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Abstraet
Let y be a paracompactconnectedreal analytiemanifoid of

dimension1 or 2, i.e. a smoothcurve or surface. We consider
it as a subsetof somecomplexanalytic manifold ~c of thesanie
dimension. Moreover by a prime divisor of y we shell meanthe
irreducible germ alangy of a cadimensionono subvarietyof vc
wbich le an invariant of tite cemplexconjugation. This notion
la independentof the chaiceof the complexification ~ In tbe
one-dimensionalcaseprime divisora are just pointa, in tbe twa-
dimensional- analyticcurvesor elliptic points(intersectioneof twa
conjugatedcomplex analyticcurves).Everysuchdivisor inducesa
discretovaluatienon thefield M of meramorphicfunctionsan V -

thearderof the zeroor minus theerderof the poloof the function.
Thereforeit inducestire so called residuehomomorphisms(first
andseeand)ef tire Witt greupof tire fleid M to the Witt graup

of tire residuofleld - tire funetianfleld of tire divisor.
Tire main goal of tbk paperla te shawthat tbe intersectionof

kernelsof alí secondresiduohomomarpirismeansociatedto prime
divisorsis isamorphicte tire Witt groupof tire Rioniamijanbundies
an 1’.

As en exampleof an applicatianof tiria result wo previdetho
new proofof theArtun-Lang prapertyfor anoandtwo dimensional
real analytic manifolds (batir cempactand noncompact),which
is neitberbasedon the deseriptienof all posibleordoringsof tire
fiold of meromerpitiefimetionenor en tire cexnpactificatianof tite
variety.
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1 Introduction

Let y be a paracampactconnectedreal analytic manifaidof dimension

1 or 2, i.e. a smootit curvé or surface. We cansiderit as a subsetof
sorneeomplexanalytic manifald 1c of tite samedimension. Mareover
by a prime divisor of y we shall meanan irreduciblegerm of cadimen-

sian anosubvarietyof 11c alangy whicit la invariant undertite complex

canjugation. This natian is indepondentof tite citoice of tite compiox-
ificatian ~ In one-dlinensinnalcaseprime divisors are just points, in

twa-dimensional- analytic curvesor elllptic paunts(intersectiansof twa
canjugatedcarnplexanalytic curves). Evory sucit divisor inducesa dis-
cretevaluationon tite IbM M of meromarpitiefunctianson y - tite arder

of tite zeraar minus tite arder of tite pole of tite function. Titereforeit
inducestite so called rosidue itamomarpitisms(flrst andsocand)of tite
Witt greupof tite fleid M to tite Witt group of tite residuefleld - tite

function field of tite divisar.

Tite maS goal of titis paper la to sitow titat tite interseetianof tite
kernelsof all soeendresiduoitomomorpitismsassaciatedta primedivisors

is isomorpitie to tite Witt group of tite Riemannianbundíeson V.

As an exampleof anapplicationof titis result wepravidoa new praaf

of tite Artin-Lang property Lar ene and twe dimensionalreal analytic
manifolds.

Acknowledgement.
Tite autitor would like to expressitis iteartiest gratitudete prof. Eber-
itard Becker for many itelpfiil suggestiansduring tite preparationof tite

manuscript.

2 Notation

2.1 Preliminaries

We cansiderin this paper titeWitt rings ayer integral domalnsandayer
ringedspacesasdefinedby Knebuscit(seo[11, 17] or {13]). Tite Witt ring

is a Grotitend.iockring of nondegeneratedbilinear fonns en projective
modulesor respectivelyof Riemannianbundíesmodulo tite motabalic

(split> ones.

Lot al,... a» be nonzero elements of a field K. •We recail titat
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<al,... a»> denotestite class carrespondingto tite followittg quadratic

form:
2 2

aíTí +... + a,.T,..

Tite tensorpraducts

arecalledn-fold Pfister forms and aredenatedin tite abbreviatedform

2.2 Witt ringa of vector bundies

Lot E be an analytic vectorbundleayer a connectedrealanalytic man-
ifold y• We say that E is Riemannianif it is providodwitit an analytic
inner product i.e. an analytic section 6 of tite bundie Et ® E sucit titat
for every paintr E y b

1 is asymmetricregularbilinear form. b is called

positivo definiteor respoctivelynegativedefinite.if sucit is b~ far every
point r.

For examplo if (E, b) is positive definite titen (E, —6) is negativo
definite. We sitail abbreviate (E, —6) ta —E.

