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Separatingideals in dimension 2.

James3. MADDENt andNiels SCHWARTZ

Abstract

Experienceshows that iii geometricsituations the separating
ideal associatedwith two orderingsof a ring ¡neasuresthe degree
of tangencyof thecorrespondingultrafilters of semialgebraicsets.
A relatednotion of separatingideals is introducedfor pairs of
valuationsof a ring. Tbe comparisonof both types of separating
idealshelpste understandhow a pointon a surfaceis approached
by different half-branchesof curves.

lix this paperwe stud>’ the geometryof separatingideals. Let A

be a Noetherianring with realspectrumSper(A) (cf. [2], Chapitre 7;
[6], Kapitel III). For aix>’ two orderingsa, fi E Sper(A), the separating

ideal <a, fi> was defined by Maddenun [8]. This is the ideal generated
by the s>rmnxetricdifference(a\i3) U (fi\a). Alternativel>’, it can als¿ be
characterizedas the smallestideal ¡ C A that is coixvex with respectto

botha and fi andfor whicha andfi induce the sametotal orderon A/I

([8]). The separatingideal was flrst jixtroduced as a tool for workiixg
at the Pierce-BirkhoffConjecture([8]; [10]). By its definition it is en
algebraicartifact. Rut experienceshows that un a ring arising from a

geometriccontext,e.g. the coordinatering of aix algebraicvariety over
a real closedfleid, separatingideals carry geometricinformation. For
example, snpposethat a,fi E Sper(H[X, Y]) are definedby germs of

half branchesof curves at O E R2. Then <a, fi> measuresthe degreeof
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tangency of the hall branches. This leadsus to study the relationship

betweeix tangentspacesand orderings.

The classicalnotion of valuationscanbe generalizedfrom fields to
rings (cf. [3], Chapitre VI, §3, No. 1, [4]; [9]). Supposethat y A
U U {oo} is a valuation. Aix ideal 1 C A is calleda y—ideal if

1 = ja E A ¡ Bb El: y(a) =v(b)}.

Ever>’ ordering a E Sper(A) definesavaluation y0 of A. The v0—ideals
are the sameas the idesís that are convexwith respectto a. Similar

to separatingideals of orderings, it is possibleto introduce separating

ideals of valuations. If y andw arevaluationsof A then <y, vi> denotes
thesmallestideal 1 C A suchthat 1 is both a y—idealanda vi—ideal and

thechainsof y—andw—idealscontaining¡ are identicaL Basic properties
of <y, vi> arediscussedin section2. Weareparticularí>’ interestedin the

relationship betweenthe separatingideals <a, fi> aid <y0, y0> (where

a,fi E Sper(A)). It is obvious that always <vn,vs> ~ <a,fi>. The
questionof when theseideals areequalis much moresubtle.

The languageneededto talk about the geometryof the differerxt
separatingideals is developedlix section 1. Supposethat M C A is a

maximal ideal and that y is a valuationhaving M as ay—ideal. There
is a largest u ideal Mv containedun M. Since M

2 C Mv, the factor

module M/MV can be consideredas a factor spaceof the cotangent
spaceM/M2. If y = y

0 for sornea c Sper(A) then M/MV cardesa

total order. The transiationof thesestructuresunto the Zariski tangent
spaceprovidesa geometricway of looking at the situation. (Related

conceptshavealsobeenintroducedby Marshall— see[10], p. 1265.) Of
particular interest is the questionof what it meansthat a separating

ideal is maximal. lix section2, Theorem 1 and Theorem2 juxtaposethe
geometricmeaningsof this condition for separatingideals of valuations
and for separatingideals of orderinga.

lix section 4 we considerour generalconceptsof separatingide-
als un the rather benign environmentprovided by a regular local ring

(A,vn,le) of dimension2. The reasonis that separatingidealaarecom-
plete (or integrail>’ closed)ideals,as areall v—ideals for aix>’ valuation u
(cf. [14], Appendix 4). For two—dimensionalregular local rings thereex-

istsa highly satisfactorytheoryof completeideals,largel>’ dueto Zariski
(cf. [13); [14], Appendix 5). The most importaixt tool un this theoryare
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quadratictransformations. Therefore,lii preparationfor section 4, we

discussthe behavior of separatingideals imder quadratic transforma-
tions in section 3. For orderings and valuationsthere is a notion of

strict transforms. Underhypotheseswhich arenot too restrictive for ge-
ometric applicationswe showthat the strict transformof the separating

ideal of two valuationsis the separatingidealof the strict transforms. A
correspondingresult for orderingsis known from [11. lix section4, after

excluding a few trivial cases,we deal with orderingsa,fi E Sper(A)
suchthat <a, fi> is vn—primar>’. Finitel>’ man>’ quadratictransformations

transform <a, fi> into the maximal ideal of en iteratedquadratic trans-

form of (A,m, le). This meansthat the tangentdirections of a and fi
becomeseparatedafter finitel>’ man>’ transformations. This can come
about in two different ways: Either the tangentspacesaredistinct; or

thereis acominon tangentspaceandoní>’ insidethis spacethe directions
differ. We show in Theorem3 that thesetwo casescanbedistinguished
in the ring (Á,m, le), without doing an>’ quadratic transformations,by

comparingthe separatingideals <a, fi> and <y
0, yo>. FYom a conceptual

point of view it is interesting that at least this pieceof information can

be obtainedwithout leaving the ring A.

Notation and termtnology. Throughout, all rings other than val-

uation rings are Noetherian. II A is a ring then Sper(A) is its real
spectrum. Generalreferencesfor the real spectruinare (2], Chapitre7,

and (6], ¡Capitel III. Thepoints of the realspectrunarecalledorderings.

If a E Sper(A) then the prime ideal supp(a)= afl —a is its support.

Similarí>’, if y: A —. FU {oc} is a valuation then {a E A ¡ u(a) = o4 is
a prime ideal which is also calledthe support of y. Generalreferences

for valuationsof rings are [31,ChapitreVI, §3, No 1; [4]; [9]. Ir analog>’
to the usagefor valuationsof fields, we cail {a E A y(a) =0} the

valuation ring of u. But, of course,this subring of A doesnot havethe

propertiesone is usedto from the valuation theoryof fields. If ¡ C A is
aix idealthen «1) denotesthe smallestvalueof en>’ elementof 1. This
is well—defined since A is Noetherian. lf a E Sper(A) then A/supp(a)

is a domain which is totail>’ orderedwith positiveconea/supp(a); the

totalí>’ orderedquotient fleld is tc(a). We denotethe canonical image
of a E A in i4a) by a(a). Aix ideal 1 C A is aix a — ideal (or is con-

vezwith respectte a) if a E 1 wheneverO =a(a) =b(a) and b E 1.
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With a we associatea valuation y0: Let y(a) c ic(a) be the convex
subring of tc(a) generatedby the image of A. This is a valuation ring.

