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An equivalencecriterion
for 3~manifo1ds*.

M. R CASAL!

Abstract

Within geometrictopelogy of 3-manifolds (with or without
boundary),a representationtheory exists, which mnakes use of
4-coleuredgraphs. Aim of this paperis te transiatethe heme-
emorphism preblein for the representedmanifolda into an equiva-
lence problenx for 4-coleured graphs, by rneans of a finite number
of graph-moves,called dipole movee. Moreover,interestingcense-
quencesareebtained,wbich arerelatedwith the sameproblemin
the u-dimensionalsetting.

1 Introduction and basic notations

Within ever>’ topelegical-combinaterialrepresentationtheor>’ of PL-ma-
nifelds, greatimportancehasbeenattachedte the problemof deciding
whether two different “objects” do representthe samemanifold: recail,
for instance, [R] and [5] for Heegaarddiagramsof 3-manifolds, [K] for

framed links, [M] fer generalizedHeegaarddiagrams, [Pi] for simple 3-
ceveringsof & branchedover links. From this view-peint, our attention

is fixed upen 4-colonredgraplis representing3-dimensionalmanifolds,
with or without beundar>’:as peinted out later en in the present
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paragraph,edge-caleuredgraplis are a “cliscrete wa>’” te bandepseu-
dosimplicial complexestriangulating manifelds (i.e. a suitable gener-
alizatien of simplicial triangulations,Where twa (cun’ilinear) simplices
ma>’ mtersectin morethaneneface: seo [HW]).

This papercompletesthe effort of translatingthe hemeemerpbism
problemfor therepresented3-manifeldsinto an equivalencepreblemfer
4-colauredgraphs,b>’ meansof a finite set of graph-moves,called dipole
movea; moreover,interestinggeneralizationsareobtained,whicharere-
latedwith the sameprablernin tbe n-dimensionalsetting. Actualí>’, the
samen-dimensienalproblem was aIread>’ faced- and solved - in IFG],
but in the clesedcaseení>’; here, the wheleclass of PL n-manifolds is

considered,andthe deepí>’ different approachte the probleminvolves
- amongother - up-to-dateknaivledgesrelatedte stellar andbistellar
operatiens(‘which arereviewedin the third paragraph).

The manifold representationthear>’ via edge-colouredgraphswas
flrstly introducedby M.Pezzanaandbis schoel (see [FGG] and its ref-
erences);further, it hasbeendevelopedb>’ other researchers,toe (see

¡BM], [LMI, [y], [CV]). We shall repeatherethe terminoleg>’ and the
basicnetionsuseful fer tbk paper, in arderte rnake it essentiall>’ seiL-
contained.. Fer the graph theor>’ involved, we refer te [WJ; as far as
piecewise-linear(PL) topolag>’ is cencerned,see[RSJ.Forsakeof cern-
pleteness,deflnitiens andresultswill be given - ivhere it is possible-

in the n-dimensienalpiecewise-linear(PL) setting,evenir our attention
is mostí>’ fixed upanthe 3-dimensionalcase<whereno differencearises
amengtapelagicalmanifelds, PL-manifoldsanddifferential manifolds:
seo [Mo]).

An (n+1)-coloured graph (1’, j~> is a mnltigraph r = (v(r), E(r))
endowed with a proper edge-caloratien -y : E(r) —4 A,,, = {0, 1,... ,n}

(i.e. ‘y(e) # -y(f) Lar an>’ tWo adjacentedgese,! E E(r)).
For ever>’ fi c A~, we set Un = (V(fl, -<‘(8)); the connectedcern-

panentsof r5 are said te be fi — residuce,er e — reeidues iL 8 =

— {c}, e E A,~. Moreover, Un(x) denotesthe 8-residuecontaining
the vertexx E V(P).

We sa>’ that an (n+1)-colouredgraph (1’, ~y)is regular u’itit reapecí
lo tite cobiw e E A~ if ever>’ &residueis a regular graph of degreen.
Tbe s>rmbol U, denotesthe classof all (n+1)-colouredgraphsregular
with respectte the “last” coleurn; nate that the degreeof avertex y
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in agraph (1’, ‘y) E U,, is either n + 1 (and, in tbk case,y is saidto be
an internal vertex) or n (and, in this case,y is said te be a boundary
vertex).

A theoremof Pezzana([Pe]), tegetherwith its subsequentimprove-
mentsandgeneralizations(seo [FO], [CvG], [Gil)) statesthat ever>’ PL
n-rnanifold M~ (with or without beundar>’)ma>’ be representedby en
elementof O,.: this rneansthat (at least)agraph(1?,-y) E Qn exists,frorn
Whlch asuitablepseudosimplicialtriangulationK (1’) of M~ - havingas
man>’ simplicesas the verticesof V(F) - is obtained.

