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The Artin conjecturefor Q-algebras.
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Ab straet

We give asirtiplification, in thecaseof Q-algebras,of tbe proef
of Artin’s Conjecture,wbich saysthataregularrnorphismbetween
nootherianrings la the inductive limit of smoothrnorphismsof
finito type.

Introduction

TItÉ article is devotod te tIte preofof Artin Cenjecturefor Q-algobras
wIticli can be formulatodas follow:

4’
Artin ConjectureLet A -. B be a regular rnorpitisrn betineennoetite-

rían rings, mitere meassurne titat A contains Q. Titen, tite ring B is a
filtered inductive hrnit of srnooth A-algebrasof finite type.

TIte Artin Conjectureis alsocalled GeneralisedNerendosingularization
or Appproximatien of regular morphisms. TIte preef of tIte Artin
Cenjoctureis baseden ideasof Popescn[Po] andcomplotod by André
[Anl]. Wo will follow tItis proef. TIte conjecturoliad also beenpreved
by Spivakovsky [Sp]usinganotItermotItod, centainingsornegeemotrical
ideas,sucbas blowing up.

Ir thesereferencos,tIte Artin Conjecturois preved witItout tIte
assumption that A centaitis Q. Te doal witIt this dosingularizatien
preblem¡u generalcharacteristic,tIte André Hemology [An2] seomate
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be tIto appropriateteol. Hewover,it appearste be quite natural, fer Q-
algebras,te give a proefwitItout using ibis AndréHornolo~’ fermalism.

This is eur main geal : te sirnplify André ‘s prooffer Q-algobras.
TIte Artin Conjectureis a pewerful teol in commutativealgobra

wItich admits a lot of applications,sorneof themaredescribedin [Te].

It is formally oquivalent te tIte fellowing formulation

Artin Canjecture (2nd form) Oonsider a comniutativedíagr-arn of

AtE
noetitertan rings 1 7 , mitere ~ la regular and O of finite iype

O

overA. Aseurneiitat A containa Q. Titen, ¿itere exlats a facter-ization

AtE

1 7 , mitere D is srnootit offinite type everA.

We will work witIt tItis form of tIto conjecture, tIte facterization

througIt D is called adesingularizatiener smoothingof O.

TIto sectien1 recalístIte doflnitionsof smootbnessandregularity fer

a merphism. We also introducetIte singular lecusof O over A which is
tho set of all prime idoalsof O where0 is net smoetheverA. TIten, tIte
idealof tIte singular lecus is defined te be tIte intersectionof alí those
prime ideals. We denoteit by fo/A-

In soction2 we shew, amengother things, tItat if fC/AB st E

(i.e. if tIte inverso ¡mago of tIte ideal of tIto singular locus of O over A in

SpocE is ernpty), tIten we bayo a smoothing of O.

Ir section3 we oxplain tIte main lines of tIte preof. TIte idea is te
makotho ideal fc/AB incroaso,until wo flnally arrivete .8. For tItis,

wo reducete tIte casewhore fc/AB isa primeideal q. Set»= qnA.
In soctien4 we troat the basiccasewhoro ht p st Itt q = 0. Di soction

5 wo explain tIte reductien te tbis basic case, by moans of a lifting

proporty of tIte smoothing. TItis lastsectioncentaitistIte most tecbnical
part of tIte proef.

1 want te thank Michel Coste and Mark Spivakovsky fer useful
commontsen this papor.
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1 Preliminaries

First, recail sorno classicalnetatietis. We denoteby SpecE tIte set of
aU tIte prime ideals of E. For any » E SpecE, k(p) is tIte residuofloid

efE at»andItt»is tIteIteigIttof»inE. Let ~:A —* E bearing

ItomemerpItism.Let 1 be aix ideal of A, J an idealof E andq be aprime
ideal of E. TIten, IB = 441)B , J fl A — <(J) and Aq =

Xix this soctien, we introduce tIte classical algebraic rosults abeut
smootItnessazul regularityof morpItisms.Fer tItesenetienswewil rofer
te [Mi] atid [01].

1.1 Smoothnessand regularity for a ring homonxorphism

4>
Definition 1.1. (Formal smoothness). Lot A —. E be a ring
itornornorpitlsrn ano! .1 att Ideal of E. Tite ring.8 la fermally smootb

overA fer tIte I-adic topolegy if fer- any A-algebra O ano! any nilpotent

ideal N of O, eacit contineusrnorpitisrn E -~ O/N (for tite discreto

topolegyen O/N ano! tite I-adic topelogzjon E, i.e. u(IC) = O for sorne
integer e) can be lifled te a morpitisrn E * O. Titat la, me itave a
cernmutativedíagr-am

E2~O/N

1
A-. O

tVe also say titat E la I-smooth overA. ¡fi = O titen mesay titatE

la srnooth over A (for tite discreto topology). If tite lifting y la unique,
titen mo say titat E za I-etale over- A.

Definition 1.2. (Rogularity). Lot lv be a fiel! art! E a noetiterian
k-algebr-a. Tite ring E la geemetricallyregular ever lv if fer any finite
fleld extensionlv —* lv’, tite ring E ®k lv’ la regular (it is regular at eacit

4>
prime ideal). Tite rnerpitlsmA -. .8 la regular if ~ is fiat ano! fer eacit
prime ideal» of A, .8 ®Á k(p) 18 geometricallyregular overk(1p).

4,
Let qeSpocB andp = qnA. Tite morpitlamA — E la regular at q,

if Bq la fiat over 4 ano! tite ring Eq ~ k(p) la geemetrically,, regular-

over k(p).
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Rornark 1.3. TIto netien of a geemotrically regular ring is local.

Namoly, tIte ring .8 is goemetricallyregulareverk if and enly if, for
any prime ideal q of E, Bq is geomotricailyregular over lv.

In tIte sameway, tIto merphism4, is regular if andenly 114, is regular

at oachprime ideal q of E.

WIten tIte rings A» and Eq aro artinian (Itt q = Itt » = 0), it is cloar
that 4, is regular at q if and only if tIte morpItism 4,q A1, Bq is

regular.
Deware that it is not true in general. Indeod, NagatasItewed [Na,
Appendix E7.1] tIto oxistonce of a neetIteriannormal local Q-algehra
R, wItnsocempletienR is not a demain. Xix tItis case,if tIte merpbism

R —. R wereregular tIten R sIteuld be normalby [Mi, TIt 322]. WIticIt
is not possiblosuncoR is not a local domain.

We may alsementien novortheless tItat this preperty is truo ifwe assmne
that tIte 4-algebrasA and E are excellent. TIten by [02, 7.9.8], the

morpItisrn A — Bis regularat q if atid enly if 4,q A1, —. Bq is regular.

TIte dofinition 1.2 Itas a simple formulatien fer Q-algobrassuncowo
do net hayote doal witIt field extensiotis

Proposition 1.4. Let B be a noetiterian algebra over a fleid lv con-
taining Q. Titen, E is geornetrically regular over lv if it la a regular
ring.

TIte preefof tIte Prepositienis imnediateby usingtIte twe lemmas
[Mi, 28.Lomrna 1] and [Mi, 28.7].

1.2 Relations betweensmootb and regular morphisms

Wo will seo that tIte two notions of regular atid smeetIt merphisms

coincido under sorno flnitenoss assumptien.
4,

Proposition 1.5. Let 4, be a rnorpitisrn of noetiterian ringa A —. E.

Tite morpitlam 4. la regular- <st q II ano! only,~ if tite rnor-’pitlarn A ±2Bq

18 forrnally,, srnoetit for tite q-adic topology. Titen, tite rnorpitism 4, la

regular 1! ano! only if tite rnerpitismA ±2Bq is q-srneotitfor eacit prime

idealq of E.

TIto propositien follows frem [Mi, 28.7] and tIte difficult theorom
[Cl, 19.7.1]
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Lemma 1.6.([M1, 28.7]). Lot (A,m,k) be a noetiterian local ring
containing a fiel! L. Titen, A is m-srnootit over L if art! enlv if A is

geometricallyregular- overL.

Theorem 1.7.([G1, 19.7.1]). Let (A,m,k) ano! (E,n,K) be tice
neetiterian local r-ings ano! 4, : A—+B be a local itomomerpitlam. Let

E0 = .8 lv = E/mE ano! u0 = u/mE. Titen, E is n-smootitever A
if ami enty,, if E is fiat otier A ami E~ la n()-smootitever lv.

U we assumotItat E is a finite type A-algebra tIten wo get tIte

following:

Proposition ([Gí, 22.66]). Let A be a nociherian ring ano! E a finite

type A-algebra. Titen me itave tite equivalences

• .818 smeetit over- A

• For eacit prime ideal q of .8, Eq le smootit over A

• For eacit prime io!eal q of fi, Bq la q-smeeth ever- A

We can summarize tIte previeus rosults ¡rite tIte following

proposítion:

Proposition 1.8. Let 4.: A —~ E be a rnerpitiam of noetiterian rings.

If E la smootit overA titen 4, la regular.
Aasumetitat fi is a finite type A-algebr-a. Titen E is ameetitover A

if ano! enly 1! 4. is regular.

