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Completedecomposabilityof quotientsby
complex conjugation for real complete

intersection surfaces.

5. M. FINASHIN

Abstract
SupposeX is a non-singularcomplex surfacedefined ayer IR,

which is a completeintersectianconstructedby thc metitodof a
smallperturbatian,andY = X/ conj is its quoticntby thecomplcx
canjugationconj X — X. Assumethatcanj hasa fixed point. It is

provedthatY is diffeamorphicto aconnectedsrnn#nC1~2#tnCP2

if w
2(Y) $ O, or #5(S

2x s2) if w
2(Y)= 0.

1 Introduct ion

We meanby areal variety (real curve,real surfaceetc.) apair (X, canj),
whereX is a complexvaricty (reducedandirreducible) andconj X —* X
an anti-italamorphicinvolution called tite real structus-eor tite complez

conjugation. Given an algebralevariety ayer IR we cansidertite set of
its complex points witit the natural complex conjugation (the Caíais

trausformation) as tite correspondingreal variety. Tite fixed point set

of conj will be denatedby Xra andcalled tite real pan ofX. We put
Y = X/conj and identify tu tite notation X~p{ with its image q(X~)

under tite quotient map q X —* Y.
If (X, conj) is anonsingular real curvetiten the topological type of Y

depends Ofll~ 011 the genus of X, tite number of cornponents
tu Xja and orientability of Y; tite latter dcpendson vanisiting of the
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fundamentalclass [Xjn] E Hi(X; 7/2). On tite otiter hand, any con-
nectedcompactsurfacewith nonempty boundarycan appearas Y for

sorne(X,canj).

Tite subjectof tite author’s interestis tite tapologyof Y in thecase

of nonsingularreal surfaces.In titis caseY is a closed4-manifold witit
the map q beinga2-foid coveringbrancitedalongX~. Moreever,Y iii-

herits from X an orientation and a smoothstructuremaking q smooth
andorientation preserving(cf. [2]). Tite naturalquestionis to describe

titediffeomorphismtypesof 4-manifoldswiticit canariseas the quotients
Y for realsurfacesX. Anatiter interestingquestionis if the topological
types of X and Xjp~ togetiterwith sorneinfonnation about tite funda-
mentalclass[Xn] E H2(X; 7/2) determinetite topologyof Y Iike itt tite

caseof curves.

In manyexampleswhenY is simplyconnected(it is simply connected

for exampleif X is sñnply connectedami XR # 0) onecanprove titat

it splits into a connectedsumof copiesof CF
2, ~T2 or ~2>< 52• Let us

cail sucitdecomposabiitypropertyCDQ-property(completedecampas-
ability for quotients)andcali a real surfaceCDQ-surfaceII it is satisfled.
Note thatCDQ-surfacesXmustitave Xj~{ # 0 andtitat surfacesX witit
Y ~ 54 areCDQ, becausethe empty set of copies itt a cannectédsum
is allowed. Tite latter diffeomorphismholdsfer X — CF2,witicb follows
easily from Cerf’s titeorem(different versionsof tite proaf canbe found
in 12, 7, 12]).

For quadricandcubic realsurfacesX, witit Xr{ # 0, CDQ-property

wasset up by M. Letizia ¶9]. Far realK3 surfaces(X, conj) witit Ñia # 0,

andthereforefor quartic real surfaces,CDQ-propertywasnoticedby 5.
Donaldson [3]. Furtiter, 5. Akbulut [1] analyzedtite diffeomorpitism
type of Y for double planesbrancited along real curves of arbitrary

even multi-degree,2n, witose real scitemeconsistsof n ovais in RIP2
orderedby inclusion; titAs gayeexamplesof CDQ surfacesof general
type. Tite method of Akbulut was further developedby tite autitor [4],
witicit brougitt new families of realCDQ deubleplanes(in particular it

gayea new proof titat ¡<3 surfacesare CDQ). In [5] CDQ property is
set up for all real rational andEnriquessurfaceswith simply connected

Y. However, not aH realsurfaceswith simply connectedquotient Y are

CDQ. In [61it wasshowntitat Y canitavenonvanishingsignaturewhen
it is 5pm andsixnply connected;similar exampíesin syrnplecticcategory
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were also constructedby it Gompf (personalcommunication).

In tite presentpaperweshawtitat CDQ-surfacescanbefornid among
completeintersections111 CF~’~2 of arbitrary multi-degrees(di,. . . , 4).

Note titat existenceof such exampleswas not known afready for real
surfacesof degree5. More precisely,it appearstitat tite constructionof

realcompleteintersectionsby tite metitodof smallperturbationproduces

CDQ-surfaces. This gives sorneargmnentsfor tite fallowing relatively
moderateconjecture: any deformationtype of simply connectedcomplez

algebraic sus-facescontaina a CDQ-surface.

