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Abstract

We introducea ciasof weightsbr awhich a rich theoryof real
interpolationcan be developed. ¡si particular it led us te extesid
tIte comrnutatortbeoremsassociatedto this method.

Interpelationtheory is a pewerful teel te study operaterain functien
spaces.In particular it provideamethodste ebtainnew estimatesfrem
initial estirnates. The theory originatedwith the coixvexity theoremof
Riesz-Thorin(1926, 1939),which atatesthat ifan operatorT is beunded
en thecemplexspacesLP* .~÷ ~ i — 0, 1, thenit is alse beundedfin all
the rangeof intermediatevaluesof p. Therefore,we may cencludethat
T is beundedfrem L~ —* L’~, wheneverthereexista O 6 (0, 1) such that

1 1—6 6 1 1—O O

P PO Pi q qo q~

Moreover,

(see [R], [T]). The methoddevelopedby Therin te prevethis theorem
led A. Calderón(see [C], 1963) te introducethe complexinterpolation
method.

1991 MathematicsSubjectClassificatiorn46E30,46B70

ServicioPublicacionesUniv. Complutense.Madrid, 1996.

• Researcbpartially supportedby DGICYT PB94-1185
Researchpartially supportedby DGICYT PB-93-0228-002-02



74 J. Bastero,M. Milrnan and E’. 3. Ruiz

At the feundationaof the theory also lies an impertant theerem
ebtained by Marcinkiewicz (1939), which ¡a baseden real metheds.

Supposethat T is a beundedoperator from ~ — L<~”~, i =0,1.
Then, if po p~ and p =q, T is beundedfrom L~ —* L~, when-
ever thereexista 6 E (0, 1) such that (*) helds. In this case¡¡T¡¡~~~ =
CeI¡TjI~,jLq0I¡T¡I%4q, fer sorneconstantCe. This theeremis the medel

fer the real methedof interpolatienfor abatractspaces,developedby

Liona and Peetre(see ILPI).
lii this paperwe ahail be concernedwith the real methedof interpo-

latuon. We ahail describe,without preefa, a recentextensionof the real
methodobtainedby the authersin [BMR1] and[BMR2].

Throughout tlie paperwe ahail fellow the notatienand termiixelegy
of [BU.

Let us start by recalling semedefinitiona. Given acompatiblecou-
píe of BauachapacesA = (Ao,Ai) (i.e. thereexistaa topolegicalvec-
tor apacey auch that beth Ao, A1 are centinneuslyembeddedin y),

and an element a E Ao + A1, we define the K-functienal of Peetreby
K(t,a;A) = mf lIaOllAo + tIIalIIA1, t > 0, wherethe mf runa ever alí
poasibledecempositionsa = ao + al with aj E A.. If a E Ao fl A1 we
definethe J-functionalby J(t,a;Á) = max{IIaIIA0,tIlalIA1}, t> 0.

GivenO c (0,1), andp =1,we let

(r~ (K(í, a; A) \~at\ ~AO,p;K = {a EA0 + 441; t
0 .cZoc}.

Likewiae, we define Ae,»;j as the classof elementaa E Ao + A
1 for

which thereexistsa representationa= f~ t~ dt with a(t) E Ao fl A1

(convergencein the Ao + A1 nerm) and satis~ing t—<LJ(t, a(t); A) c
L~(dt/t). For this classwe considerthecerrespendingnorma

iIaIIe,p;j = mf (p (J(t~a(t); A) )P~) ~IP

wherethe mf runa over all pesaiblerepresentatienaaf a.
Thefollowing factsfollow readily from the deflnitions:

i) AOflAl~>AGp;K~Ao+AlandAoflAl<~AeJ4’~AO+A1
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u) Ae,p;j and A04,q< are interpolatien apaces,i.e. uf T is a linear
operaterfrom Ao + A1 -~ B0 + B1 auch that is beundedfrom

4¾—. B~, i = 0,1 thenT AO,P,K —~ BO,P,K, T : Ao,~,j —* Bo,~,j
and ¡¡Tu =¡ITI¡t

01¡T¡¡¶.

Since the duals of spacesobtainedby the K-methedare naturally
described by the J-method it becemesan important problem in the
theory te atudy the equivalenceof thesetwo methods.