Smoathnesscriterion using the modulo of differentials

Lot A be anoetIterianringand fi an A-algebra. Censidera presentatien
E Ff1 with E’ a polynemialring E’ = Ajuí1~~j. Wo rocail tIte socond

fendamontaloxact soquonce([Mi, Th 25.2])

i/1
2 ~ —~ GB/A O

F

Denoto by fl
1(A, E) tIte kernel of tIte frrst arrow. Tbis is justifled

by tIte fact that tItis fi-module deesnet dopond en tIte cIteiceof E’. It

is actuallytIte E-modulo1tí(A, fi, E) ¡ti the thoory of André Homeleg¡y
of ceminutativoalgebrasdefinedun [An2].
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We deducefrom [Cl, 22.6.3]

4>Propositien lS. Let A —. E be a morpitlsm of noetiterlan ringa. Tite

ring E la smeotit ovor A if att! onlzj if U1(A, E) st O aitd ~t/Á la a

projectiveE-module.

Remark. By using tIte André Hemolo~’, we can also provo that tIte
ring E 15 regularover A if andonly if ltí(A, E) = O and is a fiat

E-module.

Indoed, a projoctivo modulo is always fiat by [Mi, TIt 2.5]. Con-
versely, a finitely presentedfiat modulo is prejectivoby ¡Mi, Corollary
of TIt 7.12]. Since E is a finite type A-algebra and E is noetberian,we
deducetItat ~t¡Á is a finitely presentedE-module. Hence,wefluid tItat

if tIte morpItismA -~ E is smootIt tIten it is regular. Furthermero,if E

is a finito type A-algebratIten 4, is smeotIt if atid only if it is regular.

WhicIt is aix imprevemontof Propesition1.8.

The Jacobiancriterion

WIten A is a noetIterian ring and E is a finito type A-algebra,we hayo
anetItor smoothnosscriterien, wItich is tIte Jacobiancriterion (which

is again deduced from tIte smootItnesscriterion using tIte module of
differentials). Consider tIte prosentationE = A[u1,... , u,,]/i witIt

lv = (fi, ... , fm). TIte Jacobiancriterion of smootItness[Cl, 22.6.3]
saysthat

The A-algebra Bis smoothat tIte primo ideal » of E if atid enly if
thore exist semesubsets(.1...., gr) of (fi, . . . , f’») and (vi,..., Vr) of
(u1,. ..,u,.) with r < n snchtItat

1 det (Oyu/Ovj)í=íj=r* 4’,
1 B1,=((g):f)1,wItoro((g):f)={aEA[u1 ,.., u,.]¡alc(g)}.

13 The singular locus of an algebra

Lot-A beanoethorianring and C be a finito type A-algebra. Censider

tIte prosentationO = Am1 u,,I/I witIt lv = (fi f’»).
We write A9 for tIte ideal of A[u] genoratodby the r x r minen of

tIte Jacobianmatrix (8gi/8vj)í<í<r,í~j<,. for g = (gí, . . - , gr) c 1. TIte
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singular locus of tIte ring O ovor A is tIte set of all prime ideals 4’ of
O sucIt that O is not smooth at 4’ oyer A. We define tIte ideal of tite

singular locusof O over A te be NC/A = E{g}c{f} A9((g) 1)0. TIte

main advantageof tIte ideal of tIte singular locus 15 tItat tIte relativo

dimensionof tIte jacebian criterion does not appearany more. TIte

Jacobiancritorion talcostIte following form:

Proposition 1.10. Lot A be a noetiterian ring ami O a .finite type A-
algebra. Let » be a prime ideal of O. Tite ring Op la smeethover A if

ami onlg~ 1! fc/A « 4’. Let x E O, equivalently,¡me hayo 02, 18 smooth
overA if ano! enty ifx Elio/A.

Tite ideal of tite singular locus f ~ doesnot depon!en tite citoice

of tite presentationofO overA.

AII tIte classicalresultsen srnootItnesscan be fermulatedusing tIte
ideal of tIte singular locus. We statebelow tIte examplesof cempositien

and basecItangoformulas fer smootItness.

Proposition 1.11. (Composition). Let A be a noetiterian ring, E
art! O be tino finite type A-atgebras. Supposeme itave ¿mo morpitisma

A —+ O —. E. Titen lis/Cf C/A~ = fn/o
1ta/Á or- equivalently

~B/C~ fC/Aa = UB/C~fB/A~

Proof. Lot 4’ be a
equivalencos

Un/Cf CIAS ~ »

prime ideal of E. We hayo tIte following

lin/o«»andfo/AE~»

~ Ep smoothoverO atid Op smooth

.~. Bp smoothovor O andB
1, smoeth

[M2, 33.13 Lemnia 11

—~ fn/o«Pandfln/~4P

~ UnIoltpt ~ 4’

ayerA

ayerA

u

Preposition 1.12.
art! O be ¿mo finite

it B/A~ G

(Base change). Let A be a noctiterian ring, .8

type A-algebras. Leí D = E ®,.~ 0. Titen me itave
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Proaf. Lot qbeaprimeidoalefD andp= qflE. IfE¡, issrneotIt

over A, tIten Ep ®Ap
0q is smoetIt over 0q amI se is Dq wIticIt 15 a

localizatienof .81, @Áp 0q

u

Weexplicitly montion sornehnpertantconsequenceswe will neod rn
tIte following.

Lemma 1.13. Lot A be a noctiterian ring ano! E be a finito type A-

algobra.

• Let 1 be an ideal of A, A = A/I ano! B = E/IB = E®AA/I.

Titen mehayo Un/AB < f~pj.

• Lot A’=A[ui,...,u,.] and.8’=E[ui u,.]=R@ÁA’. Titen

me hayo tite oquality fn/A E’ = UBÁ/A’~ (More generaly, titis

equalitg,18 irte miteneverA’ la fiat overA by /An2, Pr-op 15.18] er

/AnI, ILemme 80]).

Proof. We only Itavo te provetIte non obvious inclusionof tIte second
equality. TIte morphism A —. A’ is smootIt, so 15 tIto morphism
E —* E’ by basocItange. TItus, we hayo fA’/A = A’ and1-4w/n = E’.
We apply Proposition 1.11 te tIte sequenceA .-. E —* E’ te get

~~jn fl f~pa~’ = fln’/n (1 ~R’¡A’ andItence fR/A.8’ = ~B’/A.

Agam, wo apply Prepositien1.11 te tIte sequencoA —. A’ —* .8’ te
got 1<B’/A’ fl fA~/AE’ = fn’/A’ ~ ~B’/A wItich gives ~n’¡A’ C

CombiningtIte two relations,we deduce~n’/Á’ G

u

1.4 Local criterion of fiatness

Flatnossis aprorequisitofor srnootItnossor regularity, honcewo will need
tIte fellewing forma of tIte local criterien of flatnosswItich arecorollaries

of ¡Mi, 22.3J.

Proposition 1.14. Leí A -~ .8 —~ O be ¿ocal morpitiama of noetitorlan

local rings. Aasumethai E la fiat everA, ano! let lv be tite residuofiel!
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of A. Titen, O isfiat oyerE ifandenívifO isfiat overA andO®Ak

la fiat ever .8 ®A lv-

Recail tItat an olement x of a ring A is A-regular un A ir it la not
azero divisor. Mereover, a sequence(rl, . . . , z,.) of elementsof A is
said te be A-regular if rí is A-regularand ir for any 16 {2.. . n}, ¾15

A/(xi x¿1)-regular,andA/(xí,.. . ,x,.) # 0. We Itave:

Propastion 1.15. Lot (A,m) be a neetiterian local ring centaining a
fiel! lv ano! (rí, ... , x,,) be anA-regularsequencein ni. Titen, tite aubring

• , x,.] ofA la laernorpitie te tite freo polynornial ring k[Xí,.. . , X,.]
andA lafiateverk[xi,...,xn]

2 Elementarysmoothing, standardization
4>

A—’E

Consider tIte commutative diagram of noetIterian rings j 7
O

wItere O is of finito typo ever A. In tItis section, wo construct a
factorization wIticIt is smoetIt at tIte elomonts of O wItoso imagos in
E are in fo/AB.

Propostion 2.1. Oonaider tite cenirnutative dzagrarn of noetitenan

AtE
ringa 1 7 , witere O la offinite type overA. Let x be att elernont

O

ofO mitosoirnage in E la itt fo/AB. Titen, ¿itere existaafactorizatien

4,

1 7 1 mitereD la offinito type overA, fo/AD c llfl/() ano! tito

hago ofx in D la art elernont of 71D/A’

Proof. Lot e = (cl, . . . , e8) be asystomof goneratorsof fo/A TItoro
exists aix intoger N sucIt tItat ¡u E, xN = ~1<¿.~84,(c~zi with Zj E E.