If v~ ¿‘«a) —.. FU {oc} is the correspondingvaluation then y0 is defined

tobe

A —~ nt(a) t FU{oc}.

Let y: A—. FU{oo} be anyvaluationafA. Then anideallc A isa
y — ideal if thereis sorne-y E FU {oo} such that

1 {a E A y(a) =4.

The support of y is a y—ideal; it ma>’ be the oní>’ one. Given a or y
thereare a largesta—ideal and a largesty—idealun A. They are called

the centerof a and the centerof u. The centeris a prime ideal, sa>’ p,
and a (or y) extendsuniquel>’ to A~. As A is Noetherian,the totalí>’
orderedset of a—ideajsor y—ideáis is anti—wellorderedby inclusion. Ihe

iminediatesuccessorof 1 is denotedby 1” or Iv: it is the biggesta—ideal
or u—ideal properí>’ containedun 1.

1 Tangents

Ihe (Zariski) tangent spaceof a maximal ideal vn in a ring A is the
dual (m¡vn

2)V of the le—vector spacetu/vn2 (with le = A/ni). If u is a
valuationof A with centervn then it is obviousthat vn2 C vn”. Therefore

we canconsiderthe subspacevn”/m2 of the cotangentspaceat vn. The

set

T~= {pE (vn/vn2)V jf(p)srrO forail ¡ Evn”/m2}

is a subspaceof (vn/vn2)V which is canonicail>’ isomorphic to (vn/vn~>)V.
We shallcalI 2’,, the tangentspaceof u. If a E Sper(A) is centeredin vn

we definethe tangentspaceof a to be T<, = T,,~. hom the definitions

it is clear that vn/mVú — vn/tu0 is a totail>’ orderedvector spaceover
the totail>’ orderedfleld le and that vn/ma is archimedeanrelative le.

To study the connectionaof T
0 with this total order we consider the

followiixg moregeneralsituation:
Let le be a totail>’ ordered fleid, y a finite dimensional totail>’

orderedvector spaceover le. The positive coneof V is the union of a

set 1’ of closedconvex polyhedraleonesin V. With each P E P one
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associatesthe dual conepV iii VV (cf. [12], Appendix 1). It is defined

as
pV = {f E VV j Vv E P : 1(v) =0}.

It is well—known that pv is aclosedconvexpolyhedralconeha VV. Such
a cone lii VV will be called a P—cone,aconeQ ~ VV is aix N—coneif

—Q is a P—cone.Ever>’ P—conecan be representedun the form

where~ , y8 > O in V. flom this it is clear that ever>’ convexpolyhe-
dral ceneun VV is theintersectionof a P—conewith en K—eone. Emite

intersectionsof P—conesare P—cones.Every P—coneis fu]] dimensional.

Lemma 1. A finite union of convezpol¡¡hedral cortes norte of which is

a P—conecontajusno P—cone.

Proof. Aix>’ inclusion

P§U(PíflIVí)

(whereP and the P~ are P—cones,the IV1 areW—conesandP~ ~ P~ fl IVj)
yields the inclusion

Fn (fl—N1) ~ u —IV1).
e e

For ever>’ i the intersectionNc fl —Nc is a properlinear subspaceof VV.

A finite union of suchsubspacescannotcontaina fuil dimensionalcone.
However, P u (fl —IV1) is a P—cone,hence 18 fuil dimensional, and is

e
containedlix U(Ne fl —Ne). This contradictionendsthe proof.

e
u

Lemma 2. Leí £ be tite lattice of subsetsof VV gerteratedb¡¡ tite set of
alí closedconvezpol¡¡hedral cortes. lix £ tite P—conesare a basis for a

prime filter.

Proof. We must show that the set L’ of elementsof L containingsorne
P—coixehasthe following properties:

(1) {O} ~
(2) ifQ EL’ aixd Q GP then .P E L’;
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(3) ifP,Q EL’ then PflQ E L’;
(4) ifPUQ EL’ then FE L’ or QE L’.
Conditions(1), (2), (3) areevident, (4) is immediatefrom Lemma 1.

a

We haveshown that atotal order on y definesa prime filter un £

which has atasisconsistingof fulí dimensionaleones. Conversel>’,let L’
bea primefilter ha L having abasis8’ which consistsof fuil dimensional

closedconvexpolyhedralcones. Then¿1 definesa total order for y. To

prove this pick aix>’ conepV E 13’ andconsiderits dual coneP C y. It

is claimed that the union 2’ of thesedual coixes is the positiveconeof a
total order of V. First we check that 2’ u —T = {0}. So, supposethat

y C Tu —2’. Then thereare pV, QV E 13’ such that y E P and—y E Q,
te.,

pV flQV ~ {f E V”’ ¡¡(y)=0}.

Since the tasis 13’ consistsof fuil dimensionaleones this implies that

y = O. Next we prove TU —T = V: If y E V then

— {f E yV ¡ ¡(y) =01,H = {f E VV ¡ ¡(y) =0}

are both closed convex polyhedral un VV. Their union is yV, hence
belongsto L’. B>’ primality of L’ one of H~ and H belongs to £‘,

hencecontainssomepV E 13’, sa>’ pV c H+. Then ¡(y) > O for ever>’
¡ E pv, i.e., y E P. Finally we haveto check the algebraicproperties

of the prospectivepositivecone2’: Pick y,vi E 2’, sa>’ y E P, w E Q
with pV QV E 13’, and O < A, p E k. There is sorneRV E 13’ contained

inPVnQV. Butthenv,weRand

¡(Ay + pw) = >f(v) + 4(w) =O

for ever>’ ¡ E RV. This proves>iv+pw FR C 2’.
It is obvious that the two constructionsof assigninga prime fliter

of conesto a total order and of assigniixga total order to a prime filter

of coixes are inverseto each other. We summarizethe result8 obtained
so far in

Proposition 1. Let V be a finite dimensionalvector spaceover the
totall¡¡ orderedfield le. Leí L be tite laitice of subsetsof VV generated
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b¡¡ tite set of closed convezpolyhedmleones. Titen tit ere is a bijective

correspondencebetweentite total orders of y and tite prime filÉ ers itt £

generatedby ¡viii dimensionalclosedconvezpol¡¡hedral cones.

