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1. OITAVEM

Abstract

Weforniulaterecursivecharacterizationsof theclassof elemen-
tary functionsandtheclassof functionscomputablein polynomial
spacethat do not require any explicit boundedacheme. More
specifically, we usefunctionswherethe input variablescan occur

in different kinds of positions- normal andsafe- in thevein of the
BellantoniandCook’s characterizationof the polytime funetiona.

1 Introduction

This paperis concemedwith two well-known sub-recursiveclasses.Firs-
tly, theclassE of elementaryfunctions,introducedby Kalmar.(1943) [91
audCsilag (1947) [6], andwhich canalsobedescribedas theclassof the

functions computablein iteratedexponentialtime. Secondly,the class
Pspaceof funeticuscomputablein polynomial space:see, for instance,

[1] for a moredetailedcharacterization.

The usual inductive formulationsof e andPspaceuseexplicit boun-
dat schemes;hereour proposalis to establishcharacterizatinuswithout

any explicit boundedscheme. In order to accomplishthis we use the
techuiquesthat Bellantoniemployedto get a similar resnlt for the class
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of functions computablelii linear time and for the classof fnnctions
computablein polynamial time, [31or [4] (recently and independently,
Bellantoniannouncedin [41asimilar characterizationfor the elementary
functions).

In the next sectionwe are going to work in numeric notation, i.e.,
we will be talking about functionsdefined in cartesianpraductsof w

andassumingvalues in w. However, when studying the class Pspace,
it 18 convenientto abandonthe mnneric notation andadopt, instead,
the binar>’ notation. Therefore,we will work with functionsdefinedin
cartesianproductof {0, 1} andassumingvaluesin {0, 1}, wherejO, 1}
is thesetof 0-1words. Thischangeof notationis not mandator>’. In fact,
we could rewrite all this work in numericalnotation, although- in our
opinion- thebinar>’ notationis moreadequateto expresssimultaneously
the recursionon x audthe recursionon the lengthof x. The reasonsLar
which we madethis changeof notaticuswil becomemore clear along
the work.

2 Characterizationsof E

2.1 Classiccharacterization

We usea characterizationof the elementaryfunctions which can be
easily deducedfrom tbe characterizationgiven in [10].The classE of
the elementar>’functions is the smallestclassof functions containing
the Projectionfunctions, the Zero andSuccessorfunctions and which
is closedunderordinar>’ compositionf(~) = h(~(~))’ and thefollowing
scheme:

Boundedprimitive recursion
f(0, ~)=

f(y’,~) =

where i is abounding function and = min{u, v} is the truncation
function. Throughoutthis section, we meanby a bounding function
a function in r, whereT is the smallestclassof functions,closedun-
der composition, that includesthe projection functions and the sum,
productaudexponentialfunctions.

‘Wc adopt the standard notatioir ~ for a n—tuple of variablesand ~ fora k—tuple
of n—ary functions.
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It canbe proved,by inductionon the complexity of f, that if 1 E E
then there exists bf E T such that Wf(~) =b1(~), Le., the “size”
of the £ functions is dominatedby the “size” of functions in T. To
obtain this conclusionit 15 essentialthe presenceof the truncateat the
7’ functionsin the boandedprimitive recursionscheme(otherwise,
would obtain all the primitive recursive funetinus). Observethat the
boundingfunctionsaremonotone.We will usethis fact severaltimes.

2.2 A new characterization

Following ideasof Bellantoni andCook, [21or [3], the functionsiii E wil
havea “normaí” input anda “safe” input. We separatethe two kindsof
inputs by asemicolon,putting thenormal onesin the left andthe safe
ones iii the right.

The classE is the smallestclassof functionscontainingthe follow-
ing initial functions 1’ — 6’ which is closedimder the schemesof safe
compositionandsaferecursion:

1’) E(;x)=O (Zero)
2’) p!I;m(~, ... XnZn+I •“,xn+m) = x1, 1=i =n +m (Projections)
3’) S(;x) = (Successor)

4’) D(;x) = 2x (Duplication)
5’) P(; O) = O P(; z’) x (Predecessor)

6’) Q(;x,u,z)= { x—O (Conditional)

Safecomposition: f(z~;~)= hQ’(t);i(t Y))

Saferecursian:f(O,~;17)=
17) = h(z,t17,f(z,t17))

In the safecompositionschemethe absenceof somethe functionsf, i is
allowed.

