc., eacit dependingupan whicit featuresare to
be brougitt unto view [6]. In tite samespirit, un defining nonreducedor-

dersandassemblingtitem unto tite order spectrnmwe makeyet anotiter
decision about itow mucit and witat soft of algebraicinformation is to
be recast ha geometrieform. lix titis we itave un mmd a kund of bose

comparisonwith tite situation of acitemes,witich itas both positive and

negativeaspects.
Weknow from complexgeometrytitat it is important to studyscitemes

botit asgeometricobjectsandasobjectsequippedwitit certainalgebraic
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data. Tite latter point of view distinguisitessetswhicit aregeometricalí>’

tite sainebut witicit differ significantí>’un tite datawiticit definetitem and
is vital for assigningnotions of multiplicity to subsets. Onedevice for

this is tite closedsnbsciteme[6]. lix titis approachthe underlyingsetscan
be tite samebut areequippedwitit different siteavestitat reflect duifer-

encesm tite definingalgebraicdata. Ifwe wereto view V as notjust tite
set of its points but as tite set of its closedsubscitemes,we would sitift
our attention from the set of prime ideals of A to tite set of ail ideals.

Titis set is probabí>’ too large ha most situations to view geometricalí>’.
Theideaof theclosedsubscitemeamountsto takiixg theseoneat a time,

foregoingfurtiter geometrizationby usingonly primeidealsas pointsand

retainingother information un algebraicform un tite associatedsheaf.

lix contrast,and somewitat ha tite face of titÉ warning example,we
proposeenlarging the set of real points. We are emboldenedto take
titis step for several~reasons. First, in specialcasestite order spectrum

appearsto be aix interestinggeometricobject. Second,un tite realcase,

whicit requiresinequalitiesas well asequations,tite naturalcounterpart
of tite set of alí ideals seemsto be tite complete set of preorderings.

Hence,our notion of order spectrumseemsto itave no obviouscounter-
part un tite caseof scitemes. lix fact, for ver>’ simple rings it is possible

to geometrizeah preorderingscollectivel>’. However, for rings of geomet-
nc interest titis set is typically buge,even grossly inLiute-dimensional.

Finalí>’, continuingto reckoix size, tite order spectrumgives us instead,
surprisingl>’small objectsof intermediatesize. Wewill fluid titat Ord(A)

itas anatural fibration over Spccr(A)and,againcomparingwitit affine
scitemesand ideals, titat we aregeometrizinga set related to a itigitl>’

restnictedsubsetof tite ideáisof A.

First we developsornealgebraicpropertiesof Ord(A). Titen, to fix
onr ideas,we usetitesepropertiesun sections3 and 4 to determineand

anal>’zesorne simple orden spectra. Section 5 gives mainl>’ topologi-
cal results,especiall>’relating tite order spectrumto tite realspectrum.
Section6 tneatstite specialcaseof finite dimensionalalgebrasoven tite

reals.
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2 Algebrale Praperties

Definition 2.1. Ifa asid fi are orders asid a cE /3 liten me sayfi la a
specializationof a asid a ja a gesierizationof /3. Ifa, b E a asid a’ E A

asid z(a+ b) E q =~. za,a’b e q, thert q is att a-absolutely-convezideal. 1f

a cE /3 asid a(/3) > O liten a(a) > 0.

Theorem 2.2. Leí a be a sionreducedorder of A, q = supp(a) asid

p=r(q). Thesi:

i) If ab E q Ihesi a2 E q or b2 E q. Itt particularp la prime.

u) q la att a-absolutely-convea’ideal.
iii) fi le a proper order eztesidir¿ya lf asid ottly lf Itere ezisísa proper

a-convezideal, 1, such thai fi = a + 1 ami supp(/3)= 1.

iv) Tite set of siosireducedordera eztendittga la linearly ordered by
isiclusion. Tite support of a ja tite amallesía-cosivexideal. There¡ore
It ere la a one-to-osiecorrespondesicebelmeena-cortvez ideale asid ape-

cializatiosis of a.

y) Tite furtetion

~: a —> a + p

rnapsOrd(A) lo Specr(A) asidinducesa .tibratiosi ofOrd(A) overSpecr(A)

by trees of nortreducedorders partially ordered by isiclusiort.
vi) «~) ja tite svnallestelevnesitof Spec,.(A)cositaisiisiga.

vii) If A la Noetiterian titesi Ord(A) salisfies att ascesidiny citaisi

cosidilion.

Prao?.

u) II ab E supp(a) titen by replacinga or b by —a or —b uf ixecessar>’,

we cansupposetitat a and b E a. Titen, sincea is total, by permuting

tite roles of a andb if ixecessar>’we can supposetitat a — b E a. Titen
ab~b2E.,~—b2Ea--abcEa+acEa. Henceb2e—arla=q.
Hence if ab E q then a2 E q or b2 E q. Now supposeab E p. Titen

akbkeq*a»C Eqorb2kEq*aEporbEp.
Ii) If z(a + b) E q titen sincea is a total order we can assumethat

z E a. Then za,zb, —za— zbE a ~.—za,—zbE a =t za, zb E q.

lii) Supposea cE fi. Titen set 1 = supp(/3). 1 is certainí>’proper. If
b E /3 \a titen b E —a cE —/3 =*. b E supp(fi). Titis showsthat /3= a + 1.

