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Abstract

Mere weconsidertwo classesof torsion-freeone-relatorgroups
wbich have proved quite amenable to study-the cyclically
pinched one-relatargroups audtheconjugacypinched one-
relator groups. The former is the class of groupswhich are
free productaof free groupswith cyclic amalgamationswhile the
latter is the clasaof HNN extensionaof free groups with cyclic
associatedsubgroups.Both aregeneralizationaof surfacegroups.
Wc compareaud contrast results in tbeseclasnesrelative to ti-

freenesa,separabilitypropertiesincluding conjugacyseparability,
subgroup separability and residual finiteneas, decision theoretic
propertiesincluding the isomorphismproblemandhyperbolicity.

1 Introduction

TEe theory of one-relatorgroupshasalwaysbeenof centralimportance
in combinatorialgroup theory. The motivationsfor this interest are
variedandarisefrom bothtopologyandcomplexfunction theory aswell
as from algebra.FYom a topologicalviewpoint theclassof fundamental
groupsof compactsurfaces- the surfacegroups - falls into the class
of one-relatorgroups. Many generalquestionsconcerningone-relator
groupsare in turn motivated by surfacegroups. From an algebraic
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víewpoint one-relatorgroupsareof interestbecausethey providea nat-
uralgeneralizationof freegroupswith which they exhibit manysimilar-

ities. Good generalreferenceson one-relatorgroupsare the article by

O. Bau¡nslag1O.B. fi and the book of Lyndon and Schupp[LS].
The cornerstoneof one-relatorgroup theory is the Freiheitssatz.

The proof atid its many modificatiotis (see [F-R 1J) haveprovided sev-
eral techniquesfor a generaltreatmentof one-relatorgronps. However

rnanyexampl¿sandcotinterexamplesshowthat the theory la quite com-
plex and in order to proceedfurther focus mnst be narrowedaud in
particular restrictiona must be placed on the form of the relator. If

o =< zr1, ..., r~; R > then Karrass,MagnnsandSolitar [K-M-S] proved

that O is torsion-freeunless R = 3m for sornem > 2 and sornenon-
trivial, non-powerword Sin the freegroupon rí,..,, Xn, iii which caseah

elementsof finito order areconjugateto powersof 5. Torsionono-relator
groupshaveprovedsomowhatmoreamonableto studythan torsion-free

dueto the SpellingTheoremof liB. Newman [No 1].
Ir this paperweexaminetwo classesof torsion-freeono-relatorgroups

which haveproven tractable for study. Both ariseoriginally from the

study of surfacegroups but hayo additional motivatiotis as well. The
first la tle clasaof cyclically pinchedone relator groups. Theseare
gronpswhich hayopresentationsof tho form

(1)

whoro 1 # U U(aí, .., a,,) is anon-primitivo (not part of a freo hasis)

word in the free group E’1 oua1,...,a1, and 1 # y = V(a,,+í,..., an) is
a non-primitivo word in the free group E’2 on ap+í a,,. Structurally
snch a group is tlio freo product of the free groups on <si a>, and

a,, respectivelyamalgamatodovor the cycic subgroupsgoner-
atedby U and V. Theclassof cycically pinchedono-relatorgronpshas
beenextensivelyatudiedandit has beon shown that in generalsuch a

group sharesmany of the algebraicproportiosof surfacegroups. In the
next sectionwo will discussthosogroups in detail.

Tho secondclassis the clasaof conjugacy pinchedone relator
groups. Ihesearegroupswhich haveprosentationsof the forrn

Gzz.c <sí,...,a,,,t;tUC
1 =V> (2)

wherol#U=U(aí,...,a,,)andl#V=V(aí an)arowordsinthe
freo group on <sí a,.. Structurally such a group is an HNN extension
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of the free groupon a~ a,. with cyclic associatedsubgreupsgonoratod

by U atid V. Theseareclosely relatedte the cyclically pinchedcaseatid
wilI be discussodin detall in section 3.