ALí initial functionscanbe contructedinto E, if we ignore tlie differ-
ent kindsof variables. The asymmetryof the safecompositionscheme
allows us “to change” variablesfrom safe positions to normal posi-
tions, but not the opposite. This meansthat II f(~, tu; z,a) E E then

tu, z; ~)e E but, in general,we cannotsa>’ that if i(t tu; z, a) E E
then f(~i; tu, z, a) E E. Also remark that in the safe recursion scheme,
tbe recursionis doneon avariablein anormalposition andthe recur-
sivevaluef(z,~; 17) is substitutedinto asafepositionof h. Finally, note
that oní>’ the saferecursionsehemeenablesus to introductive into E
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functions that grow “substantially” faster than the functions involved

in their deflnitions. For example, we can construct the sum basedon

successor-sum(O;r) = x, snm(y’;x) = S(;sum(y;x))- or the product

basalon sum - prod(O,x;) = O, prod(y’,x;) sum(x;prod(y,x;)) - but
we cannot define somethinggrowing “substantialí>”’ faster tban prod

basalon it. More generall>’, functions without safe inputs do not pro-
ducegreat increasingsbecause,as we haveairead>’ pointed out, in the

saferecursionschemethe recursivevalue is placed into a safeposition;

hence,tbe strengthof the saferecursionsehemeis lost iL h is a function
without variablesin safepositions. If we return to the aforementioned
examples,it will becomeclear that the specialconstraintsof safere-
cursion preventus from defining sum(;x,y), andwithout it ecan not
defineprod(y;x). Therefore,by saferecursion,we areonly able to de-
fine prod(y, x;) andthe asynnnetryof safe compositiondoesnot allow
us to changeany variable from a normal position to a safe one. The
basicideais that eachtime we use saferecursionin an essentialway we

increasethe complexity but we lose a safe position forever. When no
safeposition is availablewe canno longer “increasethe growth” of the

class. Therefore, to evaluatehow far we can go into this classwe just
haveto pick the mostpowerful initial function andapply repeatedlysafe

recursion. In this casewe obtain f(z;) = 2~ by safe recursionbasedon

the function D, which is the “strongest” initial funetion of E. Sincef
doesnot havesafeinputs, we are airead>’ at the top, i.e., no function ni

E grows “substantially” faster than 2~. At this point it 18 clear that if
if 67’ then thereexists r E E such that Vir(~) =tjr(±).

Next, our purposeis to show that the class E aboyecoincideswith
8, in thesensethat the elementar>’fu.nctionsare exactí>’thosefunctions
of E which only havenormal inputs.

2.2.1 E “cantain8” dic class E

In order to prove that E contains£ we needthefollowing lemma:

Lemma 2.1. 1ff E E then

BE E EBtf E 7’s.t.f(I) = F(w;fl WVw : w > t~(~) (*)
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Proof. The result follows by inductionon the complexityof f. For the
initial functionsthe result is straightforward.

Assumnethat f 15 defined by the compositionscheme,i.e. f(zt) —

h(~(i)) where,by inductionhypothesis,h, ~ satisfy (*). Since~ belongs
to £ thereexists b9 in 7’ such that W~(~) =~ HenceF(tu;E) —

H(tu,G(w;i)) and ti@) = th(bg(~))+ Zt9~(~) satisf>’ (*) trivially.
The mostdifficult casehappenswhen1 18 definedby boundedprim-

itive recursion. In this case,we are given O,JI in E and t9, t¡~ in 7’
satis~ing(*) by induction hypothesis. Since 1 E 8, thereis b1 in 7’
suchthat Vy, 4(y, ~)=bj(y,~). The naturalcourseof action would be
to defineE by recursionon y, but that 15 not possiblebecausey is not in
anormalposition. Hence,weintroducea “new variable” z anduseit to
simulaterecursionon y. Sincef is definedby recursionon y, in order to
computef(y, ~)we must calculatealí the values1(0,4 f(1,41(2, ¡),
until f(y, ~): it 18 thus expectedthat the simulation we are seeking
reproducesthis process.

