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The number of conics tangent to five given
conics : the real case.

Felice RONGA, Alberte TOGNOL! and Thierry VUST

Abstract

It is classical result, first established by de Jonquitres (1859),
that generically the number of conics tangent to 5 given conics in
the complex projective plane is 3264. We show here the existence
of configurations of 5 real conics such that the number of real
conics tangent to them is 3264.

0 Introduction
The following is a classical problem in enumerative geometry :

Given 5 generic conics, find the number of conics tangent to them.

In 1848 J. Steiner believed to have found that there are 65. In 1859,
E. de Jonquitres found the correct answer : 3264; however, ke did not
publish his result because it was in contradiction with Steiner’s, and
because M. Chasles didn't trust him. Finally, Chasles established the
correct answer in 1864, and Th. Berner again in (1865) (cf. [6], page
268).

The problem has been reworked more recently by Fulton-McPherson
[2] and Procesi-De Concini [1] (see also (3], example 9.1.9 on page 158).
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We shall prove the existence of configurations of 5 real conics that admit
exactly 3264 real conics tangent to them at real points. By a real conic
we mean a conic whose equation has real coefficients and by the exact
number we mean that there are no multiplicities to take into account :
each solution to the problem is a smooth conic which is simply tangent
at exactly 1 real point of each of the 5 given conics.

The configuration of 5 conics will be found as a small deformation of
the 5 degenerate conics constituted by suitable pairs of lines crossing at
the vertices of a regular pentagon in an affine plane. By taking different
pairs of lines, it is possible to find configurations of 5 conics with a
number of conics tangent to them smaller then 3264, but we do not
investigate this any further here.

The main ingredient that we shall use to control the deformation in
the real case is theorem 8, which might have some interest by itself. It
says that if the derivatives of a C> map F at some point zg coincide up
to order 2 with those of the map (zy,...,zx) — (z3,... ,z%), then there
exist regular values near F(xzq) with 2¥ preimages near zg.

We have been informed that W. Fulton had realized already in 1986-
87, using a similar approach, that there exist 5 real conics with 3264
real conics tangent to them.

1 First contacts

Most statements of this paragraph will be made over R, but they remain
valid, as well as their proofs, over €

Let us denote by Q (respectively Q,) the space of all bilinear sym-
metric forms (respectively the bilinear symmetric forms of rank r) on
R>. Denote by PQ the projective space of Q@ and by P Q. the locally
closed subvariety of PQ corresponding to Q,. Let P? = PR? be the
rezal projective plane.

Geometrically, IPQ is the space of all (possibly empty) real conics of
PQ, P Q3 is the set of all smooth conics, P Qg is the set of all singular
conics consisting of 2 distinct lines, and P Q; is the set of all double
lines. ‘

For ¢ € Q\{0} (resp. = € R>\ {0}) we denote by |g] (resp. |[z])
its image in P Q (resp. PQ); for simplicity, we will sometimes drop

5
the brackets | ]. Consider the subvariety W of (P Q)" x (P2) X PQs
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defined by:
w = {(lath lazl -+ lash [l -+ [zs]. lal) € (PQ)° x (PP)° x PQs |
[zi] # [2;],i # j and the following equations hold, i = 1,---,5:
(Dgi(zs, z:) = 0, (IDg(zs, 73) = 0, (M)gi(zs, -) A g(i,-) = O}
Note that in fact the equations g(z;, z:) = 0 and g;(z;, z;) = 0 imply al-
ready that gi(xi,-)Ag(xi, -) vanishes on {z;} AR? and therefore equation
(III) can be viewed in (R3 AR {25} A R3)‘ ~ R. Alternatively, if we

choose =i, z] € R such that their images in R>/[z?] are linearly inde-
pendent, then in a neighbourhood of {[q1], . - -, l¢s], [9],...,1z3. (d)) e W
equations (III) can be written :

(gilzi, ) Aglei, ) (2h 2)) = qi(zi zd)a(zi, 27) — (=i, z!)q(zi, z5) = 0

The conditions defining W mean that the 2 conics defined by ¢i(x) =
0 and g(x} = 0 are tangent at [xy]; if [z;] is singular on g, it means simply
that z; € g M g;. In order to simplify the notation, we shall say that z;
belongs to g and g¢;, or x; € g N ¢;, and that g and ¢; are tangent at z.
We shall denote by (Q)sing and (g)reg respectively the singular and the
regular part of g.

Denote by

F:w = (PQ)°

5
the restriction to W of the natural projection (P Q)° x (JPQ) X PQy —

(PQ)°. The problem is to find the maximal number of elements of
F~Yw), for u € (P Q)° belonging to a suitable open, dense subset U C
(PP Q)® that we will define in this paragraph.

Remark. The image of W by the projection

p: (PQ)5 X (P2)5 X PQ3 — (PQ)5 X PQa

is the set of ([g1}, - .-, [gs], ¢) such that ¢ is tangent to g;, i=1,..., 5 at
some unspecified point. Denote by Wy the locally closed subvariety of
(P Q)5 x P Q3 of the (|q1], - - -, [gs), [g]) that are such that the intersection
of gand gi, i = 1,...,5, consists of 3 distinct points, at 2 of which ¢ and
g; are tranversal, and the third (necessarily a real point} at which ¢ and
g; are tangent. Denote by Fp : Wo — (P Q)5 the natural projection; our
genuine problem is to compute the cardinality of the fibers Fy !(u) for
u in a suitable open subset of (P Q)°.
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Clearly, Wy is open and dense in p(W) and p induces a bijection
from p~}(Wp) "W to Wq. It follows from Proposition 1 below that
W and (PQ)° have the same dimension, and so there the open subset
U = (PQ)\F(W\p~1(Wq) is non-empty and p induces a bijection:
F~Yu) — F3'(u) for v € U.

