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Rational modeisof solvmanifolds with
K5hlerian structures.

A. TRALLE (SZCZEOIN)

Abstract

We investigatetheexistenceof symplecticnon-Káhlerianstruc-
turesencompactsolvmanifeldsandprove sorneresultswhich give
strengnecessaryconditionafor the existenceof Káhlerianstruc-
tures in terms of ratienalhemetepytheory. Qur r~ults explain
knownexampiesandgeneralizethe Bensen-Gerdontheorem[B02]
(our methedaliows us to drop tite aseumplionof tite completesolv-
ability of O).

1 Introduction

There hasbeenan interest recentí>’ in exampiesof compacts>’mplec-
tic manifolds With no Káliler structures([Ab, Gmf, OFO, FLS, McD,
LuO] andethers). With the exceptionof [McD, FLS] and the surger>’
techniqueof [Grnfj, knewn examplesare nilmanifolds coming from the
following generalthceremprova! b>’ Benson and Gordon [HG1] and
Hasegawa[Has].

Let M be acempact¡<(E’, 1)—manifoldmuitere~ a discs-ete,finitely
genes-aled, los-siortfree, nilpotenígroup. IfM admite a ¡<ditíes- sís-ucture,

liten E’ is abelian and M itas tite itomotopylype of a los-ns.
This theoremimplies that an>’ non-los-als>’rnplectic¡<(E’, 1)— rnani-

fold with nilpotení 1” >‘ields the desiredexampie.
Nevertheless,it would be interestingte look for other aspherical
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rnanifeldswhich ares>’rnplecticbat non-K5hierian.Ferexample,there-
sult of [FLS] suggestsleekingfer suchmanifeldsin theclassof eo!vman-

ifolda. Observeoncemerethat the fundamentalgreupof aselvmanifold
neednot be nilpotení, (moreover,it is knownthat for a solvmanifoldM,
the nilpotenc>’of ~ri(M) implies thediffeemerphicityof M teanilinan-
ifeid [VGS]).

Ihe caseof solvrnanifolds,hewever,differs essentiall>’frem that of
the nihnanifelds for severalreasons. In general, the Nomizu theerem
concerningthe cohomolog>’ of anilnanifeld is not available,therefore,
the minirnal medelof asolvmanifoldcannotbeusa!directí>’. Moreover,
the knewn exarnplesof sy’mplectic and K~hlerian solvmanifoldsshow
tliat al! possib!e )wmotopy typee, ¡<ditierian avid non-Kditlerian, may

occus- (seo [FLS, BG2]). The most unexpectedexampleof [BG2Jshews
that thereexistsacompacts>’mplectic solvrnanifeldof thesamerational
hernetop>’ t>’pe asT2 x ~2, but non-A?ditleriart, becauseit cannotcan>’
an>’ complexstructure[FG].

In [BG2] and [FLS] , the authorsinvestigatedthe caseof a selv-
rnanifeld 0/E’ of a covnplelelyso!vableLie grenp O andestablishedthe
necessar>’conditionsfor the existenceof KThlerian structureen such
rnanifeids. The ke>’ te the preef of the cited resuits is the Nommzu-
Hatteri theorern[11]regardingthecohemeleg>’of 0/E’ which allowedthe
anthorste establishthe s-ationalmodel(A(G/E’),d) = (AL(G)*,6). In
general,the Nomizm¿-JIattorititeos-emdoesnol itold (seo [R] avid [VGS])
andthe techniqueof [B02] is net available. Mereover,thereare man>’
types of solvmanifeldswhich are not completel>’ solvable [VGS], e.g.
solvrnanifoldsof (R)—t>’pe, (E)—t>’pe, mixa! typesetc.

Nevertheless,the rnain resuítof tbk papershowsthat thereexists
a gs-adeddifferential algebra (A(G/E’), a) whicit is a ratiortal modelof

art as-bits-ary ¡<ditierian eolvmanifoldand poeseseeslite samealgebraic
ps-opes-tiesas (t(G/E’), a). Of ceurse,in the cempletelysolvablecase
thesealgebraicpropertiesdeterminethe structureof O (it is semidirect
productof abelianand nilpetent parts). We usea different appreach
basalen the Thernastheorern[Thl], [Th2] which describesmedeisof
Serrefibrations. fle useof this theoremsis of independentinterest.