u

Tite situationwhiéh is most interestingfor the discussionof vn/vn0
is tite oneun which tite total order of y is archimedeanrelative le. This

casecanbe characterizedun the following way:

Proposition 2. Tite order o¡V is archimedeanrelative le i¡ and only if
{O} is tite only proper subspace1V of yV such thai <1V fl PV> = W for

everypV c 8’. (Notation: <X> is tite linear subspacegeneratedby X;

L, L’ and 8’ are as irt tite proo¡ of Propositiort 1.)

Proof. First supposethat y is arcitinedeanand assume(by way of

contradiction) that W = <W u PV> for ever>’ pV e 8’, where {0} c
W c yV Let

14 = {v eV 1 ¡(y) = O ‘df E W}.

Then {O} G 1~1 C y. It suffices to show titat 14 is convex. So, pick

0<v=ví,vCV, y
1EV1. Nowpicko=v2,...,vsinvsuchthat

,v8 generateafulldúneixsionalconeiny andletpV E yV

be ita dual. There is a basis,say f’ fi, of 1V which is contained’in

pV lix particular, ¡e(ví) = 0, f~(v) =O, ¡e(v1—y) =O for all i = 1,..., t.

But this impliesfe(v) = O for all i, itenceu E y1. Titis is acontradiction,
and the flrst part of the proof is complete. — Now snpposethat y is
nonarchimedean.Let {O} G Vi C V be the largestconvexsubspace.un

VV considerthe subspace

W = {¡ e yV ¡(vi) = O W1 E Vil.

It is obvious that {0} c W c yV~ Pick u1 y8 ~ O un V generating
a conep and Iet pV be its dual. Let ~ =O be the imagesiii

y/Vi, let A be tite conein V/Ví generatedb>’ theseelementa. As P

contains no nontrivial linear subspacetite dual coneAV c (y/y1)V is
fuil dimensionaL Thesubspace~ ~ yV ma>’ beideixtifiedwith (V/vijV.

Thexx AV coixtains abasis of W and is obviously contained~ pV Tbk
showsthat <1V u PV> = W for eachsuchconeP.

u
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We return to the original setup stemmingfrom an ordering a E
Sper(A) centeredat vn:

Definitian. Tite tangent direction D0 of a is tite prime filter of poí¡¡-
itedral coites itt T<, defined bg, tite arcitimedean(over le) total order of

vn/vn
0.

u

Example. Let A = R[X, Y] and consider the irreducible polynomial
Y2 — X2(X + 1). There are four orderingsa

1,a2,a~,a~ of A having
support(Y

2 — X2(X + 1)) which arecenteredat (X, Y). For example,

a
1 canbe describedas

aí={PEA ¡ 20<eeE.:

(0< z,y <e & u
2—x2(z+ 1) =0

—+ P(x,y) =0) 1~
a2,a~ and a

4 are given un the sameway, only with “0 c x, ~¡ < e”

replacedby “0 .c —a’,y ~c e”, ~ c —a’,—y .c e” aud “0 < z,—y c e”,

respectivel>’. Onefinds that ~ = ~ is the luxe X = Y and T02 =

is the Une X = —Y. Qn theseUnes themil>’ fuil dimensionalpol>’hedral

conesarehalf Unes. Thus, ever>’ tangentdirection must be a hall Une

011 the appropriatetangentUne. Pora1,a~, a~ anda~ theseare the half
Uneslying un the flrst, second,third and fourth quadrant,respectivel>’.

u

2 Separatingideals

Separatingideáis of orderingshavebeentreated extensivel>’iii 18] and
[11. Herewe will flrst discusssornebasicpropertiesof separatingideals

of valuations.

Lernma 3. ¡¡y is a valuationof A titen evergproperv—idealitas a prime
ideal os ita radical. Itt panicular, ~,/<V~}la alwa¡¡s a prime ideal.

Proof. Let F be the value gronp of y and supposethat ¡ = {a E A 1
y(a) =-4 is aix ideal, where~¡E rtJ{oo}. Then1 is proper if ami onl>’ if
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-y> 0. Let A E F be the largestconvexsubgroupthat doesnot contain
‘y. Onechecksthat

Vi = {a E A [Vb E A : 6 < v(a)}.

Now it is ob&ious that ‘.17 is a prime ideal.

u

From thedefinition of the support and the centerof a valuation it

is clear that we alwayshavesupp(v)§ center(v).
Let A c F be the convexsubgronpof thevalue gronp of y gener-

atedby the set

{j~ E 171 ~¡< O & Ba EA: y(a) = -y}.

Thena coarseningji of y is defined by composingy with thecanonical

map F —. F/A. The valuation ring of ji un A is A itself. Both y and ji
defineexactí>’ the samevaluation ideáis,and

centerQi)= certter(v) {a E A ¡ Vb E A : 6 < v(a)}

(recallthat A is Noetherian). Denotethecenterof y andji by p. Next we

stndy the behaviorof the y— and ji—ideals underlocalization st p. Note

that both y and ji extenduniquel>’ to valuations y>, and u1, of A,, and
that Ii,, definesthe trivial valuationon the residuefleid. Ifa E Sper(A)

then y0 = i3~ by definition of y0.

Lemma 4. Mutuall¡¡ inverse maps betvieert tite seta of v—ideals asid
v>,—ideals are definedb¡¡

¡—.14, J—*JflA.

Proof. Supposethat 1 is ay—ideal and that ~ E 14 with a E 1,s ~ p.
a

Pick ~ E A,, suchthat v, (~) =v, (~). This implies v(bs)=v(at). Since

s E A½thereis sorner E A\p suchthat v(r) =—y(s). Then

y(b) =v(brs) > v(atr).

