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Abstract

In tbe paperwe atud>’ the existenceof nonzeropositiveinvaru-
ant elementafor positivo operatorain Rieszapeen.The cinasof
Rieszapacesfor which theresults arevalid fr largeenoughto con-
tain ah the Banachlattices with ardercontinuousnorma. Ah the
resultaobtained in earhier works deal with positive operatorsin
KB-spacesaud iii manyof themthe approachja basedupantite
useof Banach llinita. The metitoda created for KB-spacescannot
beextendedto oir moregeneralsetting;tbat is why oir approacb
la different. We do not use Banachlimita aud tbe invariant ele-
mentawecomeup with aremuchensierto describethantbe ones
constructedinvolving Banachlimita.

1 Introduction

Let E be aRieszapaceandlot 2’: E -4 E be apositivelinear operator
(all tite operatoraconsideredin tuis paperarelinear operatora).Given
u E E we aay thatu is an mvariaxit (or aT-invariant)elementif Tu = u.

Qur goal un tWa paperla to atud>’ tite existenceof nonzeropositive

invarxantelementaof positiveoperatorsin aclasaof Rueazapaceswitich
ja largeenoughto containah tite Banacitlatticeswith order continnaus
norma.

Tite problemof tite existenceof nonzeropositiveinvariant elementa
of positiveoperatorain KB-spaces hasbeenatudiedin tite paperaof
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Akcoglu andSucheston[2],BrunelandSuciteston[41,Millet axid Suche-
aton [7J,Shields [10], axid in our paper [12]. Tite metitoda usedun tite
above-mentionedworks are well-auited for KB-spaceaaxid it doesnot
seemto us that tite>’ can be extendedto BanachIatticeswith order
continuousnorma in a straightforwardmanner. Moreover, tite resulta
obtainedfor KB-spaces,general]>’, do not remainvalid in BanacitIat-
ticeswitit ordercontinuouanorma.

lii order to illuatrate thia last idea, let us cansidera tbeoremde-
acribedb>’ BrunelandSuciteaton[4],which auminarizesresultaof Sitielda
[1OJ,Akcoglu axid Sucheston[2], andBrunelandSuciteston[41.(Foroxir
purposeawe will not state an the equivalentasaertionadiscusaedlxi [4],

oswe do needon]>’ four of thent)

TheoremA. Lot E be a KB-space,lot E’ be tito dualof E, lot 2’: E —~

E be a poaitivepower bozrndodoperator, asanmetitat E itas weakarder
unita, and Lot e be sucia a weak arder unit of E. Titen, tite following

anertiana are equivalent:

(0 Titen exista a woak arder umit u al E sucia titat Tu = u.

(u) II x E E’, x =0,x ~ O, titen Hm in.f<2”’e,x>> O.
u

(iii) Tite imoqualityIirninfK!ZTko,x> > O halda lar everyx E E’,

x>O x#O.

(iv) Tito inequalityhmsup<!ETke,x> > O la true whenevorxE E’,

x =0,x ~ O.

TheoremA doesnot remaintrue if, mateadof assumingtitat E ja a
KB-apace,weonly requireE to be a Banach lattice with order continu-
ouanorm (evenuf we nasuinethat 2’ la a positivecontractionof E). In-
deed,let co be tite Banacitlatticeof an realvaluodsequenceawhicit con-
vergetozero,andlet8: ca —*co, S(a1,a2,a3,.-j= (al,aí,a2,as,...)

for ever>’ (aí,a~,<13, “) E ca. It ja well-known that ca itas ordercontin-
uousnorm, andit la obviousthat 8 la a positivecontractionof eo. Also,
it ja not difflcult to serthat tite asaertioxis(Ii), (lii), and(iv) of Theorem
A aretrue for 8 eventitougit (1) faila to be truo.
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Lot E be aRieaz space. Given u E E, u =O, ~ # O andy E E,

u >0 v# Owesay that u dominatea uifuAw# Oforover>’w E E,
o <tv <u, w ~ O.

Qur concern in tite work ja to obtain sufficient conditiona for tite
exiatence of 2’-invariant positive elementa witicit dominate a given u E E,
u > O u ~ O. Consequontí>’, we will also obtain conditiona for tite
existenceof T-invariantweakorder unita.

Lot 2’: E —* E beapositivooperatorandset A»(2’) for
u k=O

ever>’ u E IN.

Basicail>’, orn approach can be described as follows: given u E E, wo
will find conditiona under whicit eacit of tite ehemexitaHm sup A»(2’)u

n
axid hm unf An(T)tt (whenevertite>’ exiat) ha aT-invariant elementandu
dominateau. It’u la aweakorderunit, weobtain2’-invariantweakorder
unita.

Tite idea to coxisider hm lid A,d2’)u axid limsup A»(2’)u as candi-
u u

datesfor T-invariantelementaappearsin apaperofRotit [8] lxi whicit he
sitows titat if E = L’(X, E,~~)for sornear-flnite measureapace(X, E, ji),

it’ 2’ ja a positive contraction of L’(X, E,ji), andif u E

u > O titexi Hm mf A»(T)u ja lii L’(X, E, ji) and isa T-ixivariant elemontu
(ite afro discusaes (among man>’ otiter titinga) invariance properties of
lim supA»(2’)u (witicit ma>’ or ma>’ not be an elementof L1(X, E, p))).

u
Qur resulta sitonld be comparedwitit a clasaical theoremconcerning
tite existence of finito invariant measurea of positive contractiona of L1-
apaces (seo, for example, Theorem 4.2, Pp. 137-138 of [5]).