2 SurfaceGroupsand Cyclically PinchedOne-
Relator Groups

A surfacegreup of genusg is the fundamentalgroup of a compact
surfaceof gonusg. In theorientablecasewith gonus9 =2 the resulting

group T9 has a presentation

= < <s1, bí, ..., a9, b9; (ai, bí]...[ag, 1i~] 1 > (3)

If we lot U = [ai, bí]...[a91, b94], V = [<sg~b1j thon Tg has the form

Tgz<<si,bi,.,.,ag,bg;U=V’>.

and hence T9 is a cyclically pinched ene-relator group. In the non-
orientablecasethe rosulting greup U9 has a presontation

U9 =< a~, ..., a9; ~ 1>

IfwoletU=c4...a~í, Ú st a~thonforg=2, (4 isalso a cyclically

pinched ono-relator group.
The question aríses as to wbich properties of surface gronps are

sharod by all cydllcally pinched ono-relatorgreups. Ihe gonoralization
in tura of cyclically pinchedene-relatorgroupswherotorsionis allowed

in thegenoratorsleadste groups of F-type which canbeconsiderodas
a naturalalgebraicgeneralizatienof finitely generatodFuchsiangroups.

Thosolattor classwasintroducedin [F-R 2] andhasalsebeenoxtensively
studiod (seo[F-R 3] andthe referencesthere).

An erientablosurfacegroup T9 has the preperty that any 29 — 1

elomentsgenoratea freo subgreup. A simple topolegically motivated
proef of this la as follows. By abelianizing it is clear that the rank
(minimum mimbor of necossary gonorators) of 2’~ is 29. Suppese II la
a subgroup of 2’9~ then ftom cevering spacotheory H = irí(S) where

S is a cover of S9, the oriontablesurfacoof genusy. II IT9 : Hl < oc,
then S must be another orientable surface of genus 91 =g and hence
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H = Tg1. If H has infinito mdcx ¡ti 2’~ thenhomotopically9 18 awedge
of circíes and II la a free group. New supposewo havexi , z,. E 2’~
with it < 29—1, and lot H =< x1,...,x,. >. If H hadfinito mdcx in
Tg, thon tho rank of H wonld be groaterthan 2g which la impossible
srnco H has rank <it. ThereforeH must hayoinfinite index ¡ti 2j> and
hencemust be a freegreup. In generalwe say thatagrenp O la n-free
if any set of =it elementsof O goneratesa free subgroupandthorefore

the aboyeargumentshows that any orientablesurfacegroup is (2g — 1)-
free. A modified argnrnentshowsthat a non-erientablesurfacegronpof
genusy is (g — 1)-free. O. Baumslag[G.B. 2] genoralizedthis te cortain

cydically pinchedono-relatorgronps.

Theorem Al. /G.B. 2] Let O be a cyclically pinchedene-relatorgroup
with ¿heproperty that U an<L V are not proper peinenun ¿he respective

free ~ireups en tite generatorswhich thev involve. Titen O is 2-free.

Using Niolsen and atendedNielsen reduction (see tho article [F-
R-S 1] for terminolegy),G.Rosonbergor1Ro 1] wasthen able to give a
comploteclassificationof the subgroupsof rank=4 of cycically pinched
ono-relatorgroups.

TheoremA2. [Ro 1] Let O be a cyclically pinchedone-relator gronp

with ¿heproperty that U ami V are not proper peinen iii ¿he respective
free greupa oit ¿he generatorswhich they involve. Titen

(1) 0 is .9-free.

(2) Let H c O be a subgroupofrank 4. Titen ene of ¿hefdflowing tino
caseseccura:

(i) H isfree ofrank4.

(ji) 1/ {x1 ,.., x4} is a generatingsystemfor H titen ¿itere is a

Nielsen transformation from {x1, ..., x4} ¿o {v1 ¿¡~} witit

t~i, 112 E zF1z
1 ~ yj~ E zF

2z
1for a suitablez E O. Furtiter

¿itere is a cite-relator presentationfor lvi Oit {X1 X4}.

Wo note that the 3-free part of the aboyetheoremwas reprovenin
a different mannerby O.Baumslagand 1’. Shalen[B-S 1]. Further the
free-nesspart of the aboyoresultswas atendedin tho following manner
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by Fine, Gaglione, Rosenbergorand Spellman IF-G-R-SJ again using
Nielsen reductiontechniques.

Theorem A3. Let E1, ..., E,. be pairinise disjeint seta of generatera,
each el size > 2 ami for 1 = 1,.., it let VV1 = 144(B1) be a non-trivial

word in ¿hefree group en B1, neliher a proper peiner nor a primiiive
element.Let

O<Bb..~Bn;WíW2~.Wn~l>.

Titen O le n-free.

A similar result canbe obtainedif the werdsW¿ are properpowors.

Theorem A4. Let E1 E,. be pairwise disjoint non-empty seta ej

geuzerators,ami fer 1 = 1, .., it let W1= W1(B1) be a non-trivial inord itt

tite free greup en E1. Let

O = E1, ..~ E,.;

witit 4> 1. Titen O la (n-1)-free.