We rornark titat, in contrast to tite complexanalytic category, every

real analytic vectorbundle of finito rank is generatedby finito number

of global sectians.Titereforetitere is mx isamórpitismbetweentite Witt

ring of Riemannianvector bundios en V and tite Witt ring of regular
biinear farms on projective modulesayer tite ring of global real analytic

functions on y~ We sitail denotebotit objectsby W(O(V)).

Tite Riemannianbundle (E, b) is called

• ityperbalic if it splits, i.e. titere existsananalytic buttdle Ex such titat

• metabolic II it is stable ityperbalic i.e. titere exit sucir ityperbolic

bundles (¡ti, it,) and (H2, it2) titat

E.LH1 = H2, h2((cx, /3), (a,, /3,)) = b(a,a,) + h,(/3, /3,).
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2.3 Homomorphisnxs of Witt rings

We recail tite basicfacts.

Every ring itamomorpitism

K —* L

inducestite ring homemorpitismof Witt ringa

W(K) —*

i(M, 6) = (Al ®K L, i ob), jo b(@ ® a), (ai ® al)) = aol . i(b(a, a1)).

Analegically, iL (E, b) la a Riemannianvector bundie, witicit la gener-
ated by global sectians, and i is an inclusion of tite ring 0(V) into

its field of quótients (tite field of meromorpitie functions) M(y) titen

i(E, b) = (r(E) ®O(V) M(V), ob).

Tite so called residuo itamomarpitismsare otiter examplesof map-

pings of Witt rings. Lot

y: K ~—* ru {oo}

be a discretevaluationan a fleld K. Titen

1? = {a 6K : y(a) > 0}

is a discretevaluatianring with tite maximal ideal

vi = ja E K : y(a) > 0}.

Any generatorir of tite idealvi is calledtite uniformizer of tite valuatian.

Every elementof tite fleid K may be uniquely written as preductir le0,
witerele E Z, anda e R\vi. Tite flrst andsecandreaidueitomomarpitism
aredefined as follows:

¿9 : W(K) —. W(R/m), i = 1,2,

ifk+iisadd

otiterwiso

whereñ is mx imageof a in tite residuofleld R/m.
We remark titat tite residuoitamomorpitismacammutewitit tite multi-

plication by elementsfrom W (R) and furtliermore titeir kernelsda nat

dependen the citoice of tite uttiformizer ir.
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3 Main results

Lot y be a paracompactcannectedreal analytic manifold of dimension
1 ar 2 andlot P be tite set of all ita prime divisora

Theerem 1. Tite followung sequenceof Witt yroupsis eract

e8p0W(O(V)fl+W(M(y)) -4 ®w(M(p))

mitere 8, Ls a secondresidue itoviovioryitisni aesociatedto tite prime

divisorp antA M(p) is tite fieltA of vies-oviorpiticfunctions on p.

We remark titat M (y) is isomorpbic to
• tite field of real nmnbersiL p is a point,
• [tite fleld of convergentLanrent seriesin anovariableayer tite field of

complexnumbersif p is an elliptic paint (seo lemma4),
• tite field of global meramorphicfunctians an tite real Une ar on tite

circle if p is an analytic curve.

Lot hdivi y be tite itemotopical dimensionof y i.e. tite mittimum of
tite dimensionsof CW-complexeswbicit are itamatopicalyequivalentte

y. IL y is ano-dimensionaltiten

hdimV={<~ ~f
If y is twa-dimensionalbut nancampacttiten

O. ify=1R2,
hdzvi—

11 otiterwiso.

If V is twa-dimensionalandcampacttiten hdim V = 2.

Theorem 2. Let fi,..., fle be a set of real analytic functionson V.

• Ifk > hdimV antA tite equivalenceclan of tite ¡‘flotes-form «fi fle»
belongsto i(w(o(y))) titen eithes-it is ityperbolic os- it is equivalentto

tite fon 2k<l>
• ¡f y = IR or k > div» y and tite equivalenceclass of tite ¡‘fister fon
«fi,..., fi» t~ a tos-sionelementof W(M (y)) titen it is itypes-bolic.
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Corallary 1. Let fi fl~,, k ~ hdívi 1”, be a set of real analytic

functiotts on y sucit that itt eves-ypoiní of y al least one of titevi zs
nonpositive,titen tite ¡‘fletes- form «1, fi, . . . ,fle» is ityperbolic. More-

oves-if y = IR os- k > <Lvi y titen aleo «fi fle» le ityperbolic.

