
REVISTA MATEMÁTICA de la

UniversidadComplutensede Madrid

Volumen 10, númeroSuplementario:1997

Topology of real algebraic T-surfaces.
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Abstract

The paper la devotedto algebraicsurfaceswhich can be ab-
tained using a simple combinatorialprocedurecafled the T-
constructian.Theclassof T-surfacesla suflicientí>’ rich: for exam-
píe,we constructT-surfacesof anarbitrary degreein Rl’3 wbich
are M-surfaces. We also presenta constructionof T-surfacesin
Rl’3 with díne H,(RX;Z/2) > h”’(CX), where RX and CX
are the real and thecomplexpoint setsof the surface.

1 Introduction

Tite subjectof tite paperis T-surfaces,i. e. realalgebráicsurfaceswiticit

canbeconstructedin asimplecambinatarialfasition: onecanpatcitwork
them from tite pieceswhicit essentiallyareplanes.

Tite constructionof combinatorialpatcitworking(or T-constructian)
works in any dimension. We restrict aurselfitereby tite caseof surfaces.
Tite generalT-canstructioncan be formulatedin a campletelysimilar

way (tite combinatorialpatcitwork constructianin tite caseof curves is

describedin [I-V], [11], [12]).. TiteT-constructionis a particular caseof
tite Viro titeorem (see [V2], [V3], [VS), [Ve], [Rl]).

Tite resultson topologyof T-surfacespresenteditt tite paperarecon-
centratedarouttd tite following conjectureproposedby O. Vire ((V4}):

let X be anansingularsimply connectedcompactcomplexsurfacewitit
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an antihalomarphicinvalution c : X —+ X; titen dii Hi(RX; Z/2) =
h”’(X), witereRX la tite fixed point set of tite ittvalution c (for ade-
tailed inifarmation on realalgebraicsurfacessee [Kh], [Sil, IWiD.

Titis conjectureis relatedta tite Ragsdaleconjecture(see¡Ra]) con-
cerningtite topolo~’ of reala]gebraiccurves. Ta formulate tite Ragsdale

conjecture,let us denotetite numberof evenovaisof a nonsingularreal
algebraicplaneprojectivecurve of degree2k by p (an aval of a nonsin-
guiar curveof an evendegreeis called even (resp. odd), iL it lies inside
of evén(resp. odd) numberof otiter ovaisof titis curve), anddenotetite

numberof odd ¿valsby n.

Ragsdaleconjecture. For anonsingularrealalgebraicplaneprojective
curveof degree2k

3k2—3k+2 3k2—3k

2 ‘ 2

Any caunter-exampleta tite inequality p = 3k2-3le+2 produces a
2

caunter-exampleto Viro’s conjecture: onecantakea daubleplaneram-

ified Meng tite complexpoint set of a counter-exaanpleto tite iRagsdale
conjecturewitit an appropriatecitoice of a lifting of tite involution of
cemplexconjugation. Titus, tite caunter-examplesto Ragsdaleconjec-

ture obtained itt [Ii] (see,also, [12], [I-V]) sitow titatViro’s conjectureis
not true. Tite caunter-exampleste Ragsdalecanjectureareconstructed
asT-curves. So, it is naturalto try to usethe cambinatorialpatcitwork
constructionitt erderto constructcaunter-exampleste Viro’s canjecture

whicit are realalgebraic surfacesin RJ’~.
Wesitow in sections3 and4 titat undersomeconditionsof”maximal-

ity” of tite triangulation participating itt tite combinatorialpatcitwork

censtruction,Viro’s conjectureis truefor theresultingT-surfaces.How-
ever, using a “nonmaximal” triangulation (seeexact deflnitions itt sec-
tion 2), we canobtain a T-surfaceX in ftP3 with ¿Hm Hi(RX; Z/2)>

h”’(CX) (seesection6).
We afro constructT-surfacesof any degreein Rl’3 which are

surfaces(it meanstitat tite total Z/2-itomolegy group of tite real point
set has the samerani< as titat of tite complexification; seesection 5).