The precessleadingfrorn (1’, j’) te K(1’) - andviceversa- is largel>’
exposedin [FGG]; for short,WC enl>’ rememberthat the edge-coloratien
of (1’, ‘y) inducesa vertex-labelflngof K(r) b>’ meansof A,,, which is
injectiveen ever>’ n-simplex,andthat tWo n-sñnpllcesof K(P) sharethe
(n-1)-dirnensionalfaceoppositete the c-labelledvertex (e E A,,) uf the
correspondingvertices of y (1’) arejoined b>’ a c-colourededge. More-
over, the underlyingmultigraphF of the (n+1)-colouredgraph <r, ‘y)
assec.atedte a pseudocomplexK, is nothingbut the 1-skeletonof the
ball-cornplexdualte K.

Obvieusl>’, not ever>’ (1’, -y) E Qn representsapseudocornplexK(F)
triangulating an n-manifold M”: the necessar>’andsufflcient condition
is that each 8-residue,c E A,,, representseither a (n-1)-ball er a (n-
1)-sphere. In order te nnderstandwhy this holds, somedeflnitions are
needed.

Definition 1. II a le a simptex of an it-dimensional peendocomplez K,
tite diejoiní star ola itt K, std(a;K), is tite subeomplezofK conaiating
of tite diajoiní union of tite it-simplicescontaining a ami of titeir proper
faces, mili. re-identification of tite faces containinga ami of titeir faces.

Definition 2. 1! a la a simplexof att n-dimenaionalpsendocomplexK,
tite disjoint link ola itt K, lkd(a; K), la tite subcomplexof std(a;K)
conslstingofsimplicesdiejoiní from a.

B>’ censtruction,if K = K(r) is asseciatedte an (n+1)-coleured
graph (E’, ‘y), then ever>’ rn-simplex a, whesevertices are labelledb>’
{c1, c2, . . . , c,n.~4} c A,,, correspondste a (A,, — {ci, c~, ... , cm+1l)
residue of (1’, ‘y), andthe asseciated(n-rn-l)-pseudocomplexK(~) is
exactly lkd(o-; K); thus, in particular,thepreviouscharacterizationfol-
lows from thefact that ever>’a-residue(e E A,.) representslkd(v0;K(F)),
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for somec-labelled vertex v~, of K(F). Moreover, if (E’, ‘y) E fi,, is as-
sumed,ever>’ ñ-residneis a regulargraphof degreen; this implies that
ever>’ n-labehledvertex belongste the interior of the pseude-triangula-
tion K = K(F) of M~, while the inducecl pseudo-triangulation8K of
the - pessibl>’ void - boundar>’8M~ inheritsavertex-labellingb>’ means
of A,,1. Actually, OK resultste berepresentedb>’ the socalla! bound-
ary graph (8I’,~ ‘y), which ma>’ be easily recoveredfrom (1”, ‘y) by the
following construction(see[CvG]):

- V(8I’) is the set of beundar>’verticesof E’;

- two vertices y, u’ ~ V(OP) are joined by ac-colourededgee E

E(OJ’) (with e E A,,1) if andoní>’ ir y andu’ belongte the same
{c, n}-residueof E’.

2 Mayes on edge-colouredgraphs

As airead>’ stated, “dipole moves” constitutethe main set of graph-
movesweareinterestedin; their first introductionis duete [FO],but the
presentpapergives them the atendedrneaningof “(proper) dipoles”,
asdefined in [Ql for graphswith beundar>’.

Definitien 3. Leí (E’, ‘y) E fi,, be an (n+I)-cotouredgrapit wiíit #V(E’)>
2. Att it-dipole (1 =h =n) of E’ ie a subgraphO conelating of tino ver-

tices y, u’ E V(F) joined by it edgea colonred by ci, c2,... ,~ E A,,, ami
satisfyingtite follomniny conditiona:

a) E’5(v) # E’s(u’), with 8 = A,, — {Ci, e2,...,

b) if either y or u’ is an internalvertex, then either Fn(v) er I’n(u’)
is a regular (n + 1 — it )-celouredgraph.

The coleurse1, c2 e>, are said to be involvedin the dipelee =

{v,w}. Moreover,O = {v,u,} is saidte be an internaldipoleif either y
or u, IS an internal vertex.

Note that, if (1’, ‘y) is a regular (n+l)-celouredgraph and/orcoleur

n is rnvolved in the dipole e and/or it n, then condition b) is alWa>’s
satisfled.

Definitien 4. Tite elimination (or caneeflation) of tite h-dipole e
(1’,’y) consieteof:
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a) deleting9 frem (E’,’y);

b) welding the “hanging” pairsof edgesof the samecoleurc E A,, —

{cl,c2,... ,Ch}.

The inaertion of an h-dipoleis tbe inverseprocess;b>’ a dipole move
(resp. inlernal dipole move)we meaneither the elirnination or the in-

sertionof an h-dipole (resp. intemal h-dipole), for some 1 <h <n. By
abuseof language,if E” is obtainedfrom E’ by meansof a dipole move,
we wilI semetimesindicateasa “dipole move” aleothe processinduced

en the asseciatedpseudocomplexes,>‘ielding K(E”) frern K(r).
In 102, Prop. 5.3] it is prova! that, if K = K(I’) triangulatesa ma-

nifold M”, then dipole moveyields a new pseudocomplexK’ = K(E”)

triangulating M~: in fact, a dipole insertion is nothing but a suitable
re-triangulationof an n-ball ¡IP c ¡K(F)¡. On the other hand, it is

eas>’ te check that internal dipele mevesde not affect the beundar>’

triangulations;so, the fellewing sunnnarizingresult holds.

