
REVISTA MATEMÁTICA de la

UniversidadComplutensede Madrid

Volumen 10, número2: 1997

The numberof conicstangent to five given
conics : the real case.

FeliceRONGA, Alberto TOGNOLI andThierry VUST

Abstract

It ja clasaicalresult, fiat establishedby de Jonqui’eres(1859),
tbat genericallythe numberof conicatangent to 5 given conicain

the complexprojectiveplane is 3264. We showherethe existence
of configurationaof 5 real canica such that the number of real
canicatangentto them ja 3264.

O Introduction

The following is a clasaicalproblemin enuinerativegeometry

Given5 generieconica, find ihe numberof coniestanyent jo them.

Iii 1848 J. Steinerbelievedto havefornid that thereare 6~. In 1859,
E. de Jonquléresfornid the corred answer 3264; however,he did not
publish his result becauseit was iii contradictianwith Steiner’s, aud
becauseM. ChaMes didn’t trust him. Finally, Chaslesestablishedthe

corred answerin 1864, and Th. Berner again in (1865) (cf. [6], page

268).
Theproblemhasheenreworkedmorerecent]yby Fulton-McPherson

[2] audProcesi-DeConcini [11(seealso (31, example9.1.9 Qn page158).
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Wc shall provetheexistenceof conflgurationsof 5 realconics that adrnit
exactly 3264 realconicstangeutto thern at real paints. By a realcanje

we meana canic whoseequationhas realcoefficients aud by the exact
numberwe mean tbat thereare no multiplicities to take into aceount
eachsolution to the problernis a smoothconic whieh is simply tangent

at exactly 1 realpañil of eacbof the 5 given comes.

Theconfiguratianof 5 canjeswill be found as asmafl deformationof
the 5 degenerátecanjesconstitutedby suitahlepairsof limes crassingat

the verticesof a regularpentagonin an affine plane. Uy taking different
pairs of limes, it is possibleta flnd canfigurationsof 5 canjes with a

numberof canjestangent to them smaller then 3264, but we da not

investigatethis any further here.
The main ingredient that we sball useto control the defarmatian¡u

tbe real caseis theorem8, which might havesorneinterestby itself. It
saysthat if the derivativesof aC~ map F al sornepoiní xo coincideup

to arder2 with thoseof the map (x1 xk) ~ (x?, . . , 4), then there

exist regular valuesmearF(xo) with 2k preimagesnear to.

Wc bavebeeninformedthat W. Fulton liad réalizedafreadyin 1986-
87, usimg a similar approaeh,that thereexist 5 real canjeswith 3264
realeonicstangemtto them.

1 First contacts

Moststatementsof this paragraphwill be madeayerE, but they remain

valid, 85 well as their proofs, ayerC
Let us denoteby Q (respectivelyQr) the spaceof alí bilinear sym-

metric farms (respectivelythe bilinear symrnetric forms of rank r) an
E

3. Denoteby FQ 11w projectivespaceof Q and by IPQr the locally
clasedsubvarietyof 1’ Q correspandingto 42v. Leí ~ — PR2 be the

real prajective plane.
Geometrically,JPQis the spaceof alí (passiblyempty) realcanjesof

F2, PQ
3 is ihe set of all smoothcanies,PQo is ihe set of alí singular

conxcs eansistingof 2 distincí lines, aud FQ1 is ihe set of alí dauble

lines.
Por q E Q\{O} (resp. x E E

3 \ {O}) we denoteby [q] (resp. Ix])
its image in PQ (resp. ¡~2); for simplieity, we will sarnetirnesdrop

ihe brackets [j. Consider ihe subvarietyW of (FQ)5>< (~2)5 x FQ
3
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defimedby:

W = {UqiI, [q2l,~.. , [q5j,[x1j,... [x5],[<j]) E (PQ)
5 x (¡>2)5 x PQ~ ¡

[xi] # ¡xj], i ~ j and ihe fallowing equatiomshold, i = 1,~ .. , 5:

(I)q¿(xí,xi) = O, (II)q(xj, x~) = O, (III)q
4(x~, .) A q(xj, .) = O).

Note thai in fact ihe equatianaq(xj, xi) = O and qj(xí, x~) O imply al-
readythai qí(xí, .)Aq(xj,.) vanisheson {x~}AR

3 andihereforeequatian

(III) canbe vi9wed in (R~ A R3/ {x
1} A ¡0) E. Altematively, ifwe

/1

ehoosex~, x~ E E
3 such thai iheir irnagesin R3/[x?1 are limearly mdc-

pemdent,ihenin ameighbaurhaadof (jqiJ [qs], [x~],... , [x2], [q]) E W

equationa(111) canbe written

(qí(x~,~)A q(xí, •)) (x~,x?) = qt(xí,x~)q(xí,x7)—q~(xí,x~’)q(xí,x~) O

ThcconditionsdefiningW meanthai ihe 2 canjesdefinedby qi(x) =

O audq(x) O aretangeníat [xi]; if ¡xi] is singularon q~, it rneanss¡mply
thai x~ E qfl qj. In arder to simplify ihe notatian,weMiaU say thai x~

belongsto q andqí, or x~ E q fl qí, aud thai q and q~ are tangemíat x~.
We shall denoteby (~)sing and (q)reg respectivelythe singularand ihe

regular pan of q.

Denoteby
E: VV —.. (PQ)5

ihe restrictianto VV of ihe natural projection (FQ)5 x (r2)~ >< PQ~

(IP Q)5. I’he prablern is lo flud ihe maximal number of elernemisof

F’(u), for u E (PQ)5 belangingta a suitableapen,densesubsetU c
(PQ)5 thai we wiIl define in ihis paragraph.

fl.cmark. The irnageof VV by the projection

(PQ)5 x (¡>27 x FQ~ —* (ff-’Q~x

is ihe set of (Iqil, . , [qn],q) suehthai q is tangení to qj, i = 1 5 at
sorneunspecifiedpoint. Denoteby VVo the loeally closedsubvarietyof

(PQ)5xPQaafilie ([qi] Iq~J, [qJ) that aresuehthai iheintersectian
of q andqí, i = 1 5, camsistsof 3 distincí poinis, at 2 of which q and

qí are tranversal,and the third (necessarilyarealpoiní) at whieh q and
qj are tangení.Denatehy Fo: VV

0 .—. (FQ)
5 ihe natural projectian;aur

gemuineproblem is ta computeihe cardinality of the fibers FE’ (u) for

u in a suitableopen subsetof (PC)5.