Set

1<t<s

and sotid Z1 ente z~ te defino a morpItism D —. E wItich faetorizes
tIte diagram. Moreover, for any i , e1 E 71DIC sin~~ <9/9Z1(XÑ —
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>3i.1<8cíZ¿) = —ej which is invortiblo ¡ti D4. TItus, U CIAD C Un/c-
Sinco ~N = 2i.<¿<3cíZj in D, we rnay apply Preposition1.11 te the

sequonceA -~ O -~ D and cencludethat tIte imago of x ¡ix D ¡a in

fD/Á~

u
If wo take it = 1 in tIte previousPrepesition,we got

Praposition 2.2. Cenaider tite commutaiivediagrarn of noetiterian
4>

ringa 1 7 icitere O is of finito type ovor A. Asaume titat

O

ALE

UCIAE E. Titen, titere exista a factorizatien j 7 , mitere

D la smootitoffinite type overA.

TItis Propositionis tIte oxprossienof tIte Artin Conjecturewhon tIte
inverseimageof tIte singular locus of O over A is ompty ¡ix SpocE, i.e.

71C/AE= E. TIte Proof of tIte Conjecturewill consist¡ti sbrinking tIte
miago ¡ti SpecE of tIte singular locus of O ovor A in order it becomes

empty, and tIten te apply previons Proposition2.2. TIte smothing in
this degenoratedcasewill becalled elementar-ysmeetiting.

New, we introducetIto netion of standardolomentswhich aremucIt

easxor to deal witb tItan generalolernontsof tIte ideal of tIte singular
locus.

Definition 2.3. Lot A be a noetiterian ring. Leí O be a finute A-
algobra given bu tite presentationO = A[uí,...,u»]/I. Att elornent
x of fc/A la sai! te be standard for tItis presentatien,if titere exista

(g) = (gí g,-) c 1 sueittitat it e A9((g) : 1)0. Tite A-algobra O la
sal! te be standardsmeothoverA 111 is standardfer sornepresentation
of O.

A multiple of a standardelement is still standard.The main tool te
“force” an olement te becomestandardis the Elkik Leima [El, Lemme

31 which usestIte symmetric algebraof a module.

Lemma 2.4. Lot A be a ring ami M be art A-module. tVe denoto by

5AM tite aymmetric algebra of M everA. Titen, mc have~
4AM/A
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M ®A5AM. Moreover,M la a pr-ojeetive A-moduleif art! only,, II SAM
la arnoetit everA.

Proof. Fer any SAM-meduleP, we Itavo tIte isemorpbisms

HornsAM(54ÁMíA~P) DerA(SAM,P) ~ Hern,t(M,P)
HornSAM(M ®A 3AM, P)

TIten wo get ~SAMIA M ®Á 3AM.
New, suppeseM is projectiveatid censidertIte cominutativodiagram

5AM -~ 0/1

1 T
A 40
Weidentify M witIt tIte degreoenocomponontof 5AM, andwe de-

note by uí : M —. 0/1 tIte rostrictionof u. SincoM is projective,uí fac-
tensestItrough M ~ 0 -. 0/1. Henco,y

1 extendstea ItomomorpItism
of A-algebrasy : 3AM —. O, whicIt malcestIto diagramrncomiuto. TIte
infinitesimal lifting property of smoethness1.1 is satisflod, and Itonco
5AM is smeetItover A.

Conversely, let 1 = ~ S~M be tIte ideal of positivo dogreo
olemontsof 5AM. TIte socond fundamentaloxact sequencededuced

from A —* 3AM —* SAM/I is:

2 —40
1/1 -~

0SÁMIA ® 5~iM/1 -4 ~(SÁM/J)/A
SÁM

This exact sequoncesplits since SAM/I
TItus, 1/12 ‘—‘ M is a diroct factor of tIte

~sÁM/A ®SAM SAM/I. TIten M is projectivo.

A is smooth ox’or A.

A-locally freo module

u

Proposition 2.5. Oonaíder tite comrnutative

J4ZE
rings 1 7

O

diagrarn of noetiterian

mitere O is of finite type over A. Titen, ¿itere

a finito type A-algebra,

4.

oxistsa factorizatien ~ A
0-~

1 mitere D la
D
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UCIAD CE 71DIC’ ano! mecanfin! a presontationof O overA aucit titat

tite irnages itt D of alt tite elernentaof 71CIA are standard.

Proof.

• We start witIt the prosontation O = A[u]/(f) wItero u =

(nl u,.) and f = (fi,.-., 1k). We censidor tIte symnotric al-
gobraO = Scz((f)/(f)2). TIte ItomomorpItisrn0 —* E factorizes
througIt O by sondingtIte elementsof positivo dogreote O lii E.

Lot x E fC/A- TIte ring O,, is smootIt ovor A, so tIte conormal
bundie (f)/(f)2®cO,, is lecally freo evor SpecO,,, atid by [Mi,

Corollaryof theorom7.12), it is aprojectivoO,,-module.TItentIte
ring O,, is smoothever O,, using2.4. TItus, tIte irnageof a’ un D

belongste UD/o-

• Lot z = (z
1, . . . , z¡¿j. Sunco tIte merpItism A[u]/(f)[z] —* O

which map (zí, - . ,z¡~) te f = (fi,-.., 1k) is surjectivo, wo Itavo

a presentatienof D of tIte fon D = A[u, rz]/(f, h). Wo chango

this presentation,by addingnew variablesu = (v1,... , y,.) te get
O = A¡u,z,v]/1 with 1 = (f,it,v) and we claim that tIte new
conermalbundie1/12®D 1½is glebafly freo overSpecDx.

• FirstwesItowthatS2b/A c~D. Suncoo,, is smoothover A wegot
a split exact sequonceof O,,-medules(socondfondamentalexact

sequonce)

0—~

O O O

Purtliermoro,£=X(I/A®CCX O~, which loads te tIte rolation:

((1)1(f)
2®%,‘0 ®o Os,. Mereover, the smoathness

of O,, ox’er O,, givos a split oxact sequenceand a rolation

(%,,~ ®o O,,)@Qkíc (flrst fundamentalexact se-
quonce [Mi, Th. 251]). On tIte otItor Itand, tIte canonical

surjection (f)/(f)2®c O,, —~ is locally injective, sinco

(1)1(f)2®o O,, is locally freo, andwo conclude(f)/(f)2 ®CZ O,,

• Since D,, is smeoth over A by transitivity, we

got anotItor split exact sequoncoand a relatien D~+1.
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• Since¡/12 — (f,it)/(f,h)2@D~ we get

O O

~ ~n+k
¡A—

O

WhichcompletotIte fact tItat tIte newcenormalbundle1/12®~ D,,

is globally freo overSpecD,,.

• Lot F be a lifting of rin A[u]. TIte module IF/4- I/12®oD,,
isa freo D,, (A fu, z, v]/I)p-rnedule. Lot (gí~...,a,-) beasystorn
of polynom¡alsof 1 wIticIt ¡nducesa basis of ‘F/’k- We hayo

= (g~, - - - , g,-)A[u, z, v]F + 4 TIten, by Nakayama’sLemma
([Mi, tIt. 2.21), there exists aix elomont a E 1 + Ip sucIt tItat
ajE- CE ~ g,-)A[u, z, VIF. Se, tbereexists an integer t such
tItat FÉaI CE (y), and tIten tIte imago of a’ un D is lix ((y) : I)D.
Moreover,E’ E VS

9 since D,, is smoothover A. TItus, tIte image

of,, un 0 is ¡u A9((g) : 1)0 and Itencois standaxd.

Sunco tIte constructionof tIte prosentationof O doesnot dependen

it is truo for any elementof 71CIA-

u

Propesition2.5 admitstIte linmediatecorollary which is an imprevo-
mentof tIte Artin Conjecture.Namely,we got a smoethingby asmootIt
completointersectionalgobra.

Corellary 2.6- Oonsidertite corn#nutativediagrarn of noetiterianringa

ALB

1 7 , mitereO ja .smoothoffinito typeoverA - Titen, it oro exista
O

ALE

a factorzzatiott 1 7 1 mitere O ja a smoothcomplotointorsection

0-.0

overA, Lo. mc can fimi a presentationD st A[Yi,. . - , Yp]/(Fí, . - - , E”»)
witit vn =p noii thai tite rank of tite Jacobianmatriz (8E’~/c9Yj) is vn

everymitereen SpocO.
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Proal’. II wo talcoa’ = 1 ¡ix Proposition2.5, wo Itavo adesingularisation
by astandardsmoothA-algebra0. This meanstbat Wc laveapresenta-
tion O = AIuí,..,u4/I and (y) = (gí,...,g’») CE 1 satisfyingA9((g)
1)0 = 0. TIten ((y) 1)0 = O and thereexists a e 1 + ¡ such tItat
al c (y). Thonewprosentatienfl A[ui u,.,v]/(g1,...,g’»,av—1)
shows that O is acompleteintersoctioneverA.

u

In sections3, 4 and 5, alí tIte rings we will con8ider are
noetherianrings contaíning Q.

3 Main ideasof the proof of Artin Conjecture

In tItis section,we explaintIte rnainstopsof tIte proofandusetIte results
of sectiens4 and5.

3.1 Central result

Let us formulateagain tIte Artin Conjecture.