1 would 111w to thankV. KharlamovandO. Viro for tite usefuldis-
cussions.
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2 T-construction

Let m be a pasitive integernumber(it would be tite degreeof tite sur-
faceunder constrMction)and2’ be tite tetraitedronin It3 witit vertices

(0,0,0), (0,0,m), (0, ira, 0), (m, 0,0). Let us takeatriangulation r of T
witli vertices itaving integercoardinates.Supposetitat a distributian of

signsst tite verticesof r is given. Tite sign (plus or mittus) at tite vertex

witit ceordinates(i, j, 1) is denotedby 614,1.
Taketite copies

= s~(T), T, = s~(T), Tz =

= s~os~(T), ~ = s~os~(T), 2’~ = svosz(T) ,T~
2 = s2os~os6(T)

of 2’, witere s,,, sa,, ~ are reflectionswitit respectto tite coardinate
planes. Denoteby 2’. tite actaitedran

T U T~U 24, U T~ UT~ U T,,, U ~ U ~

Extend tite triangulation r to a symmetrictriangulation of 2’., andtite

distribution of signs~ to a distributien at tite verticesof titeextended
triangulation by tite following rule: passingfrom a yerta to its mirror

image witit respectto a coerdinateplane we preserveits sign if tite
distancefrom tite vertexto tite planeis even,andcitangetite sign iL tite
distanceis odd.

a tetraitedronof tite triangulation of 2’, itas vertices of different
signs, selecta pieceof tite plane(triangle or quadrangle.)being tite cen-
vex ituil of tite middle points of tite edgeshaving endpointsof opposite

signs. Denoteby S tite union of tite selectedpieces. It is a piecewise-
linear surfacecontainedin 2’.. Glue by s±os~ o s~ tite facetsof 2’.. Tite
resultingspace2’ is itomeomorphicto tite real projectivespaceRl’

3.
Denoteby S tite imageof S in 2’.

Letusintroducean additionalassumption:tite triangulatienr of 2’ is
convez.Titis meanstitat thereexists aconvexpiecewise-linearfunction
u : 2’ —. R witose domainsof linearity coincidewitit thetetraitedraof

p-. Sometiines,sucli triangulationsarealsocalled coiterent(see [GKZ])
ar regular (see[Zifl.

Theorern 2.1 (0. Viro). Under tite assumptíonsmade aboyeon tite

triangulatíon r of 2’, tites-e ezist a nonsungularreal algebs-aicsus-faceX
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of degree m iii Rl’3 and a itomeomos-pitismftP3 T mappungtite set

of real points RX of X onto 5.
Moreover,a polynomlal deflning the surfaceX can bewritten down

explicitly: if t is positive andsufficiently small, tite palyttomial

(¿44)6V

(witere y is tite set of verticesof r) definesasurfacewith tite properties
describedin Titeorem2.1.

Weconsidertwo specialtypesof triangulatiansof 2’. A triangulation
r of 2’ is called primitive if alí tite tetraitedraof r areof volume 1/6. A
T-surfacecanstructedusingaprimitive triangulationis calledprimitive.

A triangulatian i-’ of 2’ is called marimal if ah tite integerpoints of

2’ are vertices of 9. Clearly, any primitive triangulation is maximal.
Tite notionsof primitive and maximal triangulatianscoincidein dimen-
sian 2. Tite situation is different in dimension3 : titere exist maximal

triangulations of 2’ whicit arenet printitive.

3 Euler characteristicof T-surface

Let us considera k-dimensionalsiirnplex Q having verticeswitit integer

coardinatesandbelongingto tite ortitant {r¿ =0} of R”. Wc calí tite
simplex Q elementas-yif tite reductionsmodulo2 of tite verticesofQ are
independent(generatean affine spaceof dimensienk ayerZ/2).

Supposethat a distribution of signs at tite vertices of tite simplex

Q Ls given. L.et us taketite distributions of sigtts at tite vertices of
tite symmetric copiesof Q usingtite following generalizationof tite míe

fermulatedin section2:

tite symmetric copy of a vertex a in an orthant b gets tite

sigtt (—1)~6sign(a),witere a is tite reductionmodulo 2 of

tite vertex a ; tite i-th coardinateof tite vector 6 lix (Z/2)»
la equalto O (resp. te 1) if r¿> O (resp. A <0) for a point

(rl,..., rn) in. tite interior of tite orthant b; andd. b denotes
tite standardscalarproduct of twa vectorsin (Z/2)”.

Wecail a symmetriccopyof Q nonemptyif it itasverticesof different
signs.



Topologyof real algebraic... 135

Propa8itton 3.1. If tite simplez4> is elementas-yand doesnol belong

to a coordinatehyperplane,titen 4> itas eractly 2~ — 2nk nonemptysym-

mets-ic copies.

