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Abstract
The fulí automorphsimgroupof the Rulkarnisurfaceis explic-

ití>’ doterndned. It is empioyedte give threedefining equations
of the Kulkarni surface;each oquationexhibitsa symmetryof the
surfacoas complexconjugation.

Xix [1] and (6], Accolaaixd MaclachiandotorminodtItat for oacbgenus

g =2, Hiere oxists a Riomannsurfacewhich admits 8g + 8 automor-
pItisms. TIte>’ also preved tItat an automorphismgreup of largor order
cannetbe uniformly constructodfor over>’ genus. lix ¡5], Kulkarni ana-

lyzed whother tIte famil>’ constructedby Accola and Maclachlanis tIte
oid>’ famil>’ of RiemannsurfaceswhosemomborspossesSg+ 8 automor-

pItisis. Ho prevedthat if g 0,1,2 mod 4 and suflicientí>’ largo, tIten
tIte famil>’ constructodby Accelais unique, Iteweverif g 3 mod4 thero

oxists aix additienalfamil>’. Membersof this famil>’ hayosubsequentí>’
heon namodKulkarni surfaces. Kullcarni showed that thosoRiemann

surfacosItavo aix automorphismgroup isemorphictedie groupwith tIte
fellowing presentatien:

<A,B A2~~2— E4— (AB)2 = 1, E2AE2= A~~2>. (1)
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266 Peter Turbok

In [4], adefiningequationfer tIte Kulkarixi surfaceis computed.After a
birational cItangeof ceordinates,tIte deflningequationexhibitedin [4]
becomos:

— (x — í)x~1(x + 1)9+2 — 0 (2)

Recail that asymmotryof aRiemannsurfacolaabijectivo, antiItolomer-
pItic involutien. In ¡2], it wasdeterminedtItat, in additiente tIte auto-
merphismgroup of order Sg + 8, eachKullcarni surfacepessessestItreo
conjugacyclassesof symmetrieswitIt fixed points. As is well known, te
eacItclassof symmetryadeflningequationwitIt real coefilcientscanbe
givon wIticIt oxhibits tIte symmotryascomplexconjugation.In additien,
sincotIte tItree synunetriesItavo fixed points, the deflningequationsfer
tIte surfacoadmit real selutiens.

In this paporweexplicití>’ determinetIte fil autemerpbismgroupof
(2). We tIten emplo>’ eur resultste yiold threedeflningequationsof tIte
Kullcarni surfacoin wIticIt tIte symmetriesareexhibitodIt>’ conjugatien.

ThroughouttIte paper,lot y beafixod integercongruontte3 mod4.
Lot O betIte groupdofinedin (1) atid lot X denototIte Kullcarni surface
of genusg. Lot A? be tIte subgroupof O generatodIt>’ A and let H be
tIte subgroupof O generatedby A and.82. TItus [0: Ifl = [fi : A?] = 2.
NototItat Kcifi, ItoweverA? is not anormal subgroupof O. Lot U denote
tIte upper ItaIf plane. Te eacIt of tIte suhgroupsdofinod aboyo, we can
asseciateaFncItsiangroup. From (1), 0= Aif wItere A is tIte trianglo

greup (2,4, 2g + 2), atid r is tIte normal subgroupof A gonoratedby
R2AE2A~.Tliere aro tItreo pointsof X/G = U/A ramiflod in X = U/It

Te conformwitIt netationlator un tIte paper,lot R, R~, andRo be tIte
points of ramification 2,4 atid 2g + 2 rospectivel>’. It is easyte determino
tIte following information:

(1) Xix tIte coveringof X,’G by X/H, both R and R~ are ramifled,
ItoweverR

0 is unramified. Lot Q<j, andQ’ denotetIte points l>’ing

aboyeRo and lot Q~ denotetho point lying aboyeR«,.

(2) In tIte ceveringof X/H by X/k, Q<,~, is ramified. In addition,
exactí>’ eno of Qo and Qí is ramifled; wo cheosoour notation so
that Qo 15 ramifled, and Qí is unramified. Lot P~ denotetIte
point lying everQ~, lot It1 aud1’1 denototIte points lying evor
Q, andlet Po denotetIte point lying over Qo.
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(3) TIte oní>’ ramification that occursin tIte coveringof X/K by X is
at P1, ~‘í, andat P0. TIte ramificatien indicesat tIteso pointsare

2g + 2,2g + 2 andg + 1 rospoctivol>’.

TIte determinationof tIte automorpItisí greupof X is equivalentte

flnding tIte group of automorphismsof O(x,z), tIte function fleld of X.

