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Qn certain compact topological spaces.

M. VALDIVIA

Ahstract

A compacttopologicalapaceK is in theclasaA if it la horneo-
morphic to a subapaceH of [0,1]’, for sorneset of indoxes 1, such
that, it’ L ja the subsetof H consistingof al! {x~ : i E f} with

= O exceptfor a countablenumberof i’a, then L la densoin
fi. In this paperwe show that the chasaA of compactspacesis
not atableunder continuouamapa. This solvesa probhem posed
by Deville, Godefro>’ and Zizíer.

If K is a compact space,0(K) denotestite Banachspaco of all
real continuouafunctionadofinod on K with tite supremumnorm. We
denoteby wo tite first infinite ordinalandw~ will be tite first uncountable
ordinal. We shalldeal with tite interval [0,ca1], endowedwitit tite order
topolog>’, which is a compact.space. It’ 1 is a non-void set, b>’ Z(I) wo
meanthe aubsetof [0,11’ formed by titose elementa{xi : i E I} witit

= O excopt for a countabhenumberof i’s. A compactspacoK is of

tite chassA if it is homeomorpiticto a subspacefi of [0,1]I, for some
set 1, sucit titat It fl S(I) is densoin It. Witen It itself ja containedin

E(1), titen K is said to be a.Corsoncompact. Tite apaces[O,wí] and
[0,1]’, for an uncountabloset1, arechearí>’ compactspacosof tite cinas
.4 wbicit are not Corson. Ever>’ CorsoncompactapaceK is angelic, i.
e., sinceK is compact,titis equalssayingtitat: For ever>’ A cE K andx
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in tite closureof A, then titere la asequencelxi A coxivergingto x. Pro-

jectional resolutionaof the identity operatorareconstructedfor 0(K)
andsorneof ita subapaces,wlien K belong to tite clasaA, it [2] axid [3].

In [1], tite memberaof tite clasaA arecalledValdivia compactaand
the following quostionla nsked (ProblemVII.2): la tite clasa of Val-
divia campactseta atable under cotttinnousmapa?We sitall give now a

negativeanawerto this question.

Theorem. Titen existaa campadapacoK satisfyimytite follawing con-
¿litioma:

1. K la a comtinuausmiago of[O,wi].

2. K daea mot belomgta tite clasa A.

8. 0(K) la isomotrie to a ityperplaneof C([O,wí]).

4. 0(K) la isomorpitie ta C([O,wiJ).

Proof. Lot K beequalto [O,wi[ endowedwith tite following topolog>’ r.
If a ~ cao, titen the neigitborhoodsof a aretitoseof tite order topolog>’
in [O,ca1[. A fundamentalsystemof neighborhoodsfor cao ja given by tite
aets

{]u,woIu]a,cai[: a Ef cao,wí[, u = 1,2,~ .}.

It la not difficult to ser thatK is compactaxid also that tite map

92: [O,caij—*

dofined b>’ 92(a) = a, it’ a < caí,92(wi) = cao, ja continnous.
Lot usaupposethat 1< belongato tite clasaA. Lot ¡ beanon-empty

set, It acompactsubapaceof [0,1]’ with It fl E(1) denselxi It axid ~ a
itomeomorphismfrom K onto It. We define

D -— ~‘(H n E(i)).

Hence, D la densein K axid it is also sequentinil>’closed. If a E K, a
cao, titere la aaeqnenceiii D convergingto a. Consequentí>’,K\{cao} c
D. Qn tite otiter haxid, the sequexice(u)~, in K convergesta cao axid so
D K. Thus It c S(I) axid K will be aCorsoncornpactapacein that
case. II we takeA :=fcao,caí[, cao ja in tite closureof A nnd therowill be
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a sequencea17 un A convergingto cao. Titis sequencemust convergeto
ca1 in [O,cail witicit ja a contradiction. Titose facta concludetite proafa

of 1 and2. It ja not difficult to shawtitat 0(K) ha isometricwith the
ityperplaneof 0(10,caí]) forniedby. all tite functionswith tite samevalue
in cao andcaí. FinaD>’, the set of fuxictioxis iii 0(10,caí]) whicit vanishat
O ja a it~,perplaneisometric to C([1,caí]), titen isametric ta C([O,wi]).
Consequentí>’,0(K) ja iaamarpiticto C([O,caí]).

q.ad.
Lot us remark that O(K), un tite farmer titeorem, la isomorphic to

C([O, cai]); novertitelesa,titeseapacesarenot isometrieby Stane’stiteo-
rem sinceK la not itomeomorpiticto [O,caí].

Note. Let us asaunetitat K ¡a a compactapacein tite clasaA. Lot
1 be a non-ompt>’ set, H acompactsubapaceof [0,1]’ witit H fl Z(1)
densoin H axid 4.’ a itameomorphiamfrom K anta H- Lot us rite

O := ~‘(H fl S(1)), L := ~‘(It\S(1)).

It’ L ja a xioxi-empt>’ ciosedset, tite ideasof theproofof aur thearemcan

be usedto find a cantinnonaimageof K whicit ja nat in tite clasaA.
Indeed, let us denoteby U tite famil>’ of neighboritoodsof L, axid for
ever>’ x E K, lot ¿4, representtite famil>’ of neigitbarhaadaof x. Wetake
x~p E O axid wo cali M tite setD endowodwith tite foilowing tapology:If
x E O, :r Xi~, tite neighborhoodsof x are the intersectianaof membera

of U,, witit O; tite neigitboritoodsof xíj arethe seta

(UnD)u(v nO), UEU,VEUXO.

Titen, M ja acampactapacetitat janot in tite cinasA, but themapping
92 : K M definedas 92(x) = xo, ifx EL, 92(x) = x, ifx E O,is anta

andcontinucus.

Tite falhowing questioncomesaut naturalí>’

OponQuestian.Does titere exiat a campadapaceof tite clan A witase
conti,zuousiina~ea atilí remain itt titis clan ami aucit titat it la viaL Cor-

son?
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