Tite settingfor our resultawill be describedin terma of Rueaz dual
s>rstema. In tite next section (Section 2) we will discusa several facta

noeded later on. lxi Section 3 axid Section 4 we presentsufficientcondi-
tiona for lim sup A»(T)u and hm mf A~(T)u to be 2’-ixivariant elementa

u
andto dominateu, respectivel>’.

Unlesaotiterwiseatated,tite terminolog>’andtitenotationauseditere
can be found in tite booka by Aliprantia and Burkinahaw [3] Luxexnburg
and Zaaxien [6], Scitaefer[9], and in orn papera [11, 13-15].
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2 Preliminaries

Tite aim of this section ja to present severalnotionaandresultatitat will
be used later in tite paper.

Lot E be an arder completeRieszapace.Givenu E E, we will denote
b>’ B(u) tite principal projectionbaxid in E gonerated b>’ the singleton
{u} axid b>’ P~, tite bandprojectionasaociatedwitit B(u).

As in [14], given a sequence(~“)»Ew of positiveelementaof E we
will use tite notation B~,o((u»)»~w) for tite largest baxid in E on which

la unbounded.

Lemma 1. Lot (~»)»cN be a .sequenceof positivo elementaof E <md

y E E, y ~ 0, y ~ 0. 1! B,x,((u»)n~w) fl B(v) = O, titen far everzj
tEB(v),t=0,t#OtitereexistsscB(v),O<s<t s#Osucittitat

tite sequence(P~u»)»~w la arder baundedin E.

Proaf. Tite proof of tite lemmaja similar to tite proof of Lemma6 of
[15].

n
Titus, as in [15], set u,, = Vuk for ever>’ u E EV.

k=1
Lot t E B(v), t =O, t ~ O. Sinco B(t) C B(v), and since

Boo((un),,~w)fl B(v) = O, it follows titat Boc,((u»),,cm¡) fl B(t) = O.
Titus, the sequence(u,,)»~w la xiot unboundedon B(t); conaequentl>’,

ja not unbonndedon B(t), either. Uaing Lemma 9-(a) and
Lenuna7 of [13], the sameargumentaas lxi Lomma6 of [151show titat
titere exiata even a nonzero component .s of t sucit titat (Psu»)»ENis

arder bounded in E. Q.E.D.
Nowlet E be a Riesz apace(not neceasaril>’ordercomplete),let E

be tite order dual of E, asaume titat M separatestite pointa of E, axid
let J be an ideal in V such titat tite pair <E, J> ja a Rieazduals>’atem
(titat la, such that J separatestite pointaof E).

Lot 2’: E —. E be apositiveoperator,andlot 2’ : E —* E be tite
dual of 2’. We Sa>’ titat 2’ haspropert>’ M(J) if T~(J) cE J that ja, if
tite restrictionof T to J ja a well definedoperator(denotedb>’ T, as
well), t : J * J.

Examples. (a) If E la aRueazapacewhoseorderdualfl sepaxatestite
pointaof E, titen an>’ positivooperator2’ : E —+ E haspropert>’ M(E~).
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(b) Lot F be a Rueszapace,lot fl andE’ bu tite flrst axid the
aecondorderdualsof F, reapectivel>’, andasanmetitat F separatestite
pointa of F, so E can be thought of as a Rieszsubapaceof F** (seo,
for example,Theorem5.4, p. 58 of [3]). Aasumeafro that, as a Rueaz
subapaceof F, F ja an ideal. Let 3 : E E be a positivo operator,

let S F -. E~ be tite dual of 8, and set 2’ = St Titen <EtE> ja a
Rieszdual systemand2’ has propert>’ M(F).

(e) It la not difficult to fixid aRieszduala>’stem<E, J> andapositivo

operator2’ : E —. E whicit faila to itave property M(J). For example,
let co, ¿1, and l~ be tite usualBanacit lattices of realvalued sequences,

aud let 2’ : l~ —* 11, 2’((ai, a~, a3,-”)) = (Éa»~ ~ for ever>’

c t’. Clearí>’, 2’ is apositivooperator(actuall>’, 2’ is apositivo
contractionof 1’), aud it is Cas>’ to sertitat tite dualT of 2’ is defixied
as follows: 2’ : l~ —* l~’, 2’((ai, 02, 03, -)) = (ai, a1, al,-”) forever>’

E l~. Titus, it follows that 2’ doesnot hayopropertyM(co).

Givon a Riesz dual s>’stem <E, .1> as before, lot J be tite order
dualof J. lxi order to avoid poasibleconfusionawe will sometimesuse
the notationaaupm(infE) or aupj.(inb~) ir¡ order to indicatethat tite
suprema(ixiflma) aretaken in E or J, respectively.Now, lot 4, : E —.

Jt 4,(u)(x) = x(u) for ever>’ u E E, x E J be the canonical embedding.
It ja well-lcnown(seo,for example,PP. 58-59of [3)) that 4, is aone-to-one
lattiée preservingoperator; titus, given u C E, we will not diatinguisit

betweenu axid 4,(u); that IS, WC will think of u not oxil>’ as an element
of E but afro as a linear fuxictional on J. We sa>’ that tite Rieaz dual
a>’atem<E, .1> haspropertye uf E ja ordercompleteandif thecanonical
embedding4, preservescauntablesupremaaxid infima.