To seethat 1 is a-convex, supposethat a > b > O relativeto a and
a E 1. Titen titeseinequalitieshoid un fi and supp(fi) is fi-convex. So,
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b E 1. Conversel>’, it is elementar>’ titat a + 1 is aix order. Clearí>’,
1 cE supp(a+ 1). For the reverseuncínsion,supposez E supp(a+ 1).
Titenz=a+a’and—z=b+y,witerea,beaanda’,VEL Hence

a + b E ¡ and by convexity a,b E 1. Hence, supp(a±1) ~ 1. Ir

particular, a+ 1 is proper.

iv) If/3 andfi extenda titen firifi is also aix order. Suppose,seekinga
contradiction,titat fi\fi andfi\/3 areeacitnonempt>’,containingelements
b and b respectivel>’. Titen —b E fi and —b E /3. Henceb — b E fi and
b — b E fi. Pennutingtite roles of /3 and /3, if necessany,we can suppose

titat b — b E fin fi cE fi, witicit implies b E b + fi cE fi, a contradiction.

Hence, at least one of fi \ ¡3 and fi \ /3 must be empt>’, that is, eititer

fi cE flor /3 cE fi.
y) Let fi = a + p. We show titat p = supp(/3). It is obvious titat

p cE supp(fi). To establish tite reverseinclusion supposea’ E supp(fi).
Thenx=a+r=—a’ —y’ witerea,a’Eaandr,r’Ep.Hence,a-i-a’ep.

Titis ixnplies (a + a’)” E q, witich it>’ a-convexity of q sitows a” E q and

hencez E p. Titus supp(fi) is prime and /3 belongs to Specr(A). If
y E Specr(A) and a c &‘(‘y) then it>’ property iv) tite set of orders
containing a is linean>’ orderedb>’ inclusion. This gives Ord(A) U {AJ

tite structureof a treewith root tite improperorder.

vi) Ifa cE /3 E Specr(A) titen

a +p cE /3 + radical(supp(/3))= /3.

vii) II A is Noetiterian titen by propert>’ iii) extensionsof a require
extensionsof supportwiticit satisf>’ tite citain condition.

As is usual iii tite caseof spectra,homomorpitismsof rings con-
travariantí>’ inducemappingsof order spectra.However, part u) of tite

following showsthat fon surjectivemappingstite direct imageof anonre-
ducedorder is againanorder with tite caveattitat it could he improper.

Theorem 2.3. If~o : A -~ B ja a itomomorpitlarn titesiz

1) so’(Ord(B)) cE Ord(A);
u) I¡ ~ la surjeclive titen so(Ord(A)) cE Ord(B) U {B}.

Proa?.
i) If /3 E Ord(B) titen a = p—’(/3) is a snbseminiixgof A. Also

A = sotB) — <‘(—/3 U fi) = íp$—/3) U <‘(/3) = —a U a. Ifa were
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improper then —1 e a would impí>’ p(—1) = —1 E fi couitradictingthat

/3 is proper. Hencea is a properonder.
ji) If a E Ord(A) titen fi = cp(a) is a subsemiringof E. Afro,

fi = ‘,o(A) = so(—a U a) = so(—a)U so(a) = —/3 U /3. [¡ence fi is aix orden,
possibly improper.

The functor Ord itas ver>’ simple beitavior with nespectto direct

sums.

Proposition 2.4.

Ord(A e fi) = {Ord(A) e B} U {A @ Ord(B)}.

Prao?.

If’y e Ord(A e E) then (—1,1) or (1,—1) E -y. II tite former, then
(~t,1)(1,O)2 — (—1,0) E y. By titeorem 2.3 Li) tite projection ui-~’y

on A is aix arder, un this caseimproper, that is, r1-y A. Similarí>’

= fi E Ord(B) U {B}. Also, tite squares(1,0) and (0,1) E ‘y whicit
implies A e fi cE y. Since -y cE A e /3 cE ‘y we concludethat ‘y = A e fi.
PinaIl>’, if ¡3 were improper titen ‘y = A e fi would be improper afro,

contrar>’ to itypotitesis.

Next, our mainconcernis to sitow that variousopenationsaix proper

arderslead again to proper orders. By an ordered risiy we meana~pair
(A,a) consistingof a ring A andanelementa of Ord(A).

Definition 2.5. Leí (A,a) ami (B,/3) be ordered risige. Leí so: A -~ fi
be a riny itomovnorpitlam. Define /3”, tite contraction of /3, lo be so~(fi)
asid a

t, tite ezíensionof a vio ~o,lo be tite semirisiy itt B generatedby

so(a) asid tite equaresitt fi. If’p la surjectivetiten at = so(a).

Proposition 2.6. Leí (A,a) ami (fi, /3) be orderedrinys. Leíso : A —* fi
be a surjecliverisiy homomorpitism.

1) I¡ (A, vn, a) la a local orderedring asid vn la a-conveztiten a” la a
proper order.

ii)fi=/3<0.
u:) ¡¡ ker(so) C a titen a = aa”. In addilion, Ifa le a prime order

titen at la aleo prime.
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Proa?.
u) Suppasethat —1 E ae. That is, —1 = so(a)for sornea E a. Hence,

0= so(l+a). Ifa Emthen 1+aisaunitandso(1)=0, acontradiction.

Ifa ~ vn titen 1+a ~ tu bycanvexity. So 1+ais aunit andagain

so(1) = 0.
u) Tite proof is elementar>’.
ni) Clearí>’ a cE a””. Now, Iet a’ E a””. Titen y = so(a’) E a”. Titat

is,ytxzy(z~)forsamea’/~a. Since~(z~a’~)=0,a’~a’I Ea. Hence
a’ E a. Supposetitat eupp(a) is prime and titat zy E supp(a”). Titen
titere exist a and b ha A sucit titat so(a) = a’ and so(b) = y. Hence

ab E supp(afl = supp(a), witich implies titat eititer a E eupp(a) ar
b E supp(a). [¡ence, supp(cé)is prime.