Propasitian 1. 11K la a peendocompleztriangvdating att n-manifold
M~, and K’ le obtainedfrom 1< by a dipole move, titen K’ triangulatee
M”, loo; fnrther, if tite dipole movele att internal ene, titen OK = OK’.

u

Our main result statesthat in dimensienthree, iL the pseudecom-
plexestriangulating3-manifeldsareasseciatedte 4—colouredgraphs,the
first part of the staternentma>’ be reversed:K = K(F) audK’ =

beth triangulatingthe 3-manifold M3, areal’wa>’s equal np lo dipotes (i.e.
a finite numberof dipele movesexists, yielding K’ (resp. K) from K
(resp. K’)).

Up te new, wedon’t know whetherthewheleconverseof Proposition
1 is true, i.e. whetheran equivariantversionof our Main Theoremholds.

Wearenewgoingto defineasecondset of graph-moves(calla! wound
movea), which is surel>’ a useful toel for our proefr, but is not realí>’

a “new” set of meves: in fact, in [021 - where the original definition
appeared- it is preved that ever>’ wound meveen graphsrepresenting

manifolds ma>’ be performed b>’ meansof a finite sequenceof dipele

moves (seo [02: Prop. 5.7andCeroUary 5.81).
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Definition 5. Leí (E’,’y) E Q,, wllh #V(8E’) > 2, ami leí x ami y be
imo boundary-verticeeof E’. W= {x, y} la said lo be a muound of lype it
(or, eimply, art it-wound) involving colours C

1,..., ch (c1 E A,,1, Vi =

i) E’{4,,,}(x) = E’{4,,.}(y) fer ever>’ lE {1,2,...,h};

u) rn(x) ~ E’s(y), with 8 = A,, — {c1, c~, ..., c>,}.

Definitian 6. Leí W = {x, y} an h-wound in P E Q,, ami leí]? be lite
(n-¡-I)-co¿onredgraph oblainedby adding a new n-coloured edge belmeen
lite verticesx ami y of 1’. Titen, 1’ (reep. E’) la said lo be oblainedfrom

E’ (reap. 1’) by suturing (reep. by opening) tite woumi W; finally, both
tite procese from E’ lo 1? and lite procese from 1’ lo E’ are caUcA wound
moves.

The third set of graph-meveswe are going te define was eriginalí>’
introducedin [02] with the aim of translatingthe WCII-knewn Alexan-
der’sstellaroperations(seo[A] or [01], for example)into coleuredgraph
setting.

Definition 7. Let (E’, ‘y) E Q,., ami ¡el be att &-reeidue (a E A,,) of

E’. Tite bisectionof type (a,b) on (mu.b c A,,i — {a}) je lite procese
yie¡ding tite following new graph (¡3E’,$ ~y)E Q,,:

1) if ~‘ = (V(E’),E(E’)) is a copy of the graph =

then
V(8E’) = V(E’) u y(S

1);

2) iL E is aset of edgesconnectingever>’ vertex y E y(S) ivith its
cerrespondingvertexy’ E i¡(5~), then

E(fiF) = (E(E’) — E(!{b9) U E(S’) U É;

3) ‘¾: E(#E’) —* A,, is the edgecolouringdefinedby

( y(e) ifeEE(E’)

‘y(a) if e E E(~’) is the correspending
— of é E(S) —

‘y\CJ — 1 a if e E E(S’) is the corresponding

1 of ~ E E(S{b})
~ b if e E E
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It is not difficult te checkthat, if (E’, ) E Q,, representsthe n-ma-
nifold M~, then (pl’,’~ -y) representsM~, toe. In fact - as pointed out
in [02: paragraph7] - if tu is the a-labelledvertex of K(1’) such that
K(S) = lkd(u’,K(E’)), the pseudocomplexK(/3E’) associatedte /3]? is
simpí>’ ebtainedfrom K(I’) by performingadirect stellaroperationen
ever>’ 1-sirnplexof K (E) havingasend-pointsu’ (which is an a-labelled
vertex) and a b-labelled vertex; moreover, the vertex-labelling of K (/3]?)
agreeswith the eneof K (E’) en ever>’ “oíd” vertex,but u’ (which results
te beb-labelledin ¡<(/3]?) ), andassigneslabe>a teever>’ “new” vertex.
In this situatien,WC shall semetimessa>’ that ¡<(/3]?) itself is ebtained
frem ¡<(1’) by bleection of type (a,b) aroundtite vertezu’.