This justifies that we concentrate on the study of the generic fibers
of F rather than Fy.

In fact we shall denote by U an open set in (PQ)° that will shrink
during this paragraph, as we add more and more genericity conditions.

Recall that for [z] € P™ = P(R™!) the tangent space T P™
R™1/(2]; we shall write 7 for an element of Tiz)P™, or for some of its
representatives in R™1.

Proposition 1. The variety W is smooth, of dimension 25. For
w = ({gi], [zil,[g]) € W, the tangent space T,W is the set of
(61? -y 5y X1y -, TG, E) such that:

(0 2qi(zi, %) + Gilzi, z:) = 0
(I)  2¢(zi, %) + @(zi,2:) = 0 fori=1,...,5.
() (gil=zi,-) + 9i(Fsi, ) A qlzi, ) + ailzs, -) A (@lzi, ) + g(Fi, ) =0

Proof. Let w = (lqi}, [g2], - - -, lgs], [z1], - - -, [z5], {a]) € W and let us take
the following derivates of the equations defining W at the point w :

P @ = Tlenm) o FE)=2e(enF) . @) = e INalei, ).

Choose z}, z{ € R> linearly independent in R%/[z;] ~ T[zdPg, i=
1,...,5. It is readily checked that the linear map

(5 i) — (E.-(Jri,xi),%(ﬂfi, zi), (Fil=zi, -) A glzs, )N 2l 2 )i:l .
is surjective, which shows that W is smooth of dimension 25, and that
the projection W — P Q3 is a fibration.

The second assertion follows by taking the total derivatives of the
equations I, IT and III defining W
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We now introduce a first series of genericity conditions on
(laa,---.1gs)) € (P Q)S. Although the ¢;'s are real conics, the lines
and points mentioned below are taken into account even if they are not
in P%(R) :

(G1) : V¥ distinet i,5,k, giNg; Ngx = 8 (in PYD).
(&y) : Vdistinct i, j, k, gi, gjand g have no common tangent (in P¥(C)).

(G2) : V¥ distinct 4, j,k,¢, any common tangent to g; and ¢; does not
contain points in g Mg (in PQ((E)).

(G3) : ¥ distinct 4, j, k, £, m, if dr4 is any tangent common to ¢r and g,
we have that d;; NdieNgm = B (in PYD).

(ég) : ¥ distinct 1, j, k, £, m and Yy, € grNgs the line through z;; and
T¢ is not tangent to gm. (in rio).

(Ga) : Vi # j, gi and g; intersect transversally (in P%(C)) at points that
are smooth both on ¢; and g¢;. '

In other words, the configurations represented in figure 1 are excluded
(as usual, we draw a real picture that represents objects in PYD).

q

\

Figure 1. Configurations that we don’t want in Section 1.
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Let & C (PPQ)® be the set of ([qu],...,lgs]) satisfying the above
genericity conditions. It is readlly venﬁed that U is a Zariski-open,
nonempty subset of (P Q)°.

W) = {(lail,-- . lgsl, l=1], -+, [zs), [a]) € W | (laal, - -+, las]) € U}

Proposition 2. F : W (i) — U is proper

Proof. We will use the space P PQ of complete conics (see [4], example
22.27, page 297). Recall that PQ is the closure in PQ x PQ of the set

{(Ia},1¢')) € PQ3 x PQ | ¢ is the dual of g} ;

In fact, the natural pro_]ectlon PQ — JPQ is the blowing up of PQ
along P Q). Set theoretically, P Q consists of pairs [g], [¢] where

* ¢} = 1d] if [g] is of rank 2 or 3.

e in the case when [g] is of rank 1, [¢] consists of a pair of lines

T ~ 2 . . .
(distinct or not} of IP° which are the lines of P? going through
one of two points (distinct or not) of [g].

—_ .2\ 5
Denote by W (U} the closed subvariety of (IPQ)® x (Pg) x (PQ)® x

(p“g)5 x PQ which consists of the % = ({|g], [, (£])i=1,...5, (lal, [a'])
such that:

(1) (gl ---, lgs]) € U

(2) z; €45

(3) qi(zi,y) = 9(ziy) =0, Vy e ¢
(4) ¢'(¢,6) =0

for i =1,...,5. Consider the commutative diagram:

wuy 4 W (U)

FN, JF
u
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where F and ¢ are induced by the natural projections; now Fis proper.
Therefore it suffices to show that the genericity conditions defining &/
imply that ¢ is an isomorphism. But the lemma below implies that if
w € W{U), then g € Q3, and so the map

([g:), [zal, lal) — (lgd]. [z, [Tzq 4, (lal 141)

is an inverse of 7.

Lemma. If & = (([q], [zd], [€))iz1,..5. (la], [d])) € W(U), then q €
PQs.

Proof. Indeed, if ¢ € PQs, one of the conditions (Gy), (G1), (G2) or
G3 is violated. If ¢ € PQ;, the tangents ¢; to ¢; at z; belong to one of
the sheaves of lines defined by ¢, but then one of the conditions (G,),
(G1), {G2) or G3 is violated .