Te formulate the main result of the paper, we introducethe netion
of the tinlated tensos-prodmicíof raded commulativediffes-enuialalgebs-as.
Hereandin thesequelwe usetraditionalnetatiensof ratienalhemetep>’
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theer>’ andselvmanifelds.Nevertheless,semeof them areexplainedin
thenext section.

Let (R, cl) and (S,6) be grada! comrnutativedifferential algebras.
Introducethe tensorproduct2 ® S of 7? and$ asgradedalgebrasand
definethe “tWisted” derivationd b>’ theformula

d(r®1)=¿(r)®I,r 67?

d(1 @ e) = 1 ® 6(s) + 2(~~1)(+í)é9<s)Z<4(~) ® r~1,s e s (1)
¿>0 ¿=1

here<4 is a derivationof (8, 6) decreasingthe degreeby i, that is

<4(xy) = <4(x)y + (~iY.&9@)x<4(y)

ami j4~1,¿ 1,2,-..} constitutea basis of W~’. ~>‘ definitien, the
gradeddifferentiaialgebra(1?® 8, d) is calla! the imuisledtensorprodmiel
of (2,J) and(8, 6). lxi the sequelwe denotethe twisted tensorpreduct

(7?,cl) ®r (8,6).

Theerern. Leí M = 0/E’ be a compacísolvmanifoldcas-ryinga ¡<dh-

ter-lan sírmicímire. Titereexistea free ys-aded differeniia¿ algebra (A(E), cl)

ealisfyir¿glite following propes-ties

(i) (A(E), cl) la a Lefeciteiz atgebs-aand a rationa! modes-for E;

¿ji) (A(E),d) = (Ax,J 0) ®r (AY,6), X ant! Y are finite dimen-
sional vectorepaceeof elementeof degree1, and (AY, 6) is a mm-

imal diffes-entialalgebra;

(iii) fos- lite bigs-adingAÚ — MX ® A’Y tite equalitiesitold:

JI’(A) — A”
0, H”’(A) =

(iv) tite Lefscitetzelemeníw E A2(X e Y) can be citosen in lite fonn

avid ca2,0 and <~o,2 are non-degenerate2—forme oit X ami y4,
witich are closedant! non-exacímuith respectlo cl and 6.
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(y) dimX avid dimY are even and X’ and Y as-eca—ortitogona!.

Te illustratethe usefulnessof theorem3 we also shoWthat it gener-
alizes the Benson-Gordontheerem[BG2]. Hereand in the sequelL(G)
denotesthe Lie algebraof the Lie group 0.

Corollary. If O la comp!etely soivable ant! O/E’ is a so!vmanifold thai
admite a ¡<ahíes- síructure, liten

(i) itere is art abelian complemeníA itt L(G) of tite deriveda¿gebs-a

.‘v= [L(G),L(a)];

(u) A ancA K are evendimensional;

(iii) lite centes-of L(G) inies-sectaK trivially;

(iv) lite Kaitteriart fonn ja coitomologousto a left invas-janí sympletic

form ca = cao+ ca1, mitereK = ker(cae)ant! A = ker(wi);

(y) botit cao ant! ca1 are c!osedbuí nol exactin L(C) ant! aleo itt .M ant!

A;

(mi) tite adjoint attion of A on g is by infinitesimal symplectomos--

pitisme.

Remark.

(i) Corohlar>’ feileWs ratherfrem lite proof of Titeos-em 3.

(u) The properties(ii)-(v) statedin the Theoremare the algebraic
propertiesestablishedin [8G2] for (AL(O), 6) in the completel>’
selvablecase.

In the last sectienof the paperwe constructexplicití>’ an example
of asyrnpleticselvrnanifeldwhich is nol complete!ysolvatile. We deduce
that this solvrnanifeldis not Kiihlerian. We usethe algebraicproperties
of the medel(A(C/E’), cl) establisha!in theTheoremfer K~hlerianselv-
rnanifeidste describethe rationalhometep>’t>’pe of avi¡¡ 4-dimensional
Káhleriansolvmanifold. This descriptionexpiainsexamplesin [FO] and
[8G2] frorn theratienalhernotop>’point of view.
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2 Preliminaries

This werk is devota!, in fact, te algebraicpropertiesof free modeisof
Rlihlerian cempactsolvmanifoldsO/E’, that is free gradeddifferential

algebrasA}O/E’), quasiisomerphicte the Rham algebra f~Dn(G/E’).