Figure 1(a)shewsthe effect of abisectionenaparticular3-residue
of a4-coleuredgraph (1’, y) E Qa (note that (1’, ‘y) and (fiE’/3 ) agreein
the net depictedparts),while Figure 1(b) showsthe effect of the same
bisectionen a single 3-simp¡exof ¡<(E) containingthe vertex tu, with
¡<(E) = Lkd (u’, ¡<(E’)).

011. -

buoct o, of Iy~c <a b> .

b

d~3

Fig 1(a)

‘In fact, Ikd(w; K(131’)) is representedby the b-residue~‘ of /31’
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b b

d d

Ib
a b

(w) (w)

a e
Fig. 1(b)

Let new (E’, j’) E Qn representthe n-manifold M~. Obviousl>’, the
first baricentric subdivisionk of ¡<(1’) is a simphicial triangulationof
M~; moreever,acanonicalvertex-labellingen 1< ma>’ beeasilyebtained,
by assigningte ever>’ vertexy of A? the dimensionof the simplex aQv)
xvhose baricenter is y.

Definition 8. With tite aboyenolatione,tite (n+1)-colouredgrapit (1’, ~)
E Q,, aseociatedte A? uñtit tite canonica¿vertez-¿abeflingla said to be tite

fis-st baricentric eubdivisionof (E’, y) E Qn.

The fellewing resultsheivsthe strict connectionbetweenbaricentric
subdivisionsandbisections.

Proposition 2. Leí (1’, ‘y) E Qn repreaenttite n-manifo¿dM”, ami ¿el

(1’, ‘5’) be lía baricentric eubdivieion. Titen, (E’, ) ami (1’, ~) are equal np

te bisections;i.e. (E’,j) may be obtainedfrom(E’,-y) bymeanaofafinite

eequenceof bisectiona.

Proof. Let Vj (j E A,2) be the setof j-labelled vertices of the pseu-
decemplex¡<(E’); obvieusly, in A?, ever>’ vertex y E Vj results te be
0-labelled, for each j E A,,. Thus, it is net difficult te check - b>’ re-
memberingthe effect of abisectionen the pseudocomplexassociatedte
the coleuredgraph- that (1’, ‘5’) ma>’ be directí>’ obtainedfrom (1’, -y) b>’
performingthe fellowing sequenceof hisections:
for increasingj = 1,2,..., n, de thej bisectionsof t>’pe (k, k —1), with
decresingk = j, j — 1,... , 1, en ever>’ k-residuerepresentingthe disjeint
link of avertex v¡ E 14.

u

Figure 2 ihlustratesthe proofof Proposition2 in the bidimensional
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case. In fact, the baricentricsubdivisionof a2-symplex(with thecanon-
ical vertex-labelling)is performedby the depictedsequenceof bisections:

- bisectionof type (1,0) aroundthe vertexvi;

- bisectionof type(2,1) aroundthe vertexu2;

- bisectionof ty’pe (1,0) areundthe vertexv2.

2 ~ 2

—o
1 6 3 0

Fig. 2

3 Moves on simplicial triangulations of marn-
folds

In the presentparagraph,A? will denotea simplicial triangulation of
a PL n-manifold M~ (with possibly veid beundar>’, if net otherwise
stated);as usual,OK and InI A? = A? — OK will denotethe (possibl>’
void) boundarij complezandthe inlerior of A? respectivel>’.

Moreover, if A E A? is an arbitrar>’ simplex, we set: st(A;K)

{C E A? ¡ BB E A?, O C B B D A}; Ik(A;K) := {C E A? ¡ 0 E
et(A;A?), O fl A = 0}.

Let new introducethe notion of bistellaroperation,which waserig-
malí>’ definedby U.Pachnerin [P], with slightl>’ different notations.

Definitien 9. [P] Leí A # 0 be a k-slmplez (O =k =n) of A?, aucit

thai lIc(A; A?) le tite boundarycomplexOB of art (n — k)-eimplex B nol

containedin A?. Titen, bisteilar k-operationX(A,B) ~,, A? le tite procese
yie¿dingtite new simplicial triangutation of M~

X(A,B>A?:=(K—A*OB) u OA*B

tuhere L1 * L2 denoteetite Join of tite two simplicial compiexeeL1 ami

L2.
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—1Note that X(A,B) = X(B,A> is abistellar (n — k)-operatien;thus, WC

cansa>’ that two simplicial triangulatiensA?, A?’ are biatellar equivalení
iL they canbeobtainedfrem eachetherb>’ afinite sequenceof bistellar
operations.

As far asclesedn-manifoldsis concerna!,the aboyemeveis sufficient
te solve the equivalencepreblem; in fact, in 1986, U. Paclinerpreved
the fellowing result, whichis analegeuste Alexander’seneabeutstellar
subdivisiens.

Prepesitien3. - [P]. A?, A?’ are simplicial Iriangulalione of tite eame
dosedn-manifoldM~ if ami only if lhey are bistellar equivalení.

Recentí>’, the same universal prepert>’ for bistehlar operations has
beenextendedte triangulatiensof the samen-manifoldceinciding en
their (non-void) beundar>’complexes.