Proposition 3. The fibers of F = F(U) : W(U} — U are finite.

Proof. Consider the complexification Fp: W (U) g — Upof F and the
projection p : W(U)p — (PQ3)p . Let u € Ug; since Fpis proper and
(PQs)g is an affine variety, p(Fd‘;.l(u)) consists of a finite number of
points. Moreover, pIFél(u) — (PP Q1) has finite fibers because of (G 4).

Here comes a genericity condition that we will need later on. Let
k € {1,...,5} and denote by Vi the subvariety of W (I{) consisting of
the ([gi], [zd], [g]) such that the order of contact of ¢ and gz at x4 is at
least 3. For example, let [gx] € P Qs and let x; be the singular point
of gi; if ¢ is tangent to one of the 2 lines through z, that constitute ¢
then the order of ¢ontact of ¢ and g at x is 3 if ¢ is smooth (see figure

-
i
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2).

Figure 2. The order of contact is 3.

Since W (I} and U have the same dimension, F (Vi) € U and F(Vy)
is closed, since F is proper. Our last genericity condition is the following:

(Gs) : (lg1)s-- -, lgs]) & U=y,...s F (Vie)-

We shall denote again by I the set of (|g1),- - -, [g5]} that satisfy all
the genericity conditions introduced so far.

Notice that U contains configurations of the form ([g1], - - -, [gs]) with
gi € Q2,i = 1,...,5. Indeed, there is no problem in choosing w0 =
(q?,...,qg), ¢} € PQo, i =1,...,5, satisfying conditions (G1) through
(G4) and Gy, G3. For some k € {1,...,5}, let yx denote the singular
point of ¢J. Consider

F_l(u'o)k = {(uﬂ, {:I:,;], IQ]) € W(u) I T = yk}

this is a finite set which depends only on yi, not on gx. Therefore, we
can deform Y into v = ([q1], .. ., [gs]), Where ¢; = g? for i # k, and ¢ is
singular at yg, but for all (v, {z4], [¢]) € F~'(u) none of the two distinct
lines composing gy, is tangent to [g] at xx = yk, that is : u ¢ F (V).

2 On the singularitiés of the map F

Throughout this paregraph we shall assume that u € U.
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Let w = (g, [z, [¢]) € F~(v) and

s = s(w) = |{$: |zi € (q'i)singH

where | X | denotes the cardinality of X. We shall see that the behaviour
of F near w essentially depends only on s{w).

Proposition 4. Let s € {0,...,5} and assume thet z; € (Qi)sz‘ng for
i < s and x; € (gi)reg for i > 5. Then the projection
(ZF1,-.-,%5,9) — (F1, .-, Fs)
induces an isomorphism
¢ : Ker(dFy) S {(F,..Es) | ¢(zi, ) A ai(@s, ) =0,i=1,...,5}
If 1y € Tiz g \ {0}, then

Im¢ = {(Z1,...,Ts) | ai(r,73) =0,i=1,...,5}

Corollary 5. dimKer (dFy,) = s(w)

Proof. Indeed, since g¢;, i = 1,...,s consists of 2 distinct lines, the
linear map

T{Ii]Pz — R , T qlr,T;)
has a kernel of dimension 1.
[ ]

We give now a geometric description of Im ¢. Let PR[I:::,-] denote the
set of lines of PR? through [z;. Let us recall how two lines £¢,¢" €
PR%:C'_] define a polarity among pairs of lines of Pfo,-]- Let « be a
homogeneous 2-form in 2 variables whose zeroes are £ and £"; if v,w €
R?\ {0} are such that a{v,w) = 0, we say that the line through v is
polar to the line through w with respect to the two lines £/, £7. Choose
7i € Tz, ¢ \ {0}; then ¢i(Zi, 7i) = 0 for (Z1,...,%;) € Im¢. This means
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that T; must lie on the polar line to T, (¢) with respect to the 2 lines
through [x;| defined by g; (see figure 3).

Figure 3. Geometric interpretation of the kernel of dF,.

Proof of proposition 4. According to proposition 1, Ker (dF,,) is the
subspace of (®i:1,...,5 T[xi]Pz) & T( P Q defined by the equations:

(1) qi{rs, Ti) =0
(A) (II) 2(](275, -fi) + E(:Bz', .1:,') =0 i=1,...,0
(D) i@, ) A gl ) + gilei, ) A (G, 0) 4+ ¢(Fi, ) = 0

For i < s, since g;(z;,-) = 0, this set of equations is equivalent to

(I1) 2¢(zs, 7s) + gz, zi) =0
(&) ) { (I111) q:l(?fi, ) A Q(ii, =0 iss

and for 7 > s there exist scalars A; such that g{zi,-) = Aigi(zi, -). There-
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fore (AX{I) implies that ¢(z;,7;) = 0 and the set of equations becomes:

(1) gi(z:,%:) = 0
(C) (1) fzi,zi) =0 i>s
(1) qilzi-) A (g(Zs, ) + Tlziy o) ~ Xiqe(Fi,0)) = 0

Equation (B)(I1l) shows that ¢ is well defined.
¢ is surjective. Let T, € T{m;]P2 be such that g(z;,-) A ¢i(Ti,-) = 0 for

i < 5. Since g is non-singular, three of the x;'s are never aligned and so
there exists § € Q such that

_ —2q(xi, %) f i<s

‘7(“"‘"‘):{0 ) if P>
We choose T, i > s, such that (C)(I) is satisfied. Then F; = &;- 7;, where
7; is some fixed non zero element in Tjzg and ¢; is a scalar.