Theerem 3.1. (Artin Conjecture). Oensider a conirnutativodia-
4,A-.B

grarn 1 7 , zuitore4, la re~’ular andO offinite typo overA. Titen,

O

ALE
titere existaa factorization ~ 7 ~ ivitere D ja srnoothoffinito type

0-.0
evorA.

Di all the following, 4, : A .-. 0 —~ .8 will denote twe ring
Itemomorphismabetweon neetItorian rings, atid O a finito typo A-
algobra. Lot J = flO/A E and ¡r J fl A.

Tío proofconsistsun succossivesrnoothingsof O so that tIte imago
of tIte ideal of tIte singularlocus in E increases.Sunco E is noetItorian,

it reaciostío wlole ring E aftor a finito nuinbor of smoothings. TIten
wo cencludewith Propositien2.2.

Wefirst reducete alocal situation,namelyte tIte caseof aix “isolated

singularity”.
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4>
A-.E

Definition 3.2. Lot a cornrnutative diagrarn 1 7 , mitere O la

O

offinito typeeverA. Let qe SpocE.

Tite ring D la calle! a partial smeetItingat q of A .—* O —* E, if

4>

¿itere extata a factorization 1 7 1 mitere D la of finito typo over

O-.D

Aand UOIAECE 71~,/~E«q.

Propasitien 3.3. (Pardal smoothing). Oonaidor a cornrnutatzve
4,

A-.E
diagram 1 7 , mit ore o ja offinito tyjpe evorA. Lot q e SpecE,

O
» = q fl A. Asaurne tital 4. la regular <st q, i.e. Eq la q-srnoothover

A1,. Asaurnernereover titat q is a minimal prime divisor of J = UC/AE

art! » la a minirnal prirne divlaor of 1 = J O A. Titen, there exista a
arnootiting <st q of A -.0 —~ E.

Lot us shew tItat Proposition3.3 huipilesTIteerem3.1.

Proal’. If J / E then 1 # A audtItero ex¡stsa minumal primo divisor
p of 1.

Lot A = E/J, Á = A/I and ~ = p/I. We get a morphisí A-L A
and~iis a minimal primeideal of 1 TIte set Á\~ is multiplicativo in A,
Itoncow~ canfitid aprime ideal~ of A whicIt deosnot intorsect~(A\»).

We cheosesuch a q te be minimal. TIten ~o Á CE 43 since~ is injective
and ~ o Á = ~ by minimality of 4’. Lot q be tIto inverso ¡magoof ~ in

E. TIten q is a mutual prime divisor of J and q O A = 4’. Applying

Preposition3.3, we get a smoothingD at q of A -. 0 —* E.

TIten wo ItavetIte strict inclusien UC/AE CE ltD/A E. Wo replaco

O with O andby noetherianityof E wo get fc/AB = E, after a finite

nuxuiberof srnootItings. TIten Wc concludewitIt Proposition2.2.

u

As tIte previeusargumont sItows, wo will efton cItango O witIt a

factorizationO. Herois a result abeut this chango.
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4,
A-.B

R.emark 3.4. ConsidertIte commutativediagram j , wItere

O-.Ot

O andO’ aroof finito typo everA. Lot J’ = UCnIAE aud 1’ = J’ fl A.

Lot q E SpecE be a munimal primo divisor of J and 43 E SpecA be
a minimal primo divisor of 1. Assmnothat UC/AO’ CE 71C’/A• TIten,

citIter J’ ~ q andO’ isa smootItingat q of A —* 0—. .8, or J’ CE q atid
q (resp. 43) is aminirnal prime divisor of J’ (resp. 1’).

TIte preof of t3 is baseden successivereduction en tIte Iteights of

tIte idoals43 andq.

a Ir tIte general casewe hayo Itt» = Itt q. Lot us notice that
dim Bq/»Eq = dii Eq — dii A

1, = Itt q — Itt» suncotIte morphism
Ap —. Eq is fiat and by [Mi, TIt 15.1].

First, we reducete tIte caso wItero Itt» = ht q. Assumo tItat
Prepesitien3.3 is truo wIten Itt» = ht q. Dy regularity of

tIte merpItism 4., tIte fibor Eq/43Eq is a regular local ring. Lot

(w1,. . . ,w,.) be asystemof parametersof qBq/»Bq,with w¿ E q
for any 1 E {1,...,rn}. Lot A’ st A[wí,...,w,.]. Wo defino tIto

morpItismA’ —~ U by sondingw¿ ontow1. Lot 43’ = qnA’. We Itavo
43’ = (4’,wí,. . .,w,,) and tIte isomerphismsAp/4’Ap

and Eq/qliq Eq/»’Eq. According te Proposition 1.15, tIto

rnorpItism A~,/»’A~,, k[wí,. . .,tvfl](~1 ,~) —* Bq/43’.8q is fiat.
TIten, by Proposition 1.14, Eq is fiat over Al,,. lenco, from
TItoerom 1.7, we deduce that Eq is q-smootIt over Al,, (tIte
soparability of tIte residualfield extonsionAf,1/P’Aj,~ —~ Eq/qBq
given by tIte characteristiczero ItypetItosis, is essontial at this
peint). Xix otIterwords, B is regular at q over A’.

Lot .1 = UC’/A’ and 1’ = J’ fl A’. Since q is a minurnal primo
divisor of J, tIte ring Eq/JBq is an artinian local ring. Ponce,
tItore exist a « q andanon zero integor N such tItat for any 1,

swf~E J. If we replacow~ with sw~, wo may assumotItat w~ E ~ii
andse V7 = Vi by Rernark1.13. Wo may apply Propesition3.3

te A’ -4 0’ = O®A A’ —. E whoro 4” is a minimal primo divisor
of 1’ = (1, mv1 mv,.) andq is a minimal primedivisor of Y.

lix tItis caseProposition3.3 is true sincedirnEq= dimAj,¿. TIten,
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A’-.B
there exists a factorization 1 7 t wItero D is srnoetIt of

C-.D

limite typo over A’ and UCI/A~E CE UD/AsE ~ q. We apply

Propositíen1.11 te tIte sequenceA —* A’ —* D te get 7<D/A’ CE

UD/A sinceA’ is smootIt overA. TItus, UC/AE CE ltD/A E ~ q
andtIte A-algebraD 15 asmeetItingat q of A 0 —* E.

TIten, we troat tIte caseItt 4’ = Itt q by induction.

• TIte basic casoof tIte induction wItore Itt» = Itt q = O is exactly
Proposition4.5.

• Lot lv = Itt». AssumotItat lv > 0. Dy Itypothosis, tIte prime ideal
4’ of A is amuni~l prime divisor of 1. Lot N be tIte filien of ah
tIte minimal prime idoals of A containedin 4’. SinceItt»> O and
4’ is a minirnal divisor of 1, 1 is not includedin N. Hencowo can
flnd mv E 1\ N. Considerrings of tIte forrnA/w’»A. TIten, for any
integer ni ~ 0, tIte Iteight of tIte primo ideal»/w’»A un A/w’»A 15

stricly leas tItan tIte IteigItt of 4’ lii A.

Sincemv C 1, we hayo4.(w) E fo/AB. Dy Propositions2.2 and

AtE
2.5, tItere exists a factorization ~ / ~ wItore D is of finito

O-.D

type everA, flo/AD CE ~D/A and mv is standardin D. Dy remark
3.4, it suifices te dosingularizoat q the diagramA —* D —. E. Ir
ethor words,we may assumethat mv is standard¡ix tIte A-algobra

O.

Wo use tIte lifting property of smoetItingof soction 5 wIticIt says
tIte following:

Proposition (Lifting of smoothing) 5.8. Oonsider a cemniui-
4>A-.E

tative día grarn ~ 7 , muitere O la of finito tvpeoverA. Let

O

q be a prirne ideal ofE ano! mv E 4,’(q). Supposctitat tite miago
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of mv in O ja a standardelernontfor sornepresentationof O over

A. Por art integor lv, and any,~ A-algobraX, lot k — X/mvkX.

Titen, ¿itere exista a non zoro integer lv sucit titat

A~B
if ¿itere exlst a finito typo A-algo bra 5 mhicit factortos 1 7 1

t-.s
witit fo/AB CE fsíÁB « qA,

titen, ¿itere existe a finito typo A-algobra T mitzcit factorizea

AZE

1 7 1 ,mitit UC/AECE UT/AE~q.
O-.T

Lot ni = lv. We Itave JO CE itt/A by 1.12. EitIter itt/A « q and

O is a smootIting of A -. .0 -. B at ~, er ~ and ~) arominimal

primo divisorsof respectivoly710¡Á and710/An 1
Sunco we Itave Itt~ < Itt» and dirnÉ

4/fré~ = dimEq/4’Eq, tIte

result follows by induction en Itt ¡3.

WhicIt completetIte proof ufwo assumetIte Basic Caseatid tIte Lifting
of smoathing proportios of sections4 and 5.

4 Basic case

AZE
Considera comiutative diagram 1 7 , whereO is of finito typo

O

ovor A. Lot q be aminimal primedivisor of fC/AB and 4’ = qnA. We
assumoin this section that 4, is regular at q and Itt » = Itt q = 0. TIte

mm of this sectienis te desingularizeA -. 0 -. E at q (Proposition

4.5).