This result is the best possiblosincea non-orientablesurfacegroup

of gonusy la (y— 1) freebnt not free.
Thoseresultswere usedin conjuctionwith a studyby Gaglioneand

Spellrnan [G-S 1,2,3] and Fino, Gaglione, Rnsenbergerand Spellman

LF-G-R-S] en the uniyersalthooryof non-abelianfree groups. We’ll say
moreaboutthis in thenext soctionin conjuctienwith conjngacypinched
ono-relatorgronps.

Recail that a group O is residually finite if given g E O thero
exists a finite quetient0 of O with tho image of g non-triyial in Ot

G. Bamnslag[G.B. 3] has shewn that all cydically pinchodene-relator
groupsare rosidnally finite.

TheoremA5. Let O be a cyclically pincited ene-relatorgreup, titen O
ja residually jinite.

Theresidualfinitenessof ene-relator groups ¡u general is undecided.
Howeverit has beencenjecturodby O. Bamnslagthat ene-relatorgroups

with tersionare residnally finito. Sevoralspecialcasesof tbis conjecture

havetoenhandlodby Allenby andTang[Al-Ti]. In addition te residual
flnitonss cyclically pinched ene-relatorgreupssatisfr several strenger
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soparability preperties. A group O is cenjugacy separable if given

elementsy, h in O oither y la cenjugatete it er thero exists a finito
quotient where thoy aro net conjugato. J. Dyer ¡Dyj has preved the

cenjugacysoparabilityof cycically pinchedono-relator groups. Note
that conjugacyseparabilityin turn implies residualfinitenoss.

TheoremA6. [DyJ A cyclically pinced ene-relator group la cenjugacy
separable, thaj 18 tino elements of a cyclically pinched ene-relator group

O are conjugateif ami only if they are conjugate itt everij finite factor
greup of O.

It wascenjecturedthat this result couldbeextendedte generalFuch-
siangronps.Buuldingen work of Stebe[St] audAllonby atid Tang[A-T],
FineandRosenherger[F-R 4] prevedthe cenjugacyseparabiityof gen-
eralFuchsiangronps.

A greup O is subgroupseparableor LERF if H la any finitely

generatodsubgrenpof O and y 6 0,g ~ H, tIten thereexists a fi-
nito quetient 0* of O snch that imageof y lies eutsido tho imageof
H. P.Scott [Sc]proved that surfacegroupsaresubgroupseparableand
tIten Brunner, Burna andSelitar [Br-RS] shewedthat lii generalcycli-
cally pinchedono-relatorgreupaare subgreup separable, fleo greupa

themselvesaresubgreupseparableandTretkeff [Tr], Gitik[G], TangjT],
Kim¡K],Nible[N],Aab [A] and etborshayo werkeden tIte generalques-

tion of when free productswith amalgamationof subgroupsseparable
greupais againsubgreupseparable.

TheoremA?- [Br-B-S] LetO be a cyclically pincitedene-relatorgreup.

Titen O is snbgreupseparable.

Ono-relator greupaand greupaof F-type in generalsatisfy mány
Iinearity preporties- that is propertiesof linear groups. A result of
P.Shalon [Sh]can be usod te ostablish that a cyclically pinchedeno-
relator group where neither U nor V (in presentation1) is a preper
poweractnallyhasafaitbful presentatienin PSL2QL~. EarlierWehrfritz

[Wo] hadestablishedtliat sucha grouphasa faithful representationevor

a cominutativefleld.

Thearem AS. Let O be a cyclically pinched eite-relator group with tite
property titat U ami V are not pro per pewers itt tite respective free greup

en tite generatorsiniticit titey invelve. Titen O itas a faititiul representa-
tien in PSL2QZj.
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The decisionthoory of cydically pinchedono-relatorgreupsis alse
very woll determinod. Magnus preved [Ml that as a consequenceof
tIte Freiheitssatzthe word probleni is selvablein generalfor eno-relator

greups.Lipschutz [Li] usingsmallcancellationthoeryprevedthatcycli-
cally pinchedene-relatorgreupshayosolvablecenjugacyproblem. Sub-

seqnentlyJuhaszU] usingextendedsmallcancellationthoory Itas stated
that alí ono-relatorgreupshayo solvablecenjugacyproblem.

Theorem A9. [Li] A cyclicallypinchedene-relatorgroup has a solvable
conjugacyproblem.