Wewill froely werk with betIt tIte function flelds andtIte actualsurfaces
andusetIte saxtienamefer aix automerphismof asurfaceandits induced

automorpItisíentIte function fiold of tIte surfaco. Fromequation(2) we

seothat X (andconsoquentí>’O(x, z)) Itas tIte automorphismA(x) = a’,

A(z) = a, wItere e la a29 + 2tIt reot of unity. Note that tIte Riemanix
sphere,with tIte associatodfunction fleld 0(x), is tIte orbit spacoX/A?.

Clearí>’ tIte peints a’ = O,x = —1, and a’ = 1 of tIte erbit spacearo
ramifled inX witIt ramificationindicesg+1,

2g+2 and29+2respectively.
Frem 3) tItosepointscorrespondte Fo, It

1, andPi.

We new determinetIte antornorpItismE
2; tItis will allow us te de-

termino tIte automorpItisí E. Rocail that < A,E2 >— H, atid fi/A?

induces automerpItisísof X/A? atid of tIte futiction flold 0(x). But

from 2) aboyo,we know un tIte cover of X/H by X/K, that P...
1 atid

Pí botIt lie over Q~, audQQ is ramified. TItus tIte autemerphismB
2K

switcItes a’ = 1 anda’ = —1 and fixes a’ = 0. Recail that tIte automer-
phisí group of 0(x) is tIte group of linear fractional transfermatiens,
thus .82(x) = —a’. TIte Riemannsurfacowith funetion field 0(x2) 15 tIto
orbit spaceX/H. Definey = 9. TIten QQ atid Qí aretIte pointsy = 0,
and y = 1. Note frem 2) tItat tIte point P«, is fixed by fi2~ TItus Q~,
corrospondste y = oc.

Sinco [0 : = 2, tIte cosot EH inducesan automorphismof X/H

andof tIte functioix fieíd 0(y). Frorn 1) we seothat y = O atid y = 1 are
interchangedby EH andy«, is fixed b>’ EH. TItus EH correspendste
tIte linear fractional transformationy i— 1 — y. Recalling that y =

this y’ields tItat EH(A) — 1 — a’2. l3ut examining (2) we seothat if we
define q and y by

_________ (g+1)/4 — ________________

q = ~ + 1)’ vq I’(a’ + 1)](s~’>/~’ (3)

tIten frem (2) we obtain

_______________‘~2 x2—1 (4)
~4= ([xcr+1w9±

’

>/2)
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TItus E(a’) = +ia’v2, where1 = vGT. We cheoseE(x) = —ia’v2; we will
seolater that E~(x) = ixv2.

Note tItat tIte Galeis groupof O(x, z) ovor 0(x) is tIte cycic group
generatodby A. TItus for oachdivisor o! of 2g + 2, O(x,z(~+2)/d) is tIte
uniquesubflold of O(x,z) wIticIt contains0(x) asasubfieldof index o!.
Note, in particular,that O(x,y) is tIte uniquefleld which contains0(x)
as asubfieldof index 4.

It is left te determine.8(z). Neto that

ApplyingB te (4) andusing (5) easilyyiolds that

(zE(z))2= ~ + 1)(—1xv2)(—ixv2+ 1), (6)

fer sorneintegerr. TItus te determine.8(z) wemustfluid asquaroroot of
x(x + 1)(—ixv2)(—ixv2+ 1). Lot u denotosuch a squareroot. TIten
[O(x,v2,u) O(x,v2)] = 2, and tIte previous paragraphyields that
O(x,v2,u) = O(x,v). Thus u E C(x,v). Using this fact, a diroct cal-

culation yields that uf

fl ca’2y3 ±ica’v(x+1) (7)

whore c = (í + í)/2, tIten

u2 x(x + 1)(—ixv2)(—ixv2+ 1). (8)

We cannew provetIte following theororn.

Theerem.Lot (2) define tite Kulkarni aurface of gonusg. Lot titefune-
tiona q, y ami u be define! as 1,. (8) ano! (7) ano! lot e be a 2g + 2tit
root of unity. Titen tite autornorpitiarn group of tite Kulkarni surfaceis

generatedbu A ami B mitote

A(x) = a’, A(z) = a, .8(x) st —ia’v2, .8(z) = u/z.

In addition, titose autornor-pitisrnssatisfy tite relationa (1).