4.1 Weak version ¿f the smootIting

The aim of this subsectienis te provo4.4 which 15 a woalcversionof tIte
smootIting.
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4,

Proposition4.1. Lot A -.B be a ring itornornerphisrn. Leí q E SpecE

andp=qflA. AsaumotitaiIttp=Ittqtt0.
Titon, Eq la tite inductivo lirnil of local artinian esaentially of

finito type Ap-algebra Y sucit titat titoro la a cornrnutativo diagrarn

A -.X—* E

1 i .1. mitore a is esa entially of finito typo, /3 la faitit-

Ap$Y-~Eq
fully,, fiat X — Y’(Y) and Xq Y.

TIto flrst step is te reducete tIte casewItere tIte merphisí 1, j, 4,
and4,q areinjective.

Weusewithout proof tIte fellowing lemma:

Lemma 4.2. Lot R -4 5 be a ring itornornerpitlarn, mitore 5 la a local

ring mitit maxlrnal ideal q. Lot 43 = q fl R, J be art ideal of 5 an<1
1= JnR. Titen ~ if ano! onlyif(R/I)p/Ic~S/J art! 11, sz~J.

Lot Á = A/Ker(4,qoi), E = E/Korj and 4 = A1,/Ker4,q. TIte
morpItism 4. inducetIte comirutativesquare:

A-.B

1 1
4±2Eq

Dy Lemma4.2 witIt J = 0, wo hayoÉq ~ Eq. We apply Proposition

Á-+Ñ~E
4.1 te tIte last square te get tIte diagrain J- 1 1 or

4$Y-~Bq
A X U

equivalently tIte diagram 1 1 1
Ap-ZYLEq

Thoro is mv E E \ q suchtbat mv x Korj = 0. Wo may assumetItat

j(w) e Y (Itenco mv E X>. TIten (X n Korj)q = O and Loima 4.2
give tIte isomerphismXq Y. TItus, we may assurnenew tbat tIte

morphisms1, j, 4,, 4.q areinjoctive.
Set lv = Ap/»A, and K = Eq/qEq. TIto lcey point of tIte proof is

tIten te flnd two liftings p and A respectivolyof Ap —. lv and .Bq * K

sucIt tliat Ao4,q = 4.op. In fact,wewill constructp andA sucIt that p(k)
(rosp. A(K)) is tIte fraction fleld of lv’ = p(k-)flA (rosp. K’ = A(K)flB).
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SupposetItat wo Itave censtructodp atid A as aboye. TIten we
lv’ ‘—*

get a cominutativesquaro 1 1 witIt lv = Frac(lv’) atid K =

lv — K

Frac(K’).

Civen cí, . - . , c~ E Eq, we constructaix artinian local A1,-algebraof
finito type Y such that oí,... ,c8 E Y. WIticIt will give tIte wanted
inductivo linilt.

Lot» = (ai,...,a’») and q= (b1 b,.) witb aje A and b~ E E.

Sunco Eq is artinian, tIte elementsb1 generateEq as a K-algebra. We
write Eq = K[bí, . . . , b,.] ~ K¡Eí E~]/(Fi,.. . , Fr). TItere exists

apolynomial witIt coefficientsin K, sucIt thatej = O¿(bi b~) for
= 1,..., a. Likewise, for any 1 ~ {1, . . - , m}, <sí = H1(b1 b,.), whore

H1 is a pelynomial witIt ceefficieixtslix A?.

There exists 1?” ‘—. K’ a finito type k’-algebra such that
Prao(P/’) = ~1 contains all tIte coofficients of tIte polynornials

Oí,...,Oa,E’í,...,Fr,Hí,...,H,n. Since12’ = Qfl K’ D O”, we Itave
Frac(f?’) = O.

Define Y = O[bí, . .. , b,.] CE Bq. TIten Y Itas tIte following
properties

• c¿EYferlE{1,...,s},

• tIte ring A» injects unto Y andY is ossentiallyof finito typo ever

4,
• SiflCo E’í,...,F,. are in Q[Eí,...,E,.1, thoy gonerato tIte Icor-

nel of fl[E~ E,.] -4 b,.] and honce Q[b1,. . . , b,.]
Q[Eí,...,En]/(E’i,...,Fr). Thus, tIte merphismY — Eq is fiat.
Moreovor, Y is local atid artinian by injectivity of Y B~.

Lot X = .8 fl fl[b1 b,.]. Wo Itave 12’[bí b,.] CE X CE
Q[bi,.., b,.] ‘* Eq. TIten, we get Frac(Q’)fb1 b,.j ‘—. Xq Y.

SuncoFrac(O’) = O, wo hayo í2[b1, . .. , 6,.] ‘-. Xq ‘— Y andX~ Y.

New, it just remainste construct tIto liftings p atid >~. TIte preef

given in tIte following lernma is tIte sameas proof of CoIton’s structure
TItoerom [ZS, VIII TIt 27] un wIticIt wo checkat eachstop tItat wo Itave

tIte fractien propertyp(K) = Frac(K’).
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Lemma 4.3. Lot O be a ring, 43 e SpecOart! K = O1,/»O1,. Asaurno
titat tite rnerpitlam 0 -4 01, la injoctive. Suppoaetitat tve hayo an

integer N aucit titat (»O1,)Ñ ~ 0. Lot H be a aubfield K. Aasume
thai tve hayo a lifting p : fi —* Op such titat p(H) = Frac(H’) mitote

fi’ = p(H) nO. Titon mo can oxtend titis lifting te p : K O» aucit
titat p(K> = Ftac(A?’) ivitere K’ = p(K) nO.

Proel’. If H ~ A? tIten diereexistsan olementa E O sucItthat tIte imago
a of a in K is not containedin H. Suppesethat p(H) = Frac(p(H) nO).
Lot A = H(a). TIten p extendste a lifting ~ : H 0» satisfying
p(14) = Frac(k(Ñ) no). WeItave twe caseste considor:

• II a is transcondanteva fi, tIten we defino ji by sendinga entea.

Sincea E O, we got Frac(p(1f)flC)[aJ ‘—. Frac(,3(Íi)flO) ‘—*

Itencep(H)= p(Hfla] ~ Frac(ji(ii) no).

o IT a is algobraic ovor fi, tIten H = H[X]/S(X) wItore 5 15 tIto

minimal polynornial of a over fi. We Itave S(a) E 430». First we
sItow that we ma>’ assumetItat S(a) e (pO»)Ñ.

SuncotIte cItaracteristieof fi is zero,wo hayoby Bozout tIteorem,
tIte existenceof U andy in K[XI suchthat SU + 5W = 1. TIten
5— 5

2U+S’T. Wecancheoseanelernentv#Oinp(H)flC toget
vT(a) e p(H) nO sincep(H) = Frac(p(H) nO). TIten, we replace

a atid a witIt rospectively& = ¡‘(a — T(a)) anda = va. Frem tIte
fact tItat 5’(a) g 430», wo hayo T(a) E 4301, and a represontsa.
Moreovor we ItaveH[&j = H[a] anda e O.

TIte Taylor formulagivesS(a—T(a))— (8(a) — T(a)S’(a)) E tOp.

But 8(a) — T(a)S’(a) — 52(a)U(a) E 4320p, Itonce S(a) E 43201,
w¡tIt á(X) = S(X/v> E H[XI.

We repeatthis processwith tIte newdataa, á, S so tItat we may
assumetItat 8(a) E »N

0», A = H[a] and a E O. Sinco a E O, wo
hayo Frac(p(A) nO) = fi.

TIten, wo defineji by sendingñ entea since3(a) = O in Op.

TIten, wo concludowith Zorn’s Leinma.

u
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Te get tIte llfting p, we apply Leinma 4.3 with fi = Q, A? = it atid
tho ring Ap.

Te get tIte lifting A, we apply Lemma 4.3 witIt H = it, K = lv and
tIte ring Eq.

WItich completetIte preefof Propesition4.1

ALE
Carallar>’ 4.4. Oonaidor tite cornrnutative diagrarn j 7 , mitote

O
O la of finito ty,,pe ayer A. Lot q be a minirnal prime divisor of liC/AB
ano!» = qflA. Asaurne titat4, la reguilar <st q ano! Itt4’= Ittq= 0. Titen,

ALE
tit ere exista a factor-ization ~ 7 ~ , mitere D la of finito type ever

O-.D
A art! UD/AB ~ q.

/3
Preol’. 13>’ Propositien4.1, we can fluid Ap — — Y Bq wItore
fi is faithfully fiat, a is ossentiallyof finito type and Xq = Y II wo lot

X = y’(Y). PencoY la essentiailyof finito type over A and we may
find asubalgebraD of X, of finito typeoverA suchtbat D containstIte

imageof O un E andDq Y.

TIte merpItismAp — Eq is regularsinceEq is artinian andsuncotIte
morphismA — E is regular at q by Itypothosis. TIten, tIte morpItisí

Ap — Dq is regular [Mi, TIt 32.11.

u

4.2 Smoothing in tIte basic case

4,A-.B

Propositien 4.5. Oonsider lito cernrnutaiivc diagravn ¡ 7

O
mitere O la of finite type ayerA. Lot q be a minimal primo divisor of

Ho/AB ano!» = qnA. Supposetit<st 4. la reguilar al q a,.! Itt $3 = ht ~st O.