We remark, titat II’ a Pfister form «cii ale» is ityperbolic titen

titere oxist sucit Tií,•••jk titat

—1 T~
0a1 + To

2i 002+... + Ti2 ial... ap~

i.e. -1 bolongato tite prearderinggonoratedby a¿s.Titorofore it fallaws
immodiatelyfremtite carallarytitat iL in every point of y at least eneof
f~’s is nanpasitive titen -1 belongsto tite preorderinggeneratedby f~’s

itonco in every orderingof tite fleld M at least one f~ is negativo.Titus

we abtaitt, asa direct cansequonco,Artin-Lang praperty far tite ring of
global real analytic functionsen 1’. For atiter proofs of titis fact, whicit

are basalon quite difforent ideas, tite roador is reforred ta [9, 151 far y

campactand [1, 4] far y nencompact.

Corollary 1 gives alse sorneestimatienson tite number of aquares

nocoasaryta ropresenta positivo dofinite analytic fmictian. Far more
exactcalculationswitich arealso basalon tite titeory of vedar bundies
tbe readeris referredta [8].

Tite aboyeresultaarepraved in soctians7 (titeorom 1), 8 (titearom

2) and O (corollary 1). Tito proafa are basalon “teala” develapodin
sectiana4,5 and 6.

Next we draw sorno moro canaequencesof tite aboyo titoorernsand
describetite structuroof tite W(c9(y)) itt moredotail. Lot sgn(E,6) be

tite signatureof tite bilinear ferm 6,, for any givon paint x E y~

Corollary 2. ¡f hdivi y = O titen tite mapping

sgn : W(O(y)) —-4 71

is a ring isomos-pitievi.

Lot ¡det(E, b) j betheabselutevalueof titedeterminantof tite bilinoar
form i o 6. We introducetite ring atructuro 011 tite direct surnof 71 and

tite factorgroupof themultiplicative greupof nenzerofunctienstitat are
lecally aquaresandtite multiplicativo greupof fimctiops that areaquarea
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(O(vfl8~/O(v)
2) (tite subscript lsq stands for locally a equas-e)by tite

rules
(vi, a) + (ti, b) = (m + ti, ab),

(vi, a). (u, 6) = (vn, a¡~tIb¡m¡).

(Camparetite censtructionof tite ring y(Q) andtite ring itomamarplilam
in [5J s.l.)

Cerellary 3. Ifhdívi y = 1 titen tite mapping

(sgn,Ida!) : w(O(V)) —. 71 e

is a ring isomorphism.

Corollary 4. If hdim y = 2 titen tite mapping

(sgn,¡deLl) : w(c9(v)) —. 71 e (O(y)~,,/O(v)2)

is a ring epimorpitism, witicit kes-nelconsisteof oíl Rieniannianbundíes
E, sucit titat eithes- tite equivalenceclaseof?(E) containa a Pfistes-fon
«1, —g», wites-e g is a positive definite attalytic futtction witicit cannot

be representedos a eumof tino equares,os- it is ityperbolic.

4 Splitting Lemma

We start witit tite following fact (compare[13} §V.2).

Lemma 1. Every analytic vector bundle E oves-tite paracompactcon-

nectedreal analytic nianifold M witit a indefiniteRiemanttiauíps-oductis

att ortitogonal dis-ectsum of tino vectorbundíesE+ and E witit definite
Riemannian producte.

Proef. Lot ¿‘,... ,¿,, be a set el glebal sectionsof E whicit generate
eacit stalk.

We censidertite correspendingGrammatrix:

A = (&~,¿fl)~~=í vi,

witere (.,.) la tite Riemannianpraduct i.e. tite bilinear fermen sections.
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Tite coefficientsof tite matrix A areanalytic functions an tite mani-
fold Al. We denoteby A(r) tite matriix whicit coefficientsaretiteir values

st tite paint x E M. Al is connectedhencetite rankandtite signatureof
A(r) do not dependon~tite peint r. Indeed,they areequal reapectively

to tite rank of tite bundie E and to tite signatureof tite Riemannian

product. Furtitermere,since A(r) is symmetric itonce its eigenvectors
apan tite whele spaceIR’» and tite aboyeis valid also fer tite nuinber

of pesitive andnegativoeigenvalues(cauntedwitit multiplicities). Thus
tite citaracteristicpolynómial ¡‘(A) = det(A — A¡) is a praductof titree

pelynomialawitit continuousceefllcients

¡‘(A) p+(x)F—(A)Ah k — vi — rar¿k E,

witero F~(A) (reap. F}A)) itas only positivo (resp. negativo) reota.
Furtitermore, using Weierstraasproparatientiteorem -[7] s.4.1 (or just