Praof. Let us, flrst, remarktitat tite mapa —> d~ b is linear ayerZ/2.
Tite follawing operatiansdo not citangetite property of any symmetric

copy of 4> to be nonempty:

(1) parallel transíationof 4>,

(2) changingof signs at aB tite vertices of 4>.

Titus, wecansupposetitat tite reductionño modulo2 of a vertexve
of 4> is O in (Z/2)”, and titat tite vertexyo itas tite sign “+“. Denote
tite atiter vertices of 4> andtiteir reductionsmodulo2 by vi, ... , vk and
vi;.. . 4, respectively.Tite condition titat tite capyof 4> in att ortitant

b is empty (i. e. is not nonempty)canbeexpressedby asystemof linear

equatians

sí, ... ,Vk~b=

6le,

witere e~ = O if tite sign of tite vertex v~ is positive, and e~ = 1 uf tite
sign of y

1 is negative. Tite unknownsof tite systémaretite coardinates
of S. A solutianta tite systemdoesexistbecausetite rankof tite system

is equalto k (tite simplex 4> is elementary). Moreover, tite dimensian

of tite spaceof salutionsis equal to it — k. It meanstitat tite number
of solutiansis equalto 2nle, in otiter words, tite simplex 4> hasexactly

— 2~k nonemptycopies.

u

Proposition 3.1 is similar to Lemma1 in [I-R].

Naw we are ableto calculatetite Euler citaracteristieof a primitive
T-surface.

Theerem3.2. ¡f X is a primitive T-surfaceitt ftP
3, titen tite Euler

citas-acteristiex(RX) oftite real point set of X is equal to tite signature
a(OX) oftite complerpountset ofX. lii otiter morda, if X is a primitíve
T-surfaceof degreem itt RP3, titen

x(RS) = -~ + 4m3 3•
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Proof. Let us take an arbitrary primitive triangulation T of tite tetra-

hedron2’ andan arbitrary distribution of signs at tite integerpoints of
2’. Tite piecewise-linearsurfaceS itas a natural ceil subdivision: eacit

ceil is tite intersectionof S witit a simplex of tite triangulatianof 2’.
AII tite simplicesof r are elementary. Tite number of simplices of

w of any dimensionis fixed (tite numberof simplicesof any dimension
contaunedin eacit face of T la also fixed). Titus, we cancalculate tite

Euler citaracteristieof S accordingto Proposition3.1.
Tite triangulation r cóntains

m3 tetraitedra,
2m3+ 2m2 triangles, and 4m2of them arecontainedin tite

facetsof 2’,
7m3/6+ 3m2 + llm/6 edges,6m2 of titem arecontainedin
tite facetsof 2’, and6m of titem arecantainedin tite edges

of 2’,

(m + 1)(m + 2)(m + 3)/6 vertices.

Weobtain titat tite describedceil subdiyisionof 5 contains7m3 twa-

dimensionalcells, 12m3 edgesand 14m3/3+ 4m/3vertices. Titus,

4m
+ — = a(CX).3

u

Titeos-em3.3. If X Ls a T-sus-faceconstructedusing a marimal trian-

gulation of tite tets-aitedron2’, titen x(RX) =o}CX).

Proof. Let us, flrst, remark titat all simplicesof dimension< 2 of a

maximal triangulationr’ of 2’ areelementary.Denoteby q tite number
of tetraitedraof Y. II any tetraitedranof Y is elementarytitan, repeating
tite calculationof tite proalof Titeorem 3.2, we obtain x(S) = 2m3/3—

q + 4m/3.
Eacit nanelementarytetrahedron~ itasat least6 nonemptycopies,

becausetite rank of tite correspondingsystemof linear equations(see

tite preefof Proposition3.1) is equalte 2. Titus,

- 2m3 4m ,
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witereq~ is tite numberof nonelementarytetrahedraof Y. It remainsto
remarktitat q + q’ <m3 andwe obtain

a
-~ + 4m

3 ya(CX).
u

4 Caseof primitive or maximal triangulation

As we sawin section3, tite Euler citaracteristicof aprimitive T-surface
¡nRA la determinedby tite degreeand la equalte tite signaturea(CX)
of tite complexpaint set of tite surface.

For a realalgebraicsurfaceX (er, moregenerally,for arealalgebraic

variety of any dimension),we itave Smitit inequality (see, for example,
[Wi]):

b.(ftX)=b4CX)

betweentite ranksof total Z/2-itomology groupsof tite real and of tite
complexpaint sets of X. If b.(RX) = b4CX), tite surfaceX is called

att M-sus-face.We denoteby be(Y> tite rank of i-tit itamology graup of
Y witit Z/2-coefficients.