Since atr E 1 we see that b E 1k and ~ E ¡A,,. This proves that ¡A,,
is indeeda v,,—ideal. Qn the other hend, it is trivial that J rl A is a
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y—ideal for an>’ y>,—ideal J G A,,. To prove that lA,, rl A = 1 we pick

b=~E lA,, rl A (with a E I,s E A\p). Again, choosingr E A\p with
v(r) =—y(s)we have

v(b) =v(brs) = y(ar)

with arE!. It follows that bel. Finalí>’, it is a general property of
localizationsthat (JnA)A,, = J.

u

The Lemimna also appliesto u, of course.So the v—ideals,u—Ideals,

v,,—ideals andiY,,—ideals areessentiallythesamething. This makesit pos-
sible to replacey by ti un man>’ placesandto use localizationtecliniques.

lix particular, for aix>’ y and w we have<y, w> = <ji, to>.

The separatingideal <y, to> of aix>’ two valuationsis the entirering

if center(v) # centey4w). Since this la a rather unexciting separating
ideal we will restrict our attention entirel>’ to the casethat center(v)=

center(w). Denoting this centerby p again it is a consequenceof the

foregoingconsiderationsthat the separatingidealis well—behavedunder

localization:

Proposition 3. ¡fu,, asid vi~ are tite unique extensiosisof u and vi to

A,, titen <yp, w,,> = <y, w>A,, asid <u, vi> = <u,,vi,,> rl A.

u

The next resnlt gives us a set of generatorsfor <y, vi>:

Proposition 4. Let y,w be valuatiosisof A itavirtg a commoncenter,
asid aseumethat u = 13, vi = i~5. Titen either y asid vi are both trivial
asid <v,vi> = supp(v)= supp(w) nr <v,w> la generatedb¡¡ tite set

M = {¡ E A 29 EA: za(s)< u(g) & w(f) =zv(g)

nr 2g E A : v(f) =v(g) & vi(f) <vi(g)}.

Proof. Sincethe caseof trivial valuatioixs is clearwe supposethat y la
non—triviaL Supposethat ¡ E M andv(f) .cv(g),w(f) =w(g). Then

I={aEA Iv(a)>v(f)}
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is a za—ideal which containsy, but not ¡. Hence, 1 is not a w—ideal.

This implies that 1 cE <t’,w>, i.e., y(f) =v(<y,w>). This provesthat
M ~ <za, to>. Conversel>’,<y, w> is obviously generatedby the set

IV = {f E A 1 za(f) = za(<v,w>)}.

Now pick ¡ E IV and supposethat also

vi(f) = w(<v,vi>).

By definition of <iz, vi> the ideals

I={aEA y(a)> y(f)}

and
J={aEA¡vi(a)>w(f)}

do ixot coincide. Thus, thereis sornea E 1\J or sornea E J\1. lix eitber
casethis elementa showsthat theconditiondefining M holdsfor f, i.e.,

¡ C M. Next supposethat

w(f) > w(g) = w(<v,w>)

with sornesuitable y E <y, w>. Thenthereexist a E A such that

v(f + ag) = y(<y,w>), w(¡ + ay) = w((y,w>).

E>’ the first casediscussedaboyewe seethat f + ay E M. Also, since

y E <za,w> it is clear that za(y) =za(f). The definition of M showsthat

g E M. But then ¡ E (M). Altogether this provesthat N § (M), and
we concludethat (M) = <v,w>.

u

The descriptionof <za,vi> in Proposition4 is ver>’ muchreminiscent
of the defluition of <a, fi> (a, fi E Sper(A)) un [8~). Insteadof using

functions changingsigix between a and fi, now we considerfunctioixs
which are of different order of magnitudewith respectto y andvi. If
za = za0 and vi = za0 then, obviously, this is a much coarberapproach

than Madden’s.
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To show thegeometricsignificanceof separatingidealswewill now

establisha connectionwith the tangentspacesand tangentdirectionsof
§1.

Theorem 1. Let (A,m, le) be a local ring andsupposetital tite valuationa

za asid w are botit cesiteredal vn asid havesupportproperl¡¡ cortíaineditt

vn. Titen <v,vi> =vn i¡asidonlyitT,,#T~.

Theorem 2. Leí (A,rn,le) be a local ring asid supposethaI a,fi E

Sper(A) are both centeredat vn, induce tite sarne total order oit le ami

havesupport properl¡¡ cositaineditt vn. Titen <a, fi> = vn if and onl¡¡ if
tite tangení directiosis of a asid /3 are different.

Proof of Thearem 1. From the definitions it is obviousthat vn”/vn2 #
vnW/vn2 in vn/vn2 if and oní>’ if T,, ~ Tw in (vn/vn2)V. It is also clear

that <za,w> =m ifandonl)rifvn~~!=vnw.

u

Proaf of Theorem 2. First supposethat <a, fi> = vn. If <a, fi> =

<za

0, vn> then Theorem 1 implies that T~ ~ ~“n~B>’ the definition of P—
cones,T~ is spannedb>’ every conebelonging to the tangentdirection

of a andTo 15 spannedb>’ ever>’ conebelongingto the tangentdirection

of fi: Thus, the tangentdirections must be different. U <a, fi> D <y0, za0>
then vn

0 — vn~3, i.e., T<, = fF
0, but a and fi definedifferent total orders

on vn/vn
0 = tu/m0. The tangentdirections of a and /3 must be differ-

ent since Proposition 1 shows that the>’ determinethe total ordersof

vn/vn0= vn/vn0. Finail>’ supposethat <a, fi> C vn. Then vn0 = vn~ and

a and fi definethe sametotal order on vn/vn0 = vn/tu0. Thereforethe
tangentdirections agree.

u

Returningto theexampleat theendof §1 weseethat all separating
idealsbetweenaix>’ two of theorderingsa

1,a~, a~, anda4 areequalto the

maxhnal ideal (X, Y). But the separatingideáis <v0~, za01> (with i # 5)
areequalto vn if i +5 1(vnod 2) or different from m if i +5 0(vnod 2)
as the tangentsare differeixt or equalha thesetwo cases.

From [14], Appendix 4, it is clear that valuationidealsandconvex
idealsun aring A arealwayscomplete(= integralí>’ closed). Among the
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completeideals the simplecompleteidealspía>’ a particular role. These

are the ideals which cannotbe representednontrivialí>’ asa product of
other ideals. They are of great importancefor the theory of complete

ideals in 2—dimensionalrings (cf. [13]; [14], Appendix 5; [7]). Ftom
Noetherianityit is clear that ever>’ completeideal in A cenbe factored

into a product of simplecompleteideals. For y—ideals it is imxnediately
clear that they canevenbe factoreduntosimplev—ideals(cf. the discus-

sion following Proposition2.1 un [1]). It is shownun [1~,Proposition2.2,
that undera suitable hypothesisthe separatingideal <a, fi> is simple.