Thefundamentallemniaof interpolation iznplies that Ao,~j< §
For the converse,eneusesclasaicalHardy’a inequalitiesand thefollow-
ing well knownfact, if a E A

0 + A1 ja an elementfer which thereexista

a representationa = j~ ?-Éidt, wuth a(t) E Ao fl A1 then

K(t,a; A) ~ (i(x~a~a’tÁ)) (t),

where the eperator3 is the Calderónoperator,definedfor measurable
functiensby

Sf(t) = fmin{1¡a’,1/t}f(x)da’

!Jf(a’)dx+i7 ida’
P(f)(t) + Q(f)(t).

Severaldifferentextensienaof theseinterpolationfunctershavebeen
conaideredbefere. The maststudiedclasaesof interpelationapacesare

asaeciatedte the socalled“functienalparameter”andthe “quasipower”
case. The apacesaredefinedby aslighty more generalclasaof weights
than the powers U

6 andthe atudy of interpolation for theaeclasaesof
“weights” was apparentlyinitiatedin [K] andcontinuedun [G] andmany
other papera,cf. [BIC].

Let w be a weight en (0,oc), te., w > O a.e. with respectte the
Lebesguemeasure.We recail that aweight is a quasipower weight (see
[BKI) uf thereexista apesitiveconstantC auchthat C~1w <8w <Cw,
(briefly 8w w). Wc say that aweight w is a funotionalpararneteror

a Kalugina weight if thereexistaapositiveconatantC andaC’ pesutive
functien ‘p auchthat C~’ ~ wr,o =C anday(t) ~ t~,’(t) =¡34o(t), for
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some O < a c p < 1 andfor all t > 0. An integration by parts shows

that a Kalugina weight is a quasipowerweight.

In what fellewswe ahalí indicatea meregeneralconstructien,which

allows uste connectreal interpolatienwith the theoryof weightednorm
inequalitiesinitiated by Muckenhouptasiddevelopedby many authors

over the last 25 years.
Givenaweught tu, (Le. a measurablefunction, tu> O a.e.)we denote

by LP(w), 1 =p =oc, the claasesof Lebeaguemeasurablefunctions f
defineden the interval (O, oc) such that

IIfIIu<~> = (Jf(t)Pwt)dt) <-1-oc.For p = oc tbe correspondingspacewill be tClLCO, that la, the space
consistingof functienaf such that

iIfIILoo(to) = IIfwIIoo < oc.

Let tu be aweight andlet 1 =p < oc. Wedefine~p,w,K_asthe clasa
of vecteraa E Ao + A1 fer whuch the functien 17

1K(t,a; A) E L~(w).

Fer a E A~,~a< we denote

IIaIIÁ,< = (foo(K (t,a; A) )Pg~dt) ‘ft

II we censiderthe J-methodof interpelation, wedefine~ as the
clasaof elementaa E Ao + A

1 for which there exista a representation
f”’a(t)

a = j—dt with a(t) E Ao Ii Ai satisfying t’J(t, a(t); A) E L~(w).

For thia clasawe considerthe correspendingnorma

¡a IlÁp~J = unf (¡co (J(t~ a(t); A) )P w(t)dt) ‘~

wherethe mf runaayer alí pesaiblerepresentationaof a.
The clasaicalacaleaof real interpolation spaceacerrespendte the

power weights tu = t’»-”~’. It is not hard te convinceoneselfthat the
weightswe havejuat introducedaremoregeneralthan the Kalugina er
quasi-pewerweights. Indeed,let
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then we compute

if O < t < 1
Sw(t) =

{-s-2t1+2arctan ‘ ifl.ct
‘It—’,

andwe seethat tu is net a quaaipowerweight and consequentlyit ja not
aKaluginaweighteither (this exampleja suggestedun [FIS]).Hewever,it
is easyte verify that 5w <Ctu andtherefore,tu verifies the C1 condution

(cf. Definitien 1 below).
In eur work we show that the weights that control the Calderónop-

eratorcaubeusedte developarich theoryof interpolationaudconnecta

the subject with the theory of weightednorm inequalitiesfor clasaical
operators.