Examplesof Riesz dualay’atemawhich hayo property C are eas>’to
fixid: it’ E la anardercompleteRieszapace,axid if an>’ elementof J ja an
ordercontinuonalinear functionalon E, titen, b>’ a titeoremof Nakano
(seoTheorem5.5, p. 59 of [31),tite Rueazduals>’stem<E, J> haspropert>’

C; un particular, uf E la a Banachlatticewith order continuousnorm,
titen botit Rueazduals>’stems<E, EM> axid <E, E> havepropert>’C.

Lemma 2. Lot <E, ~>be a Riesz dualsystemmitich itas prapertyC, lot

2’ : E —* E be a pasitiveoperator ant! asaumetitat 2’ itasprapertyM(J).

Titen 2’ is a a-arder camtimuousoperatar.
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Proof. Since 2’ ta a positivo operator,it followa that it ja exiougit to

aitow that 2’ (suppu,,”~ = sup E
2’~n for an>’ orderboundedmonotonic

\nclV/ nel’.T
nondecreasingsequexice(~4,,~w of positiveelomentaof E. To titia
end, lot (~n)»cw be such asequenceof positive olementaof E and set
ti = sup

Lot T~ be tite dualof 2’ andlot T : -4 P be tite dual of tite
reatriction of T~ to J.

SinceTu,, <Tu for over>’ n E JA!, andsuncoE la ordercomplete,it
follows that supBTU,,exista.

nclN
Since (E, J> haspropertyC, using Proposition 4.2; p. 72 of ¡9], we

obtain that

<Tu, x>=<u, Tx> <Tx, supj*u»>
nclV

— sup <Tx,u,,> = sup <x,Tu,,> = (st, sup
nEIN nclN tIEJW

— <
for ever>’ st E J st > O

SinceJsoparatestite poixita of E, weconcludethatTu = supE Tu,,.
..dN

QE.D.
Lot <E, J> be a Rueazdual system, lot 2’ : E —.* E be a positivo

operator,axid set

Ic(T, j> = E<T~v,x> =0 or +00 for over>’

E E VEE,OSv<¡u¡ and xEJ,x=O j
Note tite similarity betweon tite notion of tite conservativo ideal gen-

eratedit>’ apositivooperator(seo[111)and tite definition of Ic(T, J) (if
J ja tite ordordual EM of E, titen Ic(2’, EM) ja oxactí>’ tite conservative
ideal definedin [uf). Arguinonta similar to tite oxies usedin Theorem
1 of [11] showtitat Ic(2’, J) ja an ideal in E. Wo will calI Ic(T, J) tite
coxiservativeidealwith roapectto J gen¿atedby 2’.



On Invariant Eloments¡‘nr PositiveOperators 91

Lemma3. Lot <E, J> be a Bien dualsystemmiticia itaspraportyC, ant!

lot 2’ : E —* E be a positivo oporator witicit has prapertyM(J). Titen

Ic(T, J) is a u-ideaL

Proof. Sincelc(T, J) ha aix idealun E, un viow of Thoorem17.2-(il), PP.
94-95of [6], it follows that it la onoughto prove titat supsunE Ic(T, J)

vi

for ever>’ monotonicnondecreasingsequence(~n),,~w of positive ele-
montaof tc(2’, J) auchthat ~ exhats.

It

To titis end, lot (~~),,Ew be such a soquenceaxid set u SUPEU,Z.

Olean>’, wo ma>’ assuinethat u ~ O.

Lot t> E E, O < u < u and asaumothat >3<T”u,st> > O fon some
n=0

st E J, st> O. Titen titereexists vio E EV U {O} such that <T”<>v, st> > O.
As in Lemma1, lot T : -4 Y be tite dualof tite restriction of

Vto J.
Taking into considerationtitat <E, J> itas property <2, that 2’ is u-

order continuousby Lemma2, andusing Proposition4.2, p. 72 of [9],
we obtain that

0< <2”%,st> = (no (supE(ukAv)’~ ,sts
\ \kEW/ ¡

= <:uPs2’~kMukAv)~st>

= <st, :v*Th’~~<>(ukAv»

= sup (st,T»O(nkAy)>
kEAV

= sup<T~6(ukAv),st>.
kEEV

Titus, titere existak0 E JA! auch titat <T~o(u,,,~ A u),st> > O. Since

ii~0 E lc(T, J), it follows titat >3(Tn(u~ A u),st> =
n=O

Taking unto considerationtitat 0 5 u~ A u 5 u, wo concludethat

Z(T»v, st> = +00.

n=0
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00

We itave titeroforeproved titat >3<2’»v,st> = O or +oo for ever>’
n=o

y E E, 0 5 y 5 u andfor oven>’ st E J, st =0.Accordingí>’, ti e Ic(2’, J).
Q.E.D.

Lot E be a Riosz apace,lot J be an ideal in tite orden dual E of
E andlot 2’ : E —* E be a linear operator. Wo sa>’ that 2’ is J-weakl>’
powerboundod,if sup <T”u,x)j c +oc for ever>’ u E E aud st E J.

Lemma 4. Lot <E, J> be a Riesz dual systeni, lot T : E —* E be a

positivo operator, assumetitat lc(2’, J) la T-invariamt (titat is, asaume
titat T(Ic(2’, J)) C Ic(T, J)), ant! lot u E Ic(2’, J), u =0.