Preliminaril>’, we define sorne useful functions. We start
with the “modifled difference”, which can be defined into E
by Ti(O;x) =x,Ti(y’;x) = P(;Ti(y;x)) or by T2(y,x;) =Ti(y;x). If
our notationallowedit, wewouldcertainí>’write z~Zy insteadofTi(y;r)
andT2(y,x;), but as we haveto distinguishthe positionsoccupiedby
the input variableswemust leavethe standardnotation. We alsodefine
the auxiliar>’ function Y(z,w;y) = Tí(T2(z<w;);y), which gives us the
(w-z)—th predecessorof y or, more informail>’, Y(z,w;y) = y--(w

tz).

Wc shouldnotethat, for eachtu, y(w > y), whcn z increasesfr¿mtu — y
to tu, Y(z, tu; y) increasesfrom O to y and,hence,thereare functions
f, tj such that f(z, tu;y,i) = f(Y(z, tu;y), fl, provided tu — y =z tu

and tu =tfty,~). Thus, defining F(tu;y,E) = f(w,w;y4), we have
F(w; y, ~)= f(y, ~), sinceY(w, tu;y) = y. This fluishes the argument.

The function, f and tp, canbe definedas follows:

f(O,w;y,~) = O
C(w;±) if Y(S(;z),w;y)= O

f(z’,w;y,~) = { H(w;Y(z,w;y),~,f(z,w;y,~)) otherwise
tf(y, ~)= th(u, £, bf(y,~))+ t

9(~) + y + 1,
which are, b>’ construction,in E and7’, respectivel>’. Oncefixed y aud
~, let tu be such that tu =tfty,~). Wemust checkthat foru suchthat
tu—y =u=tu,wehavef(u,w;y4)= f(Y(u,tu;y),i). This isproven
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b>’ inductionon u. Takean arbitrar>’ u such that ~ — y <u <tu. Note
that thereexists z E tu suchthat u = z’ (sincetu — y =1).

Case1: If u = z’ = tu — y thenY(S(;z),w;y) = O. Hence,by the
definition of f,f(z’,tu;y,±)= G(tu,i) = f(O,~) = f(Y(S(;z),tu;y)0fl.

Case2:J.fu= z’> tu—y thenY(S(;z),tu;y)# O. Usingthefact
that t~ andth aremonotonewe have

tu = tj(y,~)

= th(Y(z,tu;Y),x,bf(Y(z,tu;y)),x)

= th(Y(z,tu; y), ~, f(Y(z, u’; y), ~)).

Hence, using the induction h>’pothesis f(z,w;y4) =

we get

H(tu; Y(z,tu; y), i, f(z, tu; y, ~)) = H(w; Y(z,tu; y), ~, f(Y(z, tu;y), i))

— h(Y(z,u’; y), ~, f(Y(z, u’; y), ~)).

It is easyto seethatY(z’,u’;y) = (Y(z,u’;y))’. Fromthis and from the
definitions f and f, we ma>’ concludethat

= H(w;Y(z,u’;y)4,f(z,tu;y’~))

= h(Y(z,tu;y),tf(Y(z,tu;y),z~))

= f(Y(z’,u’;y),i)

as we wanted.

u

The inclusion we want to establish15 readil>’ deducedfrom the pre-
vious leinma.

Theorem2.2. Let f(~) be InC. Then f(~;) is itt E.

Praof. Let f(ñ) be in E. E and t1 satisf>ring (*) are given b>’ the
previouslenima. We haveairead>’observedthat thereexistsr E E s.t.
Wr(~;) =t1e(t). Ihus, defining f(~) = F(r(~;)~), we get the result.

u
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2.2.2 £ “contains” the classE

We saw that E is inclusiveenoughto containall elementar>’functions.
Now, wemust seethatit onl>’ containsthe elementar>’functions. Firstly,
weprove an importantlemma,which enablesusto boundeachfunction
in E b>’ sornefunetionin 7’.

Lemma 2.3. 1ff e E then

B~ E 7’s.t. W, 17 f(~; 17) <qfti). maz{mazj ye, 1} (**)

Proof. We will argueb>’ induction on the complexity of 1. For the
initial functionsthe result is triviaL

IL f is defined b>’ the safe composition scheme, then
f(±;17) = hQ~; )~(~; 17)) where, b>’ induction hypothesis,it, f, ¡ satisfr
(**). Therefore,we haveqp,~Ír and ~ boundingit, f and.1 respectivel>’.
Thus,

=

= qh(qrGv)) . maz{maxj(q
31(~) . maz{mazjyj, 1}), 1}

and, thercfore,we cantakeqy(~) = qh(t7r(E)) . Eq,j~).