394 Felice Ronga,Alberto Tognoli andThierry Vust

Clearly, VV0 is open amd densein p(W) andp inducesa bijectian

from p
1(Wo) fl VV ta VVo. It foflaws fram Propasition 1 below that

VV and (FC)5_havethe samediinensian,aud so therethe apensnbset

U = (FQ)S\F(VV\.rl(Wo) is non-empty and p inducesa bijection:
—> F¿’(u) for u E U.

This justifica that weconcentrateon ilie study afilie genericfibers
of F rather than F

0.

In fact we shall denoteby U an apenset in (FC)
5 that will shrink

during this paragraph,aswe add more andmoregenericityconditions.

Recail thai far [xJ E pfl = F(R~~1) ihe tangení spaceTí~íP~

Rfl±l/[x]; we sliall write ~ for an elemeníof T
12,>F”, or Lar sorneof lis

representativesin j~fl+l•

Propositian 1. Tite uariety VV is smooth, of dimension 25. Por
w = ([qí], [x¿I,[qI) E VV, tite tangení apace T~VV la tite set of

x5,q) such thai:

I (1) 2q¿(x¿,~¿)+~¿(xí,x~) = O
(II) 2q(xíJJ+~(x1,x~) = O fon =

(III) ~ + q¿(~¿,-)) A q(xí, ) + q¿(xí, ) A (~(x1, j + q(~í, .)) = O

Praaf. Leí w = ([qij, [q~4, .., [q5],[zí],. .. , [rs], (q]) E VV andlet ustake
the following derivatesnf the equatianadeflning VV at ihe painí w

81 811 8111

Choasex~, 4 E E
3 límearly independeníim R3/[xíJ T~

1IP
2, ~ =

1, ... , 5. It 15 readily eheckedtliat ihe linear map

(~, ~) ‘—* (~í(xí, rí), 2q(x~,~ (~‘
1(xí, .) A q(xí, .))(x~,x~’))

5

is surjective,which shawsthai VV is smoothof dirnensian25, amd thai

ihe prajection VV —* FQ3 is a fibratian.

The secandassertiomfollaws hy taking ihe total derivativesof the
equationa1,11andIII defining VV

u
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Wc now introduce a firsí seriesof genericiiy conditions Qn

([qíb. .., ¡qsl) e (FC)5. Althaugh ihe qí’s are Teal canics, ihe Unes
andpoints mentiomedbelaw are takeninto accaunteven iL they arenot

in 1>2(10:

(a
1) : Y distinct i,j, k, qí fl qj ~ q~ 0 (in r2(c~)

(ú1) : Y distinct 1, j, k, q¿, qjandq~ haveno comnontangení(in F2Q74).

(a2) : Y distincí i,j,k,t, any common tangeníla q¿ and qj daesnoi

coníainpaints in q¡~ fl qj (ir’ F
2QLj).

(Ca) : Y distincí i,j,k,t,m, if dr,s la any tangentcommanta q,. andq,,

we havethat de,j fl dk,e fl qm = O (in r2(c».

(ña) : Y distincí 1, j, k,1, ni andVxr,s E Qr fl q
8 ilie line ihraughx¿,j and

xk,t is nat tangeníta q,,.. (in r
2QLfl.

(a
4) : Vi # j, q~ andqj intersecítransversally(in r

2(«j) al poinis thai

aresmoothboth on qj and qj-

In atherwords, the eanfiguraiiansrepresentedin figure 1 areexciuded
(asusual,we draw areal piciurethai representaabjectsin tQr)).

(O)

(O) (t
3)

q.
- J

(G~)

Figure 1. Configurailausthai we dan’t want in Sectian1.
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Let U c (PC)5 be tlie set of ([ql], . . . , jq5j) saiisfrimg ihe aboye

genericity conditions. It is readily verifled thai U is a Zariski-open,
nonemptysubsetof (FC)5. Leí

VV(U) = {([qi], - - - , ¡~1, ¡xjJ, - . . [xsJ,[q]) E VV ¡ (¡ql], - - , fq~]) E U}

Proposition 2. F : VV(U) —* U la pmper

Proal’. Wc will use ihe space_PC of complete comics (see [4J,example
22.27, page297). RecaIl thai PQ is tlie clasure in PQ x FC of ihe set

{Uql, [qí) E FQ~ x FQ ¡ q’ ~ tlie dualof q}

In fact, ihe natural prajection FQ .—. FQ is the blawimg mp of FQ
alomg PCi. Set theoretically,FC cansistsof pairs [q], [ql where

• [~í = [4]II [qj is of rank 2 or 3.

• in ihe casewhen [qj is of rank 1, [qlconsisisof a pair of limes

(distimct ar nat) of whjcli are ihe limes of ,~2 goimg thraugh

ame of twa poinis (distinct or fbi) of ¡ql.

Denoteby ¡‘¡‘(U) the closed snbvariety af (PC)5 x x (PC)5 x

x PC which cansisisof ¡he tE’ = (([q¿J, [xi], [t~])~, 5, (fqj, [q’J))

such thai:

(1) (Iqi] [q5]) EU

(2) x~ E 4

(3) qí(xj,y) = q(xj,y) = O, Yy e 4

(4) q’(Ij, 4) = O

far 1 = 1 5. Consider tSe eommutative diagram:

w(U) AL. W(U)

U
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wliere F and «‘ are inducedby ilie naturalprajeclions;now F is proper.

Thereforeit suflices lo shaw thaI Ihe gemericitycamdiiiomsdefinimg U

imply thai ~‘ is am isomorphism. Buí the lemma below implies thai if

ú~ e W(rn, ihen q E FQ3, and soihe map

is an inverseof ~.

u

Lemma. If tE’ = (([qí], [x¿j, [t¿])¿±~í ~, ([q], [ql)) E IV(U), titen q E
IPCa.