Hensel lemma -[7] s.5.6), one can sitow titat tite coefficients of botit

Pl(A) and r(A) areanalytic at every paint of y~
Lot W0(r), W+(x) andW(r) betitelinearsubspaceaof IR’» apanned

by tite eigenvecterscorrespondingrospoctivelyte zero, positivo andneg-

ativa eigenvalues. Titey give rise to tite decampositionof the trivial
bundieayer Al:

Al x IR”’ = eW~ eW.

Indeed, W0, W~ and W are kornels of endomorpitismsof tite trivial

bundle Al x IR”’ inducedrespectivelyby A, F~(A) and F(A) (since

for every r A(r) itas adiagonalJordanform itenceker Ale — ker A).
Furtitermareaur RiemannianbundieE is isemorpitieto bundloW ~

W witit tite preductgiven by tite matrix A. We romarktliat W4 ja ar-
titogonal to W — becausetite eigenvoctarscorreapondingto tite distinct

eigenvaluosareartitegenaL

Lemma 2. If tite nianifoid Al has a itomotopical type of a point titen
ever-yRiemannianbundleE oves-M Ls eititeritypes-bolicos- att ortitogonal
sum of a hvpes-bolicbundle 11 antA a trivial bundle E~ witit tite definite

Riemannian product given citites- by,~ tite identity os- by minus identity
matriz,

E = H.1E
1.
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Proof. II tite analytic manifeld la centractibleto a poiut titen every

analytic vector bundleis trivial i.o. it la generatedby newherevanisiting
global analytic sections.Furtitermareif tite vectorbimdle itasadefinite

Riemannianpreduct titen a squareof a nowherevanisiting global ana-
lytic section la a nowiterevanishingglobal analytic function. Titerefore

we can citoasemi artitonormal set of global sections far batit cempa-
nonta E~ andE, ¿j~,. ..Át and¿Ñ...~Q. Tite sections¿¿and ¿ST,

i = 1,..., viin(k, 1), generatetite ityperbalic bundle witile tite reat of

titem generatetite trivial bundiewitit a delimiteproduct.

Lemma 3. If tite manifoldAl hasa hoviotapical typeof a 1-dimensional

CW-complextitenfos- eves-zjRieviannianbundie E oves-M with ttonncg-
ative signature tites-e exist hyperbolicbundles H1 antA H2 sucit titat

EIH1 = H21T.LL,

wites-e 2’ is a trivial bundle witit tite Rieniannian product given by ¿he

identity matriz, ami L is a negativelytAefinedone-dimensionalRieman-
nian bundle.

Proof. II tite analytic manifeid is centractiblete a one dbnonsional
CW-cemplex titen every analytic vector bundle of dimension groater

titan 1 itas a nowiterevanisiting global analytic section. Tittmn, using
tite sameargumentaasaboye,we ebtaintitat tite componentE~ itas a

decempositieninte ortitogonalsumof twe positivo definite Riemannian
bundiesE~ = EjLL4, witere Eft is trivial and i4 ane-dimensional.

We put ~i = E~jLL(—Ejj) witicit obvieusly is ityperbolic. Wc note

titat tite ertitogonal sum 414 la a trivial bundle. Indeed tite rank
of tite bundle is 2 benceit itas a ndwiterevanishingglobal analytic see-

tion ¿ = [ñ, ¿2]. Tite section ¿ = [¿~, —¿~¡ is alee nowitere vanisiting.
Mereoverit is artitogonalto ¿:

(¿, ¿*) = (&, ¿2)+ (¿2,—¿0 = 0.

Titus ¿ and ¿ are linearly independent in every poSt and give tite
trivializatien of E{LEt.

TiterefareEtL4 isa trivial bundie. Ontiteotiter itandELL(—Efl

is a negativedefinite Riemannianbundieitenceit splits

E1(— 4)=Ej±Eff,



162 Fiotr Jawozski

witere Ef is trivial and Ej ono-dimensional. We put L E~. Tite

rank of E~I4 is greatertitan tite rank of Ef itoncewe may put

Ejj±(—Ej), E~±E~ = (—Ef)IT.

