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Abstract

Let A? be an Asplund space. We show iii this paper that X
admitsa total biorthogonalsystem,(xi, u¿)¿cí suchthat the closed
linear hulI of {x~ : j E I} is a weakly compactí>’generatedBanach
space. We also prove that it’ Y in a weakly compactlyconvex-
determinednonnedsubspaceof a BanachspaceA? with densY >
devis ,K then thereis a total biortbogonalsystem(x¿,~¿»cI for
X suchthat the linear huIl {z~ :1 E l} is a densesubspaceof Y.

Titrougitout titis paperalí vectorspacesaresupposeto be realones.

Tite set of positive integersis denoteit>’ IV andtite set of real numbers
by IR.

Whenno confusionoccurs, ¡~ - will reprcaenttite norm in anorma!

spaceA?; unlessstated, B(A?) is tite closed unit bali of A?. We write

A? bor tite conjugatespaceof A?; A? for tite conjugateof A?, and we

identify A?, in tite usualwa>’, witit a subspaceof A?t If A is a subsel
of A?, A0 standsfor sucita subsetequipa! witit tite inducedweak-star
topolog>’ of A?; A1 is tite subspaceof A? ortitogonaltú A, andA

0 is tite

polar set of A in A?. ~>‘ .c -,-> we representtite usualdualit>’ between
A? andA?, Le., if x E A? aud u E A?’, < x,u >= u(x). For a subset
M of A?, M’ will be tite subspaceof X ortitogonal to M, aud M0 tite
polar of M in A?; afro, lin M wil> denote tite linear spanob M. Tite
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spaceA?endowedwitit tite weak topolog>’will be representa!b>’ A?0.

For adensesubspaceY of A?, «(A?,Y) will be tite topolog>’ on A?
defina! b>’ pointwiseconvergencerespecttú Y; ¡¿(A? , Y) will denotetite

topology on A?• given b>’ nniform convergencerespect tú eacit weakl>’
compact absolutel>’ convexsubsetof Y. We sital> shortenA?Z to mean

A? witit tite topolog>’ p(A?, A?). Given two closedsubspaccaA?1 andA?2
ob A?, we sa>’ A?1 is an ortitogonalcomplementof A?2 in A?1 + A?2 provided
A?i fl A?2 st {0} and tite projection of A?1 + A?2 onto A?2 along A?1 itas

non one.
For a continuousprojectionT in tite normed space A?, T denotes

its conjugateprojectionin A?t

¡Al will be tite cardinalnuinber of tite set A. Also, ¡ a ¡ will stand
for tite cardinalnumber of tite ordinal a; w is tite first infinite ordinal,
witile ~<j is tite first infinite cardinalnumber.

Tite densit>’citaracterof a topological spaceM is tite srnallestcar-
dinal numberA for whicit titere is a densesubsetA of M witit ¡ A ¡st A.
We titen write densM st A.

A projectiveresolutionof the identit>’ operatorin a BanacitspaceA?

is a farnil>’
{T0 : w =a =p}

ob continiíousprojectionsin A?, whereji is tite first ordinal numbersucit
titat ji densA?, and fF~ is tite identit>’ operator011 A?

¡¡ T0 ¡1= 1, densTú(A?) =~a

TaOT~,’<t~OTazzzT~ ifw=¡3=a=p,

andfor eacitlimit ordinal a, w < a =ji, tite closureof

U{T)q(A?) :w=fi<a}

in A? coincideswitit T0(A?). It is known that given x E A? and e > O
titere is oní>’ a finite numberof ordinafr a satis~ing

— Ta) (x) ¡¡> e,

A BanacitspaceA? is said to beAsplundprovida! titat tite conjugate

Y• of eacitseparablesubspaceY of A? is afro separable.FoneachAsplund
spaceX, M. Fabian and 0. Godefro>’ show in [2] titat tite identit>’
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operatorof A? has a projective resolution. Someof tite ideasin [2] are

usedin this paper.
II (x¿)¿C í is a col>ection of vectors in tite normed space

A?, [xi : j E 15] is tite closureof lin {x¿ : i E I}. A biortitogonal system
bor X,

(x¿,u4~6i,x¿E A?,u¿EA?, ~ e 15,

ja total witenever lin{u¿ : i E 15} is densein A?. Witen [x¿ i E 1] ja

A? sncit a systemsaid tú be complete. Witenever (x¿,flojel is boWi

complete and total then it is calla! a Markusitevicit basis. Ib besides
[u¿: i c 1] st X sucit a basis is said tú be shrinking.

A polisit spaceM is a separabletopological spaceadmitting a com-

patible metric d such titat (M, t!) is complete.
For a given set 15, s(l> denotestite subspaceof tite topological space

R~ formedb>’ alí elements(x¿ : i C 15) sucit that tite set

{j 6 15: x¿ ~ O}

is cúúntable. Every c-ompacttopological spacehomeomorphiútú a sub-
spaceof ~ fon some15, is cal.led a Corsoncompact.

Let P and Y betwo topological spaces.A mappingy from P on tite

power set of Y is said tú be uppersemicontinuousib, fon a given p in P

and a neigitbouritoodV of tite set y(p) thereis a neighbourhoodU of p
such titat y(q) is containedin V fon ever>’ q in U.

A topological spaceY is deftnedasK-anal>’tic, ¡31, iftitere isa polisit
spaceP andamappingy from P in tite compactsubsetscf Y satisf>’ing

tite following conditions

(a) y is upper-semicontinuous.

(b) U{y(p) :p E P} st Y.

lvi tite aboyedefinition we want P tú be onl>’ separableandmetniz-
able, insteadof polisit, titen Y is said tú be couritabl>’ determina!,[12].

Wesa>’ titat tite normedapaceA? is weaklyconvex-K-anal>’ticif titere
is a mappingy from apolish spaceP on tite weakl>’ compactabsolutel>’
convexsubsetsof A? sucit titat it is uppersemicontinuousrespecttú tite

weak topolog>’ of A? and U {y(p) : p E P} st X. Ib in titis definition we

want P tú be separableandmetnizable,insteadof polisit, we obtain tite
definitionof awekl>’ countableconvex-determinednorma!spaceA?,[11].
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1 ]3iorthogonal systemin Asplund spaces

Before starting tite constructionof certainbiorthogonals>’stems in As-
plundspaceswe give titree preliminar>’ propositions.

Propasition 1 Leí A? be a Banacit epace. Leí A0 ant! B0 be infinute

subseteof A? and A?, respectively,euch tital ¡ A0 jst¡ B0 . Leí (ip,,)

be a sequeviceof co,.tjviuousmappivigsfrom X jvito A?* witjcit converges

poinítuise tu tite mapping4’. Titen titere are two closedsubspacesE ant!
F of A? ant! A?

4, reepectively.s«tisfyivig tite follo wivig covidjtiovis:

(a) densE<¡ A,, densF=jB
0 ¡, A0 cE, B0 ~F.

(b) E’ la «vi ortitogonal complemeníof E in E + E’.

(c) For eacit x in E, 4’n(x) ant! 4’(x), vi st 1,2.-., are itt F.

Proof. For eacit u in A?
4 andeacit positive integeru, we citoosein A?

an elementx(u, vi) sucit titat

1¡¡ x(u,vi) ¡¡st 1, =x(u,n),u >=i¡u
vi

Weproceedinductivel>’ andsupossetitat, for a non-negativeintegerm,

we itave airead>’found tite sets

AmCA?,BmGA?,IAo¡st¡AmlstlBmi.