Rosenberger[Ro2], againusingNielsenroductionmetheds,hasgiven
a pesitive solution te tIte isornorphismproblom for cydically pinched

ene-relatorgreups, that is, he hasgiven an algorithin te determineif
an arbitraryeno-relatorgreupis isomorphicor not tea givon cyclically
pinchod ono-relatorgronp.

Theorem Alo. [Ro 2] Tite isomerpitismproblem fer any cyclically

pincited one-rdator greup la solvable; given a cyelieally pincited ene-
relator group O there is att algorithm te decide itt finitely many atepa

witetheratt arbitrary ene-relatorgroup la isomorpitie er not te O.
More specifically let O be a nen-free cyclically pinched ene-relator

groupsuch titat at mosteneof U andV la a pomerof aprimitive element
itt Fi respectivelyE’2. Suppesex1, ..., z,,+q is a yeneratingsystembr O.

Titen one of tite fellowing two casesoccurs:

(1) Titere isa Nielsen transfermationfrem{xí xP~~} tea system

2) There is a Niel.sentransformatior¿Mm {xí, ..., x,+q} te a system
{yi,..~lIp,bi,..,bq}tVithYi y~CFíandFí=<U,vi,.~yp>.

Forxí, ..., x~,±.4¿itere la a presentationofO witit one-relator. Furtiter O
itas onlyfinitely manyNielsett equivalenceclasaesof minimalgenerating
systems.

The smalléancellationtheeryusedby Lipschutzand.Jnhaszisclosely
tiod te hyperbelictyin tIte sonseof Gremev (seo[O]). As a censequonco
of a result of Bestvinna and Foighn [Bo-F] wo obtain that a cydically
pinched ene-relatorgreupswherenet both U andV arepreperpowors
is hyperbolic.
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TheeremAh. Let O be a cyclically pittcitedene-relatorgroup with tite
prepertythai net botit U ami V are proper powersitt tite respectivefree

group en tite generatera tnitich titey invelve. Titett O la moni hyperbollc.

TheoremA 11 was furtIter goneralizedby JuhaszandRosenbergor
(seo [J-R]).

Fremaresultof G.Baumslagatid Shalen[B-S2] aene-relatorgreup
O witIt at leastthreegeneratorsadmitsa free preductwith amalgama-
tien decompesitionG = A *c E with A, E andO all finitely generated.
Sucha decempesitionis called a Baumslag-Shalendecomposition.
Cloarly cyclically pinchedono-relatorgroupsarestraightforwardexam-
píesof such decompesitiensfor eno-relatorgroups. Howexror lii general

very little is known abeuttIte oxact natureof the facters. A study of
tIte factorswas doneby Fine atid Peluso [F-P] who gayetIte fellewing
partialconversete the cydically pinchedcase.

TheoremÑU. IF-P] Leí O be a tersion-free ene-relator group witit

Baumslag-ShalendecompositienA *c B witit bothA and E free greups.
Titen O mustbe cyclically pincited if eltiter O itas Jinite indez in botit

Jactoraer O la itt tite derivedgreup in botit factors.

- Furtiter, IJO itas finite indez itt botit factore titen tite greupaA, E, O
are alí infinite cyclic ami O has a presentatiottof tite form c a, b; a” =

bm> mithm,n> 1.

A result of Bien [Bi] is that if O = A *~ E is a torsion-free ono-relator

greup with A,B fl.nitely presented and O of finito index in bothA and
E tIten A and E must be free groups. Combining tItÉ with Theorem

A12 gives us:

Corollary A12. Let O be a tersion-freeone-relatorgreupzvithBaumslag-
SitalendecempositienA *~ B. ¡fO is a free group and of finite indez in

botit A and B titen tite greupsA,B, O are alí infinite cyclic and O itas
a presentationof tite form < a, b; a~ = 19»> with ni, it> 1.

3 ConjugacyPinchedOne-RelatorGroups

If we return te the surface group 2’~

.., ag,bg;[ai,bí]...Iag,bg]= 1> (3.)
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andwe lot b9 = t tIten T9 hastIte ferm

=< a1,b11...,a0,t;tUC’ — V >

whereU = a9 and y = [ai,bi]...[agí,bg~í]ag and Itence 2’~ la also a
con]ugacypinchedone-relatergronp.

The questienarises as te which of tIte general propertiesof cycli-

cally pinchedene-relatorgroupscan be extendedte the classof con-
jugacy pinchod ene-relatorgroups. Given tIte strnctural similarities of
free preductwith amalgamatienandHNN extensiotismanysimilarities
in prepertiesare te be oxpected,of ceursesomewhatmodifiod.