It is easyto citeck titat

EIH1 = (É~1E&)I(LV1(—4)) = H2J~T.tL.

5 Tnjectivity of i~

Ir y is compact titen tite ring of global analytic fnnctions is a regular
damainaud tite injectivity of? follows fram tite results of Ojanguren

(see[14] tit. 17).

Jf y is noncompacttiten dueta lemnia 3 it is enaugit to considera
bundieE = E+1E witere botit E±areano-dimensionalandtite posi-

tive definite cemponentis trivial Assumotitat r(E) ® M is ityperbalic
titen tite bundle E hasa global nenzeroanalytic section i~ of “ lengtit”

zero. Lot q+ and ,f be tite componentsof i~ in E+ and E. E+ is
trivial itence~( = f . ¿ witere f is a nonzeroanalytic function and¿ is

a nanvanishingglobal sectionof length 1. Titus

O = (mu) = (u~u~) + (f,f) = f
2 + (rF,rC),

and }~pis a moromorpitic section of square -1. Since E - is ono-

dimensionalRiemannianbundie itence — is analytic anil nowitero-

vaznsiting. TiterefareE~ is trivial and E is ityperbolic.

O Primedivisors

We recail titat we considertite realanalytic manifoid y as a subsetof

somecomplex analytic manifold 1/c of tite samedimension, aud titat a
prime divisor la agerm along y of a codimensionenesubvarietyof 1/c

witicit is invariantundertite camplexcanjugation andirreducibleayerIR.
IL y is ono-dimensionaltiten every cediniension1 irreduciblesubyariety

15 just a peint heuceall prime divisersare (real) points of y• If y is twa-

dimensionaltiten eyery codimension1 subvarietyis a curve. It might
be cititer a real analytic curve or twa complex conjugatedcurves. In
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tite secondcasetite subvarietyitasonly onerealpoint - tite intersection
point of tite brancites. Titerefare we cail divisors of sucit type elliptic

paints.

Lemma 4. Tite function fleId of att elliptic point p Ls isoviorpitic to

tite fleid of cottvergentLaus-ent seriesitt one variable oves- tite fleld of
covipler nuvibere.

Preof. Lot r betite only realpaint of tite divisor p. Titusp is agermof

twa conjugatedcurves at x. Since V passessestite fundamentalsystem

of Stein neigitbouritaodsitt y~ (comparo [3, 6]) itenceevory germof an
analytic functianat r canbeextendedmodulo tite ideal¡,,(p) cansisting

of all germsvanishingat tite primedivisorp te aglobalanalytic funution.
Titerefore

o(y)/«p)= O,,/I,,(p>.

Next we apply tite titoary of Puiseuxexpansionsand obtain titat tite
fleld of quotients of O,,/I±(p)is isomorpitic te tite fleid of convergent

Laurent seriesin anevariableayer tite fleld of complexnuinbers.
Namely, let f E O,, be a goneratorof tite ideal I,,(p). Over Cf is a

product of twa conjugatedgorme f = flf2 i.e.

f (Refi)2+(Ivi fi)2.

If ~b(t) is a local analytic parametrizationof tite complexbrancit fi O

of p titen a mappingg —. g(4’(t)) inducesa bamomarphismof fields of

quotients

4>(O,,iI,,(.p)) +

We sitew titat ‘It is ento.
We itave

O = fí(4’(t)) (Refi)bP (1)) + «¡vi f
1)(44t))

itence ‘P«Refí)/(Ivi fi)) = —i. FurtitermoreLar every Laurent series
B(t) thereexiste a germof complex meromorpitic function g sucit titat

g(i,b(t)) B(t). We remarktitat

Re fi
g = Reg— —Iv» g

lvi fi
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is agermof a realmeramerpiticfunctionandñ(4’(t)) = B(t) tao. Hence

‘It is an isemorpitism.

Tite atiterway te provetitis fact leadatitrougit tite normalizationof
tite divisar p. Indeedits normalizatianayer (U consistaof twa germsof

conjugatedsmeotitcamplexcurves. Ronceayer IR it is just anegermof
a smootit complexcurve. Seealso [10] s.6 fer similar resultscencerning

formal power series.

7 Proofof Theorem1

It is well-known titat for every Riemannianbundie E, every second

residueitamamorpitism associatedtu a prime avisar is. vanisiting on
i(E) = r(E) ® M (compare[13] §4.1 lemma 1.3). Titerefareto flnisit

tite praafof titeorem 1 we itave te describetite intersectionof kernelsof
secondresidueitomemerpitisms.