Let C,. andDm be tite lineat spansover tite fleld of rationalsof Am and
Bm, respectivel>’. Wc write

Am+i : CmU{x(u,n) : u e ~m, ~ 1,2<.}

Bm+i’:st DmU {4’,.(x): x E Cm,vi 1,2, ...}

Let E and F denote tite closures of U Am aud ~ B»~ in A? and
m=O m=O

A?, respectivel>’. Clearí>’, E andF areBanacitspacessucit titat

devisE =1A
0, densF =jB0 , A0 CE, E0 CF.
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We takenow y E E’, tu E F ande> O. We ma>’ find apositive integer
1
~ <e, and elementu iii Bm so titat ¡ tu — vi 1< e. Titen

1
tu ~=~jtu — u 1 + II u ¡< c+ c x(u,m),u> +—

=2e+< z(u,rn),u+v ><2e+ 1< x(u,m)<u—w >i

+i.cx(u,m),v+w>i=2e+hu—wi¡+jiv+wij=3e+¡iv+w¡i

aud consequentí>’

ji tu ¡iSíl y + tu

itenceweconcludetitat E’ is an ortitogonalcomplementof Fin ~

Takenow x in E. Weman>’ find a sequence (zm) convergent tú x so
titat x,,. is an Am, ni st 1,2--- Ib we fix a positive integervi, we itave

4’n(xvn)EF,mst 1,2--,

and titus
4’v.(x) st lim 4’,,(xm) E F,

itence

4’(x) st hm ikn(z) E F.

q.e.d.

Praposition 2 Leí A? be a Banacit epace1/ial doesviol conlain a copy

of tj. Leí M be att absolutelyconvezbovindedant! dosedsubselof A?%
Leí 4’ be a mapp~ngof tite firsí Bajre clasefrom A? lo t sucit tital

ip(x) EM, <x,4’(x) >= sup{< x,u>:uE M}, x EA?-

Titen M la weak star compací ant! it cojndjces tují tite cloced abeolutely
convezhuhhinX of (1){4’(x) : xEA?}.

Proof. Let us assumetitat tite statedpropert>’ does not itold. Let P

denotethe weak-starclosureof M in A?- We take an elementu0 in
P not containa! in tite closedabsolutel>’ convexludí of (1) in A?t Let
(4’,,) be a sequenceof continuous mappingsfrom A? to A?’ pointwise

convergenttú 4’. We find two countabl>’ infinite subsétsA<, and B, of
A? and A?’, respectivel>’, so titat u0 be in B,. ~>‘ appl>’ing the bormer

proposition we get itold of two closed subspacesE avid F of A? and
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A?, respecLively,with Lite propertiesLliere stated. Wc identify E ivitit

X /E’ in tite usualmanner. Let f denotetite canonicalmapping from
X onto V/E’. Let A be tite closureof 1(M) in X/E1. Ib y is tite

restriction of f o 4’ Lo E, titen, bar every z of E,

y(x) st f(4’(x)) E A,

y(x) >st< x,4’(z) >st sup{< z,u >: u E Ml

sup {<x,u>:u E A}.

Since E is separablewith no copy of e
1, we may apply [4, Th. 111.4] tu

concludethat f(u,) is in tite closedabsolutel>’convexituil in X/E ob

{‘p(x) : x E E}.

Since F is isometric tú tite subspacef(F) of X/E’ and it, belongstú
E we itave titat u, belongs tú tite closedabsolutelyconvexitulí in E ob

{4’(x):xCE},

witicit is acontradiction.
q. e. d.

Propositian 3 LeíA? be a Banachspaceviol containivig copyofLi. Leí
4’ ‘be a rr~uppzng of tite fine Baire clas.9fr-orn A? to A? such thai

4’(x) li= 1, < x,4’(x) >=~¡ x II, x E A?.

Leí E and E be tino chosedsubspacesof A? ant! A?, respectively~.sucit
thaI E

1 la att ortitogonal complemeníof E in E + E’. 151tb(x) js jn E

for éachz itt E titen E1 la att ortitogonal complemeníof E jn A?.

Proof. As before, we identify E witit X/E’. Again, let f denotetite
canonicalmapping fnom V onto A? /E’. Let y be tite restniction of

f o 4’ tú E. Titen y E —~ XVE’ is of tite first Baire class,

II y(z) 11= 1, < x,y(x) >st¡¡ x II, z E E,

itence, by Proposition 2, we itave titat B(A?/E’) coincideswitit tite
closedabsolute)>’convexituil in A?/E’ of

{y(x) x E E}.
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Titus, if M denotestite closedabsolutel>’convexituil in F of

{4’(x) : x E E}

it follows that F(M) st B(A?*/EI). But M C B(F) and f(B(F)) is

containedin B(A?/E’). Titerefore, f(B(F)) st B(A?/E’), and so E’
is an ortitogonalcomplementof E in A? -

q.e.d.

In tite next two propositions we consider an infinite dimensional A&-
plund spaceA? sucit titat densA? st densA?<~. Let Y be a closa!subspace
of A? witit densY<,t st densA?. Let ji be tite first ordinal of densA?. We

set
0 <‘17 < $}

to be a densesubsetof A?t Let (4’,,) be a sequenceof continuousmap-

pingsfrom A? tú A? convergingpointwiseto tite mapping4’ sucit titat

¡¡ 4’(x) 1= 1, <tx,4’(x) >z=¡¡ x ¡, x E A?

Tite existenceob titese mappingsir guaranteedb>’ [6]. We representb>’
U tite famil>’ of alí triples

((x¿,u¿)¿~í,E,a)

witicit accomplisittite following conditions:

1. (xi,u4¿Gí is a biortitogonal s>’stemfor A?, 15 i=K.

2. E is a closedsubspaceof A? sucit that

x¿ E En Y, j El, dens E =¡Ij

3. 4’,,(x)E[u¿:iEl],vistl,2,.--,zEE,and[uri El] itas E1
as ortitogonalcomplementin A?t

4. a denotes an infinite ordinal not exceedingji and such titat
a

(V~ E [u¿ :1 E 11, 0 =‘q< a.

Proposition 4 U la non empty.
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Proof. We citoosea countabl>’ infinite set A,, forma! b>’ linearí>’ inde-

pendentvectorsof Y and acountabl>’infinite subsetB,, ob A?* containing
{w~ O =‘z < w}. Proposition 1 >‘ields two subspacesE andF ob A? and
A?, respectivel>’, witit tite properties titere stated. Proposition 3 titen

telís us titat F itas E’ asortitogonal complementin A?*. We appl>’ now
tite metitod describedin [8, Pnop. 1. f.3] to find abiortitogonal system

lin{zv. : vi E IV} st linA,,, itt,,. vi 61V] st F.

Titen

q. e.d.

Given two elementsof U, we write

((x¿,u¿)¿eí,E,a) < ((yi, Vj), G, ‘y)

witenever{(x¿, u¿): i E I} andE arestrictl>’ containedin {(y¿, VJ) : j E J}
and O, respectivel>’, and a < -y.

Propasition 5 (7<, =>j3 att jnductjve orderedset.