We proceed now to choose & in order to satisfy (C)(III). Since the
kernel of ¢(x;, ), which equals the kernel of g;(z4,-), is generated by z;
and 7;, we have to choose £; in such a way that q(T;, -)+g(zy, -) — Xiqi(Ts, -}
also vanishes on x; and on 7;. It clearly vanishes on z;; now gi(ri, ) = 0
and g7, 1) # 0. We may therefore take :

(=i, i)

't

&=

¢ is injective. If T; = 0, i < s, then it follows from (B)(II) that

g(x;,x;) = 0 for i < s and by (C)(1I) g(zs, ;) = 0 for i > s. Therefore,

gand g have the 5 distinet points |x1}, ..., [rs] in common, and no three

of these are aligned because ¢ is non-singular, and so § = 0 in 7|y P Q.
Now it follows from (C)(III) that for z > s

9i(zi, -} A (9(Fi, 1) — Aiqu(Zi, ) = 0
and therefore there are some scalars p; such that:
Q ¢(Zi, ) = Xiqi(Fi, ) + pagi(zs, -)

Since gi(z;,z:) = 0 and x; ¢ (Qi)sing for i > s, T; belongs to one of the
2 distinct lines that comstitute gi, say £, and therefore gi{7;, Z;) = 0.
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Replacing the dot by Z; in © shows that ¢(Z;,%:) = 0. But ¢né; = {z:},
therefore T; = 0 in Tiy P2

Since g is non-singular, g(z, -) A gi(%4, -) = 0 is equivalent to say that
gi(Zi, -) vanishes on the kernel of g(zy,-), which is generated by 7; and
x4 Therefore :

gz, ) A qi(Ei, o) = 0 qi(zi, 1) = 0
m

We want now to study the second derivative of F. Recall that for
a C®° map G : X — Y between C® manifolds, the second intrinsic
derivative, first introduced by Porteous [5], is the linear map

'S d?G : Ker (dG;) ® ToX — Coker(dG,)

which is obtained from the second derivative at z of G written in local
coordinates. f G: R" - RP and h: U — R™ H~!:V — RP? are local
diffeomorphisms on R™ and RP respectively, where U ¢ R", V C RP,
r(0) = z, H 1(0) = G(z), then

d*(HGhYo = dHgg)(d>Cz(dho, dho)) + dH(z)(dG z(d%ha))
+  d*Hg(e)(dGx(dho), 4G (dho))

from which it follows that the linear map d2Gy : Ker (dG,) ® Ty R" —
Coker(dG;) is affected only by the linear part of the local diffeomor-
phisms k and H. This shows that the linear map of & is well defined.

Let now L1, Lo and L3 be open sets in IR™, R™ and R™ respectively
andlet @ : L} x Ly — L3 be C* and assume that 0 € L3 is a regular value
of . Set W = ®71(0) and let F : W — L be the map induced by the
projection on the first factor. We want to express the second intrinsic
derivative of F in terms of the derivatives of @. Denote by g}u-q’l-(w) and
%(w) the derivatives of @ in the direction L; and Lo respectively at
the point w = (wj, wa).

Lemma 6. The derivative ?Wq’l(w) induces an isomorphism:

0 : Coker(dF,) — Coker (a—q)u(w))
dwa
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We have a commutative diagram.

Ker(dF.) ® TuW L2¥ R™
L d*F,, !

Coker(dFy) (_—i)va Coker( %(w))

from which dz'ﬁw can be expressed in terms of the derivatives of @.

Proof. The fact that # is an isomorphism follows easily from the fact
that ® is a submersion and from the definition of F.

For the commutative diagram, let h = (k!},h%) : U — W C L1 X Lo
be a local parametrisation of W, h(0) = w. Since ® - h = 0, we have:

d2®(dho, dho) + d®u(d?hg) = d*®y(dRo, dho)
b 22 @) + 22 o @?hd) = 0
dwn 0 Bwsg 0

and therefore, for T; € ToU, i = 1,2, and w; = dho(Z;) :
ad ad
2 Dy e =
=—-— h —_—
d*®,(w, ws) 6w1(w) (d g(zl,zg)) mod Imawz(w)

Since hl = F - h, d2h}(%1,F3) = d2Fu{dho(T1), dho(F2)) + dFy(d%ho(Z1, F2))
and so :

8%
420, (W), ) = — o (d2Fw(dhg(5:‘1),dhg(Eg)))
wy

29 o
‘5{51'(‘") (ded hg(:r:l,:rz))

ad 9 — ad
——m——awl(w) (d.’ Fol(w1, wg)) mod Im w3 (w)
from which our assertion follows.

We come back to our map F : W{l{) — U. Let Ly be an open subset

5
of U C (PQ)5, Lo an cpen subset of P?) x PQj3 and L3 = R'%; we
assume that L; and L2 are contained in products of affine open sets, so
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that we have explicit representatives for ([gi, [xi],[g]) € L1 % Lg, and
therefore it makes sense to write the map:

$ L, x L2 — Lg, ([qc']s [ﬂ:i], ['I]) =
((fIi(Ii, xi))i:l,...,S' (a(zs, mz‘)):‘=1,...,5(‘1!'(“’=” ) A gl=i, '))i=1,--.,5) ;

Note that because the projective spaces are replaced by affine spaces of
the same dimension, we can also look at ¢; and ¢ as non-homogeneous
polynomials of degree 2 on R2. Their derivatives at z; € R? are hnear
maps: R% — R, and if g;(zi, zi) = g(zs, ;) = 0, the condition d(g;)z, A
dgy; = 0 is equivalent to g;(x;, -) Ag(zi, -) = 0. We know from proposition
1 that 0 € R!® is a regular value of .