If f is defined b>’ the safe recursion seheme then, by
induction hypothesis, we have qg and q¡ in 7’ boundingg and it
respectivel>’. Theseboundscanbe assumedto be positive. Hence,if we
define qf(w,x) = q~(tu,i)’» qg(~) we will have f(O,f;17) = g(t17) <

qgc~) .maz{mazjy1,1} = qj(O,~) . maz{mazeye,1}. Now, let us assume
that f(z,~;17) =qftz,~) . maz{maz1ye, 1}. Ihen we lave

S qh(z,x) . maz{mazíye,f(z,~;17),1}

= q«z,x) . maz{mazeye,q>e(z,~). maz{ mazjy¿, 1}, 1}

S qh(z,x) .q~(z,~) . maz{ mazj ye,1}

= qhe, ~). qh(z, ~)Z. qg@)• maz{ mazj ye, 1}

= q~(z,~~)Z’ qg(~). maz{ mazj ye,1}
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= fZh(Z, ~)Z’ . q
9(~) . maz{mazjy~, 11

= q1(z’,~). maz{ma;yj, i}.

Thereforesuch qj satisfr (**), as expected.

u

This lemmais alí we needto concludethat EC 8.

Theorem2.4. Letf(~;17) be mE. Titen i(t 17)is InC.

Proof. Once more, the proof is b>’ induction on the complexit>’ of 1~
Thereis no problemif 1 is an initial function.

IL .f is defined b>’ the safe composition scheme, x.e.,
f(~;17) h(F(~;);¡Q~;17)), let )L,t,¡ E 8 be given b>’ the induction
hypothesis.At this point wejust haveto takef(t 17) = h(F(±), ¡(~, 17)).

If ¡ is definedb>’ the recursionscheme,i.e.,

f(z’4;17) =

let g,h e E and q1 E 7’ be given b>’ induction h>’pothesisand the
previouslemma,respectivel>’. Thus, taking

1(0,zI, 17) = g(~,17)
f(z’, ~, 17) = )z(z,i, 17, f(z, ~, 17))¡qj(z’,±).(’+Ey~)

we get the result.

u

3 Characterizationsof Pspace

As wehaveairead>’ remarked,in this sectionwe effect a changeof nota-
tion to binar>’ notation. Thereforewe will havein our mmd the binar>’
treeand ah standardnotation relatedwith it: x for thelengthof the
sequence/wordX, E for the sequenceof lengthzero, zy for theconcatena-
tion of thesequencex with the sequencey, the “product” x x y = z. x
(similar in growth to SamuelBuss’ smashfunction, see ¡51) for thecon-
catenationof x with itself ¡ y ¡ times,audz’for the sequencethatfohlows
unrnediatel>’afterx whenwe considerthe binar>’ treeorderedaccording
to lengthaud,within the same

length, lexicographically. Finally,x¡~ = { ~ forthe
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truncatureof z to y, wherez C x abbreviatesBy zy = z.

3.1 Classic characterization

It is known that Ptñne (the classof functions computablein polyno-
mial time) is the smallestclassof functions containingthe Projection,
i-ConcatenationandConditionalfunctions, andthat it is closedunder
the compositionandboundedrecursionon notation schemes(see[7] or
[8]). It is alsoknownthat if we closePtimeunderboundedprimitive re-
cursionwe will get Pspace.This is the casebecausethe numberof steps
that a Pspacemachinema>’ carr>’ is exponentialon the length of the
input. In otherwords, Pspaceis the smallestclassof functionscontain-
ing the initial functions 1-3 andthat is closed under the composition,
boundedrecursionon notation andboundedprimitive recursion:
i)P7(xí,...,z~)=x~, 1=j =it (Projections)
2) C1(z) = xi, i = 0, 1 (1-Concatenation)

tuotherwise

Composition: f(±)=
Boundedprimitive recursion(exhaustive):
f(e,~)= y(~)

ft:y’,i) =

Boundedrecursionon notation (over thebranches):
f(c,~) g(2)
f(yi4) = hí(y,tf(y,~))¡t(~±), i = 0,1
where t is aboundingfunction, i.e., is a funetion of the smallestclass
of functionscontainingthe projection functions andthe concatenation
and “product” functions and which is closed under compositionand
assignmentof valuesto variables.