Let usmentiantwa congruences(see [Wifl.

Rakhlin congruence.If X is att Al-sus-face,Ihen

x(RX) u(CX) mod 16.

Kharlamev-Gudkov-ICrahnevcongruence.¡fX is att (M-I)-surface
(itt otiter wos-ds, ifb.(RX) = b.(CX) —2), titen

x(RX) a(CX) ± 2 mod 16.

Rokblin congruenceandTheorem3.2 sitow titat we can expect to
construct primiti~e T-surfaceswiticit are M-surfaces. We will see in

section5 titat sucli surfacesda really exist in any degree. On tite otiter

itand, titere areno (M-1)-surfacesamangprimitive T-surfacesin Rl’3
accordingto Kitarlamov-Gudkov-KraitnoycongruenceandTiteorem3.2.
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Theorem4.1. ¡f X Ls a prirnitive T-surface iii Rl’3 titen

b
1(RX)=4”’(CX), bo(RX) =h

2’0(CX) + 1.

Remarks. Titeorem4.1 statestitat Viro’s canjectureitolds in tite case

of primitive T-surfaces.
Tlie inequality bo(RX) =it2’0(CX ) + 1 far primitive T-surfaceswas

provedby E. Situstiñ in [Sit].

Proefof Titees-em4.1. Using tite Smitit inequality

b.(RX) =b4CX) = m3 — 4m2-f- 6m

(witere m is tite degreeof X) andtite equality

x(RX) = a(CX) = -~ + 521
3 3

pravedin Titeorem3.2, we immediatelyabtain

b
1(RX)=h”

1(CX) = 2m3 7m— 2m2 +

and
3

+ hm
6 6

u

Viro’s conjecture alsa italds in tite case of T-surfacescanstructed
usrngmaxñnaltriangulations.

Titeos-em4.2. If X is a T-surface constructedusinga marimal trian-
gulation of tite tetrahedron2’, titen

b
1(RX) =h

1”(CX).

Proof. Tite Smitit inequality and tite inequality x(R.X) = a(CX)

proved itt Titeorem 3.3, give againtite desiredinequality

b
1(RX)=h”’(CX).

u
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5 M-surfaces

We describe,flrst, a specialprimitive triangulation p of 2’ suggestedby
O. Viro. We sitow titat tite T-construction using tite triangulation p

andan appropriatedistribution of signs at tite integerpoints of 2’ gives
an M-surface of degreem in Rl’3. In fact, tite surfacesgiven by tite

praceduredescribedbelow are itomeomorpitic to anesconstructed(nat

asT-surfaces)by O. Viro in [Vi].

Let us divide tite tetraitedron2’ by tite planesz = 1, anddenoteby
F¿ tite polytape

{(r,y,z) El : l<z<l+l, 1=0 m—1}.

Citoasean arbitrary primitive convextriangulation of eacit triangle

T¡zTfl{zl}, l=O,...,m—1

(a triangulation of tite triangle T¿ is called primitive if alí its triangles

areof area1/2,or, equivalently,ir all tite integerpoints of 2’¿ arevertices
of tite trianguiation).

Eacitpolytope 1’¿ is triangulatedasfailows. II l is even, taketite jain

J¡ of tite gide of T¡ lying in tite zz-caordinateplane and of tite side of
~Y~i lyittgintite planex+y+z=m. tUl laodd, takeas.I¡ titejoinof
tite side of 24 lying in tite plane r + y + z = ni and of tite side of 24~~

lying in tite rz-coordinateplane. Tite join .J¡ is naturally triangulated

into tite joins of segments

[(i, 0,1), (i+1, 0,1)], [(m—Q+1)—j,j, 1+1),(m—(l+l)—(j+1),j+1, 1+1)1,

a=0,...,m—l—l, j=0,...,m—I—2

if 1 is even,and Jg is triangulatedinto tite jeins of segments

:=0,...,m—l—2, j=0 m—I—1

iL 1 is odd.
Tite pelytope F¡ is tite union of .I¿ and of twa tetraitedraP/~> and

42) Titese tetraitedracan be triangulatedinto tite canesayer tite tri-

anglesof tite citasentriangulations of T~ andof ~‘¡+í~
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Clearly, tite describedtriangulation p of 2’ is priniltive. To explain
titat p is convex,cansidera triangulation of 2’ formed by the tetraitedra

Tite later triangulation 18 canvex. Let u’ : 2’ R be a convexfunc-
tian certi~’ing tite convexity of titis triangulatian, and let u1 : T¿ —* It
(1 = O m — 1) be a convexfunútian certiI~’ing titat tite citasentrian-

gulationof 24 is convex. Considerapiecewise-linearfunction u : 2’ It
irbich is linearoneacittetraitedronof p and takestite valueu’(r¡)+euí(rz)

at an integerpoint r¡ of 7’~. It is easyto seetbat tite functian u Lar a
pasitivesufficiently small e certifles tite conyex¿ityof p.