Propesition4. - [O]. Leí A?, ¡<‘be eimplicial triangulatione of n-ma-

nifolda, wilh OA? = OK’. Titen, ¡K¡, ¡A?’¡ are FL-homeomorpiticif ami
only if A?, A?’ are bieleilar equivalení.

4 Main results

The presentparagraphis entirel>’ devetedte prevethe equivalencecri-
terion fer 4-coleuredgraphsrepresentingmanifelds.

Main Theorem Leí (E’, ‘y) E Q~ (reap. (E”, <) E Qa ) repreaertt tite

S—manifoid M3 = ¡A?(I’)I (reep. N3 = ¡A?(E”)¡ ). Titen, M3 ami N3 are
FL-itomeomorpitic manifolda if ami only if (E’, ‘y) ami (E”, ‘y’) are equal
np lo dipolea.

Fer,weneedsornepreliminaryresults;thefirst enehasthepurposeof
hinking togetherthesubjectsof theprevioustwo paragraphs,i.e. moves
en simplicial triangulationsand meves en coleuredgraphs.

Lemma 5. Leí A?, A?’ be blatellar-equivalentit-dimensionaleimpliciai

complexee. If 1’(A?) (resp. 1’(k’)) denoteetite (n-t-1)-colouredgrapit
aeaocialedlo lite (canonically labelled) bar’icentric eubdivisionA? (resp.
k’) of A? (reep. A?’» titen E’(k) ami E’(k’) are equal np lo (inlernal)

dipolee.

Preof. Let us assumeA?’ being ebtainedb>’ meansof a bistellar k-
operatienX(A,B) en A? (with O < k < n). In other words (seo the
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third paragraph),A? (resp. A?’) centainsak-simplex A (resp. an (n-k)-
sirnplex E), such that at(A; A?) = A * OB (resp. et(B;A?’) = B * OA).
Since 8(st(A;A?)) = 8(et(B;A?’)) and A? — et(A; A?) = A?’ — at(B;A?’),
we are geing te prove the statementby showing that the baricentric
subdivisionof et(A;A?) ma>’ be transforma!- by meansof dipole meves
in the associatedceleuredgraph - inte the ceneen its beundar>’.

First of ahí notethat, if H is a (pseudo-)simplicialtriangulationof an
n-manxfold M”, then the (n+1)-coloured graph 1’ = 1’(IJ) associated te
the canonicalí>’labeiledbaricentricsubdivisien4 of JI has the following
combinatorialproperties(whicharedirect censequencesof theparticular
geometricalstructureof H):

1) #V(I’) = p (n+ 1)!, wherep is the numberof n-simplicesof JI;

2) ever>’ ji, j}-residue of 1’ has length feur, Vi, j E {O, 1,..., it —

with j ~ 1±1;

3) ever>’ ji, n}-residueof É has iengthfeur, Vi E jO, 1,..., u —

4) ever>’ ji, i + 1}-residue of 1’ hasiengthsix, Vi E jO, 1,..., u —

5) every {n — 1, n}-residue R of 1” cerrespondste a 1-simplex o}R)
of JI and has length 2m, wherem is the numberof n-simphices
constitutingetd(a(R);H).

In particular, iet us assumeJI = et(A;K) = A * OB; since ever>’
n-simplex of at(A; A?) sharesexactí>’ ene (n-1)-faces with eachoneof
the other n-simplicesof el(A; A?), and since ever>’ three n-simplices of
st(A;A?) constitute std(a;H), fer sorne internal 1-simplex a of JI —

at(A;A?), thenpreperty5) turne te the foiiowing:

5’) ever>’ {n — 1, n}-residueof 1’ hasiengthsix.

New, if Ei, E2, . . . ~n—k+1 are the ñ-residuesof 1’ (cerrespendingte
the n-simpiicesof JI), and if e~ (with 1 < i < it — k) is an (arbitraril>’
diesen)n-colourededgeof]? connectinga vertex x1 of E~ with a ver-
tex x1 of E1+i, it is not difficuit te checkthat the sequenceof 1-dipole
elirninations {x¿,x9, for 1 = 1,2 n — k, inducesthe creatienof an
h-dipole (it =2){u’, u”} fer ever>’ pair of n-adjacentverticesu’, u”in 1’.
Thus,by perfermingevery such dipeleeliminatiens,an (n+1)-coleured
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graph (1?, 5) is obtained,which centainsno n-celourededge, and has
the samebeundar>’ as ~ 2 : this ebviously implies that the associated
cornpiex H = A? (t) is exactí>’ the cene from an inner n-labeiled vertex
en the canonicail>’ labeliedbeundar>’of JI (first baricentricsubdivision
of JI = et(A;A?)).

The statementis new adirect consequenceof the fact that st(A; A?)
and at(B; A?’) have the same beundar>’, and that bisteilar operation
mere»’ “exchanges”el(A;A?) with st(B;A?’).

u

Frem new on, we restrictour attentionte dimension,,< 3~ in this
setting,the follewing resultshowshowte “facterize” bisectionsb>’ means
of dipole meves.