Tite proof is inspiredby flfl and is basedon tite Deformation titeo-
rem proved titere, witicit we apply in equivariantversion (sincetite ar-

gumentsin tite proofof [11, Titeorem2.4, Corollary 2.6] are applicable
wititout essentialcitangesitt equivariantsetting, 1 haveonly indicatedin
tite presentpaper the changesto be done). Titen we use Laudenbach—

Poenarutiteorem ¶8] to set up CDQ-property, whicit may remind tite

usageof Cerf’s titeoremin the proofof CP2/conj ~

2 Main results

Let (y, cali) be a real variety. A itolomorpitic lime bundlep L —~ V will

be called a real bundle if it is suppliedwitit an anti-linear involution
caniL E ~ L, witich conunuteswitit conj andp:

caniL

L —~ L

pj

y y

A section f V L is called real if caniLof = fo canj. Tite zero
divisor of a real section f is a real subvarietyof y (unless it la non-

reducedor reducible,witicit is ruled ant by tite furtiter conditians).

Assmnenow titat (y, conj) is a real nonsingular 3—fold, L
1 —~ 1/,

= 1,2, are real linear bundíesandf~ y L1 are real sectionswhose
(i)

zerodivisors X0 arenonsingularandintersecteacitotiter transversally.

Assumefurther titat f V —. L is a realsectionof L = L1 ® L2 with tite

zerodivisorX intersectingtransversallysurfaces (1) = 1,2, andcurve
xo

A = 41) r~ ~ Considertite section fe : y —> L0, ft = fi ® f2 + cf,
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e e IR, and denote by X6 its zero divisor, witich is nansingularLar a

sufficiently srnall e ~ 0, as it can be easily seen.
(1) (2)

Theorem 1. SupposeX~ and X0 are CDQ-surfaces,A is cottnected,

A~ # 0 and e > 0. Then X6 is CDQ-surfaceprovided titat e is amalí
enougit.

We discussin tite rest of titis sectionsorneof tite corollaries of titis
titeorem and proveit in §3.

Let (y, canj) beas aboye. A real linear bundleL will becalledCDQ-
bundieir it is very ample andadmits a real sectionwith a nonsingular
CDQ zero divisor.

Lemma 2. ¡/ L is a CDQ-bundle titen ita multiples L®d, a =1, are
CDQ-bundlesas well.

Proaf. Let A~~1) be a CDQ-divisar of L. We prave by induction on

d titat titere existsa CDQ-divisor, x¿d>, of L®d witicit intersects

transversallyalong a curve itaving nonempty real part. Titis claim is
(1)

trivial for d = 1, sin¿ewe can perturb X0 so titat tite result will

intersectXl’> transversallyand cantaina given real point of it.

Supposethat X~d) satisfiestite inductian assurnption.By Lefschetz
Titeorem A is cannected. A generic real sectionof L®(d+l) has zera

divisor x transversalta 41), x~d> and to 41) í~ Xv>, itence, we can

apply Theorem1 andget a CDQ-divisor X6 by a perturbationof
(d) since

X0 via X. We canalso citoaseX containinga realpoint of 41),

L®(d+í) is very ample. Titen, Lar a sufficiently smalle> O, X~ intersects

41) transversallyandX6 rl _ — X rl itas nonemptyrealpart.

u

Theorern 3. Pos- as-bits-as-y integera n,d1,... , d, = 1 tites-e ezista a
CDQ-surfaceX c CP”~

2 witicit is a complete intersection of multi-

degree (di,... ,4).

Proafis carried by induction en n. TitediffeornorpitismCP2/conj Y

g4 was mentioned in tite introduction, titerefore, Oc,,a(1) is a CDQ-
bundie. By Lemma2, Ocs(d), for any d ~ 1, is a CDQ-bundleas well.
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Assume¡10W titat we aregiven a completeintersectionof realitypersur-

faces,X = ..... . rl II,. c CPn+
2, of multi-degree(di,... , 4) andtitat

x is CDQ-surface. ChoaseitypersurfacesH~ C CPn+S, i = 1
so titat H~ = H ri CP’~2, and tite intersectiony = H~ rl ... rl

is transversal. Titen tite bundle L —~ y inducedftom O~pn+s(i) la a

CDQ-bundle,sinceX 15 its zeradivisor, By Lemma2, L®d is alsoCDQ-
bundie, itence, thereexistsa CDQ completeintersectionof multi-degree

u

Remark. Tite metitad usedfor Titeorem 3 canbe applied similarly if
insteadof CPtt+2 we considerfor instanceproductsof prajective spaces

or tite weightedprojectivespaceP(1,1, i,n), n =1 (in tite later casewe
aiply Lemnia 2 in a versionwitit V having an isalated singularity and

note titat generichypersurfacesof degreen in P(1, 1,1,n) areisomarphic
ta

3 Proof of Theorem 1

Denoteby N~> a conj-invariant compacttubular neigliboritoad of A in

and put M(t) — N~>/canj, B = A/conj, }di) — Xg~/conj and
Y

6 = XJ can]. It canbe easilyseenthat M~> is a regularneigitboritoad

of B in Ye’>. Let 2k denotetite numberof imaginary points in A rl X.

Proposition 4. Tites-e exists a diffeomorpitism~8M~’~ ~ OM<
2), sucit

that14 ~ (CII(Y(’) — MU)) U
9, Gí(Y(

2)— M(2>)) #)CCP

Let usderive flrst Titeorem 1 from tite aboyeproposition.