(a) If Tu Su, titen Tu = u.

(b) If 2’ la J-weaklypomer bounded,ant! if u < Tu titen Tu = u.

Proof. (a) Asaume titat Tu ~ u. SuncoJ separates tite pointa of E it
folhows that thereexists st E J, st > O suchtitat <u — Tu,x> # O. Since

Ic(2’, J) is 2’-invaniant, we hayo that u — Tu E Ic(2’, J). Accordinghy,

>3<T%u—2’u),st> = +00.

Qntite otiter itand,

00 »

>3<2’~(u — 2’u),x> = hm >3<T¶u — Tu),st>
ra=O

— hm (<u st> — <T»~’u,st>) =<u,st> < +00.
u—.+o0

We hayoobtainedacontradiction.Accordingí>’, Tu = u.

(b) As at (a), asaumethat Tu ~ u and pick st E J, st > O sucit titat
00

<Tu — u,x> ~ O. SinceTu — u E Ic(T,J), it fohlows that >3<T”(2’u —

n=O
u),st> = +00.
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Howeven,

É<fl(Tu—u),st> lirn >3 <2””(2’u —u),st>
n=o nt=o

hm (<2”’~’u, st> — <u, st>)
fl~+00

< (~íft<2’n+1u,x>í) +<u,x> <+00

since2’ is J-weaklypowenbounded.
We hayo obtaixied a contradiction, so, we concludetitat Tu = u.

Q.E.D.

3 The Invariance of hmsup Au(T)u
71

Lot <E, J> be a Rieszduala>’atemwitich hasproperty<2, lot 2’: E -4 E

be a positivooperatorwhich itas propertyM(J), andlot u E E, u =O,
u ~ O. Qur goal in titia section ja to describeaufficient conditioxia
for lim sup An(2’)u to be T-invaniant and to dominato. u, whenever

71

hmsup A~(2’)u exista in E.
71

Aa poixited out in Section2, given u E E, we rna>’ think of u as an
elemoptof J; moreover,asan elementof J, u is an orden continuous
linear functional on J andhasa cannierwhich will be denotedr(v).

Theorem5. Asaunio titat 2’ la J-weaklypower baundedaud titat tite

conservativoideal Ic(T, J) la 2’-invariant. Lot u E Ic(2’, J) be suchthat
u > O u ~ O. Iflirnsnp A,,(T)u exista itt E, titen limsup Au(T)u la

It It
2’-invariattt. lf, in addition, limaup<A,,(2’)u,st> >0 br overgst E r(u),

71
st > O st ~4 O, titen lim sup A~(T)u dominatesu.

71

Proof. Since u E Ic(T, J) and since we asaumetitat Ic(2’, J) ja 2’-
invaniant, it follows that An(2’)u E Ic(2’, J) fon even>’ vi E EV. Titus,
lim sup A,,(2’)u E Ic(2’, J) since by Lomma 3 tite conservativoideal

vi

Ic(2’, J) is aa-ideaL
Set u = lim supA,,(2’)u.

71
We firat prove titat u la T-invaniant.
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Sinco 2’ ja apositivooperator,andsince,by Lemma2, tite operator
2’ ja u-ordencontinuous,it follows that

2’(limsup(A4T)u)) = it’ 2’ (SUP(Ak(2’)u))

=i~fsup(TAk(2’)u)= limsup(2’A,«T)u)

limsup 2’+2’2+.. ~+TItu

)

n

= ?fl+1¡+2’+T2+.••+Tflu

» k n+1
1= limsup(A,,~í(2’)u + —(Avi+í(T)u— u)).

n u

Taking Sto coxisiderationthat (An(2’)u)»6w ja an orden bounded
soquence,wo obtain that (An+i(2’)u — u),,EEV is also orden bounded.

SuncoE la an ArchimedeanRiesz apace,it followa that

— u)) = lirn mf (!(A7+í(T)u — u)) = o.

Accordingí>’,

liinsup(AIt+dT)u) limaup(A»~i(2’)u) +lim mf (!(A,,±í(2’)u—71 1 u))

<himsup(A,,~1(2’)u+ —(A,,#i(T)u — u))
71 u

<limsup(A,~i(2’)u) + limsup (±(An+i(T)u — u))

= limsup(A,,~i(2’)u).

It

Titus,

1
2’(v) =limsup(AIt+j}2’)u+—(A,,+l(T)u—u)) li¡nsup(A»+í(T)u) = y.

It u 71

Since 2’ is J-woakly powen boundod,b>’ Lemma4(b), we conclude
that Tv = y.

NOW assmnethat Hm sup<A,«T)u,st> > O fon even>’ st E r(u), st > O
71

st ~ O axid asaumethaty= lim sup A,,(T)u doesnot dominatou. Titen,
71
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titere existatu E E 0< tu Su, tu # O auchthat vAw O. Sincow
as an elementof f ha anonzeroorden continuouslinear functionalon
J, wo infer titat tu hasanonzerocardenr(tu) in J. Titus, titoro exista
st E r(w), st =O, st # O.

By a titeoremof Nakano(ser, fon example,Theonem5.2, Pp. 56-57
of [3]), it follows titat y and tu hayodisjoint carniera,so <y, st> = O.