Proof. Clearí>’, (7<, 5) is an orderedset. Let £ be anon-empt>’subsetof

it sucit titat (4=)is linearí>’ ordered. We denoteb>’ {(ck, uk) : Iv E K},
O and ‘y tite union of tite sets {(x¿, u¿) : i E I}, tite closureof tite union

of tite sets E and tite supremumob tite ordinals a, respectivel>’,when

((x¿,u¿)¿cí,E,a) ranges covers It We titen itave that (xk,uk)k~K is a
biortitogonals>’stemfor A?, O is a closedsubspaceof A? such titat

x~, E GnY, Iv E K,densG=j K

4’,,(x)E[uk:IvEK],,xEG,nstl,2...,

and, lix ligitt ob Proposition 3, G’ is an ortitogonal complement of
[uk : Iv E 1<] in A?*. Final»’

W~ E [uk : Iv E K] , 0 5 tj <9’,

and ¡ Istí K
qe.d.
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Theorem 1 Leí A? be ay Aspínvid apacesucit lital densA? st densA?Z.

Leí Y be a closedsubapaceof X witit densY0t st densA?. Titen Itere js

a bjortitogonal sytem’(x¿,~¿)~~1for A? sucit 1/ial

x¿ E Y, j El, [u~: i E 1] st A?*.

Prao?. We baseour discussionon tite densit>’ citaracterof A?. For
separableBanacit spacestite propert>’ is certainí>’ true, as it follows

from tite proob of [8, Prop. 1. b. 3]. Let us assumenow taitt A? is
not separableand that, for eachAsplund spaceZ sucit titat densZ st

densZ~ < dens A? andeacit closedsubspaceW of Z, densW st deusZ,
thereis a biortitogonals>’stem (zj, vj)~~j sucit titat

z¡ E W, j E .1, [vj : j E J] st Z.

Let ji be the first ordinal of densA?. We take a densesubset

{w~:O =q<p}ofA?t laligittof [6], wema>’findamapping4’ oftite
flrst Baire classfrom A? to A? sucit titat

4’(x) ¡st 1, <x,4’(x) >stII x ¡j, x E A?.

Let (4’,,) be a sequenceof continuousxnappingsfrom A? to A? wbicit

convergespointwise to 4’. We considernow tite inductive ordera! set
(11,5) bormerí>’ delined. Let ((x¿,u¿)¿eí,E,a) be amaxiinal elementof

(U, 5). Assumea .c ji. We open up a transfinite inductionprocessb>’
setting E., st E and F., st [u¿ i E 15]. Supposeafro titat, for a given

ordinal p, a < p 5 ji, we itavealread>’definedE,, andF,,, a 5 u < p, so
titat Et is an ortitogonalcomplementof Fr.. in A?, densE,, st densF,,
¡ u , w,~ E F,,, O =1~ < u,

4’,.(x)EF,,,XEEv,vistl,2...,

If p is an isolatedordinal, sincedensY< > p — 1 , we itave titat

cannot separatepoints in Y and itence titere is a non-zeroelement Zp

in Y n ~ Talce M and P to be twa densesubsetsof ~ and

F,>1, respectivel>’, witit ¡ M ¡st¡ P st dens F~j. Appl>’ing Propositions
1 and 3 to A,, := MU {Zp} and B,, st PU {Wpl} we obtain two closed
subspacesE~ aud E,, of A? and A?, respectivel>’,sucit iitat

(a) A,, c E,,, B,, cl F,,, devisE,,st densFpst¡A,, [
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(b) 4’,«x)EFp, xEEp,nstl,2,---

(c) Efr is an ortitogonalcomplementob E,, in A?tt

Ib p is a limit ordinal, we define E~ and F~ as tite closuresob
U {E~, : a <u < p} and U {F~: a 5 u < p} in A? and A?*, respectively

Titen

densE~=densE,,=1 p

andconditions(b) avid (c) are titus satisfied.

We wnite T~, a =p < ji, bor tite projectionof A?t onto F~ alongEt,
andT~ for tite identit>’ operatorin A?t Tite collection

{T~, a < p 5

fuifllls titenall tite requirementsof a projectiveresolutionof tite identity
operator in A?t except that a ma>’ be different from w. Consequentí>’,
given 6> 0 and u in A?t, tite set of ordinalsp bor witicit

ji (Tp—i—Tp)(u) ¡>6

is finite.
~>‘ tite procedurewe itave just followed, given a 5 ¿ < ji, tite sub-

spaceY ni E¿÷ini (Fe), is different from {O}. Let u be an>’ element ob

A? and let usassnmetitat tite set of ordinals ¿ for witich

Y ni E&
1 rl (Fe), C {u}1

is not cóuntable.We ma>’ titen find

s>O and Xm E YAEC,n+1fl(Fem)i , il x,,. ¡¡=1, sucit titat

<Xm,’U» e, iv. st

Clearí>’,

<Xm, TCm+1U >st< xm,u >, < x,,,, Temu>= 0, m

andtitus
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a contradiction. Therefore,the set of suchordinais¿ mnstbe countable.

If now a standsfor the closurein X of the linear

U{YAE¿+ifl(EÓ±: a <¿ < 2a},

then G is a closed subspaceof the Asplund spaceE~. Let 1 be the

canonical mapping froin E
20 onto E20/E0. In the case a 1=

we lave densG~ = densE~. Qn the otíer hand, if ¡ a > R,, for
a subsetA of X, wc havein light of the argunient aboyeusedthat

the set of ordinais ¿, a ¿ <
2a, for which tíere is sorneu in A not

vanishingin Y fl Ee+i fl has a cardinalnrnnber not greatertían
¡ A ¡ bt~. Consequentiy,if A separatespoints in 0, tíen A 1=1 al, and

dens07, = densE
20. Now, sinceF~<, has E~ as orthogonalcomplement

in X~, we may identifr E’20 with the conjugateof E~, aud F~, fl 4
with the conjugateof E20/E0. Since G is anorthogonalcomplementof

F~, in E~ + O, it follows thaI 1(0) is a subspaceof the Asplund space

E~/E0 isornetric to O, lience

densf(O)7,=dens(E~=,,/E0)< densX

and we may thus find a biorthogonalsystem(te,uí)~~j, for E~/E0, I~

disjoint from 1, suchthat

1
t~ E 1(0), i E Ii, [ni: i E Al = F2~, fl E0.

By selectingx~ in O with 1(x1) = t1, 1 E fi, and settingJ := ¡U A, it
turns oní that

((xj, uj) jes, E20,2a) c 71

and
((x1, n1)1~,,E,a) < ((zj, u) jeJ, E~, 2a),

thus attaining a contradiction. Thereby a = ~¿ aud (xi, u4~1 is a

biorthogonalsystemfor X such that

x E Y, 1 E 1, [u : i 6.1] =

q.e.d.

Theorem 2 II X 18 an Aaplund apoce, Ihen diere ja a total biorthoyo-

rial systemfor X, (x1, nJ1~’, such that, if v¿ ja dic reatriction of u~ lo
[x~ : 1 E 1], 1 E 1, then (xi, Ve)j~I ja a ahrinkiny Markushevichbasisfor

[xi: lEí].
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Proof. IfX is separable,the resulí then follows from 18, Prop. 1. £

3]. Assnming that X is not separable,let {w,7: o =t¡ < p} be a dense
subsetof X~, with ji Ihe first ordinal numberof densX. Let (ip,) be
a sequenceof continuousmappingsfrom X to V convergingpointwise

lo 4’ and suchthat

4,(x) 11= 1, <x,4’(x) >=¡j x ¡, x EX.