Preof ef Theorem 1. Since A is connectedand has nonemptyreal
part, .8 is a compact connectedsurfacewith a nonempty boundary,
itence, Al(i) are itandíebodieswitit one 0-handleand several 1-itandles

embeddedinto ~ It is weB knawn that if we glue a pair of simply
connected4-manifolds,Vb), i = 1,2, alangtite boundaryof sucithandle-

bodies tite result is diffeomarpitic to y(í>~Y(2)~gZ, witere g = bi(B)

and Z — x or CP2#WF2 (it is a carollaryof [8], cf. [lO]). Titis
implies completedecompasabilityof Y

6 if yb) arecompletelydecampas-

able. u
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ProofafPreposition 4. Fallawscloselythe schemeaf[11]: by blawing

np V ~ V we lift tite pendil Xj = Xo + tX to get a real fibered surface

y —+ <DP’; titen we apply tite defermation tbeoremin tite equivariant
version. More precisely, assumetitat e E IR and e > O la sufficiently

small. Titen X6 intersectsx(t> i — 1,2, transversallyalong tite curve

= flX. Considerflrst tite blaw-up, 1/ —* V, alongCi and denote
(i)1?Y ~ and k~ tite proper imagesof C~, X

0 andXt. Tite pencil
X~ itas tite base-curveC2, titerefare,tite next blow-up V V along~2
gives a fibering ayer CP

1 with flbers it (itere andbelow we mark by a

itat tite proper imagein i7).
Tite projectiansX

6 ~ X6, ~ (1) are biregular, as well aso
—* 4~), witereas xti2> 42) is tite blow-up at C1rlX~

2~ ArlX.

Tite real structure 011 1/ can be obviously lifted to tite real struc-
ture, can~

9 V y, and we itave 9(’) y(1) Y Y~ and 9(2) _

Y(2)#k(CP
2), witere 9(1) 9 9(2 denote tite quotients by canj~ of

, e, y

4’), X
6 and 42>. Tite latter diffeomorphismfollows becauseblows-up

at real paintsdo not citangetite diffeomarpitism type of tite quotient,
sínce(flP

2/ canj ~4 whereasa pair of blow-ups at conjugatedimag-

inary points descendsto a blow-up in tite quotient. Restrictionsgive

diffeomorphismsbetweenM(t) and r~gu1arneigitbaritoodsof 2¡ conj~

11
in 2% ¡con]p for A = 2%) rlX¿2>.

To completetite proof we usetite following equivariantversionof tite
deformationtiteorem [11, Titeorem2.4, Carallary 2.6]. Assumethat W
is acoinplexanalytic 3-fald suppliedwitit arealstrncturecanj0W — W
aud f W A a nonconstantproper italomorpitic mappingof W into

a disc, A c (L, around zero, sucit that f o conjw = conjof, witere
conj A A is tite complexcanjugationon <Ji). Assunefurtiter titat f

itas a critical value anly at zeraand tite zero divisor Xo of f splits in

twa nansingularirreducibleconjw-invariant componentsX(> i — 1,2,
of mnltiplicity 1 crossingtransversallyalong a nonsingular irreducible

curve A. Supposetitat U c W is a suffciently small conjw-invariant

tubular neiglibaritoadof A, so that N~> — unxg> isa conjw-invariant
(i)tubular neigitboritoodof A in 2% , i = 1,2.

Defermation Theerem. Titere eristsa conj~-equívariantbundie iso-
morpitism~ ON(1> -4 É9N~2> reves-singorientations of fibera, sucit that
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= f—1(t) is conjugation-equivas-iantlydiffeomos-pitic to 01(4’>

Nc’)) U~ 01(42> — N(2)) for a non-critical valuet A.

Proof. Titis titeorem in non-equivariantversion is praved in [11) (in

more generalform). Tite proof in our equivariant setting fallows tite

samesehemewitit somenot essentialmodiflcations: we need to citoase
aconjw—invariant metric on W andinsteadof tite flbering U rl Xt —* A

consideredin [11] dealwitit its quotient, (UflXt)/ conjw B, andtiten

apply similarly tite argumentson tite reductionof tite structuregroup.
More precisely,titesearguinentscanbe appliedin ezactlytite sanie muy

for tite restrictianof titis flbering ayer thecomplementB — y of aregular
neigitboritoody of OB. Ta extendreductianof structuregraupto tite
witole B we note titat tite product of tite complementaryfibering ayer

CJV witit tite D’-flbering ClV ~ OB la a D2 x I-fibering over OB. Far

tite associated5’ x I-flbering tite structuregroup is alreadyreduced,so

weneedto userelativereductionof Diff(D2 x 1). Titis is possibledueto
Cerf’s titearem,since tite connectedcomponentsof OB are just circies.

(Note titat we canproveequivariantversionof titedeformationtheorem
in higiter dimensionsfallawing tite samescheme,but instead of Cerf’s

titeoremwe needto makeuseof Hatciter’s titeorem011 Diff(S3).)

u
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