Since <E, J> is a Rueazdual s>’stem,it follows that J separatestite
pointa of J, so we ma>’ titink of tite elemonta of J as elemoxits of tite
orden contjnuousdual of J; hence,we ma>’ thinlc of st as a positivo
ordencontinuouslinear functionalon J.

Clearí>’, st E r(u) sincest E r(w) andO < tu <u.
Taking into considerationthat <E, J> itas proport>’ <2 we obtauna

contradictionsixice

O = <y, st> = <st,himsup.j*An(2’)u> = mf<st, aupj*A»(2’)u>
» le n>k

=mf sup<x,A,«2’)u> = Iimaup<A,«T)u,x) > O.
~ n>k 71

Q.E.D.
Theorom5 canbe used lii orden to obtaixi a sufficient coxidition fon

tite existenceof 2’-invaniantweakarderunita. Indeed,asaumethat E itas
weakordenunita, that2’: E ~ E ja a J-wealdy power bouxided positivo
operator, axid that Ic(2’, J) = E; it’ u ja a weak ordenunit of E aucit
titat limsup A»(T)u exista in E andsuch that Hmsup(A,d2’)u,st> >

u vi
O fon oven>’ st E r(u), st =O, st ~ O, titen Titeorom 5 implies that
lim sup An(T)u is a 2’-invaniant weak ordenuxiit of E. E particular, it’

71
E is aBanachlatticewhicit hasordencontinuousnorm andweakorden
unita, uf J EM, it’ 2’ : E E is a (nonm) power bauxidedpositive
operatorauch that Ic(2’, EM) E andif u is awoak orden uxiit sucit
that limsup An(2’)u exists in E andauchthat limsup<An(T)n,st> > O

71 vi
fon ever>’ st E EM st > O st $ O, titen Hmsup A,,(2’)u ja a 2’-invaniant

vi
weakordenunit of E.

4 The Invariance of hm mf A,,(T)u
TI

Lot E be an arder completoRueaz apaco, lot <E, J> be a Ruosz dual
aystemaxid lot 2’ : E —* E be a positivo operatonwhich hasproport>’
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M(J).
As mentionedin Introduction aun goal in titia section ja to atud>’

conditionsunder witicit Dm ini A71(2’)u ja 2’-invaniant axid dominateau
71

wheneveru E E u > O u ~ O is such that hm mf An(2’)u exista in E;
71

titat is, we will atud>’ tite sameproblemaas in tite pneviouasectionfor
Hm ini A,,(2’)u, natiter than Dm sup A»(T)u. It is of interest to poixit

It 71
out that even though tite existence of Hmsup A,,(T)u iirnplies tite exis-

71

tenceof Hm ini A,«T)u, flnding conditionaunder wldcit Dm mf A71(T)u
71 71

dominateau ja moredifficult titan in tite caseof lim sup A,,(T)u.
It

Titroughouttitia sectionwe will asaunethat all tite elementaof J are
orden continuous linear functionalaon E. Like in the pnevioussection,
given u E E wo Will denoteb>’ F(u) tite carnienof u in i (providod, of
courae, that we think of u as an arder continuouslinear fuxictional on

Lemma6. Lot uEE u>O, u#O, aud assume titat
himaup<A,«2’)u,x> > O for ovory st E F(u), st =O, st # a. 41’

It
n B(u) = O, titen far everyx E r(u), st =O, st # O

titere estists a montera compouenty of st and a E E, a > O sucia titat

Dmsup<A,«T)u,z>> a<u,z> lar overy componemtz of y.
71

Praof. Lot u E E u > O, u # O be auchthat himsup<2’
71u,st>> O fon

71
oven>’ st E 12(u), st =O, st # O, asaumetitat B

00((A,d2’)u),,CEV) ri B(u) =
O, and asaumetitat tite nasortianof tite lemmafaila to be true for u.
Titen titereexista st’ E 12(u), st’ =O, st’ ~ O such titat for oven>’ nonzoro
companent y of st’ and fon oven>’ a E iR, a > O titere exiats a nonzero

componexit z of y sucb titat Iimaup<A,d2’)u,z>5 a<u,z>.
71

Sincest’is an ordencontinuouslinear fuxictionalon E, it follows titat
tite carnienand tite nuil apaceof st’ areprojectionbandaand E ja titeir

orden direct suin (seo Proposition4.10, Pp. 78-79 of jO]). Titus, if
denotestite projectionof u on tite canrierof st’ un E, titen t is anonzero
compoxient of u since<u, st’> # O.

As B00((A»(T)u)71EEV)fl B(u) = O, ~vecan apply Lemma1; accord-
ungí>’, titeneexistas E B(t), 0 5 s =1,s ~ O such that tite sequence

is ardor boundedin E.
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Sincewe ma>’ thixik of s asan ordencontinuouslinear functionalon
we canconsidentite projection (witich will be denotedb>’ st) of st’ on

tite carden12(s) of s in J.
Sinces la in tite carienof st’, it follows that <s, st’> # O; as J la tite

arderd.irectaunof tite carnierandthenuil spaceof a in J, we mier that
<a,st> = <a,st’>, so st laa noxizerocomponentof st’. Accordingí>’, st enjo>’s
of tite propert>’ whicit waa used in arderto pick st’, that ja, fon ever>’
nonzerocomponenty of st axid fon oven>’ a E iR, a > O titero existaa
nonzenocamponontz of y sucit titat limsup<A,«2’)u,z> =a<u,z>.