We considera countably infinite set A0 of linearly independenívectois

of X, as well 85 a conntably infinite subsetB0 of V snch that w~ E

o < i~ < w. We apply Propasition 1 to obtain subspacesE arid E’
with thepropertiestherestated.Wc openup anew translimiteinduction

processby s~tting EL, := E and F~ := E’. Supposethat fin an ordinal

p,w < p =ji, a collection of subspacesE~ andE’~,w =u < p havebeen

definedin suchaway thaI Et is an oríhogonalcomplemeníof E’~in X
4,

densE~=densF~=I vi, w,
7 E E’~,o =i> u,

4,~(x) E F~,x E E~,n =

Proceedinganalogouslyas in the proofof our last theorern,taking Y =

we are able to construct E,, and E,,. Since E’ is an oríhagonal
¡1

complementof ~ in X, we may identify Ej, with the conjugateof E,1.
For every ordinal a w <a =ji, let S<, be the mapping from 1% onto E’0

along to 4 fl F~. Then

{S0 w =a =p}

is a resolutionof the identity operator in F~. The argumenífollowed in

the proof of the mentionedtheoremleadsus to

densE~ = dens(Ea) =1 ¡

By appling Theorem 1 we obíain a biorthogonalsystem (xi, u~)~ for

E~ such that [uj :1 E 1] — X/E¡~. 1-lence, if v~ denotesIhe restriction
of u~ to [xj : 1 E 7] we havethat (xi, vt)1~j is a shrinking Markushevich

for [x¿ : 1 E Ij.
q.e.d.

Carallary Jf X la an Asplundapace, ihen there la a total biorihogo-

naUsyatemfov’ X,(xi,u)~u, auch thai [xi: El] la a weaklycompactly
generatedBanachapoce



Biorthogonalsystemsin certain Banachspaces 203

Proof. A straightorwardconsequenceof the former theoremand [9, p.
700].

q.ad.

2 Weakly countablyconvex-determinednormed
spaces

Wc give hereafewresults,sorneof which will beusedin the nexí section.

Proposition 6 Por a Banach apace X tite foflowing asaertationa are

equivalenta:

(a) X la weaklycountablyconvez-detennined.

(b) X ja rveaklg, countablydetermined.

(c) Titere exista a metrizableseparabletopoloyical apaceP aud a map-
ping 4, from P to tite compactsubaetaof X., which la uppersemz-
continuona, respect to tite weak topology of X, and az¿ch

that u{w(p) :p E P} la denseinX.

Proaf. (a) =~. (¿~) and (6) ~ (c) areobvions. Wc show that (e) ~ (a).

Since every polish spaceis a continuousirnage of 1V
1V, 1V equipped

witb the discrete topology, it meansno restriction to assnmethat P

is a subspaceof )J5¡N~ Leí B denote the closed unil bail of X. For

an element (ni, ~2, , nq<”) in P, leí 4,(ní, ~2,” . , nq) represent
the closed absolutely convexhuil of 4,(nl,n~,... , riq.j. Uy Krein’s
theorem,[7, p.325],4,(ní, riQ<,.q”0 is weaklycompací. Besides,it is
notdifficuit lo verify thai 4, is nppersemicontinuousrespectlo Iheweak
topology of X. Now, given a positive integer n anda double sequence

(nrq) snch that, for eachpositive integer r, (nrí, ~r2, , nrqr~) is un
we define

A(n,(nrq)) := (nB)n(~ 1

r

Clearly, this set is absolntelyconvex, closed and boundedin X. Wc

considera sequence

(2) (n,(b$4))),m= 1,2,-•-,
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sachthai
b(m) r,q= 1,2
rq = ~rq, ,,m, m =

and, for £xed positive integers m and r, (b$?~) be in P. For each positive

integerm, we clioosean elerneníxm in A(n, (b$?~)). Leí x
0 be apoiní lii

the weak-staradherenceof (xm) in Xt For any fixed positive integer

r, we may write -

Xm = Mm + Zm, Mm E ip(b$7~, 6(m) b(m)...) z 1r2 “~ rq ‘ ‘ mEB.r

Then thereis a point z0 in Ihe weak-staradherenceof (zm) in X such
thai y,, := x, — z,, is in the weak-star closure of (Mm) in X~ and,since

b$~j,...), m =

is a sequence in P convergingto (nrl, ~r2< ,rirq< •), it foflows thai

yo belongslo 4,(nri, ~r2, , rirq” .). Resides ihis, distance in X~ from
x0 lo X is less or equal ihan ¡¡ x,, — ¡1=11 z_ ¡j< i and, being ihe

inequallty true for any positive integer r, we havethai x0 is in X. it
is now clear thai x0 belongstú A(n, (rin?). If ihe sequence(2) is taken

such thai

6$?) = ~rq, m,r,q= 1,2,...

titen Xm is in A(n, (n,.q)),m = 14,..., and ihus has its weakaditerení
poiní x0 in ihis set. HenceA(n, (nr,,)) is weakly compací.

Naw, leí M be tite set of all pairs (n, (nrq)), where ri is a positive

integersuch thaI, for eachr,(rirl,rir2,...,r,,.”,) is in P. Wc consider
in M ihe topology of termwiseconvergence. Wc Ihen havethai M is

metrizableseparabletopological spaee,arid A is a rnappingfrom M to

ihe weakly campadabsolutelyconvexsubseisof X. Wc seenexí thai

A is uppersemicontinuousrespecí lo ihe weak topology of X. Take
(ri, (nr,,)) in M. Leí 1/ be a neighbonrhoodof A(ri, (nrq)) in X0. Qn

assrnningthai no imageunderA of any neighbourhoodof (ri, (nrq)) in M

is coníainedin y, we may find a sequencelix M convergeníte (n, (nr,,))

audsuch thai tite linageunderA of eachof lis temis is not containedin
V. Sinceibis sequencehas asubsequenceof tite type (2), Wc ma>’ selecí

Xm E A(ri,(b$.?>)\V, ni
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Thus, hz,,is aweak-staradherentpoiní of (xi) in X, by tite argiunení
formen>’ employed, we have x,, in A(ri, (nr,,)), witicit 18 a contradiction.

Finail>’, fon a poiní x lii X, WC find a positive integer ni sucit thaI

x E mR and, for cadipositiveintegenr, we find (mri, mflr2<”,,,q<”’)

in P such thai

(x+ 1—B)fl9(mr14nr2,~”,mrq”~,) ##-
r

Hence,
1

x E (mP) fl (4,(mrj,mr~,”,mrq~.~) + B).
r

Consequentí>’,

U {A(ri, (ri,.,
7)) (ri, (nr,,)) E M} = X.

q.e.d.

Proposition 7’ Por o Banach apace X, tite followirig asaertiona are

equivalen:

(a) X la weakly convezK-analytic.

(14 X la weaklyK-analytic.

(c) There ja polisit apaceP and a mapping~ fmm P on tite compact

subaetaof X« whicit la upper semiconuiriuouawith reapecílo tite
weak topology on X, and auch thai U {‘,o(p) : p E P} ja denseni

X.