Lemma 6. Leí (I’,-y) E Q,, represeníatt n-manifold M~, u’ith u < 3
aud leí (/3E’,13 ‘y) be obíained by bisection of type (a,b) on a 5-residueE

of E’ (v.’itit a E A,, aud b E A,,.1 — ja]).

We itave:

i) if E je a regular grapit, fi]? may be obíainedfrom E’ by meaneof a
finite sequenceof dipole inserlions;

II) if E itas not emptyboundarij, fil’ may be obtainedfrornE’ by means
of a finile sequenceof dipole insertiona, follotued by a finite se-

quenceof wound openinga.

Preef. For sakeof notatienalsimpiicity, we will censideroní>’ the case
n = 3; en the ether hand, tbe (simpler) bidimensional case has airead>’
beenhandiedin [CF: Prep. 5].

Let Ri, R2,. . . , R8 be the (Aa — ja,b})-residuesof the á-residueE
of E’; by constructien, they exactí>’ represent the 1-simplices of ¡<(E’) en
which adirect stellareperationis perfermed,in order te obtain A?(/3E’).
Since b ~ 3 is assumed,it is obvieusthat E is a regulargraphof degree
three if and oní>’ if ever>’ R, (1 =i =e) is a regular graph of degree
two. Mereover,since (E’, -y) represents a 3-manifeid M

3, the 3-residueE
representseither the 2-sphereS2 (in caseE beingaregulargraph)or the

21n fact,everyperformeddipolehasinvolvedcolourn andis, obviously, aninternal
dipole.
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2-bali ji? (in caseE beingnot regular);thus, 02- if notempty - is acon-

nected2-celeuredregulargraph,representingthe 1-sphereSi audcon-
taining ah the boundaryvertices of E. In etherwords, if R1, R2, . . . ,
(1 =a) (resp. Rt#i, Rt+2, . . . ,R8) are the regular (resp. not regular)
(As — ja, b})-residuesof E, and if Xj, Vi are the twe beundar>’vertices

of the open path Rt+~ (fer j = 1 e — t), then8E - if net empty -

consistsof exactly ene jb, c}-ceieured cycle (with jc} = A2 — ja, b}),

having jxj, Vi /1 =j =e — t} asvertex-set,with xj c-adjacentte VJ, for
every j E {1,2,... , e — i}, and Vi b-adjacentte x~(J>, p being asuitabie

cyciic permutationof ji, 2, ... e — 4.
New, if (/3F,$-y) E Q~ is obíainedby bisectienof type (a,b) en

it is easyte check - by making use of Definition 7 - that jy, x,0)} le

a 1-weund¡u /3]? invoiving coleur a, for ever>’ j E ji, 2,... , e — t —

mereover, the suture of these 1-wounds yields a 2-wound jy~.8, xP(<S>}

involving colours a, c. Thus, after suturing £ — t > O wounds, a new 4-
coleuredgraph(it ~) is ebtained,sothat the (pessiblybeundary)vertex

u’ of A? (E’) originail>’ representedby E is representedin A? (t) by aregular
b-residueE, whese (A~ — ja, b})-residues are R, R, . . . , R~ (copies of
R1,R2 Rt) andA (obtainedby cennectingthroughn-coieurededges
the copies of Rt+í,Rt+2,... , R5).

It is net difficult te prove that, since E is a regular and planar
graph (representing52), a finite sequencejvj, u’f~}, ... , jt4, u,} (with
1 = (#V (E) — 2)/2) of dipeles,alí invoiving celeura, exists,wheseelim-
inatienstransformeE inte the standard3-coleuredgraph consistingof
two vertices( 4,4, sa>’). ~

Further, the particular structure of E’ ensuresthat jv~, Wi}

{v, W~} constitutesubsequentdipoles in 1’, toe: fer, note that, if u, ú~

are beundar>’ verticesof E, then U, tD ma>’ be a-adjacentif andoní>’ if
the>’ are also 3-adjacentin 1’. Finail>’, it is ver>’ easy te checkthat,
after eliminatien of the sequenceof dipoles jvj, w~} jvfl ~;} audof
the 3-dipole jv5, v4}, the b-residueEdisappears,andthestartinggraph
(E’, ~y)is re-ebtained.

Hence,the statementresults te be preved,by simpí>’ inverting the
3Note that, precisely in this step of our proof, the dimensional assumptionis

esaential:in fact, for,, >4 it lo known theexiatenceof n-colouredgraphsrepresenting
S”’, which cannot be “reduced” by asequenceof dipoleeliminationo.
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wholeprocessfrom (E’,’y) te (/3I’,&y).

u

Cerollar>’ 7. Leí (1’, ‘y) E Q,, repreeertt att n-martifotdM”, witit n <3.
If 1’ le tite bariceniric aubdivieion of E’, titen 1’ and E’ are equal up lo

dipolee.