71
Set

f zis acomponentof st sucit titat
y E ~ sup(A,.(2’)u,z> =a<u, z> }

fon oven>’ a E IR, a > O. Qur goal ja to aitow that st E 12~ fon oven>’
a E IR, a> O.

To titis end, lot a E IR, a> O.
We wull now shawthat at least ono of tite following two situationa

occura:
(a) titereexistaa finito nurnberof mutuall>’ diajoint nonzenocampo-

ni

nenta21,22, ~••,z~ of st in 1% such titat Vzk= st;

k=1
(b) titere exista a sequence(z¡j~~jp¡ of mutual]>’ disjoint nonzero

00

componentaof st in r0 sucit that V 2k = st.

k=i

Set yo = O and l~ = O. Titen, either <u, z> < 4<u, st> fon ever>’
z E 12« on elsotitereexistaa finito numbenof mutual]>’ disjoint elemonta
zi, 22,-~~,

2ií of 12« sucit titat <u, 2k> =4<u, st> fon oven>’ Iv = 1,2,•--,ji,
ji

and <u,z> < <u,st> for ever>’z E 1’<~ z < st — Vzk (actualí>’, u <2
k=i

sinceif we asaumetitat ji > 2, titen wo abtaina cantradictionsunco

<tt,X> =<u>~zk> =<u, z
1V z~ V za>

= <u, 21> + <u, 22> + <u, 23> =~<u,st>).
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It’ <u,z> < ~<n,x> fon oven>’ z E 12«, titen set y~ = O axid L~ =
ji

otherwise, set yi = Vzkaxid l~ = j1.
k=1

If vi = st, titen tite situation (a) occura axid tite procedureatopa.
it’ vi st, titen eititer <u,z> c ~<u,st> fon oven>’ z E 12~, 2 < st —

y¡, or else, titore exista a finito numbenof mutual!>’ disjoint olementa
211+1, z1~+2, . . - , z¡~.j~ of F<~ such titat

2k st— vi, <u, 2k> =k<u,st> fon
ever3’k=li+1,1i±2,...,ll±j

2,and<u,z><~<u,st>foreveLyzCro,

2< st— (vi y (y 2k)) (similar angumentaas tite anosusa! fon

shaw titat .12 5 3).
II <u, z> < ~<u,st> fon oven>’ z EF0, z 5 st — yi, titen set 1/2 = vi axid

/‘1£+a2 \
12= lí; otitonwiso, set y2 = Yi V ~ z4 and12= l~ +32-

\k=¡i+í /
1/2 = st, titen stop sincewe are in tite situatian (a); otherwiae,

contunuetite procedure.
In general,asauinetitat we abtainodYnY2r”,Ya, l1,12<”,la, axid

that y8 st. Titen eithen <u,z> < .4?2<u,st> fon evory z E 12~, z 5
— Ya, or else,titeneexiatsa finito numberof mutuall>’ diajoint elementa

zz.+í, 21.4.2,... z¡•.~¡•~ of
1’a sucit that 2k < st — ya, <u, 2k> = 4~<u, st>

fo+everyk=l
8+1,l8+2,...,l.+j8~1,axid «¿,z> < ¡-4r~<u,st> fon oven>’

2 E 12~, z <st — (1/8v (VzIi~)) (as in tite case of ji, it follows that

i.+~ 5 a + 2).
II <u,z> < k<u, st> fon oven>’ 2 EF0, z st — Ya, titen set Ys±í= Ya

andl~+~ = l~; otitenwise,set ~ = y8V and18+1 = ¿8+3844.

Ya+1 = st, titen tite proceduneatopaas tite situation(a> occurred;
it’ 1/sn ~ st, titen tite praceduneis continua!.

Asanmethat tite situation (a) doesnot occur; titen, tite aboyepro-
cedunegenerateaasequence(2k)ke¡p¡ of mutual!>’ disjoint nonzera com-
poxiontaof st in 120. Titus, in ordento pravo that in this case(b) occura,

00

we hayoto shawthat V
2k =

k=i
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00 00

To titis exid, asaunietitat Vzk # st andset y = st — Vzk. Since 3’
k=1 k=1

is an ideal in tite arden dualE’ of E andsinceEM jaorder complote,it
follaws titat 3’ as a Riosz apacein its own nigitt ja also ordencomplete;
itonce, usixig Titearem3.15, Pp. 37-38 of [3] we infen that y ja acompo-
nont of st. ~ince y # O it follows that titere exiatsanonzerocomponent
z of st sucit titat z <y and 2 E F~.

Sixico st E l’(u), WO obtaixi titat 2 E 12(u), so titeneexista 1 E EV U {O}

suchtitat lis tite fiat nonnegativointogenwitit tite propentytitat <u, 2> >

0<2 A (22k) 5 y A (22k) = O, it follows that

(22k) = 0, 50 2 A 1/1+1 = O, wherey¿+i la tite componentof st
appearslxx tite procedureusa! to constructtite sequenco(2le)lecw. Tak-
ing into conaiderationtite wa>’ in which 1/1+1 was dofined un tite proce-

00

dure. we obtain a contradiction. We concludethat V 2k = ~, 50 tite
k=1

sequence(2k) leeJA¡ satiaflestite condlitiaxisof (b).

Sinco at leaatono of tite situationa(a) or (b) occura, it ja obvioua
that in order to pravo titat st E 12~ it ja onaugit ta shaw titat st E 12~
witenovor (a) or (b) occura.