Thus, we are in the framewos-kof rational itomotopy titeos-y, although
our modeisarenot minimal in general. Sincetberearemany books and
researcharticlesen rational homotepytbeor>’, We assumethe readerte

be familiar with it, referringte [Hal, [Lel, [Ta] and [DGMS].
In the sequelweconsiderthecategor>’R— DGAof gradeddifferential

algebrasoverthe fleld of therealnumbers(althoughthealgebraicresuits
arevalid fer the arbitrar>’ fleid of a zerocharacteristic).By definition, a
modelof a manifold M is a free gs-adeddifferential algebra A(M) such

that thereexistseithera homomerphism,

a : A(M) —> ~DP(M)

er a homomorphism

/3 : QDR(M) —~ A(M)

inducing isomorphismin cohomology. Of ceurse,A(M) neednot be

minimal andtherefereis not unique. We use thenetion of Uxe minimal
mocAd in the usual sense. The cohomolegy funetor for It — DGA is

denotedb>’ JI~ ~>‘ definition we cali a free finitely-graded differentiai

algebra
A

oriented if H’(A) # 0.

Definitien.

(i) A finutely-gs-adedfree diffes-entia! alqebra (A, cl) = (e~X~
0A

1, cl) is
ca!led symplectic, if itere existe an etemení[w] E H2, sucit thai

¡caja ~É0,ca E A2;

(u) Ay algebs-a(A, cl) satiefying(1) is called Lefschetz,os- satiaflea tite
itas-cA Lefeciteizcovidition if al! itomomos-pitisme

Lwr : Hn~r~. Hn+r,Lwrgh]) [ca9[h],r =1

are ieomorpitiame. Tite elementca E A2 is callecl Lefecheiz.
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Observethat s>’mplecticalgebrassatisfringPoincarédualit>’ aremod-
els of cempactsymplecticmanifolds and Lefschetzalgebrasare theseof

compactK~hlerian manifelds. This fact wiil pía>’ the ke>’ role in Section
3.

Oneof the main ingredientsof proofs in this articie is the Thomas

titeos-emcencerningthe medeisof rational Serreflbratiens [Th 1] and
¡Th 2], therefore,we reproduceits exact fermulation(see[Th 11 for the
preof).

Let
F—~E-~B (*)

be a Serrefibratien with F aud B of finite cohemelog>’ type. It is

a known fact that the fundamental group wi(B) acts natu-
raU>’ en H-’(F),j =1, that is, there exists a representatienof iri(B)
in Aut(H(F)) (see, e.g.fSefl. We presumethat, E, E, B are pali con-
nected.

Recahíthat b>’ definitien an actionof agroup O en an abeliangroup

O is calla! ni!potent if the foliowing conditionsare satisfied:

(i) O actsen O by automerphism;

(ji) the inductivel>’ definedsequence

E’iO=OiD...DE’,,+iC=jgc—c,gEG,cel½C}

vamshesfer semevi =1 (j. . .} denotesthe ZG—submodulein O gener-

ata!b>’ gc — e).

[TH]-Theorem (J.-C. Thomas). Leí (*) be a Ser-re fibration eatiefy-
itt11 lite previoue resirictione. Suppose thai ~¡-i(B) acta nilpotent4,¡ on

H-’(F),j =1. Titen tites-e existe a model (A(E),d) miticí is a iwisted
tensos-ps-oduct

(A
4}E),d) = (MB,dB) ®r (MF,dF)

of tite minimal modele(Ms, ¿14) amI (MF<IF) ofB avid E reepectively.
Tite iwieting r is of tite fos-in (3,).

Remark. We prefer te write the twisting r in the form [TeSj.

In the sequel we denotethe Lie algebraof a Lie groupO by L(G).

Ihe dual of the vectorspaceX is denota!by t.
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Feilowing [B02] We censider as so!vmanifoldsení>’ homogeneous
spacesO/E’, whereO is asoivabiesimpí>’ cennecta!Lie group andE’ is
a lattice in 0, that is a discretece-cempactsubgreup(see[Au, M] for
general theor>’ of seivmanifolds).

We introduce nulmanifoldeas hemogenceusspacesN/E’, WhereN is

a simpí>’ connecta!nilpotent Lie greupand E’ a lattice in N.