BesidestIte naturalties witIt surfacegreupscenjngacypinchodene-
relator groupsariseindopendentlyin othercontextsaswell. Recail that
a groupacts freely en a treeT if it actsas agroupof isometriesen T
with no fixed peintsor invers¡ens. II tIte treo la an erdinarysimplicial
treo tIten from Bass-Serrotheory O must be a free group. U T la an

E-treo (seo [B]) then fflps Theoremsaystliat O mustbe a free preduct
of abollangroupsand surfacegreups. Bassstudiod tIte generalcencopt

of a freo action en a A-treo where A is an orderod abollan grenp. As
examplesof groups which allow free actiensen A-treos are cydically
pinched eno-relatorgrenps atid con]ugacy pinchedono-relator groups

acept for the Klein bottlo group .c a, b;abe7’ = lí-~ > (as asubgreup).

Furthercon]ugacypinchedeno-relatorgrou~sappear¡ti tIte classifi-
cation of fully residuallyfreo greupsand tIte stndyof OSA groups (seo
F-G-M-R-S1). We’ll say mero of tItÉ shortly.

TIte 2-freeand 3-free resultsfor cydically pinchedeno-relatorgreups
carry ever with mediflcatienste con]ngacypinchedene-relatorgroups.
Theresults fer cydlically pinchedene-relatorgroupsusodNielsenreduc-

tien ¡ti freo preductswith amalgamatienas develepedby Zieschang[Z],
Resenberger[Re3,4,5] and othors (seo [F-R-S 1]). The cerrespending
thoory of Nielsen roduction fer HNN gronpswas devolopedby Peczyn-
ski atid Reiwer [P-R] aud is used ¡u tIte analysisof conjngacypinched

ono-relatorgroups. Important fer applicationsof ¡ti Peczynskiaud Rel-
wers results is tIte casowhere tIte associatedsubgroupsaremalnormal

in the basa Recalí that H c O is mainormal if xHx
1 fl H = {1} if

x ~ H. For acycic subgroupc U > of a freegroup E’ this requiresthat
U is not a proper power ¡ti E’. Using this Fine,Reehlatid Roseubergor

prevedtIte following two-freo result.
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Theorem 131. /F-R-R 1] Let O =< a1,...,a,.,t;tUU
1 — V > be a

conjugacypincitedene-relatorgreup. Supposethai neititer U nor 1/ are
proper powers in tite free greup en a

1,.., a,.. 1)’ < x,g > la a tino-
generatersubgroupojO titen eneej tite fellotving itelds:

(1) <x,y> lafree of rank tino

(2) <x,y>laabelian

(8) <x,y> has a presentation< a,b;aba
1 —

As ad.irect consoquenceof tIte proofwe also obtaintIte following.

Carollary 131. Let O be as in TiteeremBI and .supposethai U la not
cenjugate te V1 itt tite free greup en a

1, ..., a,.. Titen any tine-generator

subgroup ojo la either free er abelian.

The extensienof TheoremEl te a 3-freo rosult prevedte be quite
d¡fficult and required some furtlier modifications. A two-generatorsub-
grenp N of a group O is maximal if rankN = 2 and if N C M for
anothertwo-generatorsubgreupM of O tIten N = M. A maxhnal
twe—generatorsubgreupN =< U, y > is strongly maximal if br each
x Ea thereisa Y CG such tItat < U, XVX’ >&c U, YVY’ > atid
<u, YVY’> is maximal. Building upenatid extendingtIte theory of

Peczynskiatid Reiwer tIte fellowing is obtained.

Thoerem 132. [F-R-R 2] Let O =c a1,~., a,., t; tUU
1 — V> be a con-

jugacypincited ene-relatorgrvup. Supposetitat < U, V > la a strongly
maximal subgreupof tite free group en a1 a,.. Titen O is 8-free.

If < U, y > is not strongly maximal we can furthor obtain that a
subgreup of rank 3 is oither freo or has a ono-relator prosentation.

Theerem 132. [F-R-R 2/ Let O =< a
1,...,a,.,t;tUt7

1 — V > be a
cenju9acypincited ene-relatorgreup. Supposetitat ,teititer U nor y

a properpower itt tite free group en a~, ..., a,. and itt titis free group U 18

not conjugate¿o either 1/ er V1. Let H =< xl,x2,xa >G O. Tite II
la free or has a one-relatorpresentationen < x~, X% X3 >.