Lot W bea linear spaceayer tite fleid M witit a bilinear symmetric

product (., .).

Propositian 1. .tf fas- evertj prinie divisorp tite cos-s-espottdittg second
residue itomomorphismis vanLsiting on tite equivalencecloas of W itt

W(M) titen tites-e exista a Riemannian bundle E, such titat W=

M.

Proef. Wegeneralizetite metitadusedin ¡13] §IV.3. Lot el,... ,e»bemx
ortitagonalbasisof W. Weassnmetitat a~ = (ej, eí), i = 1 n, arean-

alytic functiens. Lot L denotetite sublatticeof W spannedbjr-e1,... ,e»
—1 —1ayer the ring O andLA tite dualsublatticespannedby a~ c~ a» e,,.

Lemma 5. Pos- everyprime divisos-p tites-eLs a subíatticeW, of W oves-
tite local ring 01<,,) such that:
i. tite bilinear fon (.,.) reetricted to W, is regulas-;
u. L ® ~ c ¡Y,, c ¡2 ® ~‘<>~»
iii. ifnone of ihe a~ ‘a Ls vanishing onp titen ¡Y>, = L®OI&) =

iv. for every finite set of prime divisos-a Pí,~ . . pj tites-e exists an analy tic

function f such that (IL) c ¡Y,, fos- p p~ ami W,,~ c (~L) ® 01<>,.).

Proof. We apply [13] cit.4 titeerem3.1 far tite local ring 01<>,) and

constructa snblattice¡Y,, witich fulfills tite conditien frem point i. Tite
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secaudpeint follows from tite constructianusod in tite praof of titis
titeorem.

Tite titird point is an obviouscansequenceof tite secondano. Indeed,

if naneof tite a1’s is vanisiting an p titen 1/ is a subsetof L ® ~‘Ó~)•
To pravetite last point notice titat for evory prime divisor p~ titere

exists811 analytic function fi whicit vanisitesonly on p~ andfor 811 5 tite
quatientsA belangte tite local ring ~ Titus

a’
1

(—L) ® 0¡(p¿) z ¡2 ® ~ ~

On tite otiter itand, lot p be any prime divisor different from Pi titen

* E Oj<>,} itenco *L c ¡Y>,.

Obviously tite preduct fi . . - fi is tite requiredfnnction f.
Lemma 6. Tite bilinear fon (.,.) restricted¿o tite O module

Q=Awp

is regulas-antAnioreoves-4> Ls a module of global sectiotis of a Riemannian
butidle.

Proof. ff t/ le campacttiten tite ring of global analytic functions 0 is

a Krull domainandwe may apply ¡2] §VII.4 theorem3 to sitow titat 4>
is reflexivo. Next sincey is two dimensionalitence4> is projective.

Tite proofof tite generalcaseis only abit morecamplicated.

Step 1. Por eres-yprime divisos-p0 inc itave 4>~ = 4> ® ~ W>,0.

Indeod, titere ~5 811 inclusion:

Q>,0=(flW4,0c fl(¡Yp)po=¡Ypcjrl A WWp~,.
pSP pSP P#Po

On tite etiter itand, titereis a funetion f sucit titat ~>,, c (}L) ®
01(n)

and (}L) c ¡Y>, forp #po, itonce (}L)rlWp
0c4>andWpaC4>p0. Titus

Step2. Tite bilinear fon (.,.) rrstricted ¿o tite O module 4> Ls reg-
ular, i.e. 4> is self-dual.

Lot a be any O funetionalen 4>. Sincea canbe extendedto a M
funetionalon ¡Y, itenco titere exists ‘~ E ¡Y sucit titat for overy r E ¡Y

a(r) = (~j,r).
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But an tite atiter sido a can be extendedto a 01<>,) fnnctional an

4»~ = 11%, fer every primo divisor p. ¡Y>, is regular itence t¡ belongste

¡Y>,. Since i~ belongsta eacit ¡Y>, itenceit belongsto titeir intersection,

i.e. ta 4>.
Step3. ¡f vi le a marimal ideal consisting of alí analytic futictione

vanieiting at certainpoiní r E V titenQm = 4> ® O», le a free O», module

of rank ti.

In tite. ono-dimensionalcasetite maximal idealvi la a prime divisor

and step 3 follows diroctly fram stop 1.