Proof. It is toially analogouslo ihe proof of lasí proposition, oní>’

noticing thai P is now identiflablewith EV
1V andM is tite set of all pairs

(ri, (rirq)), ri bcing an>’ positive inieger and (rirq) an>’ double sequence

of positive integers.

q.e.d.

Note 1 Leí X be a weakly compacil>’ generatedBanachspace.Leí D
be aweakly campadabsolutel>’convexhuil of X suchthaI lin D is dense

in X. Leí ~ denoteihe mappingfnom W.EV on tite compacísubseisof

X
0 suchthai

40 (ril,ri2,. ,riq,” .) = n1D, (ni, 712, hlq, ~•) E IVIV

Titen, condition (e) of tite formenpropositionholds, ihis yielding Tala-

grand’sresulí thai X is wealdy K-analytic, [101.
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Propa8itian 8 Por a normedapoceX tite following aseertionaareequiv-

alent:

(a) X la ureakly countb¿yconvezdeterrnined.

(14 X admita a sequerice(Un) of absolutelycorivexclosedarid bonrided

zero-neighbouritoodasucit thai, for eacit x 171 X, diere la a decreas-

1719 subsequerice(un.) of (ti~) sucit thaI x ja in fl and ~ U0
j=1 _ ni

la a zero neigitbouritoodin

(c) In X<~, ihere la a aequence(Bu) of compacíabao¿utelyconvexaub-
aets aucit thaI for eachzero-neighbourhoodW It la posaible lo firid

oit zncreaairigaubaequerice(B
71~) of(Bu) so thaI U be a zero-

.7=1
neighbourhood171 cori lamedin W.

Proof. (a) * (b).B denotesihe closedunu bail of X. Leí ~obean uppen

scmicontinnousmappingfrom a subspace1’ of N1V on ihe weaklycom-
pacíabsolutel>’convexsubselof X, X providedwith tite weak topology,

snch thai
X=U{42(p):p EP}

Given tite positive integensj, mr,. , mj, we wnite Amj, m20 ‘mi fon
ihe súbsct of E’ witose elemenis (bi,b2,... , bq~”) satisfr

b,,=m4,q=1,2,...,j.

Given tite positive integersm,j, ni1, m~, ,mj, wedefine

whenevenAmi,».2,..,m~ is empt>’. U titis latier set is nol empí>’, we wnite
fon titeabsoluiel>’ convexituil of 40(Amí,».2,...,mg)arid dénote

by Cm,mi,m2,. . - ,mj Ihe closurein X of ihe set

(mR) fl (Bmi,m2,...,mj+ 1zB).
3

We ordenall ihe seis Cm,mi,m2<.. m~ in a sequence(U71).

Fon a poiní rin X, wc find (mx,m2,•~ .,m,,,...) in P suchthai
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We determinealso a positive integer m sncb thai x is in mR. Then,
frorn the sequence

it is possibleto find a subsequencewhich at ihe sametime is a subse-
quence(ri71~) of (U71). This subsequenceis clearly decneasingand

a’ E 11 U71 = 11 Cm,mi,m2,...,my.
j=I j—1

For each positive integerj, we takexj in U713. Then, itere is

1
Mi E Bmi,m2,...,m~,ZjE ~B, Mi + Zj E ni

y

1
Xj — (y¡ + zj) ¡1< —r, j =

3

Since (ZJ) convergeslo zeno lii X, ihereLs an elemeníx, iii X~ which
Ls weak-stanadherentlo botit sequences(xj) and (yj). Lel us suppose
thai x,, doesnot belonglo 4o(mi,m2r , ma,” .). We find u in X~ such

thai

<x0,u>> 1,1< x,u >1< tx E 40(ml,ni2,...,mq<-)

Wc detenmine a positive integer r suchthat

Hence, 1< yj,u >1< 1, ~ r, and j< x,,,u >1=1, a contradiction. Thus,

fl U71~ is weakly compací. Considernow

j= 1

y 6V, y ~ U U
0

ni

Fon each positive integer j, we selecí

xjEUn~,l<Xi,V>I> 1
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Weproceedasbefonelo find a’, in <p(mi, ms,” , mq,~~-) weakly adhen-
cnt lo (x5). Titen, 1< x,,,v >1=1, and thus

flu 1 UU~(3) Qn EV :1< x,w >1< 1,x E

ni E CSince A is absolutelyconvexand weakly compací,the conclusionnow follows from (3).(b) ~ (a). We annangein a sequence,(B71), ihe seis

(u {U71: u E

with J rangingoven ihe famil>’ of non-empí>’ limite subseisof IV. Titese
sets are absolutel>’ convex and compací in X<~. Leí 1V be a zeno-

neighbourhoodin ibis space. Titere is a finite numberof poinis
X1,X20”,XrIflX sucit thaI

{X1,X2,. ••<rr}
0 C 1V.

Wefind, for each x~, 1 =1 <r adecreasingsubsequence(ti~
1,~) of (U71)

Co

suchihat x~ LS in fl U711,~ and ~ •isazero-neighbouritoodin X,.

From ihe sequence

we ma>’ find a subsequenceal ihe same-timebeing a subsequence(Bn~)
of (B71). Obviously, (B713 is incneasingand

00

U c 1V.
j=1

It can be easily seenthat

r

9 (~ U
0 •) = U B

71
¡=1 j—1 ~ j=1 ~‘

ihereforeihis set is a zero-neiglibonriteodin X.
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(c) =~- (a). Leí P stand fon ihe subspaceof ~N consisíing on
all elemenis (ri

1,ri2,..- ,nq,”) such thai ni < n~+í,J = 1,2,•••, and
00

U B,,. be a zero-neighbounhoodin X. Wc write
i—i a

00

ti

We havethai 40 maps P on ihe weakly cornpact absolutel>’ convex paris

of X.

Given x in X, ihereis an increasingsubsequence(E71) of (E71) such

thai ~‘ B71~ is contained in {x}
0 arid is also a zeno-neighbonnhoodin

Then (n
1,~ , flq,~•~) belongto P and

X640(hll,712,”,riq”).

Henceforth,

U {40(nx,n2,.-. ,74•..) nl,ri2< “,riq,”) E P}

Assuming thai 40 Ls not upper semicontinuous, itere are apoiní
,riq,~) lix 1’, aneighbourhoody of 40(ri1,722r,riq,~”) in

X~, and a sequencein 1>,

((5) (5)~l ~ q

such thai, for eachposhtiveiniegerj, = u5, s = 1,2,.” ,j, and

,p(n~),ri~j><. ,n?><-i « y

Cboosing

xj E 40(rz?~ b>~‘~2

Wc itave
i

a’5 C fl E
0

s=1 ~

For a given elemeníu of X, itere anea > 0 ami a positive integen ni

such thai au is in E
71,,,. Thus

1< >i=
1
—, 5 =~,a
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and so (x5) ja a boundedsequencein X. Now, leí a’0 be weak-star

adherentto (x5) in Xt Obviously,

Leí y be an elemeníof X suchthai

1< z,,, u >1> 1, 1< x,v >¡< 1,xE 40(ril, ?12,~~

00
Since U E71. is azero-neighbounhoodlix x,, we haveihal u belongslo

5—’ 3
such a neighbounhood.Hence, ihene is a positive iniegen le suchthai y

is in B,.~. Titus, x5 Ls in R~ fon 5 =le, which implies thai <xo, v>-< 1
a contradiction.

q.e.d.