Preof. A is obvieusly an automorpItismof (2). Te pravo E is an
automorpItisí it is sufficiont te show that

E (¿s+2— Ox — 1)x9í(a’ + 1)9+2) — o. (9)
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Rut tIte left Itand sido of (9) is

— (—íxv2 — í)(—ixv2)~’(—ixv2+ l)~2. (10)

Using (2) and (8), (10) bocemos

[x(x + l)(—ixv2)(—Ixv2 + ~ — (—íxv2— 1)(~ixv2)9’(~ixv2 + 1)9+2
(x — 1)x9’(x + 1)9+2

= (~ixv2)9I(~ixv2 + í)~~’ (x2(;íXV~)2 — (.~Ixv2 — 1)(~íxv2+ í>). (11)

Howovor, (4) yiolds that tIte tItird factor of lino (11) equals0. TItus E

15 aix automerpItismof (2).
Note that

2 2¡ Z U
B(q) = 01xx(x+ 1)) = z2(~ixv2)(~ixv2+ 1>. (12)

TItus (8) iinplios

B(q) — x(a’ + 1) = 1/q. (13)

TItis immodiatel>’ implios that .8(v) = 1/y atid, sunco .8(x) = —ixv2,

that .82(x) = —x. Neto also frem (3) that A(v) =

Wenewshewthat A andEsatis& tIto rolatietis (1). Clearí>’ E~(x) =

a’, sowo shewtItat B4(z) = z. Rut

B4(z) = E3(u)B(u)z (14)

B2(u)u

Rut uf wo definea st cx2v3atid ¡3 = cxv, tIten

uzza—IE(a)+i/3. (15)

ObservetItat B2(a) = a and .8(1)) st —if3 and, suncoA(v) = iv, tItat
A(a) = —ja, AB(a) = iB(a) andAQJ) = if3. A sItort calculation>‘iolds

E3(u)B(u) — uB2(u) = 2a2+ 2B(a)2 — 2132 = O.

TIte lastequality oednrsbocausoof (4). TItis combinodwith (14) yields
that B4(z)= z.
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Wo new show that EA Itas order 2. Clear)>’ BA(z) = cu/z, and
from (15) it is easy te deducetItat EA(u) = u. TItis clear)>’ yields
EAEA(z) = z. Xt la straightforwardte seo that EAEA(x) = a’, thus

EA Itasorder2.
Finally we yorifr tIte lastrolation. Clearí>’ A(x) = x andE2(a’) = —a’

se B2AB2 (a’) — AQ+2(z) st a’. Te completetIte yorification note that

E2A(z)= cE(u)z/u, A~~2B2(z)= A~~2(E(u)z/u) (17)

Suncog + 1 ~ O mod 4, AU+í fixes botIt a’ andy, thus A~’ fixes both

u atid .8(u). TItus A~~2E2(z)= —EZAE(u)/A(u).A short calculation

shows
uAE(u) + A(u)B(u) = 2(~a2+ E(a)2 — ¡32) = 0.

TItus tIte two quantitiosin (17) aroequalatid tIte last rolation is vorifled.

TItis prevestIte theorem.

Xix [21it is sItownthat tIte Kullcarni surfaceadmitstItreononconjugate

symmetrieswitIt fixed points. Te eacIt of theses>’mmotries,a deflning
equationfer tIte Kuflcarni surfacocanbe found for wbicIt tIte symmetry

is given by conjugatien. Xix addition, sunco oacIt symmotr>’ Itas fixed
points, tIte deflning equationsadmit real selutions. Wo new detornune

tIte syrnmotriesatid tItoir asseciateddeflning equatiens.
Fer tIte remainderof tIte paper, we worlc exciusivol>’ with tIto fune-

tien fleid O(x, z) of tIte ICuilcarul surface. Recail that a s>’mmetr>’ of a
Riematinsurfaceinducesasymmetryof tIte futiction fleld of tIte surface,

in othor werds, a fleld autemorpItisrnof order 2 which fixes tIte real, but

net tIte complox, numbers. TIte symrnetrygivon by conjugationof (2)
determinestIte following automorphismof C(x,z) ovor R:

a’, Z ~- Z, i — —2. (18)

Wo denotetItis autemerphismof C(x, z) by a. Note that y and q aro

real rational funotiotis of x and z, tItus «(y) = y anda(q) = q. It can
easil>’ be dotorminedthat Aa atid aB aro also syrnniotriesof O(x, z).
We sItow new that tIte>’ oachhe in distinct conjugacyclassos.

(1) To show a is not conjugatote crE; assumethat BrASaAaEr =

aB. Since A aud o- both lix a’, we obtain a’ = A8aA8(x) =

B—raBr+L(x). R>’ substitutingr = 0, 1,2,3 wo ohtain a contra-
diction.
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(2) TeshawaandAa arenotcenjugato,assumothat ErAaUASBr =

Aa. TIten isBr(v) = BrASU(v) = AaBrAa(v) = lsAaEr(v). ~

cail that Br(v) = y ifr la oven,and E~(v) = 1/u ifr la add. In
eitItor caseweobtain a contradiction.