Praof. Indeed, if q E IPC2, aneafilie candiiions (aí), (Ó~), (02) or

C~ is violated. líq E PQí, ihe tangenís£~ to qí al x¿ belongto ame of
the sheavesof limes defined by q’, buí ihen ameafilie canditions(Ci),

(&i), (02) or ña is violaled -

u

Propositian 3. Tite fibera ofE = F(U) : VV(U) -~ U are finite.

Proal’. Consider ihe complexification Fc: W(U)c—* U0af F and ilie
prajeclian p : VV(U)c—~ (FCa)c . Leí u E Uc; since ~c

1~properaud

(PCa)0 is an affine variety, p(E¿,’(u)) consisisof a finite number of

poimis. Moreover,PIF¿1(u) .-. (PCa)
0has finile fibers becauseof(a4).

u

Herecomesa genericiiy condilian thai we will needlater on. Leí

k E {1 5} and denoteby 14 Ihe snbyarieiy of W(U) cansislingof
ihe ([qí], [z¿],[q]) sucb thai ihe arder of contacíof q amd q~, at Xk is at
leasí 3. Far example, leí [q¡~]E FQ2 and let xk be Ihe singular poiní

of q~; ji q is tangeníto ameof ihe 2 limes tlirough xk thai constituteq¡,
iben ihe order of camiacíaf q andq¡~ al xk is 3 if q is smooili (seefigure
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2).

Figure 2. The arderaf contacíis 3.

SinceW(U) andU haveihe samedimensian,F(Vk) ~ U and F(Vk)

is clased,sinceF is proper. Our lastgenericityconditiamis ihe followimg:

We shall denoteagainby U ihe set of ([q
1],..., [qn]) thai satis~’ alí

ihe generieitycomditioms introdueedsafar.
Notice thai U comtainscomfiguratiamsof ihe forrn ([qí], . . . , [qn]) witli

q< E Q2, 1 = 1,... , 5. Imdeed, ihere is no problem in cliaosing u
0 =

(q~,..., q~), q? E FC~, 1 = 1,..., 5, satisfyingcomditions (ai) through
(a

4) amd Gi, G3. Por sornek E {1,... ,5}, leí 11k denoteihe singular
poiní of q~. Consider

= {(uO, {x~], ¡q]) E VV(U) 1 = lJk}

ihis is a finite set whicli dependsonly an 11k, mat on q~. Therefore, we

candefarrnu
0 luto u = ([qil [qn]), whereqj = q~ Lar 1 ~ k, and q¡, is

singularat 11k, buí Lar all (u, [xi], [q]) E F’(u) naneafilie twa distimei
Unes composimgq¡~ is tangemtto [q] at xk = 11k, that is : u ~ F(V&).

2 Qn the singularities of the map F

q

Titroughout titis paragraph tve sitail assumnethat u E U.
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Let w = (u, [x¿], [q]) E F’(u) and

s(w) = {Xí 1 x~ E (~¿)sing}~

where ¡XI denotesthecardinality of X. Weshall seethat ihe behaviaur
of F mearw essentiallydependaanly on 8(w)

Proposition 4. Leí a E {O,..., 5} and asaumethat x¿ E (qí)sing for

i =a and x1 E (qdregfor i > a. Titen tite projection

inducesatt isomorphiam

<A:Ker(dF~)Z {(~í ~ ¡q(xí,jAq1(~1i,.)=O,i 1,...,s}

Sfr1 E T[~1]q \ {O}, titen

Corollary 5. dimKer(dF~) = s(w)

Proal’. Indeed, since qj, i = 1 a consisisof 2 distincí limes, ihe
linear map

2

has a kernelof dimension1.

u

Wegive naw ageametriedescriptionof Im =b.Leí IPR~.1 denote ilie

set of limes of FE
2 through [x~1.Leí us recalí how twa Unes t’,É” e

FR1 define a polariiy amongpairs of limes of ~. a be a[x~l FR1 Leí
homogeneous2-farm in 2 variableswhosezeroesare £~ and f~t; if y, tu E

E2 \ {O} are such thai a(v, tu) = O, we say thai ilie lime thraughy is
polar ta ihe Une through tu with respecíta ihe twa limes 1’, 1”. Choase

r~ E T{~~jq\ {O}; ilien qj(~j,rí) = O for (u ~) E Im~. This meams
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that ~j musí he mi the

through [xi] defimedby qj
polar line to

(see figure 3).

t

(q) with respeetto tlic 2 litios

q

1’

Figure 3. Ceomeirieinterpreiationof tlie kernelof dF~.

Proal’ of proposition 4. According to proposition 1, Ker (dF,,,) is the

suhspaceof (®~~ ~T~.jP~) ® T~jFC definedby the equations:

f (1)
(A) (II)

(III)

qj(xj, jr~) = o
2q(xj, ~) + ~jx

1, x1) = O i=1 5
qi(~j, -) A q(xj,.) + qi(xj,.) A (~(xi,.) + q(i~~,)) O

Por i < .s, sinceqi(xj,.) = O, ihis set of equationsis equivaleníto

2q(x~,Ij) +4(x~,x~) = O

q~(3~,-) A q(xj,.) = O

(E) i<s
{ (II)

(III)

and far i > s tliere exisí sealars)~j suehthai q(xj,.) = A~qi(xj,). Iliere-
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fore (A)(I) implies that q(x~,Yj) = O and the set of equationsbecomes:

(1) qi(xj,~’i) = O
(C) (II) 4(xi,xj)zzzO i>s{ (III) qj(xj,.) A (q(~i,) + ~(x¿,.) — Ajqj(ii,.)) = O

Equation (B) (III) shawsthai ~ is well defined.

~ la .surjective. Leí ~ E T¡~jF2 be suehthai q(xj,.) A qí(x~,.) = O for

<a. Sinceq is non-singular,iliree afilie xi’s areneveraligned andso

ihere exisis q E C suehtliat

iL 1 <a
q(xj,x~) = { —2q(xi,ii) if 1>5

Wc choose~i, 1 > a, sueh tliat (C)(I) is satisfled. Ihen1~ ¿fn, where

r~ is sornefixed non zero elemeníin T[
1~]q aud~ is a sealar.