Asaumetitat (a) occura and lot 21, 22, - ~, z,,~ be mutual]>’ disjoint
ni

nonzerocomponontaof st in 12~ auchtitat V 2k = 1’.
k=1

Titen,

aup<Aí(2’)u,st> sup (É<AI(T)u, ~
1= \
ni

5 >3sup<AÍ(2’)u,zk>
le=1

fon oven>’ j E EV.

tite sequence(suP<Aí(2’)u~2k>)
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is monotonic nonincneasing fon ove!>’ lv = 1,2,... , ni, we obtain titat

nl

Dmsup<A,,(2’)u, st> = mf sup >3<A¿(T)u, 2k>
It <>6EV ~<>k—1

< ini (ÉsuP<Aí(T)u~2le>)

nl

= >3 mf sup(AÍ(T)u,zk>
k=li6EV ‘=5m.< >3 a<u, 2k> = a<u, st>,

le=1

so, st E It witeneventite situation (a) occura.
Now asaumethat (b) occura axid lot (2¡j leEN be asoquenceof mu-

00

tuall>’ disjaint nonzeracomponentaof st in F0 suchtitat V z¡c = st.

le=1
Since tite sequonce(Ps(A,dT)u)),,6g>¿is orden boundedin E and

sinceE ja orden comploto, it followa titat supEP8(Á»(2’)u) oxiats. Set
7161N

u supEPs(An(2’)u).
nejA!

Lot u E EV, lot cabeacomponontof x, audlot (fi(s))” botito dlajoint
complomentof E(s) in E.

SuncoA,,(2’)u — P5(A,d2’)u) la an elomentof (B(s)Y’, it follows titat
A,,(T)u — P.(A,dT)n) axid s ano lattice disjoint as elomonts of E; titus,
A,,(T)u — P8(A,,(T)u)ands aro latticedisjoint in 3”, as wehl, witonovor
we titink of them as elementaof P. flus, wo canappl>’ a titearomof
Nakano(serTitearem5.2, pp. 56-57of [3]), andtakingintoconaidoration
titat ca la un tite carien12(s) of s (sinco O < ca _ st andst E 12(s)), we

obtain titat

<A,,(T)u,ca> = <An(T)u — P4A,d2’)u),w>
+<Ps(A»(2’$4,ca> = Ps(A,«T)u),ca>.

Setx¡= Vzkfoneven>’LEEV.
le=1

Titesequenco( aup<A«T)u,z¡>’~ convergestabit’ aup<Ale(T)u,z¿>
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nonnegativenumborafor oven>’

hmsup<A,.(T)u,stm>
It

ja amonotoniexionincreasingsequenceof

1 E JA!. Accordingí>’,

= mf sup (É<Ak(r)u~ 21>)

— ~ (u~f~<Ale(Tu~20)

nl

— >3limsup<A71(2’)u,z¿>
It1=1

nl

< >3a<u,z¡> = a<u,stm>
1=1

fon evor>’ m E EV. Sincostm ja a component of st, it foilows that st,,, E 12«
fon ever>’ m E ¡A!.

Lot £ E IR, e > O. Suncou’, as an elementof 3”, is an andencon-
tinuous linear functionalon 3’, audsince st,,, 7 x, it followa titat titere
exista mo C EV auchtitat <¿,st — st,,,> <e fon ever>’ nl =mo.

We obtain that

limaup<An(T)u,st> =
71

ini sup(<Ak(2’)u, x,,,~>
k>u

< ini (aup(<AdT)u,strno>)
‘~ \k>n

+sup(<Ak(T)u,x —
k> 1

= mf (aup(<Ak(T)u,stmc0)
71 \k>n )

+sup(<Ale(T)u,x — st,,,~>)
k> 1

= limsup(<A,«T)u,st,,,,3>)
71

+aup<Ps(Ale(T)u),st— st,,,0>
le>1

a<u, st,,,~,> + <u, st — stm<,> < a<u, Xfl,0> + E

st — st,,,0>)

5 a<u,x>±c.
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Sinco limsup<A,«2’)u,st> < a<u,st> + e fon oven>’ e E IR, £ > O, it
vi

followa titat Hmsup<A,dT)u,st>5 a<u,st>, sor EF«.
vi

We hayo titorofore prova! that st E 120, 50 Hmsup<A,d2’)u,st> 5
71

a<u,st> fon ever>’a E iR, a> O. flus, limaup<A,,(2’)u,st> = O; titorofare,
vi

we hayoobtainedacontradiction. Q.E.D.
Lotz¿EE,u>O z¿#O. Wesa>’titatuhaapropert>’lJiftlie

followixig conditionaaresatisfied:

(i) Bct((A»(T)u),,ew)fl B(u) = O;

(ji) Dm sup<A,«T)u,st> > O fon oven>’ st 612(u), st =0,st # O;
71

(lii) fon oven>’ st E 12(u) st > O st # O titere exist y E 12(u), 0 <

y 5 st, u ~É0 andp E IR, p >0 ancit titat inf<A»(2’)u,z> =
71

p himsup<A,«T)u, z> fon oven>’ componontz of y.
71

Theorem‘1. Asaumethai tite conservativoidealIc(2’, 3’) la 2’-invariattt
avid lot u E Ic(2’, 3’), u =O, u ~ O. .tf Hm mf A,,(2’)u exista in E, titen

71

Hm mf A71(2’)u la a 2’-invariant elememt.1/, additionally, u haspraperty
71

1), titen Dm ini A71(T)u daminatesu.
vi

Proof. Assumetitat Dm mf A,,(2’)u existain E andset y = Dm mfA71(T)u.
vi

We first prove titat y is T-invaniaxit.