(3) Te sItew tItat Aa and aB aro net conjugate, 88-

sumo ErAaakAaakAsEr = aB. TIten AsakAaakAa(a’) =

E—raEr+l(a’), andacentradictienis obtainedas ix (1) aboyo.

We new determinoa deflning equationwIticIt yields A« as conjuga-
tion. Note that Aa(x) = x and that Ae}(1 + c)z) = (1 + c)z. Define

= (1 + <)2r2 and< = (1 + 4z. Multiplying (2) by tIte real, negativo

numborn yields

((1 + c)z)2~~2—(1 + e)29+2(a’— 1)x~1(a’ + 1)9+2= 0. (19)

TItus

— ec(x — í)a’~’(x + 1)9+2 — 0. (20)

TItus (20) is an oquatienfor tIte Kullcarni surfacowith realcoefflcients,

atid for wIticIt cemplexcenjugationis tIte map:

C=(í+e)zfr.C, a’~-a’ n——~. (21)

TItis is procisel>’ tIte sameautomorpItismas Aa. In addition, sinco n is

negativo, wItonover O < x < 1, (20) admits a realsolution fer C. TItus
(20) is a dofining equationfor as>’mnxetry with fixed points.

We new determineaix oquationwhicIt exItibits tIte symmetr>’«E as

conjugation.Recail tItat y Y 3 mod 4. Fer this section,we assumetItat

g =7. ObservetItat A~~’ andE com.mute.TItis follows frem (1), sunco

— A1A9+2BAP+2A1 — A’(E2AB2)E(B2AE2)A1
(22)

2 1 1 2
— A’B2AEAE A = A BE A’ = E.

TItus A9+í and.8 goneratean aboliansubgraupM Y Z4 x Z
2 of ordor

8. Lot E denotetIte subfleld of O(x,z) wIticIt is fixed b>’ M. The oní>’
eíementsof arder 2 un M are A9+í, fi2, and 8

2A9+í. TItus tliere are

oxactí>’ tItree maximal subfioldsof O(x, z) wIticb containE.
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We malce tIte following doflnitions:

y q
t=q±í/q, r=v+1/v, s+. (23)

q y

Notethat if g st 3, tIten ¿ = r and $ = 2. For tItis roason,weassumethat

g =7. Suncoy 15 a pewor of q, (13) >‘iolds that oachof thesoolomentsis
fixed b>’ M. Xix additien,it la clear that eachof r atid a canbe exprossed

as apo]ynomial un t. Note tItat [0(q) : 0(t)] = 2, atid from (4) and (3),
we obtain that [O(x,q) : 0(q)] = 2 atid [O(z,x) O(x,q)] = 2. TItus
[O(a’, z) : 0(t)] = 8, and tItus 0(t) st E.

Wenoto tItat {í, a’, z,xz} 15 abasisfor O(x, z) overC(q). From9 =

qx(x + 1), and a’
2 st 1/(1 — y4) we deducethat

1 _ (1—v4)(x(v4—1)+1

)

x(x+1)

1— z _ (1— v4)(x(v4—1) + 1)zqa’(a’±1)— qv4

atid

.8(z) ~ _ zx(v”— 1)(i+i)+z(i(v2+ 1) —v2+1

)

z 2qv

We noto tItat O(x,q) consistsof tIte elementsof O(x,z) whicIt aro

fixod b>’ A~1. If it
0 E O(x,z), tIten E

4(ito) = ito. TItis loads us te
censiderwItetItor tItoreexistsito E O(x, q) suchthat .8(ho) = it

0. Thoro
are man>’ sucIt olements.Defino

vi(i -r í)(v
4 — 1)x

_ 2v (24)

Wo note that .8(h) = it and«.8(t) = it. Xix addition, sinceit is fixed by
~ but not h>’ .82, we obtain tItat [C(it, t) : 0(t)] = 4 atid

~ —(ZA — 1)2 = —r2(r2 —4). (25)

We new determineaix elomontwhich is fixed by E but not by A9+l.
A natural candidatois

zx(v4 — l)(l + i) + z(í(v2 + 1)— y2 + 1

)

2qv
jo:= z+B(z)+B2(z)+B3(z)= 2+
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z(x(v4 — 1) ±1) z(x(zA— 1) — (y2 — 1)) — iz(x(v4 — 1) + u2 + 1

)

u2 + 2qv

z(v2—1)(v2x+x— 1)(v—q

)

qv2

However .~2 2(v — q)2 _ 2(s —2

)