Citoase tite fallawungdistributian of signsat tite integerpaintsdf

2’:

a point (i,j, 1) gets tite sign “+“ ff1 j 1 0 mod2 or

lmod2andij Omod2;

andit getstite sign “-“ otiterwise.

Proposition5.1. A T-surfaceX constrt¿ctedusing tite triangulation p
and tite distribution ofsignsdescribedis att M-surface. Tite real point set

m
3 2 1RS of X Ls itonieomorpitic to tite disjoint union of -~ — ni + 1

2 7m
spiteres and a spitere witit -~ — m + -~ itandíesif ni is even os- a

m3 2 7m—3projectiveplane witit -~ — ~ + 6 itandlesifrnisodd.

Proaf. It is easyto verify titat any integerpoSt r lyingstrongly inside
2’ itasasymmetriccopy s(r) witit tite following praperty: all tite neigit-

bouring verticesof s(r) (i. e. verticesconnectedwitit s(r) by an edgeof
tite triangulatian) itave tite samesign, and titis sign is oppositeto tite
sign of s(r). It meanstitat tite surfaceS itas a connectedcompanent

itomeemorpiticto a spiterecontainedin tite star of s(r).
vn3 2 liii. 1—

Wefaund -~- — ~ + 6 — hZ<>(CX) campanerasof .9. Titere is
at leastonecamponentof.9 more, becausetite surface5 intersectstite
ceordinateplanes. On tite otiter itand, accordingto Titeorem 4.1, tite
numberof cennectedcomponentsof RX does not exceedh2’0(CX) +
1. Titus, tite real point set RS itas exactly hZO(1CX)+ 1 connected

camponents.
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Using tite equalities

x(RX) a(CX), bo(R.X) — h2’0(CX) + 1,

we get b.(RX) = b4CX), i. e. X is an M-surface. Furtitermore,

b
1(RX) =

and, titus, tite topolagicaltype of RX coincideswitit onedescribedin
the statementof Prapositien.

u

6 Counter-examplesto Viro’s conjecture

We saw in section 4 titat Vira’s cenjectureis true far T-surfacescon-
structed using a maximal triangulation. Surprisingly enougit, a non-
maximal triangulation of 2’ can produce a T-surfaceX in ftP

3 witit
b

1(RX) > h”
1(CX).

Let us describe,first, tite constructionof att extensionof a triangu-
lation of tite triangle Te = 2’ rl {2 = 01.

Supposetitat ni is even and titat a prinútive triangulation re of

Te witit tite vertices haying integer coardinatesis given. Divide tite
tetraitedron2’ hilo twa parts 2’ rl {z = 2} and 2’ fl {z = 2} by tite

plane z = 2. Takeitt tite flrst pafl tite triangulation coinciding witit tite
triangulation p describedin tite constructionof M-surfaces.

Divide now tite secondpart Trl{z =2} by tite planer+y+kz = m
(witere ni = 2k) inta tite tetraitedrantÉ witit vertices (0,0, 0), (m, 0, 0),

(0,ni, 0), (0,0,2) andtite coneC witit tite vertex (0,0,2) ayer

{(r,y,z)ET:r+y+z=ni,0=z=2}
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(seeFigure 1).

m

y
7—

2

m

Figure 1

lo triangulate tite tetraitedran2’, we take tite canes ayer aB tite
triangles of re, and subdivide (in tite unique possibleway) tite canes

containingitttegerpaintsof tite planez = 1 in arderta abtainamaximal
triangulatianof T.

Ta describetite triangulatianof tite caneC, let usconsidertite cone

C witit tite vertex (k + 1,0,1) ayer tite triangle 2’ rl {r + y + kz = m}.

Tite restof tite coneC is divided inta twa partsby tite planez = 1 (see
Figure 2). Denotetite lower part (containedin Srl jO =z =1}) by Co,
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anddenotetite upperpart (contained iii C rl ji =z =2}) by C1.