Since2’ ia apoaitiveoperatoraxid sinceL~L ~ !i fon oven>’ 1 6 JA!,

n E lA!, 1 5 u, it followa titat

2’ (unt’(A»(T)u)) _5 ini (T(A»(T))u)

=inf I+2’+2’2+..

.

n>I

<ini
vi>1

iz+1= bit’ A71~i(T_ )u)
uN u.
1+1 ¿+1

=—¿— inf(A,41(T)u) 5

+Tn~.~

+2”’)

u

1.

u
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fon oven>’ 1 E JA!. Accordingí>’,

2’ (inf(A~«nu)) C 2’ (irs(An(T)u)) < 1+1v

fon oven>’ lv E JA!, 1 E lA!, 1 =.lv, so, taking into considoration titat
¡1+1

u) = y (s~ce E ja Arcitimedean), we obtain that

2’(inf(An(2’)u)) < int’~.i~1~v = y fon oven>’ lv E lA!.

Sincewe asaumethat ovor>’ element of 3’ ja anordencontinuouslinear
functional on E, b>’ a romank madejust bofono Lemnia2, it followa

that tite Riesz duals>’stom <E, 3’> itas pnopert>’ <2, so by Lomna 2 the
openatonT 13 a-ordencontinuous. Accordingí>’, we obtain titat Tv =

sup2’ (ínr(A
71cr)u)) <y

Sinceu E Ic(2’, 3’), sinceIc(T, 3’) isT-invariant,axidsinceb>’ Lomma
3 tite conservativoidealIc(2’, 3’) ja aa-ideal,it t’ollows thatu E 1c(T, 3’),

soTv = u by Lemma4(a).
Now, asaunmethat u itas propert>’ 7); aun goal ja to prove that in titis

caseDin ~f An(2’)u dominatesu.
71

To Uds exid, lot tu E E O < tu =u, tu ~ O. Since tu as an orden
continuouslinean functional on 3’ itas a nonzerocannion12(w) lix 3’, it
follows that wema>’ anddo pick st c 12(w), st =O, st # O.

Since u itas propent>’ 7) and since 12(tu) C 12(u) we obtain titat
titene oxist y e 12(u), 0 5 y =st, y ~ O andp E IR, p > O aucit
titat inf<An(T)u, 2> =p limsup<An(T)u,z> fon oven>’ componentz of

It
y; furtitermore, by Lemma 6 titone exist a nonzerocompoxienty<~ of y
axid a E IR, a > O aucit titat limsup<A,.(2’)u,z> =a<u,z> fon oven>’

It

componont z of yo. Accordingí>’, ini <A71(2’)u, z> =ap<u, z> fon ever>’
71

componexitz of yo iii 3’.
Set u71 = mt’ £(Ak(2’)u) fon ovor>’ u E 11V.

71 It

Olean>’, >3<Ale(2’)u, 2k> =>3 ap<u, 2k> = ap<u,yo> fon oven>’u E 11V

k=1
and fon oven>’ mutual]>’ diajoint componenta21,Z~, ... , z71 of yo sucit titat
zi + 22 + - + 271 = yo, so usinga result of Abnamovié [1] (witicit la also
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discusaedin Theorem3.16, pp. 38-39of [3]), *0 obtain titat

<un, va> = <yo, mt’ .,r*(Ale(2’)u)>
1<k<n

zkEJ, 2kA(yo—zk)=0 fonever>’
k=1,2,~,u; zkAzj=O forever>’

= mf )u, 2k> lv = 1,2,..~,u, j = ~ u, j ~ lv, 1nand >3zk=yo
le=1=ap<u,y0>~0

fon ever>’ u E JA!.

Clearí>’, (u,,),,ew ja amonotonic nonincreasingsequencesuch that
mt’ Fu,, = mt’ EAn(T)u. Titus, if we titink of (u4ÁEw as a sequenco

neJA!
of elementaof f, it’ wo use Proposition 4.2, p. 72 of [9] and tite t’act
that <E, .1> haspropent>’ C, then we obtain titat

An(T)u~i/o> = K,,~~kEun~i/o> = Kuo~~<i*uu>
= mt’ <vo,un> =ap<u, yo> > O.

neJA!

It follows titat yo doesnot behongto tite nulí apaceof in=(A~d2’)u).

Since yo E 12(w), usinga well-known titooremof Nakano (seo, for exam-

píe,Titoorem 5.2, pp. 56-57of [3])weinfen that ( inhs(An(T)u))AW #

O; honce (lirninf(Au(T)u)) A tu ~ 0. QED.

In a similar wa>’ as in tite case of Titoorem 5, Titeorem 7 >‘ields
conditions fon tite existenceof T-invaniant weak ordenunita. Indeod, if

E has weak onder units, if Ic(T, 3’) = E, if u la a weak onder unit of
E sucit that hm inf(A»(T)u) oxists un E and such that u itas propon>’

n
7), titen Theonem7 implios titat Dm int’(A,d2’)u) la a T-inva.niant weak

orden unit of E.
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