Te compareour resultswith [BG2,FLSI, we recalíthe definitien of
a comp!eie!ysolvab!e Lie group: a Lie greup O is completel>’ solvable,
if ah endemerphismsadti : L(G) —. L(G), it e L(G) pessessení>’ real
eigenvaiues.Of ceurse,thereare man>’ solvableLie greupswhicb are

not comp!etelysolvab!e(seoe.g. [Aul, [VGS]).
Te prevethe main result of this paperwe needthe following fact,

which is well-knewnaudcan be feund in the explicit form in ¡O]:
Tite minima! mode!of any compacínilmanifold N/F is of tite fos-m

init ere 6 ie a standas-d derivation determining tite coitomology of L(N):

6a(Xo,. . . X>~) = Z(~~1)t+Jlú([xí,xj,Xor. . ,X~,X5, . . . X>j, (2)
i<j

X,<, E L(N), a e AkL(N).
In Section 4 we use the notion of tite bugí es--os-des- Maese y prvduct,

referringte [K] for the definition.
A free grada! algebraover a gradedvector spaceX is denotedby

AX, the degreeof an eiementx E X is denetedby deg(x).

Anal>’zing exampiesin the last sectionof the paper,we referte the
Kodaira ciassiflcation of compact cemplex surfaces IBPVI and ¡FM].
We usethe Kodairaciassiflcationtabiein theferm [DPV] (p.188). Ah
definitiensnecessar>’te understandthisclassificatienarealeecontained
in [DPV]. Wedenotethe geometricgenusof a surfaceb>’ the s>rxnbol Ir9

and the irregularity numberby q.

3 Proof of the theoremand corollary

Let (AX ® AY, ¿1) satisfy the cenditiensof the Theorem. In the se-
quel we assumeX aud Y te be limite dimensionaland fix the bases
~ xk, ~ , ¡a of X andY respectivel>’. We beginwith
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Lemma 1. Leí (AX eAY,cl) eatlafy tite condition (u) of tite Titeos-em.
Suppoee titat (AX eAY, cl) le oriented. Titen, neceeearily, tite des-ivation

¿1 la of tite fonn

1,¡,
s#j

mit ere

j= 1

E A2X,y
81<~ E A

2Y,deg(~

8) = l,dcg(y~) = l,deg(±j)= 1

Proof. SinceH”(AX ® AY, cl) # O andsince(AX ® AY) is tbe exterior
algebra,

dimr(AX ® AY) = dimz”(AX ® AY) = dimA~(X e Y) 1.

Supposethat A~’(X eY) # Z
tt’(A(X eY)), thenthereexists y E

A”’(XeY),clv $0, dv E A~(xeY). B>’theprevieusremarkdv= au,
Where u is a generatorin A”(X e Y), cerrespendingte the non-zero
ceheme)eg>’class, which is a contradictien.

Thus

eY) — Akl,¿ + Ak,¿~l — z”1(x eY) (4)

Therefore

arecec>’cles (hereand in the sequel2¿ denotesthe absenceof xi). Cal-
cuiating du~ explicití>’ eneebtains

Y>—i (xc>) + Y., tj ±~x.y
8 + t,y. +

8!=3

Yi+1.”YI}



Rational modeis of sol vmanifolde... 165

E 1’

j=2

Xj~~ X*1/I . Yj—1t/sjtjVj+1 . ..¡¡j + XI” ~Xj . ~XkV1 . .yp~

Observethat

ZkVv yj~txb)yj+i... y~ E A>~1~1 {O}

- xj- - xfiy~ ¡ufr1>/st•¡’j±1•• . ~>,E A~1’1~1 — jo}

The flrst tWe equalities are obvious, the third folloWs, since
sEjl,.-.,j—1,j±1,”.,l}. Finail>’

x
1~ xt 24,

which meansthat

1

e Avivi,~i,o(x1 - x~ . xk)
j=1

Since theaboyeargumentis valid for all i,

¿

E tE fl~lAnnÁ¡,o(x1.. .~. ..34,)

j=

Sincethe sum eÉ ~j is of degree1, (3) fellews. Lemma1 is prova!.

Lemma 2. Uvides- tite conditiona of Lemma 1 tite inclusion ito!ds:

c Ak~¡I (5)
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Preof. Takethe elementy~ ¡a. Then

d(yí ... y~) >3(....l)¿íyi ... dy~... w =

i= 1

1
+ y.