Proposition 2.7. Leí (A,a) be an ordered ring asid 2’ a multiplicative

set in A. Define ar itt Ar as

a

aEa ¡orsovnetET}.

Titen
i) (AT, ay) la ah orderedring and 4 = {b 1 U2 E a ¡or sorne 1 E

T}.
u) Define iy: A -.. Ay by a -. ~. Titen iy preservesorder.

ni) ¡¡2’ rl r(supp(a)) = 0 titen ay is a proper order provideda le
proper.

iv) ¡si particular, hp = r(supp(a)) and in 4 ye defineap := aA\p
titen ap is a proper order of A~ provideda is proper.

Proa?.

1) ay is clearí>’ closedunderaddition andmultiplication. Ta seethat
it is total, let ? E Ay with a E A and ¿ E 2’. Then eithen a E a ar
—a E a and tEa or —t Ea. [¡ence E ay an —úi E ay.TiteeitheA
identification of 4 is straigittfarward.

u) If a E a then ~ E ay.
¡u) Suppase—1 E ay. Titat is, —1 = witere a E a and 1 E 2’.

Titen ~ E a, witicit implies t E r(supp(o)).

It sitould be clear by naw titat considenatianof Ord(A) leads to
rings containing nilpotents. More precisel>’ we are led to an interesting

natural generalizatianof tite ordered field le(a) intrinsicail>’ associated
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to eacit point a of tite realspectrumof A. For a prime orden, le(a) is

tite quotientof the localizationof A at the prime ideal p = supp(a) by
tite image of p, orderedby tite image of a. In tite caseof a nonreduced

ordenwe let q = supp(a)andp = r(q). Then, since p is prime,we can
fonm A(a) = A,,/qAp. If A is Noetiteniantiten it is easyto seethat this

18 an orderedArtinian local ring. Up to isomorphismtitis is an ordered

extensionof aix ordenedfield 1»’ a finite numberof nilpotents. Titis is tite
motivation for onr studyof finite dimensionalrealalgebrasun section6.

3 Examples

Here are thnee examples.Eacit is a titree-dimensionalalgebraoventite

reals.

Example 3.1. A = R[a’1/(a’3) ~ {a + b¿ + c.~3 ¡ ¿~ = O, a, b, cE Rl.

Ord(A) is finite. Tite realspectrmncontainsasinglepoint witich can

bedescnibedvarionsí>’ as ja =0} or R=O+ (¿) or (regardingelementsof
A as ‘quadratic functions’) as {¡ ¡ ¡(0) =O}. Tite nilpotent element¿ is
necessaril>’infinitesimal in tite sensethat R~> +¿ witit respectto aix>’

properorder. To seetitis, suppose,to tite contrar>’, titat ¿ — r> O where
r> 0. Then, sincein aix>’ order¿2+r¿+r2 =0, we infer ¿3—r3= —r3 > O

whicit implies titat tite orden is improper. The fuil order spectruinitas
five members:

{a=O}

ja> 0}U{a=O,b= 0} ja> O}U{a= 0,b=O}

{a> O} U ja = O, b> O} U ja = b = O, c =0}{~> 01

U{a = O, b < 0} U ja = b = 0,c =0J.

Titesenonneducedondersaredeterminedby tite siga of ¿ and it>’ tite

lowest of its powerswitich is order-equivalentto O. At tite top level ¿
is order-equivalentto O and the support is the prime ideal (a’) . At tite
secoixdlevel ¿ itasa siga and¿2 is order-eqnivalentto O. At tite bottom

level ¿ has a siga and¿2> 0. Eachof titeseordersis minimal witit sup-
port O, witicit precludesan>’ propersubsetfrom beinga total order.
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Example 3.2.

A = R[z,y]/(a’, y)2 ~ ja + b¿ + ~ ¡ ¿~ = = ,~2 = 0, a, b, cE R}.

llene again we itave a single point ao un tite real spectrum, witicit

can be describedas R=O+ (¿,r~) or, regardingelementsof A as “affiixe
fuixctions”, as {¡ j ¡(0,0) =0}. Tite squaresare E = ja > 01 U {O}.

Morenvertite multiplicative structureis soweak titat en>’ extensionof E

by a convexconen un the planea O is a subseminingof A. II K is tite

union of aix openitalf-spaceun titis planewith oneof the closeditaff-ra>’s
on its bouixdar>’ titen titis extensionis an order a. Since —a rl a = {0J,
titis order is minimaL Extendingtite boundar>’ra>’ to tite boundarylime

gives a larger ordenendaix>’ furtiten extensiongives tite primeordening

ao. This exhanststite possibilities. Parametenizingtite italf-spacesby
S’ (usetite innen nnit normal) witit the binar>’ citoice of boundar>’ ra>’,
tite minimal orderscorrespondprecisel>’ to oniented basesfor R2, or
tite ortitogonal group 0(2). Wc titus obtain tite followingdiagram fon

the order spectrumwitich, ordering elementsb>’ inclusion, becomesa

one-dimensionaltree.

ao

Si

0(2)

Tite ring A obviously admits tite action of 0(2) azuleacitbrancitof
tite treeis equivalentmodulo this action to

{a =(4 D {a > O} U {a = O, b ~ O} D {a > O} u {a = O, b > (4 U {a = b = O, c =O}.