It is cas>’ to prove that the boundingfunctions are monotoneand
that for all f E Pspacethereexists a polynomial,py (with coefflcients
in ¡TV), such that 1 f@) 1=pí(I ~ 1).

3.1.1 A new characterization

We aregoing to considera classof functions,Ps, wherethe input vari-
ablescan, oncemore, occur in two kinds of positions: “normal” and
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“safe”. As we<Ud beforewe will rite thenormalandsafeinputs in tbk
arder andseparatethemusinga semicolonas follows: f(~; 17). We sa>’
that Ps in thesmallestclassof functions containingthe initial fnnctions
~ 7’ audwhich is closedunderthesafecomposition,the saferecursion
andthe sale recursionon notationschemes:

1,) Ppm(xi,... ,z~;x~+x, . . . ,x,~,,1)=
1 =3 n + ni (Projections)

( xiifIzIecIzI
2’) C4z;x)= j th• , = 0,1 (Baunded1-Concatenation)
3’) D(;e) = E D(;xí) = xi = 0,1 (Deleting)
4’) P(;E) = E P(;x’) = x (Predecessor)

5’) Q(;x,p,z,w)= { ~‘~~“• (Conditionahi)

1 if2yGx : yl=x
6’) U(;x)= { ~ <Conditional2)
7’) x(x,p;)=xxy (Product)

Safecomposition: f(~;17) = h(F(~;);i(E; 17))

Saferecursion: f(c,t;17) = 9(x;y)

f(z’,~;17) = h(z,~I;17,I(z,±;17))

Saferecursionon notation: f(E, ~; y) = gfr; 17)

f(zi, 1; 17) = h1(z,~; 17, f(z, £; 17)), 1 = 0,1
In the safe compositionschemethe absenceof someof the functions

r, s IS allowed.

The initial functions do not increasethe length of the variables in

safepositions,with exceptionof the functionsC1(z;x), 1 = 0,1; however,
evenin this casethe increaseis boundedb>’ tbe variablein the normal

position. This fact is indispensable,sincewe havethe recursionscheme
involving safepositions,but is limits so rnuchour capabilit>’ to construct
functionsinto Psthat we needto introduceU as an initial function. The

as>’mmetr>’ of safecompositionschemeallows us “to change”variables
ftom safepositionsto normalpositions,but not the opposite.Regarding
the recursion schemes,WC have the obvious separationsbetweenthe

positions occupiedb>’ the recursionvariableandb>’ the valuesobtained

recursivel>’.

To provethat Pspace=Pswearegoingto foflow, almoststepb>’ step,
the reasoningused in the precedentsection.
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3.1.2 P8 “contalns” Pspace

Firstly, we show:

Lemma 3.1. 1ff E Papacetiten titere exista 9 E Ps ami a po¿ynomia¿
pj such that

WVtu :1 u’ I=Pf(I~ 1) ~ f(~) = F(u’;zI). (*)

Praof. The proof is b>’ induction on the complexity of 1. We oní>’
discussthecasewhen the function 1 is obtainedb>’ boundedrecursion
on notation. fle othercasesareeasyor follow methodsalread>’ usedin
the previoussection.

If f 15 definedb>’ the baundedrecursionon notation then,b>’ induc-
tion h>’pothesis,thereexistsO, H0, JI1 in PSandpol3’nomialsp9,P%>Ph1

satisfring (*). We assume,for simplicity, that Ph p>,<, + Ph1• Since
we cannot define F(u’; y, ñ) b>’ recursionon notation on y, we intro-
duce a “new variabe” z and use it to simulate the recursionon y.
To accomplishthis, we needto havesorne functions availablein Ps.
One of them is Y(z,tu;y) = T1(T~(z,’w;);y), whereT1ls defined by
T1(c;x) = x, Tí(yi;x) = D(;Tí(y;x)), i = 0,1 and T2(y,x;) = Ti(y;x).