An analysisof tIte tecItniquesused ¡ti tIte preofof Theorom132 loads
te sevoralpartial solutions of the isemerphismproblem fer conjugacy
pinchedono-relatorgroups. First:
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TheoremB3. JF-R-R 2/ Let O =< a1,...,a,,t;tUU’ = y > be a

cenjugacy pincitedene-relator greup ami sup pese titat neititer U nor y la
a proper pomver in tite free greup en a~, ..., a,.. Suppose furtiter titat titere

is no Nielsen tranaformatien from {ai, ..., a,.} ¿o a system {bí b,.}
mnitit U E {bí b,.1} and thai ¿itere la no Nielsen transjermatiettfrem

{aí an} tea sysiem {cí, ...,cn} witit y E {ci, ...,cn—1}. Titen:

(1) 0 itas rank n + 1 and Jer any minimal generatingsystemfor O

¿itere zs a ene-relator presentation.

(2) Tite isemorpitisrnproblemforO la selvable,thai is It can be decided
algorithmicallu itt finitely many stepsmitetiter att arbitrar,j given

ene-relator greup la laemorpitie te O.

(8) 0 la Hopfian

Wenote that the results of tIte aboyetheeremhold whon n = 2 atid

u, y are elements of E’PE’~ whero E’ is tIte freogreupena~,a~ and E’PE’~ is

tIte subgroupgeneratedby the ptItpewers(p =2) and tIte cemmutators.

The techniquesdevelepedfor tIte preefsof Thoerem82 and83 were
alse usedin tIte study of tIte isemerphismproblom fer a classof para-

freo greupsintroducedby O. Baumslag.In particular in [GB 3] Gilbert
BaumslagintroducedtIte classof greupsO¿j for natural numbersi,j,

definedby tIte presentations

=< a, b,-t; <s 1 = [19,a][b’, ti >

TItis class is of special interest since tIte groups are para-free, that
is they sItare many prepertieswith tIte freo greup E’ of rank 2. lii

particular, if -y,.(O~~) are tIte terms of tIte lower central seriesof Ojj,

tIten fer all ti, C~~/-y,,(G~,i) F/y,,(F) andfurther tIte intersectionovor

alí n of tIte y,,(Oí,j) ¡5 {1}.

MagnusandChandier[CIt-M] in their Histeryof CembinaterialGroup

Theory mention tIte class
0íj te demonstratotIte difficulty of the iso-

morphism preblem for torsien-fteo eno-rélatorgreups. TItey romark
tItat as of 1980 tItere was no preof showing tItat any of tIte groups045

are nen-isomorphic. 5. Liriano ILirí usedrepresentatiensof G~,j into
PSL(2,pk),/e E IN, te shew tItat Oí,í atid 0aozoarenon-isomorphic.
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Noticethat if wo lot U = a[M, a]14 andy = ¿4 tIten O~j isa conjugacy
pincItedono-relatorgreups

045 =< a, b, t WUt — y>.

If in additien j = 1 tIten c b> and< a[b’, a]b> aremaximal cydic in
< a, b;> and Itence mainormal andItonce tIte techniquosof Theeroms
82 and 133 can be applied. Fine,Hosenberger atid Stille [F-R-S 2] tIten

preved:

Theorem 134. [F-R-S 2] Let 1 be a natural number. Titen:
(1) tite isomorpitlarn preblem br O¿,~ la selvable, thai la it can be

decided algorititmicallyj in finltely many siepa inhetiter or nel an arbitrary

ene-relator greup la isomorpitie te

(2) Oj,í is net isomorpitie te O~,i br 1 =2.
(8) if 1, lv are primes titen

01,1 0k,1 11 and ettly 1! 1 = lv.

(4) for alí natural numbersi, G~,í la ¡iopjian, everyautomerpitismof

0í,í la inducedby att automerphismof tite free group F* = F*(A, E, T)
of rank 8, witit respectte tite epimorpitismA —* a, E —* b, T —. t, and
tite automorphlsmgroup Mit O~ la finitely generated.

TItese tecbniqnoscan alse be applied te analyzea secendclass of
groupsfurtherextendingsurfacegreups. ThesehayotIte presentations

—la aK
0,0,,.=< a~ a,., t; ~ <s~ ...c71,.t= a0(l)...a<4,.)> (2)

whoro a c 1W,n c IV and a e .9,., tItat is u is a permutatienen

{1,2...,n}. Neticethatifa= 1,niseddanda=( ~ fi 1 jI 7)
then K0,1,,. is tIte surfacogreupof gonus2~I~ NeticefurtIter tbat if a = 1

tIte relator in K~1,,. is a qnadraticword.