Let a » b (a is inñnitel>’ larger titan b) meen that for all .>. E

a+ >b> 0. Titen titis order itas aix alternatedescniptionun termsof tite
relations ~‘, infinitel>’ larger titan, and r~ 0, order-equivalentto O, ha

whicit tite siga of eachelementis precisel>’ determinedby tite indicated
relations.

ji » a’”.’ yr.’ O} 2) jI » a’ 2> y”.’ 0} 2) {1 » a’» y 2> O}.

Example 3.3. A = R~ R@R where R is real closed.
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By proposition2.4on direct sumstitere are onl>’ titreeorders:

R=OeRSR,ReR=O@ RandR e~e R=O.

Ir this casetite order spectrumcoincideswith tite realspectrnm.

4 The AugmentedLine, Ord(R[x])

We recail [1] titat the realspectrumof R[z] witere R is tite fleld of real

numbensSpecr(R¡a’]) consistsof
(1) zero-dimensionalpoints, witicit are maximal orders having tite

fonm a = {f ¡ f(a) =0} for eacit aE R,
(2) two infinita points

±oc= j¡ 1 ¡(±z)=O for all a’ suificientí>’ langeandpositive}

(3) one dimensionalitalf-branchesa~ (&) = {¡ ¡ ¡(z) =O on an
openinterval containinga as left (rigitt) endpoint}.

Tite ordersa±and +oc are minimal nonreducedorders since the>’

itavesupport {O} witicit implies titat no smaller pneordeningcan be to-
tal Tite infinite points are also maximal propenin tite sensetitat aix>’

enlangemeixtgeneratestite impropenarder R ¡a’]. Titese, togetiter witit
tite impropenordenR[zI, can be assembledunto tite following diagnam.

R [a’]

—oc a +oc

a

Specr(Rlx]) U {R[xI}

Tite real spectrumis, of course,a subsetof tite order spectrumbut

titene are man>’ morenonreducedorden. HereSpecr(R[z]) will fonm a
kind of exoskeletonfon Ord(R[a’1). Wc proceedto determineall nonre-
ducedonders. Let a be aix>’ propennonreducedorden. Titen a is con-
tained iii at least oneprime orden fi. If fi is minimal titen a = /3 so it
suifices to consider/3 = a Titen it>’ theorem2.2, fi \ a cE —/3 rl /3. Since
acE/3Weitaveafi\(fi\a) 2)fi\(—/3). Hencea2){¡¡f(a)>0}.

Titus a containselementsnegativeat aix>’ point of R otiten titen a and
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cannotbe containedha any ordenb# & 13>’ titeonern2.2, supp(a) is aix

ideal witit prime radical un R[z] witicit is convexwith respectto a and
itencewitit respectto thepreorderconsistingof titesumsof squares.lila’]

is a PID in whicit tite only primes are linear andirreduciblequadnatic.

Tite qnadraticsdo not give convexideals,so tite onl>’ convexidealswitit
prime radical are (0) ¿md (a’ — b)”’ andtite onl>’ idealsof titÉ form possi-

ble un a are (0) and (a’ — a)”’. We itave airead>’classffiedtite caseswitit
support (0). So we can supposetitat {¡ 1 ¡(a) > 0} + ((a’ — a)”’) cE a
witerevn is minimal. Sincea is total, eltiter a’—a or a—a’ E a. Ifa’—a E a
then aix>’ elemeixt¡ of a±is either¡ = O or titere is a positiveconstant

c suchtitat ¡ = (a’ — a)”(c + (a’ — a)g) cE a. jf ¡ ¡(a) > 01 cE a~ a cE a.
un eititer case¡ E a, titat is, a+ cE a. So a+ + ((a’ — a)”’) cE a. But
a~ + ((a’ — a)”’) is a nonreducedorden B>’ theorem2.2, if ¡ E a\

(a+ + ((a’ — a)”’)) titen ¡ E supp(cx)= (a’ — a)”’, whicit is a contnadic-

tion. Hencea ~a+ + (a’ — a)”’. The caseun whicit a — a’ E a similarí>’
leadsto a =& + ((a’ — a)”’). This completestite identificationof nonre-

ducedorders. These,consideredas points of a geometnicobject, all fit

togetiter un a diagramwiticit elaboratesthe pnecedingdepiction of tite
realspectrum b>’ interpolating fon eacit a E R tite ixesteddiscretecitains

of nonreducedordersa±+ (a’ — a)~>~, vn = 2, 3... hetweena±at tite
bottom and a at tite top.

R[x]

—oc a +oc
a + (a’ — a) = a — a~+ (a’ — a)

a

Ord(R[x]) U j114x]}

It isinstructive to examinesornesimplesemialgebnaicsetsun Ord(R[a’]).
Tite algebraicsets {a’ = 01 and {a’

3 = O} arequite differeixt, tite fonmer

consistingof O witile the latter is:
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0 + (a’) = O — 0~ + (a’)

0 + (a’)
3 0~ + (a’)3

{x~ — 0} cE Ord(R[x]).

Similarí>’ tite setsmentionedun the introductionas acrudeparadigm,
ja’ =0} andja’3 =01; aredifferent. Lessobviousis titat tite setsja’> 0}
and {a’3> 0} also aredifferent becauseof differenceswith respectto tite
nonreducedorderswitit one-dimensionalsupport. lix fact

{z> O} = ja’3> 0} U {0~ + (x)2,0±+ (x)3}.

It is evident that Ord(RIa’]) contajuissufficient structuneto count

multiplicities. We illustrate titis by using it to give a kind of semial-

gebraic interpretationof counting tite zerosof a single real polynomial
¡(a’).