Proof. By Propositien2, we know that, if (E’, ‘y) E Q,. representsan
n-manifeldM”, then its baricentricsubdivision(1’, 5) ma>’ be ebtained
from (1’, -y) by meansof afinite sequenceof bisectionsof type (a, 1’), with
b ~ n; entheotherhand,Lemma6 ensuresthat, in the particular case of
dimension,,< 3 ever>’ suchbisectionis equivaientte afinite sequenceof
dipole insertionsand/erwoundopenings.Final]>’, thestatementfoiiews
by rememberingthatweundmevesen graphsrepresentingmanifoidsare
nothing but compositionsof finite sequencesof dipele moves(see [G2:
Prop..5.7]).

u

Wearenew abieteprovethat ourMain Theoremholdsfor 4-coleured
graphshavingthe samebeundar>’;this wili be the key-stenete prove it
in the generalsituatien.

Preposition 8. Leí (E’, ~¡),(E”, 7) E Q~ represenílite aame 8-manifoid
M

3. If 01’ = 01”, liten (E’,->’) and (E”,-y’) are equal up lo dipolee.

Proef. Let us considerthe baricentricsubdivisien (1’, 5) E Q~ (resp.
(1”,5’) e Q

3) of (E-y) (resp. (I”,-y’)); sinceA? = ¡<(1’) and 1<’ = ¡<(1”)
aresimplicial triangulationsof the same3-manifoidM

3, with OK = ok’,
Proposition4 ensuresthat k and k’ are bisteilar equivalent. Thus, if

(1’, 4) E Q~ (resp. (1”, 5’) e Qa) denotesthe baricentric subdivisien

of (É,’5’) (resp. «“5”))~ then Lemma5 statesthat (1’, 4) and (f”3’)
are equalup te (internal) dipoles. New, a deubleuse of Coroliar>’ 7
completesthe proef: (E’,->’) (resp. (E”<y’)), (1’<5’) (resp. (É’,5”)) and

(I’,5) (resp. (E”,5’)) areequalup te dipoles,andso (E’,->’) aud (P’,-y’)
are.

u



An equivalentetruenen.. 143

Remark 1. The proof of Proposition8, without the aid of an n-
dimensionalresuitsimilar te Lemma6 (which probablydoesnot hoid!),
yields quickly te the fellowing statement:

Leí (E’«-y),(E”<y’) E Q,, repreeentlite saniert-manifold M”. If BE’ =

BE”, titen (E, ‘y) ami (E”, 7) are equal up to (internal) dipolee and
biseetione.

Sincebeth internaldipole movesandbisteliar operationsde not af-
fect the beundar>’triangulations,in the generalsituationit is usefulte
know how te induce boundarymayesen a manifold triangulation; ac-
tualí>’, an indirect proof of the foilowing resuit le airead>’ containedin
[CG, LemmaA andB].

Lemma 9. Leí (A, A), (A’, A’) E Q~j be equal up te dipolee. Titen, for
every (E’,’y) E Qn witit (81V-y) — (A,A), tites-e exisla (E”,’y’) E Q,, with

(8E”fi’y’) = (A’,A’) eucit thai (E’,’y), (1”,’y’) are equal up te dipoles.

Preof. Obviousiy, it is sufficient te provethestatementin the foílowing
two cases:
casea) (A’, A’) is obtainedfrem (A, A) by adipole ehimination;
caseb) (A’, A’) is obtainedfrom (A, A) b>’ adipole insertion.

Casea) Lot (A’, A’) be obtainedfrem (A, A) b>’ eliminating the
h-dipoie 6 = ji, ~} (1 =it =n — 1) and iet z (resp. V) be the bound-
ary vertex of (E’, -y) cerrespendingte i (resp. 17). Then, the required
(E”, “y’) E Q1,~ le simpí>’ obtainedfrem (E’, ‘y) b>’ addinganew n-coloured
edgebetweenx andy (i.e. b>’ suluring tite woundjx, y}, accerdingwith
Definitien 6).

Fer, let (tt5) be the (n+1)-coleuredgraph ebtained from (E’,-y)
by addingfeur new verticesx’, y’, z” V” and the follewing 2n + 2 new

‘1edges: e0,... ,eh...1 betweenx’ and y ; ee,... , e%1 betweenx andy”;

e$,x),.. e(X) betweena?and a?’; e~>,.. ~ betweenY’ and y”, 4,x)
betweenx anda?; e$?> betweeny and y’, with celeuring:

— 5(~)(e”) — 1 0 < 1 < it — 1

<h)(e(X)) = <h>(e(Y>) — j h=j=n

It le new eas>’ te checkthat (E’,->’) (resp. (E”r-r’)) ma>’ be ebtained
from (t,5) byehiminatingthedipoiejx’,x”} oft>’pen—h(resp. jx”,y”}

of type it) andthe resultingdipele jy’, v”} of type n (resp. jx’, y’} of
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type n). Since (OE”Y”y’) = (A’,A’) is ebviousiyverified, in casea) the
thesisfehlews.