Theorem 135. [F-R-S 8] Let K0,<s,,, be as aboye. Jf {x1, ..., x,..~í} la a
generating systemof K~0, titen {x1 x,.~i} la Nielsen equivalentte

{aí a,.,t}.

From the Nielsen cancollatienmetheden quadraticwerds tIte fol-

lowing corollary la obtained.
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Oorollary 85. Ii’ a = 1 titen K0,1,,, is a free product of a free greup

ami a surfacegreup. If ti la even K0,1,,. la never a surface group.

Kim¡K], Niblo INI, Wise ¡W} atid Rosonbergeratid SassejR-S]ah
consideredtIte residualfinitenssandsubgreupseparabilityof cenjugacy
pincItedono-relatorgroups.Lot O beagroupandu,v elementsof infinito

erdor in 0. 0 Itas regular quotientsat u if thereexists a positivo
integerni such tbat for eachpositivo integor s thero is a finito index
normal subgroupN of O with Nfl < u >~=< u”” >. O Itas regular
quotients at {u, v} if thereexists a positivo integer vn such that fer
eachpositivo integer s tItere is a finito índex normal subgronpN of O

with Nfl <u >=< u””> atid Nfl < y >=< y’»’>. Niblo [Ni] and

Kim [Kl preved that if E’ is a freo group and F has regular quetients
at {U, y } tIten tho cerrespondingconjugacy pincIted ono-relatorgreup

< E’, i; ¿UU’ — y > is subgreupseparable. D.Wise [Wj subsequently
sItowod that a free greup Itas regular quotients at a pair of elomonts
unlossthe olementshayo con]ugate pewers. Combining thosewo havo

tIte following.

Theorem 136. Let O =< a,,...,a,.,t;tUt7’ — y > be a conjugacy
pincitedone-relator groupwitit uy non-trivial elernenisofinfinute order

itt tite free groupen a~, ..., a,. witich do ttot itave conjugatepomersitt titis

free greup. Titen 0 la subgroupseparable.

TItis result Itas beenextendedin variousways. Hosenborgerand
Sasso[Re-S]preved thefollowing.

Theorem 137. Leí A be a greup and U,V be elementaofinfinite erderitt
A and let O =< A, t tUU

1 — y >. be tite HNN extensionassociatingU

ami y Suppose furtiter titat A itas regular quetients<st {U, y} and thai
A la betit < U > -separableand < y > -separable. Titen O is residually

finite.

D.Wiso [W] extendedtItis in the following way. Recail that tIte
Baumslag-Selitargroup BS(n, ni) is tIte group < a, i; ta”t71 = a’»>. If

n ~ +m then BS(n, ni) is net subgroupseparable(seo[Me]).

Theorom 138. 1W] Leí

O=<aí,...,an,ti,...,tm;IíU,tT’=Ví tU’»< =V’»>

be a multiple cyclic HNN extension of tite free greup en <sí a,, mitere

u
1, y1 u’», y’» are non-trivial cyclically reduced words itt titis free
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greup. Titen O la subgroup separable uniese It containe a subgroup lae-
merpitie te BSQn,n) mitit ti ~ ±m.

Wise and indepedentlyAab [A] also censidoredtIte subgreupsepa-
rability of graphsof freo groupswitIt cycic edgegroups,continuingthe
work of Brunner,BurnsandSelitar [13-13-5],lYetkoff¶T] ,Gitilc ¡Ci], Kim
1K) andNible [Ni] mentienedin tIte last section.

Conjugac3tpincItedono-relatorgreupsalsoarisein tIte studyof fuu]y
residuallyfree groups. TItÉ is tied te sornoqnostiensin legic studiedby
Gaglionoand Spellinan(seo [G-S 1 2 3] and tIte referoncesthere) and
independentyby Myasnikov andRemeslennikev[M-R]. We mustdefine
somenecessaryconcopts.

A greup O is residually free if fer eachnon-trivial y E O thero is

a free group E’9 andan opimerphismit9 : O —. 1% such that it9(g) # 1
and is fully residually free previdedte every finito set 5 C O \ {1} of

non-trivial elementsof 0 tItere is a free group Fs and an epirnerphism
hs: O —. E’s suchthat its(g) # 1 for all y E 3. Clearly fully rosidually

free implies residually freo.

FurtIter a group O is universally free u it has tIte sameuniver-
sal tIteery as tIte classof non-abollanfree greups(seo [F-G-R-SI for a

precise formulation) and recail that it is n-free fer a positivo integer

ti, provided evory subgreupof O generatodby n er fowor distmct ele-
mentsis free; commutative transitivo if cemmutativity is transitivo

enthe nen-idontityelements¡ti 0; andtree-free¡fO actsfroely en sorne
A—treo in the sonsoof Bass[B] whereA is sorneerdorod abeliangreup.