Informalí>’ we ma>’ sa>’ that Tí(y;x) and T2(y,x;) are x¡~; therefore
Y(z,tu;y) canbe kept in mmd as Y¡(wi.» To understandthe importance
of Y in the simulationprocessjust noticethat, for eachtu, y(¡ u’ 1>1 y
when j z ¡ increasesfrom ¡ u’ ¡ — ¡ y ¡ to ¡ u’ ¡,Y(z,u’;y).increases
from c to y. Thus, our goal will be to construct into Fa a function f,
satisfring f(z,u’;yÁ) = f(Y(z,u’;W,~t) when u’ ¡ - ¡ y ¡=1z 1=1u’ ¡
and ¡ u’ 1=pft¡ y ¡‘¡ ~ 1). Since f is defined by recursionon nota-
tion, this meansthat if Y(z,u’;y) = c then f(Y(z,tu;y)<~)
otherwisef(Y(z,tu;y),~i) is given by ha or it1, dependingon whether
the last digit of Y(z,u’;y) 15 0 or 1. Therefore,we needto havein Ps
the funetion that picks up the last digit of Y(z,u’; y), That functionsis
I(z,tu;y) = U(;Y(zl,tu;y)). Now, we candefine
f(E,w;u4)= e

G(w;~)ifY(z1,w;y) = E

f(zj, u’; u,~)= { Ho(w; I(z, w; y), Y(z,w; y), ~, f<z, u’; y, t))) ifl(z, u’; u) = 0

I(z,w;y), Y(z,w;y),~, f(z,w;y,~)))lfI(z,w;y) = 1
Or more formalí>’
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¡SE, u’; y, = E

f(zj, u’; y,~)= Q(; Y(zl, u,; y), e,G(w; ~),
h(w; I(z, tu; y), Y(z,u’; y), ~, f(z, u’; y,

whereh(w;i,a,S,c)=Q(;i,1,Hi(w;a,b,c),HO(w;a,b,cI).
Therefore, we just have to put F(w;y,~) = f(w,w;y,~) aud

pft¡ ~¡ i,¡ ~1) = mndi y ¡, ¡ b1(¡ y [1~ 1)) + pg(I ~I)+ ¡ u ¡ +1, where
bf is a polynomial boundingthe lengthsof the outputs. It is Cas>’ to
seethat when ¡ z ¡ increasesfrom u’ ¡ — ¡ u 1 to ¡ u’ ¡, f simulatesthe
processof recursionon y in the function f.

Given u aud~, let u, be such that ¡ u’ 1=‘ftI u 1,1 ~ ¡). We prove,
by induction on 1 u ¡, that ¡fi u, ¡ — ¡ y 1=1u ¡=1w¡ then

f(u, u’; y, ~)= f(Y(u, u’; y), fl.

Ihis implies that

= f(iv,u’;y,~) =

as expected. Let ube such that ¡ u’ — ¡ y 1=1u ¡=¡u’ ¡, and take
z E jO, 1} andj E jO, 1} suchthat u = zj.

Casel: If¡u¡=¡zj ¡=¡w ¡— ¡yjthenY(zj,w;y)=e,andso

f(zj,u’;v,=~)= G(u’,~) = f(e<~) = f(Y(zj,w;y)4).

Case2: If ¡ u 1=1 zj 1>1 u’ ¡ — ¡ y ¡ thenY(zj,w;y) ~ E. Assuming
f(z,u’;y,~) = f(Y(z,w;y),~) we have

> Ph(I Y(z,u’; y) ¡, ¡ ¡, b1(¡ Y(z,u’; y) LI ~ 1))
= Ph1(I Y(z, tu; u) 1,1 1,1 f(Y(z, u’; y), i) ¡)

andso, b>’ the generalinduction hypothesisover h1,

Hi(w;Y(z,w;y)j~,f(z,u’;y«~)) = H1(u’;Y(z,u’;y)4,f(Y(z,w;y),~))

— h1(Y(z,w;y),t,f(Y(z,w;y),fl).

Hence, by definition of f and b>’ the observationthat Y(zj, u’; y) =

CI(z,w;y)(;Y(z,w;u)),we have

f(zj, u’; y, = H¡(z,w;y>(v)j Y(z,u’; y), ~, f(z, u’; y,
— hI(r,w;y)(Y(Z,u’;y)4, f (Y(z,w;y), ~))
— f(Y(zj,u’;y),~)
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The proof of the lemmais finished.

u

Thearem3.2. Let f(~) be itt Papace. Titen f(±;)la itt Ps.