Theorem 4.1. Given ¡ E R[a’J vihere R te ihe ficíd of real numbere,
let pQf) be tite siumber of real zeros of ¡ consitedwithout multiplicity,

v(f) tite numberof real zeros countedwith multiplicity asid T(R[a’]/f)
the tree of nosireducedorders of Rfa’]/(¡) isicludiny the improper order.

Titen tite widtit ofT(Rja’]/¡) is 2p(¡), asid tite cuy of tite lesiyths of tite
brasichesla 2u(¡).

Proa?. Titis follows ftom tite action of Ord on direct sume ¿md tite
following.

i) T(R[a’]/(a’ — a)”’) consistsof a two brencitesof lengtit

u) U ¡ itas realzerosa’j witit multiplicity mj titen

where T(R[z]/g) is tite trivial treecoixsisting of tite root {R[a’]/y}.

iii) If ¡ andy itave no zeros un common titen it follows from propo-
sition 2.4 that

T(R[a’]/f y) T(R[a’]/¡ ~ R[a’]/y)

is obtainedb>’ t>’ing togetitertite trees2’(R[a’J/¡) andT(R[a’]/g) at titeir
roots.
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5 Topological Properties

Wc continuetite developmentof topologicalpropentiesbegunun Section

1. Man>’ propertiesof tite order spectnumparallel titose of tite real

spectrumdosel>’. lix fact the pnoof of tite following is venbatim from
Becker’spapen111 it>’ usingtite pneviouslymentionedcitangeto > O, < O
and = 0.

Proposition5.1. Let a,fi E Ord(A) wuth tite ordinary topoloyy. Titen

i)/3E{a}iffa§fi.
II) a,fi can be separatedby openseis 1ffa ~ /3 artdfi~ a.
tu) A proper order le contained itt a unique mazimalproper apecial-

ization.

iv) a is closed1ff a is a mazimalproper order.

The nelationsitip betweenOrd(A) aud Specr(A) is first establisitedun
titeorern 2.2 via a mapping,4>. Titis is, 4> : Ord(A) —. Specr(A) witicit.
mapsa to its minimal primespecializatioix,a+ r(supp(a)). Note titat

[¡ence,

Titis is not, in general,open un tite ordinan>’ topology. However, it is
closedun tite constructibletopology sinceits complemeixtis

ja =0} U {a> 0, a2 =O} U ja> 0, a2> 0, a3 ~ O} U”~.

Similaní>’, 4>1(a =O) and &~‘(a = 0) are not ixecessarilyclosed ha
tite ondinar>’ topology but they are, un fact, openun tite constructible
topology. Hence,4> is not ixecessarilycontinnous un eititen topology.
However,we do havetite following.

Proposition 5.2. 4> la a closed¡unction tvith respectto tite ordinarij

topoloyy.

Proof. Let F C Ord(A) be a closedset. Let a E 4>(E)\4>(E). As en
elementof Ord(A>, a ~ E, sincea = 4>(a). [¡ence un Ord(A) titere
existsabasicopenset, U = jai > O,”’,a,. > 0} sucit titat a E U aixd

UrlE = 0. In SpecdA),let U := {aj>_0<.••,a,.> 0}. Titen a E U,
which is openin Specr(A). Sincea E 4>(E), Url4>(E) # 0. Titat la, titere
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existsfi E E sucittitat 4>(fi) =:fi E Url44F). [¡ence, a1,~ . . ,a». E /3\—/3.

Inparticular,ai,..,a,.E/3\—/3. Titatis,/3EUrlE. ButUI1E=0,
a contradiction.

Note: 4> is not aix open map. ¡ix R[z], 4>(a’2”~’> O) = {z =0} Vle =O.
It would be iixterestingto know witen imagesof constructiblesetsit>’ 4>
areconstnuctible.

Propasition 5.3. Let 4, A -. E be a itomomorphism. Titen 4, itt-

ducesa cotttinuouemappiny,4’ : Specr(B) —+ Spec,4A) witich lifle to

a continuousmapping, 4, : Ord(B) —* Ord(A) sucit thaI tite diayram
commuíes

Specr(B) =~ Spec~A)

Ord(B) Z Ord(A)

where i, tite inclusion map, ja contisiuous.

Proa?. Tite map 4,~ : Ord(B) -.—. Ord(A) la siso definedas 40(/3) =

fie To see titat 4, is contiixuous it is straigittforward tliat a E fiC\ —

0,..., 4,(a~) > 01 and coixtinuity follows. Titat tite diagramcommutes

and 1 is continuousare elementar>’.

U tite ring itomomonpitismis surjective, titere is aix associatedco-
variantmap, witicit is deLied as follows. Let 4, : A —. E be surjective.
First, considerU = {a¡ a” is improperj. Titen U is aix open set. Fon

ir a E U titen titere exists a E a sucit titat ip(a) = —1. By coixvex-
it>’, 2a + 1 > 0, relative to a. This, togetitenwitit 4,(2a+ 1) = —1,
sitows titat a E {2a + 1 > 01 cE U. That is, U is open. Now, let
C = {aj a” is proper}. Titen C is a closedset,witicit we considerwitit
the relative topology. Define 4,, C —~ Ord(B) by 4,.(a) = a”. We
use titis map to recover a familiar principle exitibited by tite Zariski
spectnnm.

Praposition5.4. Let 4, : A —.. fi be a surjectivehomomorpitism. Titen
40 yives a canonical itomeomorphlarnof Ord(B) lo a closed.subset,K

o¡Ord(A), witicit mapaSpec,.(B) lo tite closedsetK rl Specr(A).