At the basisof our developmentare the clasaicalresultaby Muck-
enheupt(see [Mu], [Ma]), extendingHardy’s inequalities. Recail frem
[Mu] that:

u) Pf E L~(w) for alí f E L~(w) (1 =p < oc) if andenly if theteexista
aconstantC> O such that for alinost all t> O

([O w(r) dx)
1’w(x)~P’/Pdx) (Mr)

fer 1 <p < oc, er fr w(x) dx < Cu4t) (Mi)

for p = 1, andu) Qf E U’(w) for all f E U(w) (1 =p < oc) if andonly

if thereexistaaconstantC> O such that for almest all t> O

tt\ ‘IP ¡too hp’

for 1 <p < oc, er

1 I~Iw(x)dx =Ctu(t). (M’)t Jo
fer p 1.

Definition 1 We say that aweight tu E 4, uf it satiafiesthe cenditiona
M~ andM~ simultaneously.Wc aay that a weight tu E C~, if andonly
if ~‘ E C

1, er equivaléntly,if 8 is beundeden tu
1L”’.



78 J. Bastero,M. Milman and E’. 3. Ruiz

It is clear from eur previousdiacuasionthat

= ~ 5: L~(w) —4 L~(w).

Theclasaes4,enjoy nice prepertieswhich we cellect in the following

Proposition2 The follewing assertionsaretrue:

i) 8 is self-adjountlinear and positive

u) u, E 4, ~ ~~>‘h>EC~1

uiu) Thechas4 ja exactly the clasaof weights tu > O auch that Su, <
Cw for sornepesitiveconstantC.

Thia propertiesleadus te apply tite strengmachinerydevelepedby

Rubio de Francia (see[011]), and in particular te useRubio de Francia’s

algorithn:

Proposition 3 (see[011]). Let 1 <p < oc. Given f =0, f E L~(w)
thereexiata measurablefunction g > O andapesitivecenst.antC, such

that

i) f Sg

u) hg IIr~ro¡o =2 ¡jf j¡L~(w)

iii) S~ =Cg (C = 211511 is eneugh).

As a consequencewe show that tite 4, clasaesof weights satis~’ tite
following properties: factorization, a reveneHólder’s type inequalities
and extrapelation.

Propositian4 Let 1 =p < oc. A weight tu E 4, if andenly if there
exist twe weights wo, u~ E 4 sucli that tu = wowV~.

Qixe implication is merely aix applicatienof Rubio de Francia’sfac-
terizationof weights theerem. For tite conversewe only needte adjust

a simple computation.

Proposition5 If tu E 4, thenthereexistaE> O such that x~~tu(x) E

M~ and x”’zv(x) e M~.
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Due te factorizatien, the enly thing we have te prove is the case

p = 1 andun titis casetite correspondingreault is that titereexistae> O
sueh that, for sorneconstantC > 0, tu satisfles

fi (!)‘~>~~ + f (Qw(x)dx <Ctw(t)

for all t> 0. Thus ja easulyprevedhy using the trivial facta

S=P+Q=PoQ=QoP

andreiteratuon.Preposutuon5 implies thatthe weights tu suppertatronger

integrability cendituenain O andun oc.

Proposition6 Let T beasublinearoperateractungenfunctionsdefined

en (0,±oo).Let 1 ~ r < +oc, 1 <p < oc. Suppoaethat T ja beunded
en Lr(tu) (respectively,T is of weak type (r,r)), fer every weight tu E Cr
with nerm that dependaonly upen tite Cr-censtantfer tu, then T is
beundeden L~(w) (respectively,T ja of weak type (p,p)), fer all weighta

tu E 4, with anorm that dependaonly upentite C~-constantfer tu.

It u~ afro peasiblete extrapolateun the caser = oc, usungtite follow-
ung extrapolationtheoremby García-Cuerva(¡GCI):

Proposition 7 (see[GCJ).Let 8 be a positivesublineareperaterand
let T be a mapping satiafyiixg the fellowing condituon: Every time that
8 ja beundedun vL<~, for sorney > O, T is afro beundedun vL% with

norm dependingonly en that of 5. Let 1 =p < oc andtu =0. Suppose
that 5 ja beundedin LP(w). Titen T is alse beundedin LP(tu) with

norm dependingenly en that of 5.