Lot us assumetitat 1’ is twa-dimensional. Titere is only a finito
number of prime divisars containing paint z and containodiii tite zora

set of at least ano a~. Titus repoatingtite argumentsftem step 1 we

obtain titat

4>», = fl ¡Y>,.

Indeed,titore is mx inclusion:

pSP pSP xSpSP 4>, xSpSP

On tite otitor itand, titereexistsafunctianf sucittitat ¡Y,, cl (44) ®Og,,>

Lar r E p E P and (44) c ¡Y,, atiterwise. Hence(44) fl fl3,5pSp ¡Y>, c 4>

andfl,,5>,5p¡Y>, cl 4>.,,. Mareovor4>’» is selfdual (ropeat tite argxnnents

fram step 2) itencereflexivo (compare[21 cit.VII §4.3). But a reflexivo
moduleayer tite regular local ring of dimension2 la free (seeLar oxample
[16]).

Furtitennore,tite rank ti lattice L is cantainedin 4>», henceits rank

is equalto ti tao.

Step4. Tite construc¿ion oftite vectorbundieE.

4> is a submoduleof tite free module ¡2. Titus every elementof 4>
gives us a sectionof a freesiteafO!’,>. Lot Y be a subsiteafgeneratedby
titose sections. Ftom step 3 we itave titat Y is locally free henceit is a

siteafof sectiensof certainvector bundie E an V of rank ti. From step
2 it follows titat E is Riemannian.
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8 Proofof Theorem2

Let (E, b) be a Riemannianbundle sucit titat i ob = «fi,..., fle». Wo
itave twa possibilities te considereititer tite signatureof b is equal to
O or te

2le• Indeed, tite signatureof 6 is equal to tite signatureof

-. . f~(x)» at any point x E V, at whicit no f~ is vanisiting.
We startwitit tite flrst case. Tite signatureof £ is 0, titus

1
div» E+ — dirn 1W = -dim £- 2/C~1 > hdim y.

2

Ilence batit vector bundíesE~ and E itave nanvanisitingglobal sec-
tions, say t7~ and ~. Wo itave b(n+,,F) = 0, b(qt<) is positivo in

every point, b(ip, ir) is negativoin every point. Hencewe may put

= ~ b(f,tf) = 2

witeregí andg2 are analytic ftmctians.

= g2n++ g~~F is a nunzero sectianof E witicit is self-ortitoganal,
bQ,, ‘>) = O. Rut a Pfister form witich itasanantrivial zerais ityperbolic.

In tite socondcasewo may restrict aursolvesta tite casehdim t/ = 1

nr 2, sincetite casehdim V = O is abviaus. We itave

E = Eo±Ei,

witerebotit Ea andEí arepositively definedRiomannianvectorbundíes

and moreovertite first eno la trivial witile tité dimonsianof tite second
aneis not greatertitan hdivi y~

Titerofarein tite Witt ring ¡Y(M) we itave

— «fi f&» = 2k<1> —?(Eo)—0(E1) = rank(E1) . <1> —0(E1).

Tite dimensienof tite anisotrepicpart of tite form rank(Ei) . <1> —

?(Ei) la net greater titan 2rank(E1) ~ 2hdivi 11. Rut it bolongs to

tite k power of tite fundamentalideal of W(M), witere k > hdivi V
itencedueta tite Arason-Plistertitoorem (seo [12] tit.3.1 cit.10) it must
be ityperbolic. Titus
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Now lot a rs «fi fle» be a torsian element. Titen for evory
prime divisor p 8>,a also is torsian.

If dim y = 1 titen Lar eacit p tite residuofield is isomarphicta tite

fleld of realnumbersitenceits Witt ring is torsión free. Titus a bolongs
to tite image of? and we may apply tite first part of tite titeorem to

sitaw titat it is ityperbolic.
Ifdimu¡ = 2 andk > 2 titen webaseon tite fact titat 8>,aLs equivalent

to k — 1-foid Pfister ferm multiplied it>’ a rankano form.

If p la an elliptic point titen tite residuefleId ja a fleld of Lauront series

in enovariableaudever>’ twa- andmoro-fold Pfister Lorm is ityperba]ic.
If p is a real curve titen tite field of meromorpitic functianson p is tite

fleid of meromorphicfnnctionsan its normalization i.e. on IR or on Sí.
But we itave airead>’ proved titat an>’ twa- and moro-fald Pfistor form
witich is torsien in tite Witt ring ef tite fleld of meremorphicfunctiens

of ono-dimensionalmanifold titen it is ityperbolic.
TitereLerea belongata tite imageof O andwe ma>’ oncemereapply tite

flrst part of tite titearemte sitew titat a is ityporbolic.