Recall that we assume that |[gi] € PQg i =1,...,5 z; €
(qg)sing fori=1,...,5 and z; € (gi)reg fori = s +1....,5. Forw =
([g:}, [zi], [q]), we have that dim Ker (dFy,) = s, and so dim Coker (dF,) =
dim Coker ( %(w)) = s. Since

od
%(w)(zl‘l - -affn‘_f) = (ﬂ(“’-‘lrfl), vy Q5(I5s"_f5): - ') = (0; R 10) ey *)

8
the first s coordinates of R'® represent Coker (%(w)) and so the re-
striction of the second intrinsic derivative of F' to Ker (dFy)®@Ker (dFy),

that we still denote by d? Fw, can he identified using Lemma 6 to the
bilinear map:

Ker(dFy) ® Ker (dF,) — R® |, (z1, - %5, G} ® (%1_,-- 1 X5,9)
— (-1) * (QI(ELEL),---,Qs(fmis))

Recall from Proposition 4 that if (z1,...,75,7) € Ker (dFy) \ {0} then

g(zi,") A gi(Ti,)) = 0 for i = 1,...,s. If in addition ¢i(%Fi,%:) = 0 for

some i == 1,..., s, then T; € (¢:)reg and so the tangent line to ¢ at z; is

a component of ¢;, which is excluded by the genericity condition (Gs5).
In conclusion, we have proved the following result:

Theorem 7. Let u € U N (PQy)° and w = (u,[z1),...,[zs},[q]) €
F~Yu); assume that z; € (q,-)smg for i < s and z; € (qi)reg for i > s.
Then:

o dim Ker(dFy) = s = dim Coker (dFy)
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o Let (Ty,...,%5,9) € KerdFy, so that gi(Zi,7) = 0, for ; €
Tizi(g), i=1,...,s; then
d2ﬁw(fli -3 X5, G3T1, - - -, T5, 6) = (—1)-(q1 (:’fl, 1'“1), [ q,(i‘,, -fs))
and (T, T) # 0 for ;£ 0,i=1,...,s.

We will show in the next paragraph that the particular properties of
the derivatives up to order 2 of F imply that there exists u’ near u with 2%
non singular points in its fiber near the point w, where s = dim Ker dF,,.

3 A deformation theorem

We shall use the euclidean distance on R"™; B(0, r) will denote the open
ball of radius r centered at 0.

Theorem 8. Let £:Q — R"™, 0 € ¢ C R" open, f(0) = 0, be a C
map. Let s = dim Ker(dfg) and assume that

d%fo : Ker(dfo) ® Ker(dfo) — Coker (dfo)

is the product of s quadratic forms of rank 1 with transversal kernels;
that is, for a suitable choice of basis of Ker(dfg) and Coker(dfy) we can
write:

for (ay,...,aq), (B1,-..,Bs) € Ker(dfo) ,
d2f0 ((‘111---1“3),(ﬁ1a---,ﬂs)): (alﬁla---sasﬁs)

(1) After a change of coordinates in the source and target, f can be
written :

f(zy,. . zn) = (I%,...,mg,:r,_,_l,...,zn) +g{z1,.--,2n)
Jor ||z|| < 1, where g: B(0,1) — R°® satisfies:

8%g
ln 3
iz

a
9(0)=0, =2(0)=0,i=1,... 0 =0,i,j=1,...,s.
ax;
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(2) In the coordinates of (1), let yo = (1,...,1,0,...,0). There exists
e’

B
§ > 0 such that for any e, 0 < /& < 8, the equation f(z) = eyo
has ezactly 2° solutions in the ball centered at 0 of radius V2es, at
which the jacobien of f is non zero.

Proof. (1) is a consequence of the hypothesis on d2 fo.

Since f(r) = eyo implies 441 = ... = zn = 0, we might as well
assume that s = n.

We have that for ¢t € — 1,1, g(tz1,...,tzs) = t3g1(z,t), where
g1: B(0,1)x] — 1,1[— R® is C*°. Let

¢(z,1) = f(t)/1? = (23, ..., 20) + tar(z, )

Setv = 8i the equation ¢(z, 0) = v-yg has 2° solutions £,i=1,...,2%

of the form (£+/7, ..., £v/¥), that lie in the ball B(0, 1) 5), and 3-‘2(51 ,0) is
invertible. It follows from the implicit function theorem that there exists

6 > 0, n > 0 and 2° functions &(t) :} — &, 67— B(ed,n) C B(0, %),
i=1,...,2% £&(0) = &), such that

for |t < ¢,z € U B2, n), ¢(z,t) = vyo <= Ji such that z = £(t)
i=1,...,2*

and g—g(&(t), t) is invertible. Since ¢ (B(0,1) \ Ui=1,...20 B(£2, 1), 0) does
not contain vyg, there exists §” < &' such that for |t| < 6", vyo ¢
@ (B(O, %) \U,‘=1,____2=B(£?,n),t), and therefore :

1
for |t| < &, |zl < =, #(z,t) = vyg «—= i such that = = &(3)

2

Now
fz)=eyp = ¢ (\/7 \/E/V) = vyo

If we set 6 = W‘?H—s, then

Ve<be Velv < 8" and H " 1 5 ¥ lzl] < v2es
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Qur assertion follows at once ]

407

Figure 4. If we deform g; to ¢! = ¢; + ¢ in such a way that ¢ appears in
the sector not containing Tjy,)q, we can guess that there are 2 conics
near ¢ tangent to g}.