Note that 1~ D ¡vn if (A,m, le) is a local ring and1 cE A is an a—ideal,

hence¡/0 is a le—vector space. Ir this situation the hypothesisis that
dúnleI/I~ = 1. Usingen obviousvariation of this hypothesisit canalso

beshown that separatingideals of valuationsaresimple:

Propositian 5. Leí (A, vn, le) be a local ring, leí y, vi be valuatiosis
cesiteredal vn. If dim 1/1” = 1 for alí y—idealsproperly containiny

<y, to> titen <y, vi> is simple.

Proof. Without lossof generalityonema>’ assumethat y andvi induce

the trivial valuation on le. II <za, vi> is not simplethen it canbe written
as <y, vi> = 1J where1, J cE vn are both v—ideals and vi—ideals. Note

that thehypothesisappliesto 1 and J. It is clear that

y(I) + y(J) = za(<za,vi>), w(í) + w(J) = vi(<y, u,>).

Since <za,vi>” is not a vi—ideal or <za,vi>’” is not aza—ideal the syrnmetric
differenceof the two ideals is not empty. Without loss of generality,

assumethat thereexistsc E <y, vi>”\<v, vi>”’. Thenc E <za’ vi> = IJ and
w(c) = vi(<v, vi>). There are a’

1,... ~ E 1, y~,... ,LIk E J such that

c = a’1~/i +... + XkYk. Supposethat the enumerationis such that

w(zl) = ... vi(a’1) = vi(1),
vi(yi) = ... w(y¡) = vi(J)

and, for ever>’ i = 1 + 1,..., k, w(a’1) > w(1) or w(yí) > vi(J). The

samerelationshold if vi is replacedb>’ za. Since vi(c) = vi(IJ) we must

have1 =1. By hypothesis,dim ¡/1” = 1 = dim J/J». Hencethereare

z2~p2zl, ..., X573¡X1 mod 1”= ¡~,

y2~q2yb ..., yi =qwí mcd JI½JW.
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This yields
c=(1±p2q2±...+p¿q9a’lyl+z

with v(z) > y(<v,vi>) end w(z) > vi(<za, vi>). Now vi(1 + p2q2 + ... +

p¡q¿) = O implies that also v(1 +p2q2 + .. . +p¿qz) = 0. But then

v(c) = za(a’i) + v(yi) = za(<y,vi>),

a contradiction.

u

It was mentionedbefore that for a, fi E Sper(A) the separating
idealof thecorrespondingvaluationsis containedun the separatingideal
of the orderings. Assundngthe hypothesesof Proposition 5 we take a

closerlook at this relationship. To do sodefine

= ~{aE A j siyn a(a) = siyn a(fi)},
= {a E A ¡ siyn a(a) # siyn a(fi)}.

Thus, <a, fi> ~ the idealof A generatedby A. UF0 is thevaluegroup

of y0 (including oc) then we set

= va(A), U — za0(A~), F~ = y0(Aj.

If oc is deletedthen F~ is a submonoidof F0. By the definition of u0,

F~ is containedun thepositiveconeof F0. Now we associatea sign with
eachelementof F,. For ‘y E r~ set

—~ if ‘rE r~\F5{ ~0 if ‘yCF\Fif -yEF~n1’5 or y=oc.

Lemnia 5. I¡ <a, fi> C vn thert ~¡= v0(<v0,vn>) la tite emallesíelemení
o¡F viith signO.

Proof. Supposethat a(6) = O and that 6 < -y. Then thereare a E
A~, b E A— (sa>’, a(a) > O, b(a) > 0, a(fi) > O, b(fi) c O) with zan(a)=

yo(b) = 6. The a—ideal

¡ = {x E A 1 Vo(x) =6}
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properí>’ contarns<Va, zas>,hencedim 1/JO = 1 and thereis sornec E A
suchthat za0(a+bc) > 6. Ihis iinplies e(a) <O and (sincea and fi define
the sametotal order on le) c(fi) < 0. Weconcludethat za0(a)=za0(a+bc)
and hence,by Proposition 4, a E <y0, v,s>, a contradiction. It remains
to show that o(’y) a 0. If ‘y = oc the claim is clearí>’ true. So assume

that ‘y < oc. Pick a E M (the generatingset of <Va, za0> discussedun

Proposition 4) with ~0(a) = ‘y. First supposethat thereis sorneb E A
with

zaa(a) <Va(b), y0(a) =V0(b).

We ma>’ assmnethat a(a) > O. A fi—ideal is definedby

1 = {z E A ¡ vn(a’) =V13(b)}.

As the total order induced by /3 on I/I~ is archimedeanover le there

la sorne e E A such that (a + cb)(P) < O. Since (a + cb)(a) > O it
follows that a + cb E A. Similarí>’, there is sorned E A such that

(a + db)(fi) > 0. Since (a + db)(a) > O we see that a + db E A~.
Altogether this proves a(’y) = 0. Finalí>’ supposethat there is sorne

b E A suchthat

v0(a) =V0(b),V$(a) .cv0(b).

Interchangingtherolesof a and fi lii the foregoingdiscussiononeproves

o}’y) = 0.

u

Thewell—orderedmonoidF~ hasauniqueminimal set 1’~ of gener-
ators. To determinethesignof ever>’ ‘y < za0(<za0,vn>) it is oixly necessary
to know the signs of the elementsof

— {6 E FZ 6< V«(<Va,zafl>)}.

lix particular, if <va, v$> c <a, fi> then za0(<a,/~>) E r4t. (This strength-
ens the resnlt of [1], that <a,fi> has to beasimple ideal.) So, whenever

is finite (Uds is the case,for example,u za0 is discreteot finite rank)

anddli» 1/la = 1 for every a—idealand /3 rangesun Sper(A) then there
are oní>’ finitel>’ man>’ possiblitiesfor <a, fi> with <a, fi> D <~0, Vn>.