Proof. Let f(i) be in Pspaceand,by the previouslenmia, takeF and
p~ satisfying(*). It is eas>’ to show that thereexists r E Ps such that

¡ r(~;) ¡=pft¡~ ¡). Thus, just put f(~) =

u

3.1.3 P8pace“contains” Ps

The inclusion Ps ~ Fapace is a simple consequenceof the fact that it
is possibleto bound pol>’nomiall>’ ever>’ functionsin Ps:

Lemma 3.3. 1ff E Ps titen titere exista a polynomiat q~ such titat

W,17¡ J(~;17) ¡< maz{qj’(¡ ~ ¡), maz1 ¡ 1/1 ¡}. (**)

Proof. The proofis b>’ inductionon the complexity of 1. The initial
functionsposeno problems.

1ff is definedb>’ the safecompositionscheme,thenwehaveq¡~, qn Qa
satisfying(**) and, therefore,wema>’ take,

qftl ‘~ 1) = q~(qr(¡ ~ 1)) + ~qs}I ~
e

II f is defined b>’ safe recursion then, considering qj(¡ z 1~
¡ ~ 1) = q~(I z ¡4 ~ ¡) + qg(¡ ~ ), the result follows by induction
on the recursionvariable, sinceqg, q¡ veriL>’ (**). We have
¡ f(c,t17) 1=maz{qj(¡ c ¡,¡ ~ ¡),mazí ¡ y~ ¡} and, since ¡ f(u,t 17) ¡
=maz{qf (¡u ¡,¡ ¡), mazj Im ¡}, we get,

< mo.x{qñ(¡ u ¡,¡ ~¡), ma4max¿¡ ¡, .«u, ~; ;

< maxfqh(Iu ¡4 & ¡), max{mazi¡ ini, q4¡ u ¡,¡ 2 ¡) + qg(¡ 2

< mo.x{qftfl u¡,¡ 2 ¡>±q
9fl2¡),maxi¡ ut

< max{qh(Ju’ ¡42 ¡)±q9(¡2 ¡tmaxi ¡ vi I}
< max{q1(¡u’¡,jfj),maxjyí¡}
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If f is definedb>’ recursionon notationthen, if we set q¡. qp,<, + q¡1
andq1(¡ z LI ~ 1) = q~(I z ¡,¡ ~0 + qgfl i ¡), we ma>’ canyon the result
b>’ inductionon variablerecursionlength, sinceqg,q’~,, Qh1 satisfr (**).
Thus

If(c,t17)I = IgU~;17)I
S maz{q,(h~ ¡),mazí ¡¡‘1 ¡}

= maz{qf(¡E¡,¡xitmazt¡p¿¡}

Now, since ¡ f(z,~;17) =max{q1(¡ z ¡4 ~ ¡), maxj ¡ y~ }, we get

¡ f(zí,2;~) j = j ht(z,2;9,f(z,2;p)) ¡
< max{qh(¡ z ¡4 2 j), m«maz ¡ 1’1 f~, 2; ~)l)}
< max{qh<¡ z ~¡& ¡),mo4maxj¡v~ h moz{qf(¡ 21,121), max~ tu I)}}
— maz{qh(Iz ¡42 ¡),maz{q1(¡21,12 ¡), man j yi

— lnox{qh(I zj,¡2 1)~ ma4qh(I z ¡4±1) + qg(¡ 2 ¡), maz ¡ vi
< max{qh(I 21,121) ±qg(¡2 ),maxi ¡ yi

< max{qh(¡ a1,121)±q9(¡2 ¡),maxi tu I}
< ma4qj(jzi¡,¡2j),mozí¡y1j}

Therefore,W, 17 ¡ f(~; 17)1=max{q1(¡ ±¡), mazj ¡ yj

u
At this point is obviousthat thelengthof thefunctionsin Psis pol>’-

nomialí>’ bounded.It canalsobeeasil>’ shownthat, for ah pol>’noniials,p
thereexistsaboundingfunetiont such thatp(¡ E 1) =1 t(2) ¡. For exam-
píe, iL p(xi, X2) = xi.x~+2.x2then,for t(xi, x2) = (x~ xx2xx2)(11xx2),
WC will havep(¡ x1 4 x2) ¡ t(xi, x2) . Therefore,in order to provethe

following theorem,wejust haveto checl< that it is possibleto boundthe
saferecursionsehemes.

Theorem 3.4. Let f(~;~) be itt ¡-‘e. Titen f(2,17) le itt Papace.