Note 2 It is shown in [13] tital if X is a weakly couniably determined

Banachspace,titene Ls a sequence(A,,) of absoluiel>’ convexclosedand
baundedzeno-neighbourhoodin X such thai, fon eacha’ in X, diereis

a subsequence(A,.) of (A,,) for witich

00

a’ E A ~ c x,
5=1

whereA,,3 denotestite weak-starclosureof A,,3 in X,j = 1,2,~ This
resulí canbe usedto obíain condition (b) of proposition8 when X is a

Banachspace.

3 Markushevichbasesin weakly countablycon-
vex-determinednormed spaces

It is shownin [12], usingametitod oniginail>’ introducedby O. Amir and
3. Lindcnstraussto siud>’ centainpropentiesof weakly compactí>’gen-
eratedBanachspaces,[1], iitat a weakly couniably determinedBanacit

spaceadmitsaprójectiveresolutionof tite identil>’ operator.Titis resulí
is exiend in [111 fon certain metnizablelocail>’ convex spacesby means

of a somewitatsimpler metitod titan thai of [1].
Follawing a standardprocedure,Markusitevicit basesfon ceríainHa-

nacit spaces,sucit as those weakly countably determined,ma>’ be ob-

tained by meansof pnojectivenesoluiionsof tite idenilí>’ operaton.
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In titis sectionwe sitail use sorneideas of [11] to construcí total
biontitogonal systemsin ceriaLn Banacit spaces,consequentí>’obtains

Markushevich bases; with sorne additional properties, Lxx wcakly couxxt-
abí>’ determined Banacit spaces witit no mention of projective resolutioxxs

of ihe idenilí>’ operator.
lii ihe nexí four propositioxxs, we consider a Banach space X and a se-

quence (1/,,)of absolutel>’convexclosedaid boundedzeno-xxeigitbourhood

in X, witit ¡j - ¡¡,, being Minkowskl’s funciional of y,.,~ = 1,2,••• Leí Y

be a normed snbspace of X. Weassume tital, for eacit y in Y, Ahene is a
00

decreasing subsequence (y,,) of (y,,) sncit thai y belongsto A ~711and
5=’

~ V
0 isa zero-neigitbounitoodof X [ji(X,Y)].

5—1 ~J

Propasition 9 Leí A,. ami fi,, be tino irifinule aubsetaof Y ami Xt
reapectively,arid leí A be a cardinal numberaucit thaI 1 A,, 1=A, ¡ fi., 1=

A. Titere are tino elosedaubapaceaE arid E’ of Y arid X<~, reapectively,

such Ihal

(a) EDA,,densE<A.

(b) E’DB,,,densE’<tA.

(c) ¡ff2 deriotea Ihe closure ofE lvi X, E’
1 la an orthogonalcomplemení

ofEjriE+E’± reapectto ¡¡ fi¡,,,u xxx 1,2<”

(d) E+E’±nY=Y-

Proaf. If u 15 an elemeníof X and vn is a positive inieger, we piÉ
¡ U ¡vn for ihe normof u ¡y xvhen we cansider Y providedwLth ihe nonm
resirictioD of ji ¡¡m• Fon every positive Integer y ad a’ in X, we choase
u(x,r) Ln X such thai

¡¡ u(x, r) i¡~-= 1,11 a’ ¡j,-x.c x,u(a’, r) >

Given two posLilve ixxtegersr, a and a vectoru la we find x(v, r, a) itt

Y such thai

a— 1
II x(v,r,s) IIt= 1,1< x(v,r,x >,v >¡= ¡ u
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Proceeding inductivel>’, leí us assume thai, for a non-negailve

integer ri, WC itave subsei A,, axxd fi,, of Y and V, respectivel>’, wiiit

A,, 1=A, ¡ fi,, ¡~ A. Denote by O,, and D,, tite linear spanover tite

field of rational rnnnbers of A,, and fi,,, respectivel>’. Wc set

An+i:=C,,U{x(V,r,a’):VEDri,r,a=1,2,...},

fi,,+¡:= D,,U{u(x,r) : a’ E O,,,,- =

00 00
IfEandE’ are tite closuzes of U A,, axxd U fi,, lnY andX respcc-

__x o,
tivel>’, wiiit tite topologies induced by titose spaces, titen E and E’ are

linear spaces sucit thai

dexxsE<Z,\ densE’<A,EDA<,,FD fi,,.

Given a’ in E, z in E’1,r lix EV and 6> 0, we choose a positive iniegen u

and an elemení1 itt A,, with ¡ a’ — 1 ¡¡,.< 6. Then

¡¡a’ ¡j,.=¡ja’ —1 ¡Ir + ¡¡1 ¡,-< 6+ c t,u(t,r) >= 6+ .c 1 + z,u(t,r) >

=6±I<a’+ z, u(t,r) >1 + ¡-c í — a’, uQ,r) >¡

<6+ Ii a’ + z ¡¡,- + ¡It — a’ ¡jrc¡¡ a’ + z ¡,- +26

axxd consequently

a’¡¡,-=j¡a’+Z IIrj =

whexxceWC itave thai EnE’1 = {0} and E’1 Ls axx ortitogonalcomplemení
of E in E+ E’1 respectolo j¡ . fi,., r = 1,2,--• Suppose ixoW thai E+ F~i~

doesnot contaln Y. We find w in t witose restriction to Y doesnot
vanisit While Li does in ihe Banacit apace T + E’1. Take Mo in Y with
-cy,,, u >= 3. We find a decneasingsubsequence(1%) of (y,,) such thai

00

y,, E M := A ~

j= 1

and

00
(4) u 1/0

5=1 ~
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is azero-xxeigitbouritoodla X [ji(X, Y)]. Wc claim thai

(5) (u+M’90M0=4’,

otiterwise, if u wene la (u + M0) fi M0, ihen u — u and u would bath

belongto M0, ihus yielding tite clearcontradiciLon

1 =j< ~/o,V — U >¡=¡< Mo,V >1 — ¡< Mor’ >¡= 2.

Since (4) Ls a zeno-neighbonrhood itt X~ [ji(X,Y)] and u isla E’, itere,
is a ten V,-of (1/,,) andan elemení lxx X such thai

00

(6) we(u+Vflfl(U fi,,).
72=0

It follows fnom (5) ami (6) ihal w is not itt M0 and ¡¡ w — y ¡¡,.< 1. Buí
M, being ihe polar of (4) la X, is axveakly compacíabsolutel>’convex

subsetof Y, hence
00

M= fl(v,,
1nY)

5=1

It is now plain thai w 18 nol Lxx (1/,- fi Y)
0 and SO w ¡,.> 1. Wc take a

positive inieger s sucit thai ~j tu ,.> 1. Then a’(w, r, x) is itt E axxd

ihus

8—1
1 =jIru—u ¡j,-=¡.ca’(w,r,s),w—u >¡=¡c a’(w,r,s),w >1= ¡ w ¡sr> 1,

a

again a clear contradiction. Li follows titen thai r + E’
1 D Y. Finail>’,

take a poiní z lxx Y. Wc find adecreasingsubsequence(Vm3) of (1/».)
sucit ihat

00

=E ~ : A ~m•
5=1

and

(7)
5=1 ‘

is azero-xxeigitbourhoodin X [ji(Xt Y)]. Titen P is tite polarset of (7)
and titus it is a weald>’ absolutel>’ convex subsetof Y. Leí T be denote
tite projectionof E + E’1 on E along E’1. Titen

00 00

TzET(P)C flT(Vm)C flVmjPCY,
5=1 5=1
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and so z — Tz is also in Y. Hence

z Tz + (z — Tz), Tz E E, z — Tz E E’1 nY,

and we itave E + E’1 fi Y = Y.
q.e.d.