232 James¿ Madden¡md NieLsSchwartz

3 Quadratic transformations

Oneof themost important toolsun the investigationof completeidealsin
regular local domainaof dimension2 areqnadratic traixsformatioixs(cf.
[13]; [14], Appeixdix 5; [5]). Sincewe afro wish to emplo>’ this technique

we will haveto clarifr the behaviorof separatingidealsunderqnadratic

transformations. The setup is as follows: Let (A, vn, le) be a regular
local ring of diinensionsi. Let K be thequotientfleid of A. A quadratie

transforinationof A is a regular local subring A’ of K dominating A
which is obtained un the followiixg way: A’ is the localization of an

extensionA[C’vnJ of A (wlierex E m\m2) ataprimeidealrestrictingto
vn tu A. The propertiesof the morphismSpec(A’)—> Spec(A)of schemes
correspondingto the canonicalinclusion A —* A’ are well—known. The

propertiesof the functorial map Sper(A’) -. Sper(A) are discussedlix
[1]. Working in thesamevein we will look at theextensionof valuations

from A to A’ now.
Let V be valuationof A with centervn aid supportp. First suppose

thatp = vn, i.e., za is essentiall>’the trivial valuationof theresiduefleld le.
For ever>’ a’ E m\m2 theprimeidealmA[2r~1m] = zA[z’m] ~ A[z’vn]
hasdimensionn — 1. Aix>’ valuationof A[c’m] whosesupportcontains

a’A[m§’m] is aix extensionof V. So, za is alwa>’sextendibleto a valuation

of a quadratic tranaformationA’ — A[C’mlq, where q A[z’m] is
a prime ideal containing a’. In generalthereare man>’ diffetent such
extensions. Now supposethat supp(v) cE vn. II a’ E supp(za)then for

aix>’ extensionw of y to a valuation of A[a’’m] the support contains
zA[z’ml = mA[z<’m], Le., supp(vi)rl A = vn. But this is impossible.

So y ~ extendible on]>’ if a’ ~ supp(za). II this condition holds then

A’ = Atz’mJ~ (with qflA = vn) iscontainedha Anp.t). Sinceza extends
uniquel>’ to a valuationof Ast*,,) it is clearthat V extendsuniquel>’ to
A’. This extensionof za is called the transform of za and is deixotedby
V’. Similarí>’, if a E Sper(A) la centeredat vn andif a’ ~ supp(a) then

the unique extensionof a to aix ordering of A’ is denotedb>’ a’ and is
called the transform of a. Finail>’, for an ideal 1 the strict transform

is denotedb>’ 1’. Lix (1], §3, the notion of a quadratic transfornrntion
of A along a valuation or along an ordering is explained. It is shown
there(loc. cit., Lemma3.1) that <a’,P’> ~ <a,fi>’ ifa la ceixteredat vn,

supv(a) c vn amI <a,fi> c vn. We shall dealexelusivel>’with quadratic
traixsformationsaloixg a valuation or aix ordering. If a E Sper(A) and
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.4’ is the quadratic transformationof A along a then it is clear that

u0’ = (Va)’. Similar to [1], Lemma3.1, we prove

Praposition 6. Leí y,vi be valuationeofA, centeredatm, <za,vi> Cm.

Leí A’ be tite quadratietrart4orm of A along V. Titen tite transforma za’

ami vi’ are both definedasid <za’, vi’> 2 <za, vi>’

Proof. Tite ring A’ is obtainedas a localizationAjC
tvnlq wherey(a’) =

y(vn), i.e., a’ E vn\vn”. Sincewe areassurning<za,vi> c vn it follows that
<za, vi> cE vn~» = vn~. Thereforesupp(vi) ~ vn and a’ ~ supp(vi), and this

shows that both za’ andvi’ aredefined. Let r be the order of <y, vi> (cf.

[14], p. 362). TIen

and this idealis generatedby the set {~ a E M} (with M as un Propo-

sition 4). It suffices to show that eva>’ 4, acM, belongs to <za’,w’>.

For example,supposethat thereis sorneb E A with za(a) <v(b), vi(a) =
vi(b). SinceA’ cE A~,,,,(,,) andA’ cE ~ it follows immediatelythat

vi’

a

Le., F E <za’, vit>.

u

lix [1], Example 3d, it is shown that un the caseof orderingsthe
containment<a’, ¡a’> 2 <a’, fi’> can be proper for 3-dimensionalrings.
Similar examplescanbe constructedto show tite samephenomenonfor

separatingidealsof valuations.

4 Two-dimensionalregular local rings

Now we leavethe generaldiscussioixof separatingideals andtun to the

casetliat (A, vn, le) is a regular local ring of dimension2. Sincewe are
aizningparticularí>’ at a geometricunderstandingof separatingideáisof

orderingson a smoothreal algebraicsurfacedefinedover a realclosed
fleid we also assuinethat tite residuefield le is realclosed. The theory
of complete ideáis is ver>’ well developedun this situation; titis allows
us to obtain more speciflc results about separatingideals titan un tite

precediixgsections.
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Usually the investigationof completeidealsun a regular local ring

is concernedmostí>’ with m—primary ideals. Wewill first seethat these
arealso the most iixteresting ideáis from the point of view of separatiixg
ideals. So, pick a,fi E Sper(A), a ~ fi, having a cominoncenterp cE A.
If heiyht(p) =1 titen we can localize at p to obíain a regular local ring

of dmmensionat most 1. Since separatingideals are cas>’ to handieun
sucit a setting we will not concernourselveswith this situation here.

So we assumethat tite ceixter of a and fi is vn. II <a,fi> = (0) then
a = fi contrar>’ to tite choiceof a and fi. If heiyitt(<a,fi>) = 1 then q =

‘./~S35 is a prime ideal of iteight one. Again we can localize at q to get
unto a one—dimensionalsituation. Thereforewe shall now assumetitat

<a, fi> is aix vn—primar>’ ideal. The additional assuxnptionat snpp(a) cE
vn,supp(fi) cE vn servesto exclude trivial cases.

The radical r of <zaa, zan> is a prime ideal (Lemma3). Whenever
titere is a prime zaa—.or za0—idealq of height 1 containingr then a + q
andfi + q arespecializationsof a andfi and(since<a, fi> is vn—primar>’)

<a, fi> = <a + q,fi + q>. Iherefore, to study the separatingideal <a, fi>
is essentiallytite sameproblem as to study tite separatingideal of the
orderingsd and fi inducedun A/q by a and fi. With A/q we are un a

1—dimensionalsituation again, althoughun this casethe ring A/q la not
necessarilyregular. However,the investigationof 1-dimensionalrings is
not our main concernhere. So we only mention titat relatedsituations
were consideredun [10] and that tite separatingideal ha A/q can be

aixalyzedby looking at the integral closureA/q un q¡(A/q) witich is a

Dedekinddomain.