Proaf. The proofis standardandneednot be reportedherein detail.
Thekey stepis whenf is obtained b>’ sakrecursionor b>’ saferecursion
on notation. In both caseswe know, b>’ the previouslemma, that for
sornepolynomial q~ we have

¡ f(z,t17) 1~ maz{qf(¡ z ¡,¡ ~ ¡),maxi ¡ y~
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Thus, defining pfl z ¡4 ‘~ Li 17 U = qiu z ~ 1) + E1 ¡ víj, thereis a
boundingfunctiontsuchthatp(¡z ¡‘¡ t ¡4171)=1 t(z,~,17> . Therefore,
WC definef b>’ the correspondentboundedrecursionscheme,with bound
t.

u

Wehavejustestablishedacharacterizationof PspaceWithout bounds.
Te finish this papersornefinal remarksarein order.

Remarks.
Sornepeopleexpressedtheir concernaboutour inclusionof theproduct
funetionamongstthe initial functionsof Fe. The>’would prefer te have
¿nl>’ initial functionsof linear growth. We observedin subsection3.1.1
that WC must be ver>’ careful aboutoperationsinvolving safepositions
because- havingsaferecursioninvolving safeposition - if the>’ increase
the safe input lengthsevenjust a bit, we would get functionsof expo-
nentialgrowth, whicb líe outsidePspace.Therefore,in order to remove
the product from the initial functionswe seemto haveto introducean
intermediateinput pasition,Sa>’ semi-safe,anduseit to constructthe
product. Therefore, if we start with sixnpler initial functions We will
arrive at a more elaboratecharacterization.Let us give abrief glance
over tbis alternativecharacterizationof Pspace. Here, thereare three
kinds of input positions in the ftmctions: “normal”, “semí-safe” aud
“safe”. We Write the normal, senil-safeaud safe inputs b>’ this order
andseparatethemb>’ semicolons.We sa>’ that Ps’ is the smalléstclass
of functionscantainingthe follovñnginitial functions 1’ — 7’ and Which
is closedunderthe safecomposition,the saferecursionandthe deuble
recursionen notationschemes:
1’) P;~”~’(xi,... ,x~;x~+i,•• %Xn+m;Xn+m+1,”~ ,Zn+m+J) = xj,

1=j=n+m+l (Projectiona)
f zise x¡.C¡z¡

2’) C1(z;;x) = x otherwise ,a = 0,1 (Boundedi-Concatenation)
3’) D(;;E) = ED ;;xi) = x,i= 0,1 (Deleting)
4’) P(;;E) = EP(;;x’) = x (Predecessor)

f zsexg~
5’) Q(;;x,v,.z,w>— ~ otherwise (Conditionahi)

7’) C1(;x;) = xi,i = 0,1 (i-Concatenation)
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Safecomposition: f(~; 17; ~)= h(i(~; ; ); t(~; 17;); t(~; ;

Saferecursion: f(e,±;; 17) = g(t; ; 17)
f(z’ót;17) = h(z4;;17,f(z,±;;17))

Dauble recursion on notation:
.f(cÁ;17;i) = g(~;17;t)

f(tui,~I;17;~) = it1(tu,t17,f(u’,~;17;fl;~,f(w,<ivfl), 1 = 0,1

Ihe goal of the double recursion on notation scheme is to join two
schemesin one. HoWever, it could be replaced by the two following
schemes:

Semi-safe recursion on notation:
f(E,~;17;) = g(±;17;)

f(u’ió~;17;) = ití(u,,t17,f(wó~;17;);),i= 0,1

Safe recursion en notation:

f(c, ~; ; = g(~; ; i)

f(u’i, 1;; = h1(u’, zt; ; ~,f(u’, ~; ; ~)),1 = 0,1

The basic facts are as folloWs:

Lemma 3.1. 1ff E Pepace titen Itere exista 9 E Ps and a poiynomial
Pi sucit tital

WVu’ :¡ u’ ¡=pj(¡ ~ ) ==> f(~) = F(u’; ;~). (*)

Theorem 3.2. Let f(i) be itt Pepace. Titen f(~;;) la in 1’?.

Lernma 3.3. 1ff E Fe) titen existe a polynomialq~ aucit thaI

¡ f(~;17;2) 1=maz{q1(¡ ~ U ±maxi ¡ y¿ ¡,mazí 1 z~ ¡}. (**)

Tbeorern 3.4. Let f(z~;17;~) be iii Fe). Titen f(~,17,~) la in Fepace.
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