Applying tite last result te tite Calderónoperatorwe ebtain:

Corollary 8 If T is beundedin v1L~, fer any weughty E C<,
0, thenT

is beundedun L>(tu), for all tu E 4, asid fer al) 1 =p < oc.

Next we transíatetite correspondingpropertieste interpolationtite-
ery.

Proposition 9 Tite fellowing asaertionaaretrue:

i) Ihe spaces~ and~ areintermediateapaces,i.e., we itave
Ao rlA, ‘—+ A~,,»j< —* Ao + A1 andAo rl A, ‘—~ ~ ‘—* Ao + A,,
1=p=oc.
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u) Ao rl A, is alwaysdenseun 4w,.y, 1 =p < oc.

iii) Tite apaces~ and~ areinterpelationapaces,1 S p < oc.

iv) A~,~j< “-* ~ 1 =p =oc.

y) Let 1 =p =oc,then ~ —~ A~~K for all compatiblepaira of

Banachapacesif andenly if tite weught u’ us in C~.

Remark 10 In [BK] tite autitorsahowedtite necesaityof tite4, conditien
by meanaof consideringtite ceuple (L’(dt), L’(dt/t)) plus tite technucal

conditiona

L~(w) ‘—* L’ + L’(dt/t), L~(w) rl LIOC(dt/t) # {0}

(ser [BK], cendition(3.4.2) andLemma3.4.4). It us instructive te see

titat enecoulduseessentiallyanypair of rearrangementinvariant apaces
wititout any otiter assumptiona. More precusely,let u’ > O a.e. and
let A = (Ao, A,) be a compatible pair of r.i. apacessuch titat the

correspendingfundamentalfunctiens aatisfy

~o, lirn~<s~ = oc.

Supposetitat for sorne1 =p =oc, Ao rl A, ‘—. ~ —. ~ titen

tite weight tu E 4,.
As acensequencewe obtain

CYorollary 11 Supposetitat tu E 4,, asid A0rlA, is densein Ao andA,,
then,

(Ao,A,),~K = (Al, A~)P~Wp~,pK 1 <p < oc,

(Ao, A,)l wK ~ (Al, A~~,~—ig p = oc

Next we sitalí censiderreiteratienresults. We ahail begin by remark-

ingtitatifl =po,pi=ooandwoECft, w1 eC~1, titen, tite ceuplea

A~=(A,>0,~, A~1,~) and L~Q0) = (L,,<,(wo),L~,(w,))

areahnost“bl-pseudoretracta”of each etiter (in tite senseindicated in

[<3w],p.125]). (We recail that in caseof po = oc and/orp’ = oc tite

apaceste be consideredare tu’L”’ and/or tv[’Lfl.
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As aconaecuencewe ebtainthat

K(t,a,X~,) “~ K(t,K(t,a)/t,LpQiñj), a E E(X~,~). (¡ix)

andhence

Proposition12 Ap,w is aCalderónpair. That is, for anya, b E

with

K(t,b,4,ii¡) =K(t,a,Apn)

fer all 1> 0, titereexistaanoperatorU beundedun Awj with Ua = b.

As aix applicationof tite facterizationof 4, weigitts we prove the
fellowing.

Proposition13 Let 1 <p < oc andu’ E 4,. Titen, titereexistu’o, uq E

C, such that

Moreover, (lis) canbealso usedte prevereiterationresults.An eaay
censequenceof (A) is the following extensionof tite clasaucalreiteration
titeorem:

(X~0,~0,4, tui >p,ttK = A(L,0(W0),L~1 (wi)),,~,x (o)

wherethe apaceen the rigitt itandsideconsistaof tite elementaa E E(A)
fer whicit K0 E (L~0(wo), L~1(w,))~,~jc. Notetitat in order fer (o) te be

satisfiedit is necessarythat tite weightsu’o andu’, bein tite 4,~ andC~1

clasaesrespectively,but it is not relevantwhethertite weigitt u’ belongs
er net te tbe4, clasa.