We are left with two casesnow: Either r = (0) and (O) andm are
tite oní>’ prime za«—aixd v0—ideals,or r = vn. lix tite first casewe have

y0 = za0, andaandfiare totalordersof A. Moreover,by [1], Lemnia4.5,
dim l/1~ = 1 for ever>’ a—ideal1 j <a, fi>, hence<a, fi> is simple. In the
secondcasewe shawthat both <a,fi> end <za0,za0> aresimple. First note

that [11,Lemnia 4.5, is applicable,heixce <a,fi> is simple. For <za.,, v¡~>,

considerthe sequencesPi = vn D P2 D ... of simple v«—ideals and

= vn D q~ 2) ... of simpleza0—ideals. Sincetite sequencesof za0—ideals
andza¡j—ideals divergeafter finitel>’ man>’ stepsit follows from Zariski’s

titear>’ of completeideals(cf. [14],Appendix5) that titeremustbe some
n suchthatp,. is notazaridealorq,, is not aza.,—ideal. (Strictly spealcing,
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to be able to apply Zariski’s titeor>’ we needto work with valuationsof
tite field q¡(A) and not oní>’ with valuations of A. However, if, for

example, za., is not a valuation of qf(A), i.e., if supp(za,,)# (O) titen

one can replacey
0 b>’ tite valuation obtainedas the composition za of

tite valuatjon belongingto the discretevaluationring A~,,,,(,,0)and tite

valuationof q¡(A/supp(~a)) defining y0. The separatingideal of za and
za., is supp(za.,). II we are oní>’ interestedha a finite initial part of the

sequenceof za., wecantitereforework equallywell witit za aswitit za.,.) So
<y0, zan> properí>’ containaa simple za.,—idealor a simplezarideaL But if

1 ja aix>’ v.,—ideal(or za,r-ideal) properí>’containingasimpleV0—ideal (or
za0—ideal) titen dim 1/JO= 1 (or divn 1/10= 1).

Wehaveshownsofar that <a, fi> is alwa>rssimpleandthat <za.,,zas>=

o or <za.,, zan> is simple. For the furtiter analysisof the separatingideals
we will use (iterated) quadratic transformations. As we saw un §3, we

always itave
<a,fi>’ £ <a’,fi’>,

£

un tite presentsetting this can be improved. It is shown in [1], Propo-
sition 4.7, that <a,fi>’ = <a’,fi’> if <a,fi> cE vn. For valuations the

correspondiñgresult la abnost immediate from [14], p. 390 ff. For, if

<za0,zas> = (O) titen it is clear that <za~,y> = (O) = <zaa,zan>’, afid if
<za.,, za~> is m—primar>’ titen <za0, za0>’ is a simplezaL— andza~—ideal, itence
the sequenceof zaL—ideals preceding <za0,zan>’ and tite sequenceof

idealspreceding<za.,, zap>’ both agree.But titen <zaL, za~> C <za<,, zan>’ whicit

provesthetransformationformula for separatingidealsof valuationa. (It
la clear that tite sameargumeixtworks for any two valuationaza, vi of A
such that <y, vi> is simple andnl—primar>’.>

If A cE A’ cE A” cE ... is tite sequenceof iteratedquadratic trana-
formationsof A aloixg a titen we denotetite r—th iteratedtransformaof

a, /3,... b>’ 00i, /3(r) Supposethat r la minimal sucit that

<a,fi>(r> — ~~(r) c A(r).

Using tite termiixology of tangentdirectionsintroducedun §1, this meana

that A(r) is tite flrst quadratictransform¡ix which tite tangentdirections
of a(r) and /3(r) areseparated(Theorem2). Now titere aretwo possible
cases:Either <a,fi>fr> — <v<,, y~)(r) (which meaixsthat eventite tangents



236 James£ Madden¡md Niels Schwartz

havebeenseparated— cf. Theorem1) or <a, fi>(r) 2) <za.,,y
0>(r) (which

meansthat the tangentsof a(r) and /3(r) agree,but a(r) and /3(r) ap-
proach tite commoncenter from different directions alongthe tangent).

Titis proves

Thenrem 3. ¡¡A<’~) la tite firsí quadratic trasisform ofA alony Va zintit

<a(r), /3(r)> — vn(r) titen .,(r) asid /3(r) have different tan.gentsor differertt
tangení directione along tite sametangení accordiny as<a, /3> = <za0,za0>

or <a,/3> 2) <y.,,za0>.

u
Tite paperconcludeswith a coupleof remarks.

E.emark 1. Snpposethat a E Sper(A) is given and that F~ is defined
as at tite endof section2. Let ¡ be aix>’ simplevn—primary a—idealand

let J be aix>’ simplem—primar>’ a—idealof tite form

J = {a E A 1 Va(a) =y}

whereO c -y E F~. Titen usingtite tecitniqueof qnadratic transforma-

tions it is possibleto sitow that titere exist sornez~,O E Sper(A) such
that ¡ = <a, ‘i> = <y.,, za,1> andJ = <a,0> 2) <za0, v,~>.

u

Remark 2. flere is >‘et anotiterway to distinguisit tite two wa>’s how

tite iteratedtransforms.,(r) amI /3(r) areseparated.It involvestite notion
of minimal reductions (cf. {11J). Every m—primar>’ ideal 1 cE A has

man>’ minimal reductions,each of witich is generatedby a s>’stemof
parameteis(i.e., it>’ two elementswhich generateaix vn—primar>’ ideal).
1 is tite integral closureof eachsuch minimal reduction. First snppose

that <a,fi> 2) <za.,, zan> and pick a minimal reduction(a,b) of <a,/3>. As
(a,fi>~ = <a,fi>

0 anddim<a,fi>/<a,fi>~ 1 we seethat onegeixerator,
sa>’ a, of theminimal reductionitasvalue za.,(<a,/3>) and,after replacing

b it>’ a linear combination ca + b with e E A if necessary,za<«b) >
zaa(<a,fi>). Since <za.,,za