We praceednaw to elioose~j in arder to satisfy (C)(III). Sine. ihe

kernelof q(xj,.), which equals the kernel of qj(xi,.), is generatedby x~
aud r~, wehay.to choase~j in suehawaythat q(~, .)+4(xi, .)—.\iq~(~í,.)

alsovanislieson x~ andan r~. It clearly vamishesanx~; now qí(ri, w~) = O
and q(r1,T~) # O. We may ihereforetake:

~(x:,ri

)

~ la injective. If ~i 0, 1 < a ihen it follows frarn (B)(II) thai

4(xj,xj) = O Lar i =aand by (C)(II) 4(x~,x~) = O for 1 > a. Therefore,

q and4 hay. tSe5 distincí poimis [xii [x5] in eomrnon,aud no iliree
of ihesearealignedbecauseq is non-singular,and 50 4 = O in T[qjIPC.

Now it fallows from (C)(III) thai for 1 > a

qj(xj,.) A (q(~i,-) — Ajq1(?ñj,.)) O

and ilierefore iherearesornescalarsg~ sucli that:

Q q(W,.) Aiqj(~j,.) + ~i~qi(xi,.)

Sine. qi(xi,~i) = O andxi ~ (qi)5j~g for 1 > a, ~j beLongsto ome of ihe

2 distincí limes thai constituí. qi, say £~, and iherefore q4~,~i) = O.
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Replacingihedolby~ imVshowsthai q(~iJ¿) = O. Buí qfl4= {x¿},
iherefare~¿ = O in T[±.j 1>2

Sinceq 15 man-singular,q(x¿, .) Aq1(~¿,.)= O is equivalentlo say thai

qí(~í,-) vanishesan ihe kernel of q(xj, .), which is generatedby Tj amd
x1. Therefore:

q(xj, -) A q~(~¿,.)= O ~* qí(x~,‘rí) = O

u

We wamt now ta study the seeomdderivativeof E. Recail thai for
a C~’ map O : X —* Y betweemC~ manifolds, the secondintrinsic

derivative, firsí iniraducedby Portecus[5], is the linear map

4 d
2G~ : Ker (dG~) ® T,X —* Coker(dC~)

which is obíainedfram ihe secandderivative at x of O writien in local

coardinates. Ifa: Ra—. IP and h: U —~ R¶ H1 : y —> IV’ are local
diffeomorphisms on IV’ and IP respectively, where U c E”, V G IV’,

h(O) = x, H’(O) 4 0(x), ihen

d2(HOh)o = dHa<~>(d2G±(dho,dho)) + dHo(~)(dCX(d2ho))

+ d2Ha(~)(dGÁdho),d0
1,(dho))

from whieh it follows thai the linear map d
20X : Ker (dG~) ® TXR” —~

Coker(dGx) is affectedanly by ilie linear pan of ihe local diffeamor-
phisms it andH. This shows thai ihe linear rnap of 4 is weB defined.

Leí mow L
1, L2 andL3 beopenseis in 1W”, E”

2 andE”3 respectively
amdleí $ : L

1 ~< .—~ L3 beC
00 andassumethai O E L

3 isaregularvalue
of 4’. Set VV <‘—‘(O) and leí E : W .-.~ L, be ihe map inducedby ihe

prajectionon Ihe firsí factor. We wamt to expressihe secondintrinsie
denivativeaf E in termsaf ihe derivativesof 4’. Denoteby ~(w) and

~(tv) ihe derivativesof $ in ihe dfrectian L, and L2 respeciivelyat

ilie point tu (wí, w2).

Lemma 6. Tite derivative »~—(w) inducesan isomorphism:

O: Coker(dF~) —~-~ Coker
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Weitave a comniutativediagram:

Ker(dFu,)@TwW

j d2Fu,

Coleer(dFw)

.1
(—1)0

Coker ( ~(to))

from witich d~Fu, can be ezpressed itt temis of tite demivatives of 4’.

Proal’. The fact thai O is an isomorphismfallawseasily fram the fact

thai <‘is a submersianand frorn ihe definition of F.
Par ihe corninutativediagram, leí it — (it’, it2) : U —. VV C L, >< L

2
be a localparametrisationaf VV, it(O) = tu. Since$ it = O, we have:

d
2$w(dho, dho) + d$u,(d2ho) = d2$ta(dho, dha)

8$ 8$
+ —(w)(d2h¿)+ —(uj(d2h2) — O

Owi 0w2

anA therefare,for ~¿ E TaU, i = 1,2, amd iiJ~ = dho(~¿)

d$w(wl,tu2) ——(tu) ~dho(xí~x2)) mod Im—(w)
Owí 8w2

Sineeht — F . it d2h¿(E\,Y
2)= d

2Fu,(dh
0(Y,),dh0(~2))+dF,L,(d

2ho(7
1J2))

andso:

04’
_ <u,)

0w1
0$

—-——(u,)
8w1

04’
— (u,)

0w1

(dF~d2ho(u,X2))

(d2Ft~eñn 752)) mod Im —(tu)

8w2

from which aur assertiomfollaws.

u

We comeback lo our map F VV(U) —. U. Leí L1 be an apensubset

of U c (FC)
5, L

2 an apensubsetof (r2) >< FCa and L3 = E
15;

assumethai L, aud L~¿ arecontaimedin produetsof affine open sets,so



404 FeliceRonga, Alberto Tognoli and Thierry Vust

thai we haveexplicit represeniativesfor ([q~], [x¿j, ¡q]) E L1 >< L2, and

iherefore it makessensela write die map:

$ : Li x L2 —. L3, ([qi], [xi], [q])

((qdxi, xi))~.1 ~, (q(x~,xi))1...1 5(q~(xi, .) A q(xj, ~»=~

Note ihat beqausethe prajectivespacesare replacedby affine spacesof
ihe samedimension, we can alsa laak ai qí amd q as non-homogeneoms

paiynornialsof degree2 on E
2. Their deriyativesat x¿ E E2 are linear

maps: E2 —. E, and iL qi(x~,x¿) = q(x~, xj) = 0, the condition d(qj)~~ A

dq,~= O is equivalemíta qi(x¿, .)Aq(x
1,.) = O. We knawfrom propositian

1 thai O E E
15 is a regularvalueof 4’.