ALE
Titen, ¿itere exista a srnootiting E <st q, i. e. a factorization 1 7 1

O—E

milit E offinito type overA ano! Ho/AB CE HE/AB ~ q.
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Preef. Letj :E—* EqandKerj={bEE ¡Bs«q ab=0}. Theideal
q is minimal, Itence qEq is nilpotent and q = <R~E7 by artinianity.
Lot (bi, . . . , b,.) be a systornof generatersof Kerj and tu « q suchthat
mv >c Kerj = 0.

AtE

~>‘ Corollar>’ 4.4, we Itave a commutativediagram ~ 7 t

where D = O[xi, . . . , xh]/(fí,. . . , ft) and71DA ~ q. Lot e¿ be tIte image
of x¿ un E. Defino

E=O[zi xh,y,zl,...,z,.]/(31f1 yfk,3IZ1,...,lIZn)

andtIte merpItism ~‘ : E—. E by ?p(x~)= cj, ik(y) = tu and~p(z~) = b
1.

• Lot uscIteck that E is srnoethat q. Suncoy « q, wo deducetItat y
is invertiblo un Eq. We hayoE~ O[x, y,z]/(f, it) O[a’, y]/(f)

Dft4, atid ItenceEq (D[y])q. SinceD~ is srnooth ovor A, so is
E~.

• Lot us check that HO/AB CE UE/AB. Lot t e SpecB

such tItat HO/AB t. Sunco q is a minimal prime divisor
of HCAE, we nocossarilyhayo q ~ t, and we get lCor.~ « t.
Choeseaix indox 1 sucIt tItat b1 « t. TIten b1 is invortiblo un Er.
We hayo tIte isomorpItismEr (O[x,y,zj/(yf,(yzj)j~¡,y))r

(O[x, y, zl/(y))r (O[x, Z])r, and E is smeothat t.

WIticIt completestlie proof.

u

5 Lifting of the smoothing

TItis soctioncontainstbe technicalpart of tIte proof. It consistsof sorne
oxplicit censtructiotisof new algebras. TIte main computatietisgives

Propesition5.2 and Propesition5.4. TIte result of tIte lifting of tIte

smeethingis Prepositien5.8.
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5.1 F¡rst computation

Wo needa reflnementof tIte netion of standardelemonta.

Definition 5.1. Lot A be a ring, O be a finito type A-algobra ano!

tu E O. We aa~~ lital w la purel>’ standardovor A if titere exista a finito
presontationO = A[xí,...,x,.]/1, a aubideal (gi,..., gm) CE ¡ ano! att

elornoní mv in A[xi,... , x,.] aucit titat mv E A90 att! mv E rgc mitere

Pg=((gí,...,g’»):I).

It la net difficult te seothat an elemontis standardufandoní>’ if enoof
its powersis purel>’ standard.

Lot A be a ring andX an A-module. Lot mv E X. We recail tItat
AnnAmv 15 tIte idealof A definedby {a EA ¡a x mv = 0}.

D

/1
4,

Propositien5.2. Oonsidora cornrnutativediagrarn A —. E , mitere

O

O and D are of finito type overA. Lot mv E A sucit titat ita irnage itt

o la purely standard et’er A, AnnAmv st AnnAmv
2 an! Annn4.(w) =

AnnB4,(mv2). Por any,, A-algebra X, o!enote by Ñ tite algebra X/mv4X.
We asaurnetitat titere exista a rnerpitlarn 0 1) sucit litat titere la a

facior-izatienO D A.
Titen, titere existaa factor-izatien 4, : A E -.B, tvitoro E ja a finite

tupo A-algobr-a, ano! morpitirna of A-algobras0 -4 E and D ~ E auicit
13

¿it <st tite diagrarn A — E E covnrnutos,andUDIAE CE UE/A.

O

Proof. ConsidertIte presontationO = A[xi,... , x,,]/I atid tIte subideal

(gi g’») CE 1 such that mE F
9+I and mE Ag+I. Let J botIto

vn x n-rnatrix whosoentriosare(Ogi/’9xj) E A[x], 1,, tIto u x n-idontity
matrix andK tIte (n — vn) x n-matrix obtainedby removingthen — rn
last linos of 1,,. Let 1V be tIte set of alí subsetsof n — vn elomontslii

{1, . . . , n}. TIto cardinality of N ¡a q st (%). lenco, we identify
elementof N with an elemontlv E {l q}.
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We defino 11k tIte ti x n-matrixobtainodb>’ addingti — vn linos of 1,.

te J. Lot M& = detHk for 1 =lv =q = (~,). Lot Ft be tIte tratiposition
of tIto cofactormatrix of Hk. We Itave HkFk = MkI,. = E’kfik. Sunco

(Mk)1<k<q generateAg and mv E A
9 + 1, thoro exist semooíoments

L& E ~4[x] sucIt that mv — >ZkLkMM EL

Lot c = (c~,...,c..) ~ O” be tIte imageof x = (xí,...,x,.) in O”.

TIten tIte imago of mv in O, whicIt we still denoteIt>’ mv, is

= >3(LkMk)(c) (1)
k

Lot
0k be tIte ti >< ti matrix definod b>’ 0k = LkFk for 1 < lv < q.

We get tIte relations

HkGk = LkMkI,. = GkHk and JGk = LkMkK (2)

We introduce tIte new variablesa’ = (a’
1,... ,x,.), z = (z1,. ..,z,.)

and

(vi,... Y’» <k) Por practical roasotis,we will prefer

tIte witIt tIte relatietis = Yj for

j=1,...,rn.

Denotoby d = (d~)í=~=,.alifting te D” of tIte imageof e =

by tIte morpItism 0 — D. Lot 5 andT be tIte multiplicative subsetsof
D andD[x,y,z] givonb>’S= 1+wD andT= 1+mvD¡x,y,z]. Wehavo

mv — Sk(LkMk)(d) E ~ Itencethereoxistss e 1 +mv
3D CE 5 suchtItat

in D we have:
smv=>3(LkMk)(d) (3)

k

We definefor j = 1,..., ti tIte olemontsitj of D[x, y, zj by

= s(xj — !~) — mv2 Z(Ok(d)y(k))j + VJ4ZJ (4)
k

Note that tho it
1’s aro affine in tIte variablesx, y, z.

We will noedtIte following leima:

Lemma 5.3.

1. Por any f E 1, itere exista E 5 a,.! ‘r E D[y, z] sucit lital

avi2Z(af/axj)(d)(Ok(d)v(k)),z asf+w
4i- rnod(it)
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2. Peri = í,...,rn, titoro exista s~ ES andp~ E D[y,z] sucit thai:

a~g~ w
3¿¿ mod(it) with I¿ = a~¡t( + p1mv (5)

Proaf.

1. SuncotIte olomont f is in 1, we hayo f(o!) c uAD and it suifices te

slrnw tIte congruencefor f — f(d). We apply tIte Taylor fermula

te get

s(f(x) — f(d)) s>3(xi — d~)(8f/8xj)(d) mod(it,tv4)

j

(suncos2(x~~ — d~~) x ... x (xj, — d~~) O mod(it,mv4) according
te (4)). Again using (4), we hayo:

~2(f(,,) — f(d)) amv2Z(Of/Oxj)(d)(Gk(d)v<k))j mod(it,w4)
j,k

SinceoacIt sa’¡ is cengruentte aix elementof D[a’, y] modulo it by
(4), wo ma>’ assnmothat r E D[y, z] after multiplying beth sidos

of tIte cengruoncoby an appropriatepower of a.

2. Fori=1, ..., vn, woItavo:

Z(agí/axj)(d)(akyflyik))j = Z(JOk(dh/k))í

j,k k

= Z(LkMk)(d)(KY(k))j by (2)
k

A,

= S21374í by (1)

Applying (1) for f = gj, wo get

aw2(swy~) usgí+w4r mod (it) and US9j w3(asyj—ww)mod(it)
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WIticIt concluidotIte proefof tIte lemina.

Wo talco E = D[x, y,zl/U with tIte ideal U generatedb>’ I,(iti)í<i¿c,.,

(lí)i=í=m.Rernetiborthat we includedtIte oquations(4k> — vi) in U.
£

Denoto by D — E and 0 .2. E tIte morpItisms givon un tIte
Itypothesis. For j = 1,... ,n, tItoro existsw~j E mvE sucIt tItat y(c) —

6(d~) = w
3úq. Defino

~(k) — H&(6(d))w (6)

wItero ca = (caí,..., ca,.). Note tItat for j = 1,... rn, n5~1) doesnet depend

en lv since~ = KHk(6(d))mv= J(6(d))mv. Honce,we ma>’ denoteby

q¡ tIte coimon valuoof q
5~> fon = 1 vn. Mereover,fon = 1 ti,

we hayo E wB.

TIte naturalmerpItisis D -4 E atid O = A[a’J/I — E arowell dofinod.