Proa?.Let K = {a¡Ker(4,) ~ a}. It isclased,since1< = ~~XQ«~) ja =

O}. Fnomproposition 2.6, K cE C. Fon, Ker(4,) ~ a Impliesa= a””.
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In particular, a” is propen. Now, consider4,. restrictedto K. Fnom

proposition 2.6, we afro see titat 4,(Ord(B)) = K, 40 o 4,. = idK,

4,. oip’ idOrd(B) and

bEa”\—a” ~ VaE4,’(b),aEa\—a.

Titis lastpropert>’is usedto shawthat 4,, is continuous. Titis establisites
tite homeomonpliism,since4,’ la continuous. Tite coixtinuit>’ of 4,. follows

from citeckingtite inverseof basicopensets, that is,

IP.

—{aCK¡e.z½{bx>O,...,b>>O}}=U{aEKIaE{aí >O,...,a&>O}}

witenetite union is over a1,• . , a¡~ E 4,’(bi),... , 4,’(b~) respectivel>’.

Titis is open un K and 4,, is continuous. Finail>’, proposition 2.6 also
guarenteesthat 40 mapsSpec,.(B)ontoK fl Specr(A).

Proposition 5.5.. Ord(A) wutit tite conhructible topoloyy la a Stone

spaceitt witich tite dopen seta are ea’actly tite cortsiníctible seta. Tite
consiructible seis are quasi-cornpaciitt tite ordirtarij topology. Att opesi
set is consiructible if asid only if it la quasi-compact.

Tite proof ha [2] proposition 7.1.12 carnesoven to this context ir one
eliminatestite requirementthat tite ordenis prime.

Proposition5.6. Leí a be att order inli[a’i, . . . , a’,.] suchthai divn(a) =

si — 1(itere dimensionmeansdivn(R[zi,...,a’,j/supp(a))). Thesi Itere

ezisis a prime order fi .suchthai divn(fi) = si asid /3 ~ a.

Proa?.Let -y be tite minimal primespecializationof a. Titen divn(a) =

dim(’y) and supp(-y) is genenatedb>’ aix irreducibleelementp sucit titat
p E a. Since a ~ -y it must be that supp(a) = (9) for sornele > 1.
We iixvoke proposition10.2.6from [2], witicit statestitat y is tite special-

izationof two distiixct n-dimensioixalprime ordens. Jet fi be the prime
orden inwitichp>0. We show titat /3 ~ a. Clearí>’, fi\(p) = a\(p).
So, let ¡ E /3 rl (p). Titen ¡ = gp”’ witerep does not divide y. Titen
y E fi. For othenwisey E —/3 would impí>’ that ±¡ E /3 witich, since/3 is
n-dimensioixal,wouldimpí>’ ¡ = 0. [¡encey E fi\(p) = a\(p) and¡ E a.
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The following examplesitows, contran>’ to tite specialconclusionof
this result, that a nonneducedorderneednot containaprimeorder even
uf tite ring is a domain. It also incidentail>’ illustratesthat tite forward

imageunderasurjectivemapof a primeordenneednot beaprimeorder.

Example 5.7. In R[a’, yj let abetiteprimeorder a = {p 1 p([—a, 0),0) =
O fon somea> 0> ¿md let fi be tite image of a undentite quotient map-

ping R[a’,yj -4 R[a’,.y]/(y2 — a’3). Titen theorem2.3 ensurestitat fi is

aix arder, possibly improper, of tite quotient ring. We show that ~, tite
imageofz,isnotin/3.IUE/3theixa’=a+y(y2—a’3)wititaEa.For

= O titis gives tite relation a’ + a’3y(a’, 0) = a(a’, 0) witich, b>’ tite defi-
nition of a, is impossiblefon a’ small andnegative. So /3 is proper. Now

supposetitat fi containsa prime order ‘y. Titen ~ ~ -y. [¡ence —~ E ‘y

and —ñ3 E ‘y. But in tite quotient ring ~ = ~ and henceis un ever>’

order. Hence~ E supp(’y),and since ‘y la aprime onderweanniveat tite
contradictioni E ‘y. Titus fi is a nonreducedordenof lila’, y]/(y2 — a’3)

containingno prime order.

6 Finite Dimensional Algebras Over the Real
Numbers

We now considertite casewheneA is a finite dimensionalreal algebra
witicit correspondsun geometr>’to a zero dimensionalreal vaniet>’ spec-

ifled b>’ an ideal of definition. We begin witit somestrong infenences

using argumentsfrom tite titeor>’ of convexity un R”’, witicit in titeir
simplest form apply oid>’ to tite real numbers f 4] and to no otiter or-
dered fleld. Choosinga vectorbasisfor A ovenR wecan identify A with

sorneRNequippedwitit an associative,commutativemultiplication. lix
this situation an>’ ordena must be a total convexcone, that is a con-
vex coixe satisfying—aU a — RN Altitougit, in general,titere are man>’

moresucit conestitan nonreducedordens,still thefollowing classification

showstitat tite>’ arenot too numenous.

Theorem 6.1. Leí a be a proper total cosivezcorte itt RN. Leí (.,.)

be a siosidegenerateinsier product. Titen Itere is a ee4uenceof le ~ N
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mutually ortitogonal sionzerovectoree1,e2 e~ such Ihat a la

{(e1,a’) > 0}

U{(ei, a’) = O, (e2,a’) > O}

Uj(ei, a’) = (e2,a’)... = (e~.1,a’) = O, (eh, a’) =0}

Proa?. Aix>’ properconvexconeun RN la containedun acloseditalf-space

j(ei,a’) > 0}. Titen a cE {(e1,z) =01im~lies

a = j(eí, a’) =0} \ (j(e1,a’) > 0} \ a).