2

m

Figure 2

The triangulation of tite triangle 2’ rl {x + y + kz = m} la already
fixed (it comesfram tite triangulatian of 2’). Titus, we can triangulate

tite cone (Y by tite caneswitit tite vertex (k + 1,0,1) ayer tite triangles
of tite triangulatianof 2’ rl {r + y + kz = m}.

SubdivideCg taking tite caneC’ with the vertex (0,vi, 0) over tite
facet of Co belanging ta tite plane z — 1 and tite jain J’ of segments

[(vi, 0,0),(0, ira, 0)] and {(k + 1,0,1),(ira — 1,0,1)]. Let us citoasean
arbitrary priinitive convextriangulationof tite quadrangleCorl{z = l}.
It gives a natural primitive triangulation of (Y’ (taking tite canesayer

tite trianglesof tite citasentriangulation of Co rl {z = 1}). Tite jain J’ is

triangulatedby tite joins of segments[Qn — j, j, 0), (vi —5 — 1,5 + 1,0)]
and[(i,0,1),(i+1,0,1)](whereik+1,...,m2;i0,...,m1).

It remainsto triangulatetite part C1. SubdivideC¡ inta tite jain of
segments[(vi — 1,0,1), (0, vi — 1,1)] and [(0,0,2), (ira — 2,0,2)] (trian-
gulated by tite joins of segments[(vi —5 — 1,5,1),(vi —5 — 2,5 + 1,1)]
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and [(i,0,2),(i+ 1,0,2)1, where i = 0,...,vi —3 5 = O vi —2)
andtite naturafly triangulatedcanes: witit tite vertex (0,0,2) (resp.
(0,vi — 1,1)> ever tite quadrangleCi rl {z = 1} (resp. ayertite triangle

=2’ rl {z = 2}).
Tite describedmaximal triangulatian of 2’ la called tite ertensionof

tite triangulation re and is denotedby ezt(i-e).
Arguments,similar to enesusedin tite previoussectionte sitow titat

tite triangulationp is convex,prove titat if re is canvextiten ext(re) is
also convex. Almost all tetraitedraof ext(re) are of valume 1/6. Tite
only tetraitedraof a greatervolume (moreprecisely,of volume 1/3) are

tite ceneswitit tite vertex (0,0, 2) ever tite edd trianglesof re (we cail
a triangle of re odd iL it das not itave a vertex with tite botit even
coardinates).

Supposenew titat a distribution 6e of signsat tite integerpoints of
To is giyen. Let usdescribea distributian ext(6e) of signsat tite integer

peints of 2’ whicit we cail att extensionof 6~. In tite part 2’ rl {z =2} we
taketite distribution of sigusdescribedin tite constructianof M-surfaces.
It remaina,titus, to fix a distribution of sigus at tite integerpoints of

2’ rl {z = l}. We de it as follows:

takean arbitrary distribution in 2’ rl {z = 1} rl {r + y < k},
all tite integer points of tite segment[(k, 0, 1), (0,k, 1)] but
tite peint (0,k, 1) gel tite sign” “,

fer tite atiter points of 2’i we appiy tite rule: a point (i, j, 1)
gets tite sign “-“ iL 1 and5 are botit odd, and tite sign “+“

otiterwise.

Let us take a triangulatien4 anda distributien 6¿ of signs at tite
integerpointsof Te preducinga caunter-exampleteRagsdaleconjecture
witit p = + 1 (see[Ii], [12],[I-V]). Tite trianguiation4 canbe
obtainedplacing tite hexagenH sitown itt Figure 3 inside of Te (on
supposethat m =10) in sucit away titat tite centerof H hasbotit tite
nanzereceerdinatesodd, and extending, titen, tite triangulationof H

to a primitive convextriangulatienof Te. To eblain a distribution of
signaat tite integerpeintsof Te,we completetite distribution presented

in Figure3 by tite rule:

a point (1,5,0) getsIhe sign “-“ if 1 and5 are even, and
i+j < m,
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apoint (i,j, 0) getstite sign “+“ atherwise.

Remark titat titis distribution of signs at tite integer points of Te is
sligittly different form tite distribution describeditt [Ii], [12], [1-y].