Recail thai we assuine thaI [qí] E FQ
2, 1 = 1,..., 5, z¿ E

(~í)sing forí= 1 sandxie(qdregfori=s+1....,5. Forw=
([q~J, [x1], [qJ), weliave thaI dimKer (dF,,,) = a, amdsodimCaker(dFu,) =

dimCoker(~®) a. Since

8w2
3

ihe firsí a coardinatesof E’
5 represeníCoker(~j(w)) amd so ihe re-

sirictionafilie secamdinirinsie der¡vativeof F lo Rer(dF,»)® Ker (dF,»),
thai we siffl denoteby d2F,,,, can be identified usingLemma 6 to ihe

bilimear map:

Ker (dF,») ® Ker (dF,») E8 , (ii,. . . , ~, ~) ® (~,. . . , ~, ~)

Recail from Propasition4 that if (~, ii’~, ~)E ICer (dF,») \ {O} tlien
q(xí,.) A qí(~i,.) = O Lar i = 1, ... , a. If in additiom qí(~i,~ = O for
sornei 1 a, llien ~¿ e (qjreg and so the tangemílime to q at xj is
acomponemíof qj, which is excíndedby ihe genericiiy conditian (Gs).

Tu canelusion,we haveproved ilie followimg resulí:

Theorem 7. Leí u E U n (PC2)5 and w = (u, [xi] [xsJ, [q]) E

asaume that x~ c (qi)
8~~9 for i =a and x~ E (qi) reg for i > s.

Titen:

• dii Ker(dF,,,) = a = dim CoIcer(dF~)
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• Leí ~ E KerdF,,,, so thai qí(~,r¿) = O, for Tj E
i= 1,...,s; titen

d2Fu,(~í ~ =

u

We will shawir’ thenextparagraphthai ihe particularprapertiesof
the derivatiyes up to arder 2 of F linply thai there exisis u’ mear u wiih 2~

nonsingularpoinisin iis fiber nearilie point tu, wherea= dlin Ker dFu,.

3 A deformation theorem

Wesliall use ihe emeidean disiance on R”; B(O, r) will denoteilie open

bail of radius r centeredat O.

Theorem8. Leí f:fZ —> R”, O E fl C E” open, f(O) O, be a
map. Leí a = dimKer(dfo) and asaume thai

d fo: Ker(dfo) ® Ker (dfo) --4 Coker(dfo)

is tite producí of a quadratic fonna of rank 1 witit transversalkerneLs;
thai la, for a suitable cito ice of basis of Ker(dfo) and Coker(dfo) me can

for (aí,...,cx
5), (fij,~.,f33) E Ker(dfo)

d
2f

0((al,..., a,), (fi,.. .,fl8)) = (a1131 a,138)

(1) Afier a change of coordinatea iii tite aource and ta,-get, f can be
tuntien

f(xj,...,xn) (4,...,4,x5+i x,j±g<x1 x~)

for ¡jx ¡¡ < 1, mitereg: B(O, 1) —. Rs satisfies:

g(O)=O, fl—(0)=tO,i= 1 ~, 829 (O)=O,tj= 1 a.
axioz’
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(2) Itt tite coardinates of(I), leí yo = (1,...,1,O O). Titeme exista

e
6 > O sucit thai for any e, O < < 6, tite equiation f(x) = eva
has exa cliv 2~ solutions itt tite boU centered al O of radius V~2, al
whicit lite jacobian of! la non zero.

Proal’. (1) is a consequenceof ihe hypathesison d2fo.
Since f(x) = eyo implica x

5.~í — ... — x.~ = O, we rnight as well

assnmethai a = n.

Wc have that for 1 El — 1, 1[, g(txí, . . . ,tx5) = t
3gí(x,t), where

gí:B(O, 1)x¡ —1,11-—>R is C”’. Leí

~(x, t) = f(tx)/t2 = (4 4) + tgi(x, t)

Setu = ihe equationt(x, O) = u-yo has2~ soluiions¿~, i = 1,..., 2,
Ss,

afilie farin (±vC,...,±v’fl, thai He in ihe bail B(O, 4), and~(4,O) is

invertible. It follaws frorn the implicit funclion theoremthai ihereexisis

6’ > 0, ‘~ > O and 2’ functions ¿~(t) :] — 6’,6’[—* B(E?,n) C B(O, 4),
i = 1,... ,2’, ~(O)— ~osnch that

for ¡t¡ < 6’, x E ~ R(¿?oñ, t(z,t) = vyo .~ Bi suehthai x =

í=1 2’

and ~(&(t), t) is invertible. Since ~ (B(O,1) \ U
21 2SB(¿~, ;;), 0) does

not cantain uyo, iliere exists 6” < 6’ sueh thai for ¡t¡ < 6”, sato
~ (B(O, 4) \Uí~rír..,2sB(¿?,n)~t)~ andiherefore

1
far ¡t¡ < 6”, lxii < ~, t(x, t) = uyo ~- BI such thai x =

Now

f(x)=c11o<~(j-7~ civ)

If we set 6 = ~“ ihen

,/kc6~ e/u<6”and ¡4 1 jxlj <x’~



-J

Thenumberof canica tangení lo fi.....

Qurassertionfollows at once

Figure 4. If we deformqj to q~ = qí + e in such
the sectormot eomtainiugT~1q, we canguess

mearq tangentto q~.

away thai q~ appearsin
thai thereare 2 canjes

Leí usskeichhow wewill usethis tliearernta calculateihe eardimality

of a maxñnal gemerie fiber of ihe map F of paragraph 1. Let ti E

U fl (1>C2)
5, so thai u = ({q~j,..., [qn]) where qi is a degeneratecanic

thai cansisisof 2 distincí limes meetingatapoiní [y~]. Pora E {O 5}
we set

F’(u)s= {w EF’(n) IdirnKer(dF,»)=s}

We restricí ihe equatiansq¿,1 = 1,..., 5 to sorneaffinechanon P2 con-
tainimg (vil,... , [ya], thai we idemtify ta R2. Porw E F’(u)

8, perliaps
áfter remumeration,tu = ([yi] [va], [xs+uj frs], [qj] [qs], Iql).