0> C <a,fi>
0 = <a,fi>” we alio have za

0(a) =

zaa(<a,fi>), zaA.4b) > zao(<a,fi>). Now supposetitat <a,fi> = <za.,,zas>and

titat (a,b) is a minimal reductionof <a, fi> again. We will show that
eltiter za.,(a) = za0(<a,/3>) and za0(b) = zas(<a,fi>) or za.,(b) = za0(<~,fi>)

andzan(a)= zap(<a,/3>).
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To provetitis assumethat za.,(b) > za.,(<a,fi>) andza0(b)> zaa(<a,fi>).
It is eas>’ to show that if s = ord(<a, /3>) the transform<a,fi>’ under a

quadratic transformationA cE A’ = A[z’mlq has (~, ~)asa minimal

reduction. lix particular za0 (~.-) c za., (~) and y0 (~) < V/3 ~ Now

apply quadratic transformationsalong a to transfonn <a, /3> unto vn<r).

Tben (a,b) is transforrnedunto a minimal reduction (a(r), b(r)) of m(r)

with za.,(a(r)) < za.,(b(r)),V0(b(r)) < za0(b(r)). Rut vn(r) is basic (i.e., it
has no proper reductions),itence vn(r) — (a(r) b(r)). It is obvious that

vn(r)
2 cE mfr» rl mfr>fl. Moreover,b(r) E m(r» rl m(r)a. But then

(m(r>2, b(r)) ~ ~(r» rl

Sincedim m(r)/(vn(rfl, b(r)) = 1 this implies that

m<r» — (tu(r)2,b(r)) — m(r)$.

Sincetite order of titis idealis 1 it is a simplecompleteideal. Also it is

a v.,—idealanda zarideat Thereforeit is tite transformof sornesimple
za.,— and za

0—ideal¡cE A. Since ¡(‘9 ~ <a,fi>(r) = <y y0>(r) we seethat

1 cE <za.,,zas>. Titus, titere la a simple za.,— and zarideal un A witicit is
properí>’ coixtainedha <u.,, zas>. But titen tite sequencesof za.,— and ‘za~~—

ideals agreeup to 1. Titis contradictstite definition of <za.,,v,s>, andthe

proofof tite claim is complete.

u

E.emark 3. Supposethat le is a totalí>’ orderedfleid. Let A = le[X, Y]
be tite polynomial ring in two variables,K tite quotient fleld of A. Let
a be a total order of A itaving center p = (X, Y). lix Sper(A) tite

closedspecializationof a is deixotedby /3. Referingto a, supposethat
O < Y < X. Set Y’ — ~‘ and considerA’ = A[YI. Ir Sper(A’) titere—x
is a imique point a’ restricting to a un Sper(A). Let fi’ be tite closed

specializationof a’ in Sper(A’). Undersuitableitypothesesadirectional
form was associatedwith the valuation za., un {14], p. 364, Definition 1.
The purposeof this remark is to point out a connectionbetweentitis

directional form audour tangeixtdirectionaintroducedin section1.
Tite exceptionaldivisor of the quadratic transformationA —~* A’

is representedb>’ tite factor ring A’/X A’. Thla ring is isomorphic to
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the polynomial ring B = le[Y’]. In K let 1/., be tite valuation ring of
za.,, let M., be tite maximal ideal. Titere is a canonicalitomomorphism

E —* y.,/M.,. II tSÉ is injectivethen y., is tite valuationring of tite order
valuationof A belongingto tite maximal idealp. Ir titis casethereis no

directional form, so titere is notiting to do.

Now supposethat E .-.~ y.,/M., is not injective. Tite kernel is
generatedby sorne irreducible polynomial 7 un the variable Y’. This

is essentiall>’ tite directional form of [141. lix A let L be the le—vector
spaceof linear forms. Tite total order a of A restrictsto a total order of

It Tite Zarisku cotangentspacep/p2 can be identifled canonucail>’ with

L, the Zariski tangent space(p/p2)V canbe identified witit le2. Given

P(li, . . . ,lr) = ja’ Ele2 Vi: i~(z) =O}.

The set of alt titese eonesun le2 definesa tangentdirection according

to section 1. Eacit one of titese eonescorrespondsto a closedinterval

on tite exceptionaldivisor of the quadratie transformation. Tite set of
titese intervals is tite basis of a ifiter on le. Tite following conditionsare

equivalent:

(1) Tite directionalform 7 is linear.

(2) Tite totail>’ orderedvectorspaceL is not arcitimedeanover le.

(3) /3’ definesa le—rationalpoint on tite exceptionaldivisor.

(4) The intersectionof the intervals containsa le—rationalpoint.

If theseconditionsitold titen tite uniquenontrivial convexsubspace

of L is generatedby a linear form ¡ witit proper transform¡‘ E A’ such
that tite residueof f’ un E is tite directional form. Tite le—rationalpoint

of (4) is unique and is the sameas tite le—rationalpount of (3) andtite
sameas tite point definedit>’ tite linear directional form lii (1).

For tite discussionof the generalcaselet R be tite realclosureof
le. Tite total order of V<,/M., restricts to a total order of B/(7). Since
B/(f) is aix algebraicextensionof le titere is a uniqueembeddingunto

R. Let z E R be tite imageof Y’+ (7). Titen, identifying the R—rational
points on tite exceptionaldivisor witit R, z belongsto tite intersection

of the s>’stemof intervais determinedaboye. Clearí>’, z is one of tite
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roots of the directuonal form. Tite total order of B/(f) gives enougit

information to distinguisit z amongtite different roots of 7. Thus, it

is legitimate to considerz as tite R—rational point on tite exceptional
divisor determining tite tangent for tite total order a. Of course,tite

total order of L contajuslessinformation titan tite total order of B/(f).

Titerefore,the intersectionof tite intervalswill, un general,containmore
roots of 7 thanjust z. So tite directionalform offers acitoice of tangents

for a. Witit tite information corning from tite total order of L tite field
of candidatesis narroweddown, bnt not necessarilydown to 1. If tliere

is only onecandidateleft then, of course,titis is tite true tangent.

Finail>’, to mention one particularly irnportant specialcase,sup-
posethat le is realclosed, i.e., le = R. Titen z is a k—rationalpoint and
tite equivalentconditions(1) — (4) appl>’.

u
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