We defino tIte morpItisí 6: D[x,y,zj — E b>’ x~ — y(o), (k) ,

o
and zj .— 0. Lot uscheclcit inducesa ItomomorphismE — E wIticIt we
still denoteby 6.

We hayo6(1) = O by definition of y. TIten:

O(itj) st s(y(cj) — 6(d)) — tu

2 >3(Gk(6(d))n<~))~ by (4)
A,

— Stu3Wj — mv2 >]((GkHk)(6(d)))j by (6)
A,

— smv3w¡ — u>2>] LkMky(d)wj by (2)
A,

— O by(3)
(1)

FurthermereO(í~) E inE since 4 = 8j~j + píw and 6(y~) = i~ E mvB.

TIte rolation (5) and 6(g~) = O give 6(l)mv3 — 0. 13>’ ItypotItesis, wo
hayo Ann ~mv2 = Atin Btu, Itonce Ami Btu3 = Atin nmv, and O(í~) E
tvB n Ann ~mv 0. TItus, O factorisestItrough tIte equations(1), (it)

and 1.

Lot uscheclc tbat 71D/AE CE

Lot ( E 71D/A~ Wo Itavo Dc srneothevor A aud wo show that Ec is
smoethover A. Sunco Sc= Dc[x, y, z]/(1, it, 1), it suifices to seothat E~
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smeetheverDc. Sunco tIte rnerphisrn E — x T’E is faithfully

fiat, if D< — (E~ x T~’E)c is regular tIten so 15 tIte morphismDc — Ec.
Wo first show that Ew,c is srneetIt ever Dc. Sinco mv is purel>’

standardin O evor A, O,,, is smooth over A and b>’ baso chango
(D[x]/I)w is smootIteverD. Moroever (D[a’,y,zI/(I,it)),~, isa smeoth
(D¡x]/I)~-algebra sincedet(Oh/9z) — mv4” by (4). And accordingte
(5), tIto imagesun (D[x, y, zj/(I, h))~ of tIte elements11 arezere. TIten,

= (D{x, y, z]/(f, it, i)»,, = (DLx, y,zj/(I, it))u, 15 smooth over D by

transitivit>’.

Next, wo slrnw that (T1E)c is smeoth ever D. Lot E’ —

D[x,y,z]/(iti)andñ= ~ Wohavedot ( Oit/Ox 01/Ox

¡ k Oit/O~7 Ol/Oñ

dot ) = tE T. HenceD T1E’ is regular. Lot
Dit/Oy I’»niod (u,)

ussItow that ¡ CE (mv) n Ann (mv) in T~’F.

Lemía 5.3 givestIte existenceof t E T suchtItat ti E O mod(it, mv).

Sunco u, 15 purel>’ standardin O, thore oxists e E A¡a’] such that

e(c) w, e EA
9+¡ ande El’9. Lot f= e—mv EL ~>‘ (5), tItero

exists a E 5 aud r E D[x,y,z] such that of
2r mod(it). TIten

¿~mv E O mod(e,h) witIt t’ = a+wr E T. Sunco e E l’~, wehave

el CE (g) and wo got tmvl EO zned(g,it), in D[x,y,zJ.

TItus 1 CE (mv) n Anix(w) un T’Djx,y,z]/(g,h) atid hence 1 CE
(mv) n Ann(w) un T’E’. From AnnAmv = AnnAw2, wo deducetItat

(mv) n Aun (u,) = O in A, tIten alse in Dc by flatness (smoothnoss)of
Dc ovor A. Mereover (mv) n Ann (mv) = O in (T’F)c sinco D —

is regular. It shows that tIte ¡magoof 1 in (T’F)c ¡a zero. TIten tIte
isornorphisí(T’E’)c (T1E)c allows uste concludeto tIte regularity
of (T’E)c overD.

u

5.2 Secondcemputation

Proposition 5.4. Lot O be a finito lype A-algebra presente! as tite

quotiont O A[xí x,.]/i mitit tite morpitis’» U: Així,. ..,x,¡] —0
art! 1 = ICor fl. Lot c~ = fl(xí). tVe conaider a cornrnutativediagra’»
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A
6 Supposeme itave mv E A sucit titat AnnAw = AnnAw2
7

A [a’]

ano! Arm~4,(w) = AixnB4,(w2). Asaurno rnoreover¿tal tite irnage itt O
of mv2 la zote an! 6(I) CE mv2E. Lot Á = A/mv2A. Titen, itere exista

a
a finito type A-algobra D factorizing 6 A[xj -4 D -4 E, sucit tital

ID CE wD ano! W’(71
0/Á)D CE

Proal’. Lot ¡ = (pí,...,p’»). For aix>’ j E {í,...,rn} tbere exists

a~ E mE sucIt that 0(p) = mvaj. Lot us introducetIte new variables

(vi,-.. ,vm). Wo atonde teamorphismA¡xi,... ,x,t,yi,.. . ,y,n] E
such tItat 6(yj) = O~j, and we still denoto it b>’ 6. Define:

Vj=1 vn f,=p~—wy2 (7)

Sinco tIte imago of tu
2 lix O is zere, tIte merphism II induces

a morphisí II : Á[a’í,...,x..] — O. Lot 1 = ICoril atid ¡5, —

m med(w2).TIten 1= (p~ Pm).

Wo choesea famil>’ (u~)1=u=dof purel>’ standardolomentsin

such tbat (u1,..., ¡A) = 71CíÁ’ ~>‘ dofinition, for eachu = 1,..., o!,

tItere is a famil>’ 4~’ = (á~j q~’) ¡nf andan eloment9 E F
4A~ CE Á[xj

such that u’ = fl(j”).
Wo cheeseliftings q’ = (q~,. . . , q~) of 4~’ ; we Itavo (q”) CE 1. Lot
= {a E A[x] al CE (q’,w

2)} (rs.. is tIte inverso umageof I’qu inA[x]

and I”qt CE Fa). We ma>’ choeseliftings y’ E E A[x] of ~t.

There exists4’ E wB such that 6(q~) = mvi-t, fer u st 1,..., o! aud
lv =1,..., i,,. Lotus introduce¿henew variables4, for u— 1 o! and

o
lv = 1 ¿,. TIte morphismn6 extendste a morphisí A[x,y,z] — E,
wItoro 0(4) = 4’, atid we still denoto it by 6. TIten ICorO contaitistIte
elemonts

4’=q~—mvz~EA[x,zJ (8)

Sunco y” E wo hayo:

Vv= 1,...,! v#u Vil{ Y’Pi + Z1’(k<t_ 4qZ + tu s~ = 0 (9)u 2y’q~ + Z1=A,=t,.r~k qA, + mv 5 = O
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whoro r~,s~’,r~”,s”~ E AM.

TIten, we define:

We clearí>’ ItavetIte relatiens

Vi=l,...,mJ Vv=1,...,d v/u VI=1 4,

= yty~ + Z1<k<t.. rkZk + mv4itt>’t — yt t rt,1<k=t~ r~ ZA, + mvs1¿ — Z.

Vi= 1,... ,rn

Vvl,...,! v#u Vi1,...,tv
w14’ + y”f¿ + Z1<k=t,.r~g~ = O{ mvit”‘ + ytg~ + Zi<A,=t« r-,~¿”g’ = O

Wo denoteb>’ it” tIte famil>’ of it~’ for alí i = 1,.. . ,vn and it~”” for all

y = 1,...,!, y u andi = 1,...,t~,. Lot it be tIte famil>’ of all it” for

alí u = 1,...,n~ = vn +>),~t~’. We set D = A[a’,y,z]/(f,g,it) witIt
it = (itt=~=~.

We hayo 6(f) = 0(g) = O b>’ (7) and (8), and Itenco by (11)
w6(it) = 0. Sunco 6fr~> and 0(4) aro olements of mvE, wo hayo

e(itfl E (mvB) fl Ann~(mv) and 0(it?) = O suncoAnnBw = AmLBW
2.

It shows tItat 6 factorizos througIt a morphismji : D — E. Moreovor,
sincep¿ mvy¿ mod(f¿) b>’ (7), we hayocr(pj) E mvD atid <41) CE tuD.

It remainste checlc that W’(Uo/Á)D CE ltD/A.
Lot Dt = A[x,y,zj/(f,g,it”) fer 1< y <o!.

Lemma5.5. Por v= 1,...,d,ustl o! an! 1= l,...,n”, tve

hato
mvit tc (f,g,h”) and (yV)2h CE (g,itÚ, mv)

Proef. TIte first ansertionis obviousby (11).