Recail thai if (~i ~s, ~‘) E Ker dF,», ihen ~í is polar to T~1q with
respecí to qj, aud so ~ and T[~~1q ile on differeni compomenisof the
complernemíof qj, for 1 = 1 , iL wechoaseihe equatiamsq~ in sueha

407

u

q.
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way thai qi(~¿,~) > O, or equivalentlyq~Qr1,r¿) < O for r¿ E T~,jq, ihen

it follows from theorems 7 amd 8 thai iL we replace q~ by q~ = qj+ e, e > O
srnall enougli, then F’(u’), u’ = (q~ q~,qs±í,-..,qs) will have 2~

poinis in a neighborhoadof w. This can be conflrrned iniuiiively, be-
cause ilien q~ will have 2 sheets mear T¡~jq (seefigure 4).

flemark. It can be shawm in fact thai F can be written locally, in ihe

neiglibarboadof a u, such iliat dim Ker (dF,») s, as (ti, . . . , t~r)

t~, t.,+í tzq). However, this eannotbe detecied from ihe
properties afilie derivatives of F at tlie poimí w, as shows ilie example

(ti, 12) ‘—. Ql + 4k+í, 4)•
Tlie nexí prablem is ihat ifF

1(u) {w
1,.. .,w~}, we wil] haveta

flnd a deformatian ~ as abave,valid for alt tSe w1 uit. This meams

thai wlienever ([xíi,. ., [x~], [qí],... Iqsl, [q]) e F~’(u) amd lxii =

ilion qj(Tj, r¿) < O for r~ E T~jq (we will do ihis in Sectian5). Tlien we

will liave:

= Z2~ Fí(u)s~
s=O

Finally, ihere are (~)2~—~ ways of choosimg a subset 1 c {1, .. . , 5} of

cardinal s, and 5 — a lines, oneamongeachpair of limes thai canstitute
ihe qj’s. Tlierefore

=

where n~ denotes ihe number of canjes passing ihrough a poimis and
tangeníto 5 — e lines. The numberti5 dependsan ilie mutual pasiiioms

of ihe e painis and tSe 5 — a limes and will be determinedin ilie next
paragraph.

4 Basic enumerations

Given a painí Ix] E IP
2 anda Une £ c 1>2, we candefinethe 2 following

diyisars in ¡PC:
Dx{[qieFCjxeq}

= {[q] E FC q is tangenítal)
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Tbe first divisor is a hyperplane, and sorneprapertiesof ilie secandare

given in the following easylemma, that we leave ta ihe reader:

Lemma 9.

(1) De has degmee 2

(2) (De)5~~9= {q ¡ q ~ 1>2

(3) ifq E (Di) reg atid lx] = qfl£, me have:

Tjq]Dt = {[~1 ¡ ~(x) = O}

u

We introduce now genericity conditians an tlie chaice of s painis

and 5 — s limes in IP
2: we define Sil., G (r2) x (¡>2) as ilie set of

(lxii [x,i,£
8+í £~) thai satisfy:

(1) 3 amomg ihe [x1]’s are nai aligned (in particular, [xi] # [xj] far

(2) 3 among ilie 4’s da mal go tlirough a sarnepoiní (in particular,

4 # £j for i #

(3) Vi,j x~ ~

(4) Vii # i2, ji ~ h any Une ihrough xj1 audXj2 doesnot go ihrough

‘ji (vii2.

(5) Y distincí ~1,22, 23,24 and Vj ilie intersection of ilie lime tlirough
[x~1i and [xí2] with ihe Une through [x13] amd [xjj does nai belong

to (j.

(6) Y distincí i~, i2, i~, i4 andVj, x~j docanot belongta ilie Une tlirougli

41 fl 4~ and 4~ fl 4~.
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In ollier wards, the configuratiomssliown in figure 5 are mal allawed.

1~
1

x -,

(5) (6)

Figure 5. Configuratioma that we dan’t wamt in Section 3.

Lemma 10. Leí (lxi],..., [xsI,ts+í, ...£~) E Si), and [q] E D~1 11
...flD~.flD,..4 rl ... fl D4. Then [q] ~ FC2 and II [q] E FQ~,

Dr,, De.+ D¿5 intersecí tmnsversatly al [q].

Proaf. Assume thai [qj E FQ2 and leí [y] be lis singularpoimt. Then
tSe genericiiy condition (1) irnplies that s < 4. Any tangení ta q gaes

iliraugh y, and so candition (3) impUes thai lx¿] # [pi, i = 1 s, amd

candition (2) implies thai s > 3.
If s = 3, canditian (1) or (4) is contradicted, and if s = 4 conditian

(1) ar (5) is cantradieted.

Naw leí [q] E PCa; ihen by lernina 9 (2) [q] is a smoath poiní of
eachdivisar ~ D¿, and ihe iniersectian of ihe tangení spaces of ihe
divisors at [q] is

E T[q]IPC 1 q(x~) = -.. = ~(x~) = ~(vs+) ... = ~(~) = O}

wliere y~ = q rl £¡. Conditions (1), (2) and (3) imply that ihe paimis

[xi] ..., lxsl, [11s+1~,... , [1151are 5 distimel painis on q, and iherefore 3
of them are meveraligmed. But ihere is exactly 1 conic goimg tlirougli 5

paimis, 3 of whieh arenever aligned. u

1.t4

x. —--x, ¡4



The numberof canicatangent¿o fi..... 411

Leí

‘/3 = {(([x1],..., [x8],~ ...,t~), [q]) E fl3x

PCa ¡ q E D~1fl...fl Dx. rl D1•~1fl ...fl 134 }

Propasition 11. The variety 1’3 la snzootit and ihe natura¿projection
ir: V8 —* 1?. ja a proper subíersionwith finute fibers.