+

+ +

+ +

+ +

+

Figure 3

Proposition6.1 Tite maximaltriangulation ert(r¿) mitA a distribution
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of signa ertó5¿) produce a T-surface X of degreevi itt Rl’3 witit

a

x(RS) = vi 4vi—--3— + —, be(KX) = h2’0(CX) —2.3
Tite real point set RX of X Ls itovieoviorpitic lo tite disjount union

(Vm2++5)S2Hs2llsm3m2±X~~~

5

of!?~~vi2 lUn — 5 spiteres, a spiterewitit 2 itandíesanda spiterewitit

—~--—m
2+~— 5 itandíes.

Proaf. Let us, flrst, calculatex(RX). It was alreadyremarkedtitat

almast all tetraitedraof ext(i-¿) areof valume1/6. Tite anly tetraitedra
of greatervolume (of valunte1/3) are tite canesayertite odd trianglesof
i-¿. Eacit of titesetetraitedraof volume 1/3 itas 6 nonemptysymmetric

copies (a tetraitedran of volume 1/3 of a maximal triangulation itas 6

nanemptycopies iL tite product of signs at its vertices is positive, and
it itas 8 nonemptycopiesif tite praductof signsIs negative). Titus, tite

argumentsof tite proaL of Titeorems 3.2 and3.3 sitaw titat x(R.X) =

a(CX).

Calculatenow tite numberof connectedcompanentsof S. Exactly
as in tite proaL of Titeorem5.1, any integerpoint lying strongly inside

(2’ rl {z =2}) u (Y itas a symmetriccopy witit tite star contauninga
campaneraof.9 itomeomorpiticto aspitere.It is easyto seethat tite stars
of integerpaints lying strongly inside 2’ and belangingto tite segment
[(k, 0, 1), (0,k, 1)j also cantaintite companentsof S itameamorphicto a
spitere. Considertite integerpoints lying stronglyinsidetite tetraitedran

2’. Lot us cail evenuttterios- poinis ofTe tite integerpaints (i, 5, 0) such

thati>0,j>O,i+j<m,iandjarebotiteyen. Titereisa
carrespandencebetweentite eveninterior pointsof Te and tite paintsof

hntQt) rl Z3: any integerpaint lying strongly inside tÉ is amiddle point
of a segmentjoining tite paint (0, 0, 2) andan eveninterior potra of Te~

We denotetite middlepaint of asegment[(0,0, 2), r] (wherer is an even

interior paint afTa) by f(r).

Supposetitat anoven interior point r doesnot belongto tite itexagon
¡1. Titen r itas tite sign “-‘~. Iff(r) itasalso tite sign “-‘~, titen tite union
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of starsof r andof f(r) (in tite triangulationof 2’.) cantainsacomponent
of S itomeamorpiticto a spitere. II f(r) itas tite sigtt “+“, titen tite union

of starsof r andof sz(f(r)) cantainsa componentof S itomeomorpitic
ta a spitere.

We itavefornid h2’0(CX) —4 spiteresof S (a spiterewasassocuitedto
any integerpoint lying strongly inside of 2’ except 4 paintsof tite form

f(r), witere r la an even interior paint of Te belonging ta tite itexagon
H). Thereare twa camíectedcamponentsof.9 more. Onecompanentis
itameamorphicta aspiterewitit twa itandíesaudliesinsideof H Us

2(H),

witere H Ls aconewitit tite vertex (0,0,2) ayer H. Tite remainingpart
of S is conttected. Tite numberbi (S) can be calculatedida tite Euler
citaracteristic.

u

Theorem 6.2. If vi is att eveninteger numberttot less titan 10, titen
tites-eexistsatt (M-2)-surfaceX of degreevi in RE>

3 sucit thatbi(J{X) =

h”’(CX) + 2.

Proof. Let us take tite triangulation ert(r¿) of 2’ ami tite distribution
of signsertG5~) at tite integerpaints of 2’. Accardingta Propositian6.1

tite resultingsurfaceS is homeomorphicto

(rfm2++5)s2us
211sm2+nns.

Remove now 4 vertices of. tite fotm 1(r), witere r is an even interior
point of 24> belonging to H (see tite praof of Propasition6.1), witit all

tite adjacentedges.Denotetite newtriangulatian (whicit is nonmaximal)
by ~rt~Qe¿)ami considertite surface9’ constructeclusing ext’(~s-¿) and
tite restriction ert’(6¿) of tite distribution ert(4) ta tite set of vertices

of ert~(r<~). Clearly, tite surfaceá’ is itameomorphicto

(j1...rn2+i{ZI~~5) S
211S

2HSm32+Tli

because we added 4 itandles to tite componentitomeomorpitieto
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rm2+T5~ Titus, tite numberof bi(S’) is equalto

2vi3 7vi
-2m2+——+2.-r 3

u

Using caunter-exaruplesof degree2k to Ragsdaleconjecturewitit

moretitail 3k2—3k+2 + 1 évenovals(see[Ii], [12], [1-y]), onecancanstruct
surfacesX of degree2k in ftP3 witit b

1(RX) > it”
1(CX) +2.