Propositian 10 IfdensY > dcnsX, thevidensY= deixsX.

Proaf. Assnme A := dens X7, -c densY. Leí A,, be an infinLie subsel
of Y with A., 1=A, and fi,, a dense subsei of X such thai ¡ Ro ¡= A.
We apply aunlasípropositionto obiala E and E’ with all tite propenties

itere Ls siated. SincedensE <A and E + E’1 fi Y = Y, Li follows thai

E’1 itas inifinite dirnension . It is also clear titat E’ coincideswith X ,
titus attaining a contradiction.

q.e.d.

For the iwo corningpnopositionsWCassumeX is infixxite dimensional

and densY = densX7,. Leí ji denoteiher firsí ondinal of densY. Tite

seis
{M, : O ~ 77< ji}, {u,~ =77< ji}

xvill be two densesubseisof Y and X, respectivel>’. Wc sitail represení

by 71 ihe farnil>’ of all pairs

((a’j, uí))íc¡, a)

satLsf>’ing tite followixxg conditions:

1. (xi, u1)16¡ la a biortitogonal ayatemfor X.

2. {u1:i E ¡}~ la ay orihogovial complemevitof [xi: i E 1] ivi

[a’1:1 El] +{u, :1 E I}~ for tite norma fi. ¡¡,,, u= 1,2,...

3. a la att ivifiviute ordinal riot greater thari ji arid sucit thai a j=¡.! ¡,

Mq E [a’1:1 E 1], 0 =77< a,

and if E’1 denotestite closureof ]in{u1 :1 E I} ivi X<,

4. x¿EY,iEI, arid [x¿:j EI]flY+{uj:i El}1flYx=Y.
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Proposition 11 71 la riol empty.

Proof. Wc take two cauntabí>’ inAnite subseis A., and B,, of Y and Xt

nespectively,sncli thai lLn A., itas ixxflnite dimensiónaxxd

Mv> E A,,, Vv> E B,,,O =t> <1w.

Proposition 9 applies to yield E axxd E’ with tite afore mentioned prop-

erties. Uslag tite metitod described lix [8, Prop. 1, f. 3] ene can
casil>’ consirucí a biontitogonal system (a’,,, u,,),,6¡y fon X sucit thai

lin{x,, : ri E 1V} and lixx{u,, : ri E EV} be densesubspacesof E and E’,

respective
1>’. It follows inmediatel>’ thai

((x,t,un),,
6EV,W) Eh.

q.e.d.
For twa elernenis lxx 11, we wnite

((x<, uJ¿61,a) ((z5,u5) jeJ,¡3)

witenever {(a’1,u1) : i E 4 Ls sinicil>’ containedla {(z5,u5) :j E J} and
a < j3.

Proposltion 12 (71, =)is ay iviductive orderedaet.

Proof. It Ls plain thai (7<, =)is an ordenedset. Leí C denote a non-
empí>’ linearí>’orderedsubsetof (7<, =).Wedenote b>’ {(xk, Uk) : le E K}

andy tite union of all seis {(x1, u~) : i E ¡} axxd ihe supnemnmof all or-
dinal a, nespeciLvel>’,witen ((x1,ui)ic¡, a) rangesoveT

Wc titen have thai (a’k, Uk)k&K is a biortitogonal systemfor X sncit
tliat xk Ls itt Y, le E K. Clearly, {uk le E K}1 is aix ortitogonalcomple-
mení of 1a’k: le cK] in [xk : le E KI+{uk : le E K}1 respecí to ¡ . ¡,.,ri =

1,2,- Besides,-y Ls an Lnfiniie ordinal, -y S ji, such titat ¡ -y ¡¡ K j,

Mv> E lXk : le E K] , O =~

and, ifE’k Ls ihe closureof lixx{uk : le E K} la X<~, titen

u,1 E E’&, O =n < i’.

Leí us take

As ((a’~, ,‘d¿cna) E £
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and choose a’ lxx Y. Then

a’ = y(A) + z(A), y(A) E [a’
1 : j E 1] ny, z(A) E {uk : i E I}~ fi Y.

Wefind a decrcasing subsequence(V,,~) of (1/,,) such titat

00

a’ E P := A y711

5=1

and ~ V,’. be a zero-neighbourhoodin X [ji(X*, Y)]. Now following a

similar argumeníto thai of Propositlon9, WC havetital y(A) belongsto

the weakl>’ conxpaci absoluielycompacísubseiP of Y. Hence, ihe nel

{y(A) : A EL, =}itas a weakl>’ adherent poiní y in Pfl[a’k : le E K]. The
poiníz := a’—y Ls ihereforeweakl>’adherenilo tite nei {z(A) : A E £, =1,
ihus obtaining

= M + z E [xk : le E Kl flY + {uk : le E K}1 fi Y

axxd so [xk : le E K]flY+{nk: le E K}1nY = Y. Wemay ihus conclude
ihat ((a’k~ uk)k6K, -y) Ls an nppenbound of £ lix (li, =).

Theorem 3 Leí X be a Bariacit apoce. Leí Y be a riormed aubapace
of X auch that densY < densX. If Y ia wealely countably corivea’

determivied, thevi Ihere ja a total biortitogonal ayatem (a’j, uj) 161 for X

auch thai lin{a’ : i E I} la a derise aubapaceofY.

Proof. Wc proceed over tite density citanacter of Y. II Y is separable,
tite siatedproperí>’can be sitoxvn via tite meihod of [8, Pnop. 1. f. 3].
Assumenow thai Y is not separable and thai for each Banach space 1V
with a normed subspace H sucit thai dena> densW,fl densH -c densY,

being H wealdy couniably convex-deienmLned, ihere is a total s>’stem
(z5,zus)scJsuch thai lin {zj :5 E J} Ls a dense subsel of Ji. Leí (U,,) be
a sequenceof zenoneigitbom-itoodsin Y such titat tite>’ are absolutel>’
convexclosedand boundedand, for eacit z¡ in Y, itere Ls a decneasing

00

subsequence (U,,) of (LI,,) sucit thai y belongstú A U,,1 and, if 1V,, is

5=1
00

tite polar set of U,, in Y, u 1,2,•-•, u W,,3 be a zero-neighbonnhood
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in Y [p(Y, Y)]. Wc denote b>’ 1/,, tite closure lxx X of U,, + tfi(X). It

ja cleanthat U U,~, isa zero neigitbonnitoodin V {p(X~% Y)]. Leí ube5=1 >

anelernentof 4 U U0 Wc find a positive Integer r sucit thai 2u E

and2 fi U ¡¡< nr. Leí us assume thai u Ls not lxx ~ v0 Titus, u Ls not
5—1 ~

Lxx V,?~, axxd itence ihere Ls ana’ laU,,,. + kB(X) suchthai <a’, u>> 1.
Wc wniie 1

= a’
1 ±z2, a’1 E U,.,.,a’2 E —.8(x).

nr

Weitave titen

1 ¡Iu¡¡ 1
—><a’lti)’=<a’,u>—<x2,u>>l—

u,- 2

aconinadiction.Titerefore

100,, 00-U C
25=1 ~ ~í

00
and U 1/0 Ls a zero-neigitbonnhood lix X [p(Xt Y)].