Let us sketch how we will use this theorem to calculate the cardinality
of a maximal generic fiber of the map F of paragraph 1. Let u €
U N (PQ2)5 so that u = ([q1], ..., lgs]) where ¢; is a degenerate conic
that consists of 2 distinct lines meeting at a point [y]. For s € {0,...,5}
we set

F )y = {w € F~(u) | dimKer (dFy) = s}

We restrict the equations g;, i = 1,..., 5 to some affine chart on P2 con-
taining {11],-- ., [vs], that we identify to R?. For w € F~(u),, perhaps
after renumeration, w = ([y1), -, [ysl, [Zs+1]s- - -, [zs), {ai], - - -, lgs)s Lg])-

Recall that if (Z),...,%s,§) € KerdFy, then z; is polar to Tjy, ¢ with
respect to gi, and so %; and Tj,q lie on different components of the
complement of ¢;, fori = 1,..., s; if we choose the equations ¢; in such a
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way that ¢;(zi, ;) > 0, or equivalently ¢;(7;,7i) < 0 for 7y € Tjy, a: then
it follows from theorems 7 and 8 that if we replace ¢; by ¢} = gi+&,e > 0
small enough, then F~1(u"), v’ = (¢},.-., 4} 9s+1,---,¢5) will have 2°
points in a neighborhood of w. This can be confirmed intuitively, be-
cause then g} will have 2 sheets near Tiy,19 (see figure 4).

Remark. It can be shown in fact that F can be written locally, in the
neighborhood of a w such that dimKer(dFy) = s, as (t1,...,tn) —
(¢, ...,82, tssr1s- .., tn). However, this cannot be detected from the
properties of the derivatives of F at the point w, as shows the example
(t1,t2) = (b1 + 234", 62).

The next problem is that if #7(u) = {wy,...,w;}, we will have to
find a deformation u’ as above,valid for ali the wi,...,w;. This means
that whenever ([zi], ..., [zs), a1l - - ., [gs}, [g]) € F~'(x) and [z = |uil,
then g¢;(r;, 7¢) < 0 for 7; € T}y, g (we will do this in Section 5). Then we

will have :
5
[P = 3020 [Pt ()
3=0

Finally, there are (§)25"" ways of choosing a subset I C {1,...,5} of
cardinal s, and 5 — s lines, one among each pair of lines that constitute

the ¢;’s. Therefore
5

where n; denotes the number of conics passing through s points and
tangent to 5 — s lines. The number n,; depends on the mutual positions
of the s points and the 5 — s lines and will be determined in the next

paragraph.

|F_1(u)3

4 Basic enumerations

Given a point [z] € P2 and a line £ C %, we can define the 2 following
divisors in P Q:
Dy={lgl € PQ|=x € g}

D¢ = {lq] € PQ| g is tangent to £}
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The first divisor is a hyperplane, and some properties of the second are
given in the following easy lemma, that we leave to the reader :

Lemma 9.

(1) Dy has degree 2

(2) (Df)sing ={qlgot}~ 132

(3) if g € (De) eg and [z] = gN ¢, we have:
TiqDe = {ldl | 3(=) = 0}
]

We introduce now genericity conditions on the choice of s points

5~
and 5 — s lines in P2 we define Q, C (Pz)s x (Pz) * as the set of
(Iz1ls- - -, [zs], €s41, - - -, £5) that satisfy:

(1) 3 among the [z;]’s are not aligned (in particular, [z;] # [x;] for
i # j)-

(2) 3 among the ¢;s do not go through a same point (in particular,
€ # & for i # 7).

(3) Vi, j z: € {5

(4) Vi1 # i2, j1 # j2 any line through z;, and z;, does not go through
iy N &g

(5) V distinct 41,12, 43,74 and Vj the intersection of the line through
[#;,] and [z;,] with the line through [x;,] and [z;,] does not belong
to £;.

(6) V¥ distinct i;,17,13,i4 and V j, =; does not belong to the line through
£, M £;, and €3 N Ly,
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In other words, the configurations shown in figure 5 are not allowed.

Figure 5. Configurations that we don’t want in Section 3.

Lemma 10. Let ([zy],...,[zs}€s+1,---€5) € §}s and [¢] € Dz, N
ceeN Dy, N Dy, N ...0 Dgg. Then [q] ¢ PQ2 and if [q] € PQs,
Dzyy..oyDzyDyyyys. . Dy intersect transversally at [g].

Proof. Assume that g € PQs and let [y] be its singular point. Then
the genericity condition (1) implies that s < 4. Any tangent to ¢ goes
through y, and so condition (3) implies that [z;] # [y],i=1,...,s, and
condition (2) implies that s > 3.

If s = 3, condition (1) or (4) is contradicted, and if s = 4 condition
(1) or (5) is contradicted.