1,, ±>j7.u.+~t~u~ Ui-f1111)t=1 s#i

1 1

— >3(~í)t-1ui . . . Yi—1=

0Yi+l .. . uz + >3(—l)~’yx . . Yi—lXiYiYi±1 . .1/l =

1=1

= >Z(...¶)i—1yí . . Ui~l~<>Yi~i~í yz EA2’1,
i~1

because

... yi±lyst•yi+i.<. ¡a E A0”’1 {0},

(z~s¡us)A/z+i O

Yi V.~i

amI

¡ui—1¡’.¡uz+1 y> (Ét) =

i=1

from Lemma1. Lemma2 is prova!.

Lemma3. Leí (AX®AY, cl) satiefy tite coviditione of Lemma7. Aseume
itt addition thai tite Poincaré dua!iiy itolda. If

H’(AX ® AY,o¶) = A1’0, (6)

liten
H~1(AX ® AY, d) — Akl.¡. (7)

Preof. From the Poincaréduaiity

dimIfl1(AX x AY) /e.

Frem (4)
® AY) = Akí¡ +



Rational models of solvmanifolds... 167

and by comparing the degrees(the calculation is straigbtferward,al-
thoughit is necessaryte usethe miviima!ity of (AY, 6) which guarrantees

that yt~, do net centainexpressionswith y):

G AkJI, d(Ak~¡2) c Ak,<L

FromLemma2 (Formula (5)

cl(Ak2¿) c Ah,¿l

and therefere,the subspaceof cobeundariesB~1 C Ak,¿1. Thus,

dimW’(AX ® AY) = dim(Ak<¡ + Ak¡1) — dimB’~1 k

Therefore,sincedimAk,¿l = !, dimA~’1’1 k the assumptionB”’ ~
Ak,¿l would imply

dirnlt1 = dirnZ’~1 — dimB”1 — k + 1—dimB~1 > k.

Thus
= Ak,¿~< (8)

amI Lemma3 is preved.

Proof of the Theerem
We begin the proof showing that thereexists a gradeddifferential

algebrawhich is a mode! fos- 0/]? ant! witicit satisflee lite conditiort (i)
of tite Titeos-em. Thenwe prove that this algebrapossessesalgebraic
properties(ii)-(v) statedin the Theerern.

Let N bethe niiradicaiof O. Fremthe Mestowtheorem{M], N <E E’
is a lattice in N. The iatter fact is equivalentte the closenessof NE’ in
0. Therefere,enecanconstructthe “deuble fibration”

Since0/E’ = O XN (NIN n E’), the fiber of the locail>’ trivial bundie
aboyepessessesthe patí-connecied structuralgreupN. EYorn the Serre
theerem¡Se], JI(N/N rl E’) is a trivial iri(G/N rl E’)—module. Since
ah cohornelog>’algebrashereare of a finite type, the Thomastheorern
(Section 2) le applicableaudthe s-aiiona! model A(G/E’) of 0/E’ ie a

imisied teneos- producí

MG¡rN ®r MNpgnr.
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It is well known that G/1’N is a terus andsinceE’ n N is a lattice, the
fiber of the considera!fibratien le a compací nilmanifoid. Finail>’,

MG4N = (AX,d = O),MN/Nnr (AL(N),6)

(seoSection2) and

(A(a/P),cl) = (AX, O) ®~ (AY, 6),

where (i) avid (u) aresatisfied Y — L(N). Supposethat (AX ® AY, cl)
satisfiesthe cenditiensof Lemma 1 and t!¡’5 are linearí>’ independent.
Then (6) holds,sincecl 1x O and cl ¡y is ene-te-ene.If somedy~ are
linean>’ dependent,frem the obviousbasechangeenecan assumethat
fer the new basicvectors ~j, t!7¡ = O axid thus 1

7j E X. Thereforeene
canassumethelinear independenceof t!y~ without lossof generalit>’and
(7) follews. New, the cendition(iii) follews from Lemma3.