5=1 ~
Now, Proposition lO ma>’ be applied. Leí ji denote ihe firsí ordinal

ofdensY = dexxsX~. Wechooseandset {y,1 =77<¡tI, {v,, :0<~ <p}

and (71,=)as before. By applying Proposition 12 weabíain a maximal
element((a’i,UÍ)ící,a) la(fl,=). Supposea<ji. Thenja ¡=¡I ¡<¡ji.
Wecitoose a snbspace Ji of Y fi {UI : i E I}~ wiih densH =¡ a j. Wc

lake a dense subapace A of Ji with ¡ A 1= ¡ a j. Appl>’ing Proposition 9

for
A,, := {x~ :1 E J} U A U {y0}

{ui : i E I} U {Va}

axxd A :=I a ¡, wc get two subspaces E and E’ with all tite properiles
ihene mentioned. Leí G represení tite closure of fln {u¿ :1 E I} itt X.
Leí o be tite canonical mapplag from X onto X/E’í. II L := 9(E), ihen

L is isomorpitic to E and titus is weakly countabl>’ convex-determined.
Wc identifr E’, la tite usual manner, wiiit tite topological dual of X/E’í.
Let M denote tite orihogonal complemení of O itt X/E’í. Titen, M fi L

Ls a topological complemení of q,([a’~ : i E 1] fi Y) la L. We itave ihus
tite following situation: M 18 a Banach space witose topological dual is
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E’/O; M fi L is a normedsubspaceof M suchthai it Ls weakl>’ countably

coxxvex-deiermined and

a ¡= dens(MfiL) =dens(E’/G).

Hence, itere Ls a total biortitogonal system (t5, zv5)56j fon M, J dLsjoint
frorn 1, sucit thai lin{t5 :5 E J} is a densesnbsetof M fiL. Let 4,
denote tite canoitical mapping from E’ onto E’/O. Por ever>’ 5 Lix J

we take x5 lxx E fi {u1 :1 E J}í aDd u5 in E’ fi [a’~ : i E ¡]I sucit thai

40(x5) = t5 and4,(u5)= uq. Settingx := IUJ, wehavetitat (a’~, u~c¡<

is a bionihogonalsystemfor X su~ thai [a’1: i E K] fi Y = E, and

hn{m : i E K} 18 dense in E’. It is eas>’ to see thai ((xí,uíhcK,a+ 1)
belonga to (it, =)and ji Ls clearí>’ sirictí>’ posierlon tú ((xi, u~)~cí , a).

Weitave titus atíained a contradiction. Hencea = ji, (x1, u¿Itei satisfies

tite requiredproperties.
q. e. d.

Corollar>’ Leí Y be a deviae aubapaceof a Baviacit apace X. If Y
ta weakly couritablv covivea’ determinedItere ja a Markuahevich baaia

(x1, UI)i61 br X such thai x1 E Y, i E 1.

Note 3 Leí X be aweakly cauntabí>’determlnedBanacitspace.Propo-
sition O andtite formercorollan>’ allow uslo asaeríthai itere is aMarku-

sitevicit basis (xi, ~1)16¡ for X. Leí M be tite subacíof X consistixxgon

alí elemenis U snch thai

{i EJ :< a’j, u >x$ O}

is countable. Clearí>’, M is a linear subspaceof X ~.Leí (fi,,) denote tite
sequenceof weakly compacíabsolutel>’convexsubseisof fl defined b>’
meansof condiuion (c) of Proposition8. Leí u be a poiní in ihe dosune

of M fi fi(X) itt X<,. Given a positiveintegeru, lf

(y + fi,,) fi M fl B(X)

la ¡mt void, we take u,, itt sucit a set; on tite otiter hand, II it is empí>’,
we take u,, te be tite zero vector of X. Leí 1/ be a zero-xxeighbouritood
in X. Wc find an increasingsubsequence(fi,,3) of (fi,,) sncit thai

fi711c y, 5= 1, 2,
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and U fi,,3 Ls azero-neigitbonritoodla X~. SinceMflfi(Xfl Lsconvex,
5=1

Lis closures in X~ ami X, respectivel>’, coincide, and itence we have titat
00

+ U fi,,3 mecía M fi B(X~). Titus, itere is a positive integer5 sucit
thai

y + fi713 fi M fi B(X) # ~,

and so u,,1 belongsto u + V. Consequentí>’,(u,,) has u as an adherent

poiní in X, and we conclude thai u Ls lxx M. Titen, M fi fi(X) Ls
iveak-star closed. By Knein-Smulian titeonern, [5, p. 246], we itave tit~t
M coincides witit Xt A consequence of ibis is tite well known resulí

whicit atates thai, for a weakly conniabí>’ determined Banacit apace X,
tite closed unu bali of its dual Ls a Corson compací for tite weak-star

topology, [12].

References

[1] D. Amir and 3. Lindenstnauss, Tite atructure of weakly compací seta
in Rariach apacea,Ann. of Matit. 88, 35-46 (1968).

¡2] M. Fabian and G. Godefro>’, Tite dual of every Asplurid apocead-
nijia a projectiortal resolutioviof ideritity, SindiaMatit. 91, 141-151

(1988).

[3] Z. Frolik, On arialytic apoces, RuTh Acad. Polon. Sel. 9, 721-726

(1961).

[4] 0. Godefro>’, Bouridariea of a cottvezset avid iriterpolatiovi aeia,

Matit. Ami. 277, 173-184(1987).

5] 3. Horváiit, Topologicol Vector Spoceaarid Distributiona, Vol. 1.
Reading,Massacitnsetts.Addison-Wesley,(1966).

[6] 3.-E. Jayxxe and 0.-A. Rogers,Borel selectorafor upperseniicoritivi-
uoua sel-valuedmapa, Acta Matli. 155, 41-79, (1985).

17] G. K¿iihe, Topologicol VectorSpocea1, Springen-Verlag, Benlin Hel-
delbeng New York, (1969).

[8] 3. Lindestrauss and L. Tzafriri, ClasaicalRauachSpaces1, Springen-

Venlag, Berlin-Heidelberg New York, (1977).



220 M. Valdivia

[91 1. Singer,Raaesin Baviach apacea1.1, Berlin-HeidelbergNew York,
Springer (1981).

[10] T. Talagrand, Surune conjeturede Ji. H. Coraon, Buil. Sci. Math.

(2) 99, 211-212, (1975).

[11] M. Valdivia, Resolutiona of ideutity iii certain metrizable locally
convexapoces,Rey. Real Aca. Ciencias Exactas, Físicas >‘ Naturales

de Madrid, LXXXIII, 75-96 (1989).

[12] L. Vasak, Ori oyegerieralization of weakly compacígevieratedRo-

nacit apacea,StudiaMath. 70, 11-19 (1980).

Universidadde Valencia
Facultadde CC. Matemáticas
Dpto. de Análisis Matemático

Dr. Molirxer, 50
46100Burjasot (Valencia)
Spain Recibido: 23 de Ma>’o de 1996