Now let [¢] € PQ3; then by lemma 9 (2) [g] is a smooth point of
each divisor Dy, Dy, and the intersection of the tangent spaces of the
divisors at [q] is '

(1€ TdPQ|a1) = -+ = §(we) = Qysrr) = -+ = dlys) = 0}
where y; = ¢N £;. Conditions (1), (2) and (3) imply that the points
(1] ..., [zs], {¥s+1)---, [y5] are 5 distinet points on g, and therefore 3

of them are never aligned. But there is exactly 1 conic going through 5
points, 3 of which are never aligned. [ |
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Let

Vo= {(([z1),- .., [zsls €at1,-- -2 €5), [q]) € Nax
PQ3|q€DyN...NDg,N Dy, N...N Dy}

Proposition 11. The variety V; is smooth end the natural projection
m: Vy — §, is a proper submersion with finite fibers.

Proof. The facts that V, is smooth and that # is a submersion follow
from lemma 10,

If in the definition of V; we allow [g] € PQ , the corresponding
projection = is obviously proper. Lemma 10 implies in this case that
g ¢ Qo, and if s > 3 the genericity condition (1) implies that ¢ ¢ Q.
Therefore # is proper for s > 3. The case s < 2 is obtained by observing
that associating to a conic its dual induces an isomorphism Vg >~ V5_,.

|
Corollary 12. The map
Q=N , w— |7r_1(w)l
is locally constant.
a

We compute now |r7!(w)| for various connected components of Q.
By applying our results to the dual conics, the cases s = 3,4,5 will be
deduced from the cases s = 2, 1, 0 respectively.

First of all, we compexify the situation. Then it follows from lemma 9
(1) that [r~1(w)| = 1,2,4,4,2,1 forallw € (Q) g, 5= 0,1,2,3,4,5. We
set Ng = |1r&:11 (w)|. Back to the real case, we shall say that a component
Q9 of Q, is mazimal if jx "1 (W%)| = N, for w0 € QO

In what follows, we will make use of the action of the group PGI(3, R)
on §1,; since it is connected, it will preserve the connected components

of Q.
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Figure 6. s = 5; the sixth forbidden line is at co.

I s=0ands=35 [There is exactly one (non-singular) conic through

5 points, 3 of which are never aligned, and so all the components of
Qs are maximal. Dually, it follows that all the components of (g are
maximal.

In fact, the variety 25 has 12 connected components: the set of 4-
tuples of points of P2 3 by 3 not aligned is connected because it is
a homogeneous space for PGI(3, R). Therefore we can fixe the first 4
points [x1], ..., [z4]; then for the fifth point there will be § lines forbidden
by the genericity conditions, namely those through the pairs of the first
4 points. It is now easy to check on an explicit example that there are
12 connected components in the complement of such 6 lines (see figure
6, in which one of the forbidden lines is the line at o).

The variety ; has 16 connected components. Indeed, using
the action of PG{(3, R) we can fix the four lines and [x;] must belong
to the complement E of this 4 lines, but not to the lines joining pairwise
intersections of the £;’s. Among the components of £, there are 4 trian-
gles Tj and 3 quadrangles Q;. Clearly (sec figure 7), the components of
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type @ are maximal, those of type T are not.

Figure 7. s = 1; choose z; in a quadrangle if you want to be in a
maximal component.

The variety €2 has 12 connected components. Indeed, we can
fix the 3 lines £1, £2, £3 and the point [x1]; the point [z2] must be choosen
in the complement of the 6 lines £1, £2, £3 and the three lines joining [z1]
to the intersections £; N £;. The maximal components are those where
[z1) and (z9} are in the same component of the complement of the 3
lines £,, £2, £3. Since the choice of £1, €2 and £3 is irrelevant, it suffices
to check on a particular case. We take :

[x1] = [-1:0:1], [zo] = [1:0:1],83={y=—=z}, ¢4
= {z =2z}, 85= {x=—~22}.
Let g(z,y,2) = a:r2+by2+cz2+da;y+escz + fyz = 0 be a conic through
[z1], [z2) and tangent to £1, £2 and £3. Then:

g(zy)= 0= a+c—-e=0

glz2) = 0= a+c+e=0 }$01—6,6:0
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Then the conic ¢ = a(2? — 22) + (by + dz + f2)y must be tangent to:

3= d?—4da{-a+b—f)=10
ly== (2d+ f)?2—~12ab=10
5= (~2d+ f)?—12ab=10

It follows from the last 2 equations that df = 0.
If d = 0, we have

{(1) e(—a+b—f)=0
(2)  f%—12=0 ;

a = 0 gives the double line through [z;] and [x2], for which we don’t
care. Replacing b = ¢ + f in equation (2) above gives 2 distinct real
solutions: f = a(6 % 4v/3).

If f =0, we have

(1) d%2—4da(—a+b)=0
(2) 4d®—12ab=10

which implies that a(4a — b) = 0, and replacing b = 4a in equation (1)}
above gives 2 new real solutions: d = +2¢v3. If a = 0, we find again
the double line through [z;] and |zg}.

In conclusion, we have 4 good real solutions.

IR E N N

(-2-1) C(2-1)

Figure 8. s = 2; the dashed line should not go through a vertex. At
right, the particular case that we investigate.
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This case is dual to s = 2. The maximal components of {23 are
those for which the 3 points |z, [x3] and [z3] are in the same component
of the complement of the 2 lines £; and ¢35 (see figure 9).

This is dual to s = 1. If we let £5 be the line at oo, its
complement can be identified with Rz, and it contains the 4 points
[z1],...,[z4]. The maximal components are those for which these 4
points are the vertices of a convez quadrangle in R? (see figure 9).

Figure 9. s = 3 and s = 4.