Te preve(iv)-(v), takey E Y andobservethat

1
(i(zÉ)ca)caml= —i(L’)cam e

m

sincecam E A~ = Akn. From (8) i(y)cam is acebeundar>’.Therefore,

i(¡’)w «A’0

becauseotherwisethe hard Lefschetz cenditienand Lemma 3 would
give a contradictien.Thns thereexists9 E Y suchthatca(yt9) # O
and thereforeca jy.,<y. is non-degenerate. Observethat using non-
degenerac3t,onecan cheeseX te be ca—orthegonaite Y. Using the

approptiateidentificatievisof exterior algebraelementsamI alternating
ferms,eneobtainsthe forrn of the Lefschetzelement,that is (iv) and,
asaconsequence,(y). The Theorernis prova!.

Praaf of the Corollary
Anal>’zing thepreof of the Theeremenecan notice that conditiens

(iii)-(v) as-evalid los- any tinlated tensorproducí eatiefyingtite Lefacheiz
conditioneancA (u). Fellowing [BG2JWC assignte 0/E’ arnedelÁ*(C/E’)
which possessesproperties(ii)-(v) of A(G/E’), altheughthis new model
in general differs frem the iatter. We can observethat for compietel>’
soivableLie groups

JI(0/E’) ~ JI(L(C)) = JI(AL(G)*,6)
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frern Hatteri’s theerem[H]. Since

(AL(Cflb) ~

the cehomoiog>’ class of a Kahlerian form has a representativeca E
(A2L(0)t 6). Since cam # O and ca is an alternarive2-ferm en
it is nondegenerate.Therefore,(AL(0), 6) can be taken as a mode! of
0/E’.

TakeK = [L(G), L(0)] and decomposeL(G) asavector spacesurn

= X eWt

Where

= jO E L(0) ¡ 0(K) = 0},K = ja E L(0) ¡ a(A) = 0}

(hereA is an arbitrar>’ complementte .1V). New, taking into account
the equalities (the first feilows fi-orn (2))

6/3(U, ti) = —/3([X, Y]), fil = [L(0), L(0)J

we have
6(.A) = 0.

Since.1V <E in the ni]radical of L(G), the ideal.1V is nilpotentaud there-
fore

(A/Pb V~)

is a minima! graded differentiai a!gebs-a. Therefore,

(Á(G/E’) = (AL(0)t 6) = (AA, 6—0) ®r (Ah1,6 jg.)

(that is, the medelfer 0/E’ canbe representa!asa twistedtensorpred-

uct satisfyingthe condition (il) of the Theorem,the Lefschetzcondition
ami the cenditionsof Leminata 1-3 (the latter is guaranteedb>’ the
minimalit>’ of the secondterm in the twisted tensorproduct). Finail>’,
(Á(0/E’), cl) satisfies the properties (i)-(v) of the Theorernand as a
consequence,the properties(u), (iv) and (y) of the Oorollary.

Remark. Theseprepertieswere prova! in ¡B02J directí>’ for thepar-
ticular caseof (AL(0)t 6) with cempletel>’solvable0.
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Te finish the preef it is enoughte repeatthe argumentin [BG2]
(parts (i), (iii) and Cvi). Here, of ceurse, the proef is baseden the
particular cheiceof (A(G/E’), d). For exampie,the cemmutativityof A
foiiows from (y) of the Theoremandthe formula

O = ñw(A,B,y) = -.w([A, B], V)+w([A, V],B)—w([B, y], A),A, B EA, y ~

(seethe proof in [BG2] fer details). The Coroliary is preved.

4 Examples

It is rather easyte produceexamplesof selvmanifoldswhich are net
compietel>’ soivabie. For instance,an>’ 4-dimensionalreal soivabieLie
greup possessingiattices is either nilpotent, er is of eneof two forms

beiew:

a) O = R x It3, where ~ : It —~ GLa(R) is a homomorphism
satisfyingthe conditien p(1) E GLa(Z), or

b) O = It x.~, N
3, where N3 is a maximal unipetent subgroup in

SLa(R) and ~ : It — Aut(Na) is a homemorphismsuch that ~‘(1) pre-
servesthe subgroupNs(Q) in SLa(Q) of matriceswith rational entries

in N3 (see [VGS] and [Au]).
Foiiowing this generaldescriptien,weproducethe fellowing exampie.

Exaxnple 1. Leí O ant! ,o be as in a) aboyeancA define ~ by tite formula

( cosi5n sintb,r O

so(i)= —sintbir cost5r 0
0 0 1)

Titen tites-e existea laitice E’ in O sucit titat 0/]? is a compacísympleciic

sotumanifoldmuhicí is not diffeomorpitic¿o a manifo!d. Tus eotvmanifo!d
la not completel¡’ so!vable and itas no A?ñit!erian etructure.