Since a 15 total, titis implies

a 2) j(ei,z) =01 \—a 2) j(ei,a’) =O}\{(ei,a’) < O} = j(ex,z) > O}.

Titus, a lies between aix open half-spaceand its closure. Also, titis
half-spaceis uniquesinceif a containedtite union of two distinct open

italf-spacesit conld not be proper. Titis open italf-spacedeterminese1
modulo R~. Ifa is tite closedhaIf-spacethen a = {(e1,a’) =01 and

we are done. Otiterwise repeat this argumentinsude tite vector space

ortitogonal to e1 witit tite convex conewhich is its intersectionwith a
to determinethe next vector. Coixtinuing until tite processterminates
>‘ields tite requiredsequence.

We sitail refer to tite integer le as tite depth of the orden. Fon tite

stud>’ of exampleswe will representsuchordersit>’ citoosinga basis fon
A, identifying aix element witit its vector of componentsin Re”, and
using tite usual inixer product J¡ to measureortitogonality. We titen

canrepresentordersa un tite form

61 Ch .. CíN
62 e2l e~y ¡

or 1
Ckl
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This representationembodiesweak ixecessaryconditions fon a cone to
be aix ordenwiticit reflect oid>’ tite linear structure. [¡owever titere are
sornefurther necessar>’conditionstitat usetite multiplicative structure.

Titeorem 6.2. Leí

a=j~ }
be att order itt a fisiute dirnesisiosialreal alyebra. Leí ek±í,.. ., eJ%r flíl oní

att orlhoyosial lirteár basa. Then, for 1 =j =le, ej la orihogosial lo tite

ideal (ej±i, . . .

Proof. 13>’ induction on j. Witatever tite real pararnetersA2, ... ,

tite elementa’ = eí±A2e2+.. .+>~NeN satisflestite simplesttest fon strict
positivity, namel>’,positive inflen prodnctwitit e~. [¡ence for an>’ element

a tite weaksiga(=or =)of aa’ is independentof titeseparametens.Titus

(el, az) (aei, el) + A2(ae2,ei) + . .. + AÑ(aeN,el)

cannotassumebotit strict sigas. This la possibleoid>’ if

(ae2,el) = (aca,el) = ... = (aen,el) = O.

This implies tite casej= 1. Next, assunilngtite conclusionfor 1,2,...
1, we repeattite aboyeangumeixtwitit a’ = ej + A~+íe~±i+... + Ajgt~q.

13>’ ortitogonality.to e1, ... , ei~ andpositive inner product witit ej, a’

is stnictl>’ positive. 13>’ tite induction itypothesis, fon aix>’ a, aa’ la also
ortitogonalto el,..., e~...í and again, whatever tite pararneters,cannot

haveinner productsof botit sigas witit e¡. Titis is possibleoní>’ uf tite
conclusionof the titeorem itolds.

From titese propertieswe draw tite conclusion titat an>’ order on
a finite dimensionalreal algebraitas a simple Litar>’ order-titeoretic

description.
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Corollary 6.3. Let

a = {~}
be att arder itt a finite dimertsiosial real algebra. Thesi tite .sigrt of asiy

elemesitla determisiedby Ihe infirtitesimal ami mill relatione

Prao?.Appl>’ tite cniteniafor noixnegativit>’ to the orthogonalexpansion

of tite elementun tite ej.

Anotiter necessar>’consequenceof tite multiplicative structureis titat
the linean spanof ~ . . . , eN la an ideal since it is tite support of tite

orden.

Corollar>’ 6.4. 1¡¡or le> 1

el

a = j~ :1
za a proper order iii. a finite dirnesisiortal real algebra thert so la

J

Proof. Jet /3 = { C~...¡ } and suppose6 E /3. II this membershipis

determinedb>’ jtmer productsaboyedeptit le — 1 or by apositive inner
product witit ~ titen b E a. If ail inner products witit ei,...,

vanlait titen b = >.kek +... + ~Xp.reN,witicit exitibits b as aix elementof
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a+ (ek). Titus /3 cE a + (6k). To establisittite reverseinclusion suppose

b E a+ (ek). Titen b = a+cek witit a E a. 13>’ tite ortitogonality of (ek) to

~ b satisfiesexactí>’ the conditionsfor membersitip ha /3 that
a satisfles. Thus, a+ (6k) cE fi. To seetitat fi is proper, suppose—1 E /3.

Titen —1 = a + be~. Since le > 1, —(1,eí) = (a,ei). Oppositesides of
titÉ equationitave oppositeweak signs and so both must vanish. Titis
implies —lE (e2,...,eu), which implies ha turn titat e1 e (e2 eN).

Titis meanstitat el la self-orthogonal,a contradiction.

Reconsideningthe carlier exampleA = R[a’, yl/(a’, y)
2 un tite ligitt

of titese results we use tite basis {1, a’, y}, witicit we representb>’ tite

usualbasis{(1, 0,0), (0,1,0), (0,0, 1)} of R3and tite usualinner pnoduct.
Thenan>’ choicee2 ande~ of vectorsfluing out aix ortitogonalbasisgives

a descendingcitain of orders

o 10
{ 10 0}2)j O e~ e~.a}~{ 0 622 “23>

O ea~= e~

with conrespondingcitain of supportingideals

(a’, y) 2) (e
32a’ + 633y) 2) (0).

The order-theoreticdescniptionof titeseordersusingtite relations» of

infinitel>’ langenand r., of order-equivalencegives, fon an order of depth

2,
1 » e2~a’ + e2sy> O and 632Z + 6~y —‘ 0;

and fon aix ordenof deptit 3,

1 » “22a’ +
623Y » 63

2a’+ 633y> O;

with oid>’ O order-equivalentto 0.