9 Proofof Corollary 1

Lot a denotestite equivalencoclassof tite Pflster fon «fi, ..., fi» in
tite Witt ring ¡Y(M). Titen tite class2a cantains<1, 1>®«fí,. . . , fi» =

<<1,fi,...

Basingon titeorems1 and 2, andtite fact titat tite signatureof a is
o (in every point r witore it is dofined), it La enougit to sitow tbat every
secandresiduoitememorpitismassociatedte a primedivisor maps2ato

zore.

II p ja att elliptic point titen tite corrospondingresiduofiold is a fleld

of convergontLaurent seriesover tite fleld of camplexnumbers. Titus
ever>’ elomentof the Witt ring itas erder2, and

Op(2a)= 20p(a) = 0.

Itt tite follewing we sitail consideronly tite ‘~ real” case;p la eititer a peint

ar an analyticcurve. itt generalwe itaveadecompositienfor i = 1, ... , k

firt< •gj,
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witere ir la a uniformizerof tite ring OI(¡,) and g, itasneLtiter a pole nor

a zereat p. We itave ta considertitree cases:

• all t~ areoven,

• exactí>’ano t1 is odd, sa>’ ¿í,
• merotitan ene4 areedd,say Li, ...

Itt tite flrst casewo obtain directí>’ from definition titat Op(a) 0.

Itt tite secondano

ap(a) = <gi>(<g2,...,9k».

Sinco ir being att uniformizer is citanging tite sign at p itence itt ver>’
paint of p at least eno of g¿, i = 2,... k, is nonpesitive(if p is a curve

titen titey may itave aleoa pole).

Itt one-dimonsienalcasetitis finisbes tite preof sincep censistsof just
ano point and g¿ aro realnumbers.
Itt tite twa-dimensionalcasep is a real curve andwe tako tite normal-

ization of p. Titen we multiply tite coefficientsof tite form by squaresof

deneminatoreand apply tito cerollar>’ Lar dimension1.

Itt tite titird casewo replacetite Pileter form «fi, ... , fi» b>’ att oquLv-
alent ene

(<fi, fíA,..., fjf,n, fm+í . . . 7f~» witicit belongéto tite case2.

Tite socondestimatefollows directí>’ fremtite socondpart of titeoren~

2 sincea is atorsionelement.

10 The structure of W(O(V))

Corollar>’ 2 Lellows directí>’ frem ¡emma2.

Cerollar>’ 3 from lemma 3 andtite fact tite detonninantof en>’ bilinear
Lorm i o b Ls lecail>’ a equareor minus sqnare.

Te pravotite last cerollar>’ we needthofollowing lemma.

Lemma7. ¡f tite varietyy is tino-dimensionalantA compacttitenfos- ev-

en,RiemannianbundleE oves-Al with signaturo O ihere er4st hyperbolic
bundíes~í and ff2 such titat

EXHí = H2~LTJ~L,
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wit es-e 2’ Ls a trivial bundle with tite Riemannian product given by ¿he

identity matriz, ami L is a nega¿ivel~defined one os- tino-dimensional
Rieniannianbundle.

Preof. Wo decampasetite bundle E into tite direct sum of a positivo
and negativodefinito parts. We considertite positive definite part E+.

Tite diagonalferm of i*(E+) consistsaní>’ of pasitivedefinito functions

i(E+) <gí,...,g’»>.

Titus dueto corollar>’ 1 we itavo itt W(M(V))

4vi <1> — 4 . 0(E~) «1, 1, 91» + ... «1,1, g»,» = 0.

Titus having addedtite proper ityperbolic bundleto E we ma>’ assune
titat tite pesLtivo part is trivial. Tito dimensLott of 1/ la twa itoncetite
negativodefinite part La trivial toe acept ma>’ be sorneanoor twa di-

mensionalcompenont.

Te flnisit tite proefof corollary 4 it is enougit to notice titat ir det of

rank anobundlois eqúalta minus squarotiten tite bundleis trivial and
titat ir dei of rank twa negativodefinite bundie is equalto squaretiten

it correspondeta tite form <—g, —g> where g La pasitivedefinito.
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