Te prove this assertion,observethat the Lie algebraof O is of the
form

L(0) = Span(A, X, Y, z), [A, ir] = —y, [A, Y] = x, [A, z~ = o

andah otherbracketsarezere. Since

L(G) = A ~ 5, A = Span(A),5 = Span(X,Y, Z),
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whereA and8 are abelian,L(C) is selvable. It is non-nilpetent,since
ad(A)”(X) ~LO for an>’ vi. Obviousl>’ acl(A) hasimaginar>’ eigenvalues
and O is not completel>’ solvable. Sincé «1) has integer entries, O
possessesa lattice. If we generatethe iattice in R, sa>’, by i we obtain5,
a lattice E’ which le a non-nilpotentgreup extendingZ4 b>’ a greup
Z/5Z. And therefere0/]? is net diffeemorphicte aniimanifeld.

Observethat O/E’ is eymp!ectic.Te shawthis, considerthe complex
(AL(O), 6). Frem Sectien2 enecanwrite

(AL(O), 6> = (A(a,x,y, z),6),

6(a) = 0,6(x) = —ay,6(¡’) = ax,6(z) = 0.

Onecancheckthat
w = az+ xy

is a s>’mpiectic form en O/E’ (eneidentifies AL(G) with left-invariant
forms en O andprojects this forms en O/E’).

We cannol mise lite Haiiori titeos-emlo prove tite non-existenceof a

A?dit!erian ats--uctus-e,since 0/E’ is net completel>’ solvable. Te preve
the latter assertionwe appealte the Kedairaclassificationof cernplex
sm-faces. AssumingO/E’ te be Kiihlerian andhencecomplexene per-
forrns the follewing argurnent. Since 0/E’ is parallelizable, its Euler
characteristicand the flrst Pointriagin number vanish, which implies
the vanishingof the Chernclassesci and c2. Therefore, the geometric
genusp

9(0/E’) = 0. Thenthe Kodairaclassificationof complexsm-faces
implies 0/E’ te be algebraic[DPV]. Onecannoticethat if 1’ = A x~, B
is a semidirectproduct of two abeliangroupsdetermina!b>’ thehorno-
morphism ~ : A —~ Aut(B), then E’/[E’, E’] consistsof elernentsof the
form

(e, b <,o(a)(bi) . íp(ai)(b’) - bj’)

Calculatingthis expressienfer 1’ and~ determiningour particularselv-
manifold, enecancheckdirectí>’ that

rank(E’/[E’, E’]) = 2,

xvhich ixnplies that b1(G/E’) = 2. From the Kodaira classificatientable
[DPV] (p. 188) 0/1’ cannotbe asurfaceof generaltype. Then,sincethe
geornetricgenusvanishesandthe secondBetti numberis 2, eneobtains



172 A. Tralle (Szczecin)

q(0/E’) — it’(Ocg) = 1. Using thesameargumentas in [FM] (p. 30),
eneeliminatesrula! surfaces.The only possibilit>’ remainste censider
is that of h>’perelliptic surfaces.In the latter case,

O/E’ (fi x

where fi audF areelliptic cunesand JI is a ifuite group acting freel>’
en fi x F aud the generag(B),g(F) =1. Since H is alwaysof the

ferm JI = Z/mZ,m = 2,3,4,6 [FM], the possibiefundamentalgroupof
(fi >< F)/JI is ay extensionof Z4 b>’ Z/mZ with m 2,3,4,6 andfrom

our construction

which implies the proef.

Example 2.

Propositian 1. Leí M = 0/E’ be a compací4-dimensionalsolvrnanz-

fo!d. IfM admite a Kditler etrucímire, titen M itas tite raliortal homotopy

lype eititer of a los-nsT4, os- of ~2 x T2.