Example 6.5.

A = R[a’, y]/(a’
3, y2) ~ {linean spanjl, a’, y,a’2, xy, a’2y} a’3 = y2 = 0}.

Let tite indicated linear basiscorrespondto tite usualbasisof R6.Titen,
asun tite precediixgexample,theneis a singleprime ordenof deptit one

witit supporttite prime ideal (a’, y). Finst, since

+a’2y = (a’2 ±
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¿y must be ordenequivalentto O in en>’ orden. Accordingl>’, titeneare
no ordersof deptit 6. Also, titere is a perfectconnespondencewith the
ondensof

A = R[z, yJ/(a’3, a’2y,y2) Y {linean span{1,a’, y,a’2, a’y} 1 a’3 = a’2y — y2 — 01

andit is thesethat we sitail classifr accordingto deptit.
Gnantingthesepreliminaries,tite singleordenof deptit 1 is tite prime

cone
1 0 0 0 01.

13>’ conollar>’ 6.4 an>’ orden of deptit 2 must specializeto aix ordenof
deptit 1. [¡ence tite representation

a2={OBCDE}

will accountfon all ordersof deptit 2. B andO cannotbotit be zeno since
titena’r~.0¿mdyv-O*z2“.‘zy.~.’0*D=Ez0whichwou1dnednce
a2 to a

1. Titus we ca~supposethat E
2+ 02 = 1. We nextsitow that D

andEbothvanish.IfD=0thena’2r~~0* +a’yr.i (a’+y/2)2* E=0.

If D # O titen Da’ — Da’2 e..’ O * Da’2 ~.‘ O * a’2 n.’ O * D = 0, a
contradiction.[¡ence, at depth2

O O O O } whereB2+02=L
E O O O

TitÉ fonm is oní>’ a necessar>’condition fon a cone to be an orden of
depth2, but it is eas>’to citeek titat it is sIso sufficient.

Descendingto deptit 3, tite onthogoualit>’of nows un oir representa-
tion allows usto supposethat

U40s
=

Tite nonnegativit>’of (a’ + Ay)
2 — z2 + 2Aa’y is decidedat depth3 it>’

D + 2AE > 0, whicit is true fon all A oid>’ ir E = O and D > 0. Afro
pCa’ — pBy> O, a’y r..’ O and 1 + Aa’ > O togetherimpí>’

(1 + Aa’)I[pCa’ — pfly) e... pCa’ — pBy + ApCa’2 > O.
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Titis requirestitat p2(B2 + 02) + ApOD =O fon nil A, witicit is possible
oní>’ uf pOD = O. We distinguisit titreecasesdependingon witicit factor
vanisites.

II p = O titen D must be stnictly positive, andwe cansupposetitat

000 o)
O 1 oJco o’~

If titis conewere en orden titen Ca’ — By”.’ a’y ‘-.‘ O ~ Ca’2 0. Since
z2is stnictly positive, titÉ lapossibleaxil>’ ir O = O, andwe cansuppose
that tite coneitas the form

a31=fo+íooo}

Again it is eas>’to checktitat titeseare ha fact ordens
If p ~ O but D = O thenwe can ixormalizep to ±1.This gives tite

farm

B C 001

witich is panameteuizedb>’ 0(2).
II p andD arenot O but O = O titen tite conecanbeixormalized to

0000
aaa={O ±1 O 0 ~ 1

O p 10

Titus, sincetite ordersa~
1fit togetitensmootitly with tite famil>’ a~,

tite ordersof deptit 3 consistof tite twa families~ and~ panameter-
ized b>’ 0(2) andR respectivel>’.

At depth4 we encoimteranew pitenomenon.Not all ordenof depth
3 can be generalizedto deptit 4. Aix>’ geixenizationof a~ will itave tite

fonm
(ío O 00)

O ~ P12 O O
_ O P21 P22 0 0 f

Loo O DE j
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Tite preceedingargumentwitit (a’ + Ay)2 again sitows titat D > O and
E = O. Tite subcaseD = O collapsesto the caseof deptit 3. [¡encewe
cansupposetitat D = 1 ¿md

(10 000)
O Vii P12 0 0

£Y42 = 2
0 P21 P22 0 0 ¡

[00 0101

Howeven, if p” ~ O titen titis form determinespíía’ > O at depth 2,
and un an>’ casedeterminesP2la’ + P22Y =O at depth3. Togethertitese

determineat deptit 4 titat P11P21 =0. Titis necessar>’condition also
suificesfon titis genenizationfrom depth3 to deptit 4.

In tite otiter caseof deptit 3, tite elementy — pa’2 has weak sign

determinedbelow deptit 3. Titis is the A-independentweaksign of (1 +
Aa’)(y — pa’2) witich, if E is not zero, is the sign of AE. [¡ence E = 0,
andwe itave tite necessar>’form

0 00 0

~ 1 o>
+1 00 0

+1 Fp

At depth 5 orthogonalitydeterminesthe forms

110 000)
J O p~ Pi2 0 0

a
52= O P21 P22 O O

)oo 0 101

[00 0 0+1 J
un witicit thelast row determinestite sign of a’y. Its sigala titat of PííVL2

if titat is not O, of P21p12 if pn = 0, endof P11P22 if p21 = 0. Finail>’,
genenizationsof a~ havetite form

{H’44~I1=
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witeretite j are+1 or —1 andc~ la constrainedit>’ tite signsdetermined
at sitallowerdeptit accordingto e~ = c1sign(y) ifp # O and 63 = <162 if

>3=0.
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