Proal’. The facis thai 1/8 18 smaathamd thai ir is a submersianfollow

from lemnia 10.
U ln ihe defimition of V~ we allow [q] e FQ , ihe corresponding

projection ir ja obviously proper. Lemma 10 implies in ibis casethai

q ~ Q2, and iL a > 3 ihe genericiiy condition (1) implies thai q ~ Qi.
Thereforeir is praperfar s > 3. The casea <2 is obíainedby abserving

thai associatinglo acanlc jis dual inducesan isamarphism1/3 ~

u

Corallary 12. Tite rnap

w ‘—~

la locally constattt.

a

We computenow ¡iC’(w)¡ for varioms conmectedcompamenisof %.

By applying aur resulis lo iii. dual canjes,ilie casesa = 3, 4, 5 will he
deducedfram ilie casesa = 2, 1, 0 respectively.

First of alí, wecompexifyib. situatian. Thenit follaws from lernma9

(1)that ¡ic’(w)¡ = 1,2,4,4,2,lfarallw E (Qa)c,s= 0,1,2,3,4,5. We

set N8 = ir¿.’ (w) . Back to ihe realcase,weshall say thai a cornponent

~2of Q1 is maximatIL ¡ir’(w
0)j — N_ for w0 E

lii what follaws, wewill mákeuseof ilie actionof ib. groupPGl(3, .1?)

an Q
8; simce it is connected,it will preserveilie canmectedcampomenis

of
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x
1

x —>

2

Figure 6. s = 5; ihe sixth forbidden ljne is at x.

= O anA s = 5 Thereis exactlyame(non-singular) conicihrough

5 poinis, 3 of ~hich are never aligmed, ¿md so aH ihe componenisof

are maximal. Dually, it follows thai ah ihe companemisof 1k are
rnaximal.

In fact, ihe variety fl~ has 12 connected componenis: ihe set of 4-

tupíes of painis of IP2 3 by 3 not aligned is camnectedbecauseit is
a hornogencausspaceLar PGI(3, 1?). Tlierefarewe can fixe ihe firsí 4
poimis [xii, ..., [x

4]; tbemfor ihe flfih painí tliere will be6 Unesforhiddem

by ilie genericiiy eanditiams,namelyihosetlirouglx ihe pairsof ihe firsí
4 paints. It is naw easyta check on an explicii examplethat iliere are

12 connectedcompomemisin ihe complernemtof such 6 limes (seefigure

6, in whieli ome of ihe farbiddenlimes is ilie lime at no).

s = 1 Tlie variety Q1 has 16 conneciedcamponenis.indeed, using
ihe action of PGI{3, R) ~vecan flx ilie four limes amd [xi] musí belang

ta ihe eomplementE of ibis 4 lines,buí not ta tlie unesjaining paírwise
intersectionsof ihe 4’s. Among ihe camponenisof E, ihereare4 irian-

gles T1 aud 3 quadranglesQ. Clearly (see figure 7), ihe componenisof
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iype Q are maximal, ihaseof type T arenot.

Figure 7. s = 1; choasexi in a quadrangleif you want to be in a

maximal compamení.

Ilie varieiy fi2 has 12 cannectedcompomenis.Indeed,WC cam
fix ilie 3 limesLi, £~, £3 andihe painí [xii; ihe paimí [x2] musíbe choasen

in ilie cornplerneniof ihe 6 limes Li, £2, £3 andihe linee limes joining [xi]

ta ihe intersectiomsL~ rl 4.. Tlie maximal campanemisare ihosewhere
[xíj and (x2] are in ihe sarnecompamemíof Ihe complemeníof ihe 3

lines Li, £2, £a. Since ihe chaiceof £í, £2 and £~ is irrelevant, it suifices
ta checkon a particularcase. We iake

[xi] =

— {x=2z},£s={x=—
2z}.

Let q(x, y, z) = ax2 + b
11

2 +cz2+ dxy+exz+ fyz = O be aconie ihraugh
[xi], 1x2] aud tangeníto Lj, ~2 and £3. Tlien:

q(xí) =

q(x2) =

O==t~ a+c—eO
O==~ a+c+eO 5 ~*a=—c,e=O

1
5

¡
13

Q
2
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Tben ilie canje q = a(x2 — z2) + (bit + dx + fz)y musíbe tangeníto:

d2—4a(--a+b—f)=0

(2d+ f)2 — l2ab= O

(—2d + f)2 — l2ab= O

It follows frorn die lasí2 equatiansthai df = O.
If d = O, we bave

{ (1) f2—l2ab=O =0

a = O gives the dauble Une through [xi] and [x2], for which we dom’t
cara Replacingb = a + f in equatiom(2) aboyegives 2 distimct real

solutions: f = a(6 + 4V~).
1ff = O, wehave

(1) d2—4a(—a+b)=O{ (2) 4d2 — l2ab = O

whieh implies thai a(4a — b) = O, andreplacimgb = 4a in equation(1)
aboyegives 2 new real solutions: d = ±2ax/S.If a = O, we fimd again

ihe daublelime tliramgh [xl] and [x21.
Ir conelusion,we liave4 goad real salutions.

A

¡ ¡
4

¡ ..

¡ (—2,4) (2,—l

)

3

Figure 8. s = 2; ibe dasliedline sliould not go thraugha vertex. At
righi, ihe particularcasethai we investigate.

¡
4
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s=3 This caseis dual to s = 2. The maxirnalcompanenisof Sil3 are

iliase far wlilch ibe 3 points [xi], [xa] amd [xa]arein ib. samecompamení
of ibe cornplememtof ib. 2 Unes£~ ¿md£2 (seofigure 9).

Tbis is dual to a = 1. If we leí £s be ib. Une al oc, lis

carnplementcan be ideniified with R
2, amd it cantainsihe 4 painis

[x
1],..., [x4]. Tbe maxirnal compomemisare ihasefor whicb ibese 4

paimis are the vertices of a cottvexquadrangle in R
2 (seofigure 9).

¡5

x
.1

2

• x
3 1

4

x

x
2

x
4

Figure 9. a = 3 and s = 4.