Theos-em6.3. If vi = 2k Ls an evenunteges-not lees titan 10, titen tites-e
existea sus-faceX of degreevi itt Rl’3 such titat

bi(RX) = h”’(CX) + 2
1(k — 3)2 + 4

]

(inhere /uJ denotestite greatestinteger witicit doesnot exceedu).

Ps-oef. Westart frematdangulationrg andadistribution 6~ of signsat

tite integerpointa of To giving a caunter-exampleto Ragsdaleconjecture

witit

3k
2—3k+2

witere a= [(k—3)2+4] 2 +0, . a

(see ¡11], [12], ¡I-V]). Tite triangulation r
0 ran be

obtainedin tite fallowing way. Considertite partitionof tite triangle
Te

sitawn in Figure 4. Lot ng take in eacit shadoweditexagontite triangu-
lation (andtite signs)of tite itexagonH. Tite triangulatianof tite union

of tite sitadoweditexagonscanbe extendedte a primnitive cenvextrían-
gulation r~ of Te~ To obtain tite distribution 68 of signs at tite integer

peintsof Te, we citoasetite signsoutsideof tite union of tite sitadowed
itexagensagainnsingtite rule:

a point (i,j,0) gets tite sign “-“ if i and 5 are even, and

2 +j < vi~

a point (i, 5,0) gets tite sign “+“ atherwise.



Topologyofreal algebraic... 149

A - y’

Figure4

Considertite triangulation ext(r~) of T andtite dfstribution ert(68)
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of sigus at tite ittteger points of 2’. Tite resulting surfaceS is hamea-

morpitic to

___ 1— 40) S2uoS
2u

(V.vi2+ uy - -r m2+~~5&

Remove now tite vertices of tite triangulatian ert(r~) (witit adjacent

edges)of tite farm 1(r), witerer is an«ven interior point of T~ belanging
ta oneof tite shadaweditexagons,andtaketite restrictionert’(t5g) of tite

distributianext(t5fl) to tite verticesof tite new triangulationext’(4). We
abtain a surface.9’ itameamorpiticta

(jÁm2+i{!L.. í~4o).92Ha.s2Usm32±7rn

with

b1(S’) — 2vi~ 2vi2~i~h+2o.
3 3

u

Remark8.

1. Remaving, if necessary,sorneof tite sitadoweditexagensin tite
constructianof Titearem6.3, we get caunter-examplesta Viro’s conjec-

ture witit tite realpoint set itameomorphicta

(nl — + 1$ —1—4) ~2 llaS2llSi~m2+7w~a~

witere o. = 1 [(k—3)
2±4

1

2. Tite caunter-exampleof tite smallestdegree in RE>
3 given by

Titeorems6.2 and6.3 is asurfaceof degree10. Tite realpoint set of titis

surfaée is itomeamorpitie ta

g~~211.92~
It is unknawnif titereexistcaunter-examplesof degreelesstitan 10. Tite

smallestdegreewe canexpectfor acaunter-exampleta Viro’s conjecture

is degree5.
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3. Repeatingtite praceduredescribedaboyelar tite new caunter-
examplesta tite Ragsdalecanjecturecanstructedby 13. Haas [Ha], one

canconstructsurfacesX of degree2k in Rl’3 witit

bí(RX) — h”’(CX) + 2a’,

witere a’ — le2—7k+16]

4. We can obtain caunter-examplesta Viro’s conjecturewiticit are

asymptaticallybettertitan tite examplesdescribedaboye: titereexistT-
surfacesX of degree2k in ftp3 witit b

1(RX) = h”’(CX) + 2A, witere
A — k

3/24+ terms of smaller degrees. To constructsucit surfaces,we

divide tite tetraitedron2’ by tite planesz = 21 (witere 1 = 1,... k — 1),
and defineatriangulatian anda distribution of signs itt eacitpart of tite

subdivisianusing tite proceduredescribedin tite preof of Titeorem6.3
forTrl{0=z=2}.
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