Gaglioneand Spolhnan[G-S 6] andindopondentlyRemeslennikov[Re],
oxtending a theoromof B.Baumslag[Ha 1] preved that if O is a non-
abollan residually freo group tIten tIte following aro oquivalont:(1)O is

fully residuallyfreo; (2) 0 is cemmutativetransitivo; (3) 0 is univorsally
freo. Fúrther they showedtItat univorsally free groupsare treofreo [G-S

51,[Re]. Fine,Gaglieno,Resenbergorand Spellman [F-G-R-SI and again
indopendentlyRemoslennikex’[Re] sItewedthat tIte conversois not true,

that is thoreexist tree-freegroupswItich arenot universally freo. In [F-

G-M-R-S] it wasprevedevory 2-freo rosidually freegreup is 3-free. Sinco
2-free groupsaro commutativo -transitivo (seosection 2) it fellews frem

tIte Baumslag result that 2-freo residually free greupsaro fully rosid-
ually freo. There are fully residually freo greupswhicIt are not 2-freo
anddierearo 3-freo, fully rosidually free greupswhicb are net 4-freo
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[F-G-R-S].A very importantconstructionin tIte deyelopmentof tIteso
resuitsis aspecialtypeof HNN extensiencalleda rankonoextensionof
contralizors. 11 tIte basegroup is freo tItis is aspocialtypeof conjugacy
pincItedono-relatorgroup. In particular lot O # 1 be a comniutative
transitivo group,letu E O \ {1} and lot M = Za(u). TIten

O(u,t) =< O,t; rol (O), t1zt = z, for all z EM>

is tIte free rank ene extension of the centralizer M of u lii O. Free
greups are commutative transitivo and in a freo greup contralizorsare
cydic. Honce ir tIte base is free tIte corrospendingrank eneextonsion
of centralizershas tIte prosentatien< E’, t; tUt’ — 1] > wbicIt is a
conjugacypinchedene-relatorgroup.

Using tIteseideas Fino,Gagliono,Myasnikev,Rosenbergerand Spell-

man[F-G--M-R-S]woreable te give acompleteclassificatienof ah fully
residuallyfreo greupsof rank tinco or less. In particularif O is a fufly
residually freo greup of ranlc <3 tIten O la oltIter freo,abelianer afreo
rankono centralizerextensionof a freo greup of rank two. Spociflcally
tIte main rosults aretIte following.

Thoorem 139. Every 8-generater, fitfly residually free group lies itt Y,

inhere Y la tite emallesí claas of greups centaining tite infinite cyclic

greupa and closeo! under tite fellowing four “operatora”:

(1) lsemerphlam
(2) Finutely Oenerated Subgronps

(8) Pree Producta of Finitely Manx, Factera
<‘4) E4ee Rank OneExtensieneof Oeniralizers.

TheoremBIO. Eva-y 2-free, residually fice group la 8-free.

We notethat tIte preefof this thoeremaswell as tIte noxt usingtIte
NielsenroductiontecItuiquosin HNN groupsdevolepodin [F-R-R 2].

TheoremBu. Leí O be a fully residually free group. Titen
(1) if rank(O) = 1 titen O la infirtite cyclic.

(2) u rank(O) = 2 titen eltiter O la free of rank 2 or free abelian
of rank 2

(8) if rank(O) = 3 titen eltiter 0 is free of rank 8, free abelian of
rank 8 or a free rank eneextensienof centralizeraof a free groupof rank
2. Thai ja O itas a ene-relatorpresentatien

—1O=<xl,x2,x3;xa vx3=v>
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mitere y = v(x1,z2) la a non-trivial elemeníof tite free group en

witicit la net a preper pemer.

Finally we mention Ityperbolicity. Two elomonts ti, y of a greup
O are conjugacysoparatedif no conjugato of < U > intersects non-

trivially with aconjugateof < y >.. Kharlamopevichand Myasnilcov

[I=-M] extendedtIte rosult of Bostvinna and Foighn te I-INN groups.
From their résultswo get tIte following.

Theorem 1312. Let O =< a1, ...,a,,,t;ttir’ — V > be a conjugacy

pincited ene-relatorgroup. If neititer EJ nor y is a preper pomer ami
U, 1/ are cenjugacy separated itt tite free greup en <sí,..., a,. titen O la
hyperbolic.
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