5 The final step

In ihis paragraphwe shallwark in sorneaffine chan of ~2 thai we idem-

tify witb R
2. Leí rn us E E2 be ilie verileesof aregular pemiagan

auddenoteby II ib. convexhuil of ya,.. . , y~ (i.e. ihe pentagonitself).

DenaiebyF, ihe spaceof Unesihraughy~ andleí ‘? E )P~.,i = 1 5,
be sucb. thai Lar all 5 c .1...., 5} ilie canfiguration ((u~h~’, (~~)jcc(I)),
where C(I) = {1,... ,5} \ 5, belongslo a maxirnal compomeníof Sil

111

(figure 10 shawssuch a camflgmration). Leí L~, i = 1,..., 5 be open
neighbarhoadsof ihe 4’s suchthai for aH ¡ c {1 5} ihe configura-

415

1
5

x
3.
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tjons ((yi)iu, (ti) .icc<n) silíl belong to a maximal compomení of

Figure 10. 5 generleunesthai generalernaximaleonfiguraiions.

Set

V(I) = { ((£i)jccm, q) E (rJ~~C(I) L~) < FQa ¡
q(yí) = O, Vi E 1 amd Vj E C(I) q is tangeníla £4

The following lernna telís us thai it is passibleto make a goad choice
of Unes ¿mdthai ibis choice is stable,in sornesense.

Lernma 13. Leí U G Lí>< ... x L
5 be dejined as follows:

V1c{1...,5},

U3(tí £s)e~ { ((‘~U~ccn~ q) E V(.t) Vi E 1, T[~4jq # fi
Thai:

(1) U la open atid dense iii L1 x ... x L5.

(2) If(£i £~) E U, ihere ezisí conttected neighborhooda U(£h) = Uh
of 4. itt Lh, it = 1,..., 5 such that:

YI c {i, . :. ,s} y @5)~~C(J) ,£5 E U~

toe itave : ((t5) , q) E V(I) ~. T1~.jq ~ (Jí ,VI E 1

fi¡ 2

3
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Proaf.

(1)Fortc{1 5}andioelset

V’(I, io) = {(£í, . . .,£s),q E >< PCa ¡
h=1

E L~Yj E C(I) ,q(y¿) = 0W E I,q
is tangeníto £~Yj E C(¡) and T[~0;q = Lí~}

V’(I, io) is a closedsubsetof codimensian1 of ihe set

5

v’(I) = {((£í £~),q) E ~J~!Ih x PQ~ ¡
h=i

Lj E LjVj E C(I),q(y~) = OVi E I,q is tangení lo £~Vj E C(I)}
amd it faflows ftom prapasitian11 ihat ilie naturalprojection

jEC(I) tU

is proper, and llierefore ilie set

= p~ (v’q, io))

is closed,of codimension1 in (H~cc~> Li) x (u161t.) . Now

U=Lix...XLs\ U
1C{i 5} , 1061

iherefore U is apen,densejn Li x . -~>< 115.

(2) For 1 c {1,. . . , 5}, cansiderihe diagram

v(I) L. -‘2

[IiEIFyi
PC(1) 1

Hiec(I) L~

where T¡ ((£9iccw~ q) = (T[~1jq) . Leí u = (1 í Ls) E U and

set z = (ti) icC(I)’ ~»= (4) ic1• Sineeu E U, we have thai T¡’(W) rl
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= 0. II follaws fram Ihe fact thai p¿¿¡)(z) is flmlte aud thai

PC(I) is acoverlmgthai tbereexist apenseis:

c L¿, Ufl 3£~, Vi E 1

such thai, seiting Ub<
1> = H~ec(nUb(¡)Ó and u7 = n1~1Ufl

P¿k(U;) flr1
1(U7) O

If we lake Uh to be Ihe canmectedcompamemíof:

(C;hU¿
1h) n (Ñu¡h)

thai contains4. ihen assertian(2) will be satisfied

u

U £‘ and£“ are ¡incathrough the paimí y in R
2 thai are nat perpen-

dicular ilien tliey determinetwa angles:unethai is strjctly smaller ilian

ir/2, amoilier thai is stricily larger than <2. We shall cail Ihe sector
determinedby £‘ atid £“ ibe set of limes thai go ilirough y and Ue in ihe

smaller angle.

Choase (£í,...,£~) E U and4# ¿gEUh(£h), ~ = 1,...,5; ihen any
pair (4,4) determinesa seciaras explainedaboye,whicb is caníained
in Uh. We choasean equatianq¡~ afilie comie 4 u £g,h=1 5im
sucb a way thai q¡, takesnegativevalues in ilie sectordeterininedby

(4,4). Set u (¡q~],..., [qn]); we may assumealso thai u E U (thai is
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u satisfiescamd.itiams(Gi) througb (05> of Sed lan 1).

Tq
yi

Figure 11. The sectordefinedby (L~, £~‘)

to q at Iii-

doesnot camíainihe tangení

It fallows from Ibe praperties of tbe Uh’s, it = 1,..., 5, thai if tu =

([qi],. .., [qs], [xí],..., [zs], [q]) E F’(u)s, Iben for all i suchthai [x1] =

[ye], T[~~]q will lie outsjdeibe sectordeterminedby £~, £~‘ (seofigure 11),
amd sojis polar wilh respecíto qj wlll Ile imsideihe sector. Tberefareit
follows fram theorems7 amd 8 thaI if we replaceqj by q~ = qí + e,wbere

e > O is small emough, ihen Ihereare 2~ painisof F’([qj],..., [qfl) im a
neigliborliood of tu. NotethaI ihe comiesdefinedby ihe q~ he inside Ihe
sectordefimedby (4, 4), whlch js what we expecí imtuitively.

LetsE{O,...,5}and

F
1(u)s = {,» E F..í(u) 1 dimKer (dF,,,) = s}

as in Secijon3. Them:

¡

1”q
9,

F ‘(u)s~ = (92~~fl~
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where n~ 1,2,4,4,2,1 for s = 0,1,2,3,4,5. Pinally, we set u’ =

(qj,. .. ,q~) and so

5
= Z2~2~~(ins

— 2~ ((~)‘ + (~)2 + (~)4 + (~)4+ (~)2 + (~)i) = 3264.
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