Suncoy” E A
4~, tItero existsa ti x t~-matrix

Lot st >u1<A,<t, c~kzk for j = 1 ti. Wo

Vk=1

(c~A,) whoseentrios are

if lv =

otherwise.
got tIte rolations

(10)

(11)

E a~(8q~/&xg) yV4
1=i=”
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FromtItis, wededucetIte following propertyfor aix>’ linear ferm 4, un tIte

variablosz” = (4,...,43 with ceofficientsun A[x]

>3 a~(8/3xj)(4,Izv=qv) y”4. mod(q”) (12)
L=j<n

We alsousetItefellowing propertycomingfrom (10): if 4~ is alinear form
lix tItevariablesy andz with coefficientsun A[x1, tIten wo canflnd alinear
ferm4, ¡ix tIte variablesz” sucIttItat y”~’ 4. mod(it”, mv). RomarlctItat

tIte pel>’nomials (it’%# given by (10) satisfr this last condition : tIte>’
are linear Itomogeousin tIte variablesy andz modulou,. Denoteby 4,”

tIte famil>’ of linear forms sucIt tItat y”it” 4.~’ med(it”, mv).

Moreover,using (9) tIte>’ alse satisfr:

y”it’¡y=p,z=q 4,flzv=r mod(mv)

TIten, by (12)

lSj=n

FurtItormere, tIte rolatiotis (8) givos (it”,g,mv) = (it”,q,w) atid for
u = 1,...,!, 1 = 1 ti” wo hayo it?¡z.q,y=p E (mv) b>’ (9) and(10).
TItis shows that (yfl2h” CE (g, it”, mv).

u

Lemma 5.6. TIte ring D!v is smoethovor A, i.e. y” E liDVIA.

Proef. Accerding te (11), we Itave y”f~ E (g”,h”) and y”g~ e
(g”,h”). TIten y” E r(

9VhV) = {a E A¡x,y,z] ¡ a(f,g,h”) CE (g”,it”)}.

Lot us censidor tIte Bg”/Oy (8g”/8z”)n~t, Bg”/&x )
1 ~ ~ matrix ¡ Oh”/Oy (Oh”/Oz”)n!=ú Oit”/Ox

O O Oq”/Bx ), wheren~ = m + E~#~ t”. Wo get (yV)flváqo CE
Sincey” E A~t’, wehayo (y”)””~

2 E A(
9flhflr(9VhV) andwe aro

dono.

u
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It follows from Lemma 5.5 tItat h~’ E (mv) n Ann(w) in fer u =

1,...,! and i = 1,...,n”. 13>’ It>’pothosis, (mv) riAnn(mv) = O in A sunco

AnnAin = AnnAmv2. Since is smoothevor A by Lemma 5.6, it is
fiat over A and (vi) n Ann (u>) = O un D~. Henco it” = O ¡ix D~V aud
DyV D~.,. TItus Dr 15 smootItover A for y = 1,...,!.

Te establisIttIte wantedpropert>’ fl1(UC/Á)D CE 71D/A’ we noed
te sItow tItat <41) CE ~D/A (rernark tItat 11’ (Ho/A) CE A[x] 15 tIte

intersectionof all prime idealscontaining 1 + (y)). Sincea(I) CE wD, it

suificeste seotItat mv E HD/A

Considor tIte subfarniliy (f,g) of (f,g,it). We Itave by (11) tIte
rolatien mvit CE (f, g), and Itence mv E r

1,9. TIte determinantof tIte

rnatrix ( al/ay Of/O: ) is oqualte (—mv)<”~Zu tu) andconsoquentí>’

~ c <r7%3y~, andItenco tu E HD/A<

u

5.3 Lifting tIte smootIting, the result

Proposition 5.7. Lot 4. : A ~ E be a rnerpitisrn, q be a prirne ideal

of E ano! R ano! 5 be tino finito type A-algebras. Supposetitat mo itave
d E A, mitose irnago in R la purely standardfor sorne proaentation ano!

st 0 in 3. Supposernoreover thai o! E g’(q), AnnAd = AnnÁd
2

ano! AnnB4,(d) = Annn4,(d2). Por any A-algebra X, me denote by

k tite algebra A/o!8A. Supposotitere is a cornmutativo diagrarn of A -

p
R-.B
.1 ~1

algebras ft L .¿ with UR/AB CE Us/ÁB ~ qB. Titen, ¿itero exista

ti
3

a factorization p: R — T E, mitere T la a finito type A-algebra art!

H¡?/AE CE UT/AE ~ q.

Pr-oeS Wo cheosea surjectivo mapping fl : Ala’] —. 5 audwo set
¡ = Korfl. We choese0 A[x] — B a lifting of A[xJ —4 5 .8.

Wo hayo 0(1) CE d8E in E. TIten, we can apply Proposition5.4 witIt
vi st !~ and O = 5. There exists a finito type A-algebra D such
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A tE
etItat tIte fellewing diagramcommutes 1 7 1 and ID CE mvD,

A[x]
-. D

11’(UsíÁ)D CE UD/A~

TIten wo sItow that HRIAE CE UD/AB ~ q. Romarlc tItat o!8 E

fl’(UsíÁ)E Ci UDIA8 (o!8 — O un 5). SuncoUs/ÁB = fl’(lis/Á)É

atid UR/AB CE Us/AR, we got UR/AB CE UD/AA amI liRIAE CE

fDIAE. Desudes,if UD/AB CE q tIten ]r’(US/Á)B CE q, audItenco

11’(Us/Á)B CE qñ (tIte ideal qñ is prime un E sunco o! E

and HSIÁA CE qA). Which is impossibleby assurnption. TIten

liD/AB ~ q

TIte morpItismA[x] $ D inducesamorpItism/3: 5 — D/d4D sunco
/3ID CE d4D. Sinco we hayo a morphism R = R/d8R — 5 — D/cl4D,

we get a facterizationR/d4R — S/d4S D/d4D E/d4E. Honce
D

/1
we ma>’ apply Proposition5.2 te tIte situation A E with mv st o!.

R
TItus, thoreexistsa finito t>’pe A-algebraT wItich facterizestIte diagram

D

A T E withHDIATCE lirIA.

1?

Wo finalí>’ get HP/AB CE arIA .8 ~ q atid we aro dono.

u
Wo endwith tIte wantedrosult en tbe Iifting of tIte smoothing.

Propositien 5.8. Oensidera cornrnutativodiagrarn ~ 7 , mitero

O

O la of finito tupooverA. Leí q bo a prirne ideal of E ano! vi E 4.~’(q).
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Supposo tital tite irnago of mv itt O la a standard elernent Jet aorne

presentatienof O over A. Por an integer- lv, and any A-algebra X,
lot 1—

Titen, titero exista a non zote integor lv sucit tital

ÁLA
if ¿itere oxist a finito type A-algobra 5 iviticit facterlzea 1 7 1

0-.5

witit HO/AA CE lis/AB « qA,

AtE
titen, ¿itere exista a finito type A-algobra T zviticit fact erizos ~ 7 1

O-.T

wltit HO/ABC HTíAEfl.

Preof. CIteoseaix integerj such that mv1 andmv~~t Itavesamoannihi-
íators in A atid E (it is pessiblo by noetIterianity),andsucIt that mv’
la purel>’ standardun tIte A-algebraO. Set lv = Si andd = mv’. TIte

assumptionsof Prepesitien5.7aro satisfledwith R = O, andtIte result
fellows.

u

References

[Atil] M. André, Oinq exposés sur la déaingulaiiaation, preprint 1992.

[An2] M. André, Hornologie des algobrea cornrnutativoa, Spinger-
Verlag, 1974.

LEí] It ElIdlc, Solution !‘équations á coefflcientadana un annean
itenadllon, Atin. Sci. Ec. Norrn. Sup. 4 Sér. 6. 1973.

[Cl] A. Grothondieclc,Elérnonts de géornétriealgébrique,Nl, Pubí.
MatIt. ifiES 20, 1964

[02] A. GrotItendieck, Elérnenta de Géornétrie Algébrique, IV 2,
LH.E.S. 24, 1965.

[04] A. CrotItondieck, Elérnenta de Céernétiie Algébrique, IV 4,
I.H.E.S. 32, 1967.



The Artin conjecturo ...... 263

[Mi] H. Matsumura, Oernrnutativo ring titoortj, CambridgeUniv.
Press1986.

[M2] H. Matsumura, OornmutatiyeAlgobra, New Yerlc, Benjamin
1970.

[Na] M. Nagata,Local ringa, Interscience,1962.

[Po] D. Pepescu,GeneralNéren desingularization,Nagoya MatIt.
.1. 100 (1985) 97-126 GeneralNéron dosinrdarlzatien,Nagoya
MatIt. J. 104 (1986) 95-115 Lotter te tite Editor, General Nér-en

!esingularizatien,NagoyaMatIt. J. 118 (1990)45-53.

[Sp] M. Spivakovslcy, Srnootitin.g of ring itornornorpitlarna, apprex-
irnation titoererna ami tite Eaas-Quellenconjectuire, preprint
1992.

[Te] 13. Teissier, Résultata réconta sur l’approxirnatiett des rner-
pitismesréguliera en algébro cornrnutative in Sérninaire Eeur-

baLi, pp. 259-282,784, Bourbaki, 1994.

[ZS] O. Zarlaki, P. Samuel Oornrnutative Algobra, vol II, Van Nos-

trand, 1960.

XRMAR (CNRS, URA 305)
Universitéde Rennes1, Campusde beaulieu
35042 RennosCedox,France
Tel.: 99286001,Fax: 99286790 Recibido: 9 de Diciembrede 1996