Proof. Assuming M te be K~hler and hencecomplex, we appeal te

the Kedairaclassiflcationof complexsurfaces.From thetable in [DPV],
either bi(M) = 4, or bi(M) = 2, sincebi(M) = 1 and bi(M) = 3 are

eliminated b>’ the Káhler cendition, and bi(M) = O cannetbe realiza!
acompactsolvmanifoldof the type a) er b) aboye.
New, appi>’ the Theorem prova! in this paper. Appl>’ing the proof

of it te the Lie greupsO of the ferm a) b), eneobtains

(A(G/E’), cl) = (A(a, b, x, ¡u), cl),

and from parts (iii) and (y) it fellows that eitber

d(a) = d(b) = d(x) = á(y) = 0,

or
d(a) = d(b) = 0, d(x) # 0, ¿1(y) # 0.

We claim new, that part (iv) shewsthat the differential ¿1 in

(A(G/E’),cl) np lo ieomorpitismle eitherof the ferm

¿1(a) = ¿1(b) = 0, <1(x) = —ay,¿1(y) = ax,
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or
¿1(a) = d(b) = 0,cI(x) = ax,d(y) = —ay.

Te prevethe latter assertion,it is enoughte makeen obviousvariable
change,taking into consideratienthe identities

¿12=0, andd(xy)=0 (9)

(the latter fohlows from (iv), sincethe Lefscbetzeiementis necessaril>’of
the ferm ab + xy. Oaiculationsarestraightforward,thereforewe won’t
reproducethem. Note oní>’, that it is convenientte rewrite ¿1, sa>’, in the
ferm

<1(x) = a11x+ ai~y, ¿1(y) = a~1x + a~y,aq E Span(a, b)

avid write explicití>’ the cenditiensen aij follewing frern (9). Then the
appropriatechangeof variablescanbe seeneasil>’.

New, it is enough te netice that the cobemoleg>’ al-

gebra JI(A(a,b,x,y),d) in beth cases le generated b>’ ele-

ments a, b, ab,xy,axy,bxy,abxy. Then semestraghtforwardcomputa-
tion showsthat JI(A(a,b,x,y),¿1) has the minimal medelgiven b>’ the
fermula

(M,cIi) = (A(a,b,)®It[Xi] ®A(yi)41),

<1(a) = ¿1(6) ¿1(X1) = 0,d(y~) = Xitdeg(Xi) = 2,deg(yi) = 3.

Sincewe assumedO/E’ te be K~hlerian, its minimal medelis a forma!
consequenceof the cehemoleg>’algebraH(O/E’) [DGMS¡. Then, the
uniquenesstheeremfor the minimal medel (which doesnol dependen

the nilpetenc>’cenditien) implies.

M Mc¡r MT2XS2.

The prepositionis prova!.

Example3.
Man>’ mereexamplescan be constructed. We restrict ourselveste

indicating enemoreexamplein dimensien8 which is a medificatienof
anexamplein ¡FLS], buí which alsecannetbehandíedby thetechniques

of [FLS].
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Proposition 2. Leí L(O) ba a Lie a¿gebs-a defined as fol!ows

L(O) = Span(A,E, X1, X2,X3,X4,X5, X6),

¡A, Xi] Xi, [A, x2] = —X2, [A, xa] = x3, [A, X41 =

[A,Xsj = aX<j, [A,X6] = —aX5, ¡B,XaJ = X1, [E, X4¡ = X2,a E U

(tite otites- bs-acketsare asaurnedto be zero).

Let O be a eimply-connectedLie group cos-reapondinglo Ji(O). Titen:

(i) O is a solvablenon-nilpotent avid not completelyeo!vableLie gs-oup;

(u) O containa a ¿attice E’ for sorneparticular a;

(iii) tite itomogeneoueepace0/E’ is a compactsymp!ecticsolvmanifold

witit no ¡<dities- atructure

The proofof this propositienis givenja [Tr] audis basa!en the quule

different argumenícombined with a long calculation using quads-up!e

Maaaeg,ps-oducta [K]. We omit it here.

Remark. Qur exampiesare analogeuste Example 1 in [BG2] and

Tbeorems1-3 in [FG] whenO/E’ is not cempletel>’soivable.

Exampiespresenta!heregive someevidencefor the fellewing

Cenjecture. A compacíeolvrnanifoldO/E’ of (R)—typeis ¡<¿Oiles-jan if
and onty if it is a itomotopy tos-mis.

~>‘ definition [VGS],a solvmanifold 0/]? is of (R)—t>’pe, if for an>’

ti E Ji(a) all linearoperatorsadti : Ji(O) — Ji(O) haveoní>’ imaginary

eigenvalues.
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