= q(v2 ±1)~~ r . (26)

In erderte avoid fractions,we insteadconsider

~ _ ~/~z(v2+í)(vq)(x(v41)v2+1)• (27)
2 — 2qv3

TItus .8(j) = j, and«.8(j) = j. SinceA9~’(z) — —z,we ItaveA~~’(j) =

—j. In addition,

•2 _ (y2 + í)(q — y)2 r(a —2). (28)
_ qv2

Note that j ~ O(h, t) sincejis net fixed by ~ TItus C(j, it,.) =

O(x,z). A basis for C(t,j,t) ovor 0(t) is given b>’

{1, it, it2, it3, j, it, it2, jit3}.

Defino ( = it + j. Recail tItat tIte maximal subfleldsof C(x,z) which

contain 0(t) are fixod b>’ an elomentof O of order 2. Howevor E2(C) =

E2(it + j) = ~t + j, A~’(<) —i A9~1(t + j) = it — j andE2A9~’(C) =

—it — j. TItus 0((, t) = O(z,x). TIte minimal polynomial of ( «ver 0(t)
will yield a defining oquationfor tIte Kullcarni surfaco. It is easil>’ coy-

putedas follows. Wo defino

E’
2 = (T — d(T —

=~~2 —2hT+h
2 j2T2—2itT+it2—r(s2).

We defino

E
4 = (F2)B

2(F
2) = (T

2—2itT+t2 —r(s—2))(T2+2itT+it2—r(s—2))

= T4 — 2(t2 + r(a — 2))T2 — 2t2r(s —2) — r2(r2 — a2+ 4(s —2)).
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TIte minimum polynomial 15 F = (F4)B(F4). TItus

E’(() = <8 4r(a — 2)41 + 2;
2(r2 + 3~2 — 12s+ 8)<4 (29)

~

TItis palynomial canbe written morecompactí>’as:

((<2 r(s — 2))2+r2(r2 — 4))2+ 16r3(a—2)(r2—4)42~0, (30)

er rocalling that ~ — r(a —2) 6 0(t) andit4 = —r2(r2 —4) E 0(t), es

(«2 — j2)2 — it4)2 — 16it4j2<2 = 0. (31)

It remainste exprossr anda in torms of t. Define tIte polynomials

f,.(t) by

fn(t)=q”
q

NotetItat f,.(t) satisfiostIte rocurroncorelatien

fn+í(t) = tf,.(t) — fn.-í(t), fo = 2, fi = t. (32)

Using tIte elementar>’tIteor>’ of recurrencorelations (32) Itas tIte cíesed
form:

f,.(t)= (t+v7~r74Y±(¿—vrr9

”

2”
But (33) is oasily seente yield

f(t) = 1 [n/2] ¡ns,. (¿2
4)k (34)

>3 12lv 1~2

wItere [n/2] is tIte greatestintegor loss tItan er oqualte ti/2. WitIt tItis
notation, r = f~+í)/4 anda = f(

9..a)/4~ and thus (29) can be expressed

entirel>’ un termsof 4 and t.
TItus (29) is adefining equationfor tIte Kulicarni surface. Notethat

cemploxcenjugatienis tIte map:

(í—<, q+1/q=té—t, ‘‘-.4—’.

TItis la preclaelytIte automorphism«E. TItus (29) is aix oquationfor tIte

Kullcarni surfacewhich exItibits «E asconjugation.
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We verify tItat (30) admits real solutiotis, and tItus that cemplex
conjugationof (30) Itas fixed peints. Lot O be aix>’ realnumbersucIt tItat

ir/2 < O < ir. Xn (23) defino

401
q =

TItus
01 61 <p—3)

0i —(0—3)0

.

r=e -4-e , a=e ~+1 +o 9+1

TItus —2 < r < O and,sinco g =7, —2 < a < 0. In (30), lot r anda
be definedas aboye,atid lot <2 st r(s — 2). Suncor(s —2) is positive, <
is reaL WitIt tIteso substitutiens,tIte left Itand sido of (30) equals

— 4)(r2 —4-1- 16(s— 2)2) < 0.

WitIt tIte samedeflnitiensfer r anda,tIte loft Itandsidoof (30) la positivo

fer largo, realvaluesof ~. TItus (30) adinits realselutions.

1 weuld lilce te exprossvn>’ gratitudete Emilio Bujalancefor suggest-
ing tItis preblemte meandfor Itis constantsupportandencenragoment.

1 also wish te tItank JoseManuel Gamboaand Antonio Cestafer tlieir

Itolpful conversatiensconcorningtItla tepic.
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