5 The final step

In this paragraph we shall work in some affine chart of P2 that we iden-
tify with R% Let y1,...,ys € R be the vertices of a regular pentagon
and denote by II the convex hull of y,...,ys (i.e. the pentagon itself).
Denote by f’i the space of lines through y; and let E? € i’i, i=1,...,5,
be such that for all 7 C {1,...,5} the configuration ((y:)icr, (fg)jecu))»
where C(I) = {1,...,5} \ I, belongs to a maximal component of £,
(figure 10 shows such a configuration). Let Lj, i = 1,...,5 be open
neighborhoods of the £9°s such that for all 7 C {1,...,5} the configura-
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tions ((wi}icr, (£5)jec(ny) still belong to a maximal component of £y,.

Figure 10. 5 generic lines that generate maximal configurations.
Set
v = {((fj)jecu),q) € (H,-ec(;) L_,-) x PQs|
-q(y:) = 0,Vi €I and Vj € C(I) ¢ is tangent to E_,-}

The following lemma tells us that it is possible to make a good choice
of lines and that this choice is stable, in some sense.
Lemma 13. Let U € Ly X --- X Ly be defined as follows :

vIic{l...,5},

U3 (Ly,....8) { ((ej)jeC(I)"I) eV({I)=Vie I Ty 4 # &
Then : |

(1) U is open and dense in Ly x --- X Lg.

(2) If (€1, ...,85) € U, there erist connected neighborhoods U(€y) = Up,
of ép, in Ly, h=1,...,5 such that:

vic{l....5},v (E;f)jec(f) 6 € Ui

we have : ((%)jeC(I) , q) EV(I)= Ty 9 ¢ Vi, Viel
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Proof.
(1) For 1 C {1,...,5} and ig € I set

5
. -2
V’(Iilo)= {(eli--°:£5)?qe Il P!Ih X PQ3|
h=1

£ € LiVje (), q(ys) =0Vi€ I,q
is tangent to £;¥j € C(I) and Ty, 19 = iy}

V/(I,14p) is a closed subset of codimension 1 of the set

5
VL) = {((&r,.--, 5),0) € [] Py, x PQs ]|

h=1
£, € LiVjeC(I),q(y:) =0Vi € I,qis tangent to £;Vj € C(I)}
and it follows from proposition 11 that the natural projection

pr: V(1) — ( II L:‘) X (Hi’i.-)

FeC(I} icl

is proper, and therefore the set
Xr14=pr(V'{1,i0))

v 2
is closed, of codimension 1 in (anC(I) Lj) X (Hie I Py'_) . Now :
U=Lyx---xLs\ U X1,g
Ic{1,..,5},ipef
therefore U is open, dense in Ly % --- X Ls.

(2) For I C {1,..., 5}, consider the diagram :

.9
V(I) -13-’ niEIPyi
pon 1
ILiccw Lj

where 75 ((ej)jGC(I)=Q') = (T[y"]q)iej. Let u = (£1,...,€5) € U and
set z = ({j);ecy W = (fi)ier- Since u € U, we have that 7 Hw) N
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pab)(z) = @ It follows from the fact that pab)(z) is finite and that
Pc() is a covering that there exist open sets :

Ui CLi, Ufs 28, Vi€el
such that, setting U&.( n= Hjeg(n U(’j(]} J and U/ = [[ip U }’: :
-1 —_
Pein(Up NN (Uf) = 0

If we take U, to be the connected component of :

N Usina | N nUI”,h
C(D3h Ish

that contains £, then assertion (2) will be satisfied

"If ¢’ and ¢ are lines through the point v in R? that are not perpen-
dicular then they determine two angles : one that is strictly smaller than
w /2, another that is strictly larger than n/2. We shall call the sector
determined by £’ and £" the set of lines that go through y and lie in the
smaller angle.

Choose (£1,...,€5) € U and £} # £} € Up(fp), h = 1,...,5; then any
pair (¢}, £;) determines a sector as explained above, which is contained
in Up. We choose an equation gp, of the conic E;z U, h=1,...,5in
such a way that ¢, takes negative values in the sector determined by
(£, £1). Set u = (|gq1],--., [g5]); we may assume also that » € & (that is
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: u satisfies conditions (G;) through (Gs) of Section 1).

Figure 11. The sector defined by (¢}, £]) does not contain the tangent
to q at y;.

It follows from the properties of the Uy’s, h = 1,...,5, that if w =
([QI]v R [Q5]s [Il]a LR [35]7 [Q]) € F_l(u)a’ then for all ¢ such that [.1‘.‘,‘] =
[yil, T}y g will lie outside the sector determined by £, £ (see figure 11),
and so its polar with respect to ¢; will lie inside the sector. Therefore it
follows from theorems 7 and 8 that if we replace ¢; by g; = ¢i + ¢, where
¢ > 0 is small enough, then there are 2° points of F~([g}],...,[¢t]) ina
neighborhood of w. Note that the conics defined by the g} lie inside the
sector defined by (¢}, £/), which is what we expect intuitively.

Let 5 € {0,...,5} and

F l{u), = {w € F~Hu) | dimKer (dFy) = 3}

8

as in Section 3. Then :

|F_l(u)s
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where n;, = 1,2,4,4,2,1 for s = 0,1,2,3,4,5. Finally, we set v’ =
(g1,---,95) and so :

|F~ )| = 2_5;2"25“" (i)ﬂs
=25 (Q1+ G2+ Q4 + Qa+ Q2+ (©1) = 3264.
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