Caseb) Let (A’, A’) be abtainedfrem (A, A) b>’ adding the h-dipele

O = jt ~} invelving coieursti, c2, ... ‘ch E A,,1 within the (A,,.1 —

jc1, C2,. .. , c>,})-residue Z of (A, A). Further, iet (t, ~) be the (n+1)-
coleuredgraphebtainedby taking twe copiesZ’, Z” of Z, and by adding
them te (1’, ‘y) in the fei]owing way: if z (resp. z’, z”) is the vertexof

(E’,’>’) (resp. Z’) (resp. Z”) cerrespendingte the vertex~ E V(Z), then

join eachvertex Y E V(Z’) with the (beundar>’)vertex z E V(E’) by
an Arcoioured edgeand with the vertex z” E V(Z”) by n-h muitiple
edgesceleuredby A,,1 — {cl,c2, . . . ,ch}. Since, fer every i E V(Z),

jz’, z”} is an (n — h)-dipeie in (t, -y), it is easyte check that (E’, y)
ma>’ be obtainedfrem (t,5) by p dipeleeiiminatiens(of type ni, with
1 < ni =n), wherep = #V(Z).

On the other hand, (Or,
85) = (BE’,8~y) — (AA), and a

dipele O” isemorphic with O ma>’ be added te (t, ~)within the

(A,,....
1 — jcí, c2 ch})-residueZ”, giving risete an (n + 1)-celeured

graph (E”, “y’) with the required properties: (BE’~,
8 “y’) = (A’, A’) and

(E’,y), (E”,-y’) equalup te dipeles.

u

Preof of the Main Theerem. Since it is knewn that dipole meves
denet affect the hemeomorphismclassof the representedmanifoid (see
[G

2] er Propositien1), eneoní>’ implication haste be preved.
Por, let usassume¡<(E’) and ¡<(E”) te be (different) pseudesimp]icial

triangulatiensof the samemanifoid M”. If BE’ = BE” (fer example,iL E’
audE” are bethgraphswith veid beundar>’),thenPrepositien8 >‘ieids
the thesis. Otherwise,we wiii preve tbe statement(which is trivial
in dimension1) b>’ inductienen dimensionn (with n < 3). In fact,
inductiveh>’pothesis(in the clesedcase)ensuresthe existenceof a finite
sequenceof dipele mevesconnecting81” and O]?’; by Lemma9, a finite
sequenceof dipelemevesen (E”, -y’) exists,>‘ieiding anewgraph(E”’, y”)
with O]?” = BE’. The thesis new directí>’ feilews from Prepesition8,
appiiedte (E’,->’) and (E”’,”y”).

u
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In order te derive a partial generalizationof the Main Theeremte
dimensienvi, the foliewing result is of use.

Lernma 10. Leí (A, A), (A’, A’) E Qn—j, wilit A’ oblained from A by
bisectiona. Titen, for every (1’,->’) E Q,,witit (BE’,<9’y) — (A,A), tites-e
existe (E”,”y’) E Q,, mliii (BE” 8~) — (A’,A’) eucit lital E” la obíained

from E’ by bleectiona.

Proof. Witheut iossof generahit>’,wema>’ assume(A’, A’) tebeebtained
frern(A, A) by asinglebisectienof type(a,b) ena&-residue3 of A (with
a, b E A,,

1, a ~ b). Obviousiy, since (OF,e”y) = (A, A), a &-residue

of E’ exists, such that 02 = 3; hence, the required (E”,”y’) E Q,, is
simpí>’ ebtainedfrom (E’,->’) by bisectienof type (ab) en 3. In fact, if
u’ is the a-labeiledvertexof ¡<(E’) such that ¡<(2) = ikd(u’, ¡<(E’)), we
knew that the pseudecompiexA? (1”) asseciatedte E” is ebtainedfrom

¡<(E’) by perferminga direct steilaroperatienen the set E<0b>(w) of 1-

simplicesof A? (E) havingas end-peintsu’ anda b-iabelledvertex; en the
etherhand,sinceu’ is alsethe a-labeiiedvertexof A?(A) = BA?(I’) such

that ¡<(3) = ikd(w;A?(A)) = ikd(w;O¡<(F)), the 1-simphicesef ¡<(3)
en which a stehlareperatienis perfermedin erderto obtain ¡<(A’) are
nothingbut the beundar>’enesbeiongingte

The thesisflOW follews b>’ finite iterationenthe numberof bisectievis
invoived in the precess.

u

Remark2. A proefsimilar te that of the Main Theorem,with the aid
of Remark1 andLemma10, yields quickiy te the feiiewing statement:

Leí (1’, “y) e Qn (reap. (E”, “y’) E Qn ) represenílite n-manifoid M~ —

IA?(E’)¡ (reep. N~ = ¡¡<(E”)¡). Titen, M~ andN~ are FL-itomeomorpitic

martifolde if as-id only if (1’, “y) ami (E”, “y’) are equal up lo dipolea avid

bisectione.
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