We alse notethat acorollaryof (o) is tite reiteratienformula

(Apo,tuo,A~1,~1)e,~=

v(1—O)h~o ~
0¡p~1 1O Owherel=po,p,<oc,tu=wo tu

1 ,——

p Po p~
lix particular we obtaintite clasaicalreiterationformula:

(Ao~,,po,Aeí,pí)e,q= (Ao,Ai)n,q

where~ = (1 — 0)Oo + OOi. Note that the secendindex is net impor-
tant for reiteratien. Thus, for pewerweigitts, titat ja, un the clasaical
Liona-Peetretheery, “extrapelation” in the senseof Rubio de Francia
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is not unteresting. In tite setting of C~-weigitts,however, tite fellowung

extrapelatienresult helds.

Propesition14 Let A, .a be two compatibleceuplesof Banachapaces,

andlet T be a lineareperatorbeundedfrom Á,,~,K inte BP,W,K fer seme
p, 1 =p < oc, andfer afl u’ E 4, wutit nermthat dependaenly upentite
Cp-censtantfor u’. Titen T is also beundedfrem Aq,v,K unte Bq,v,K fer

any q, 1 < q < oc, andfor all y E Cq with nerm that dependaenly upen

tite Cq-constantfer tu.

We sitenid mention itere that in order te preve titis proposituonwe
havete extrapolatefrem tite validity of the inequalities

fer any weigitt tu E 4, that tite sameestimatesitold fer any q and any
y E Cq.

Qn tite otiter itand, usingtite extrapolationtiteory develepedin [3M],
we show,undermild extrarestrictions,asitarperversionof tite preceding

proposition. In order te describethe results we introducetite fellowing
clasaa.weights.

We sitail say that a weight u’ belongato tite clasaCB~, 1 =p < oc,
uf titereexista C> O suchthat fer ah t> O we have

j(X)Pw(x)dx =CfwGr)dx.

and.

1 cf
It fellews frem [AM), [Nl] and LN2] that aweight u’ belongate tite

classCE,, if andenly uf Sf E L~(w), 1 =p < oc, for all f E LP(w), witit

f decreaaing.For suchweightawe denoteby ¡¡w¡¡<~ tite inflmmn of tite

constantsC satisfring the inequalitiesaboye. Titen, we itave

Prapasition 15 Let a > 0, 1 < p < oc, and let A and .B be Ra-

nach pairs. Suppose.titat T is a beunded linear operator mapping
T : At,,p;K —f Btn,p;K, fer every u’ E CD,,, witit

<C¡¡tu II¡iT ¡IÁtn,p;K~flw,p;K —
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then,for1<q~coo,andforallweCq, weitave

T: Aw,qj< 4 Bw,q;K.

We give applicatiens of reversedHólder’s type inequalities un tite

centexof theabstracttheoryof cemmutators.Titis titeory wasinitiated
by Rochberg and Weiss [11W] fer tite complex metitod and Jawertit,

RocitbergandWeuss [JRW] fer tite real metitodof interpelation. It itas
beeniiitensively develepedover tite last decade.A surveyof’the earlier

werk is givenun [CJMRI. Let usrecalí titat asaeciatedte theconstn¡ctuon
of intermediateapacesby the K and3 metiteda,titerecertainmappungs
£2K, Qn, whicit areun generalnon-linear asid unbeundedanddefinedby
uaing ahnost eptimal decempositiena.Let us review sorneof tite basic

facta. Supposetitat A = (Ao,Aí) is a Banachceuple, and let a E
Ao + A,, andt> O. We sitail saytitat adecempesitiena ao(t)+ a,(t)

is almoat optimal (fer tite 1< metited) if

I¡ao(t)IIo + tLIaí(t)IL, =eK(t, a; A)

(itere e is a cenatantwitese value is fixed during eur discussion, for
examplee = 2). It is clear titat we can alwaysciteesea measurable

almost eptimal decompesition,i.e., the fimction from (O, oc) te A0 +
A1 given by t —. ao(t) + ai(t) is measurable. We write DK(t,Á)a =

DK(t)a = ao(t). It is clear that tite functioix Dx(t)a canbe citoesente
be homegeneeusun a. Suppesethat u’ E C,,, 1 <p’c oc, titen we can

definethe operatorQg fer tite elementaof ~ as

di di

‘ji DK(t)a— — — DK(t)a)— E Ao + A1.¡(1QK,Aa = ~Ka = t

Altitough titese eperatoraare unboundedtiteir commutatorswith

beundedoperatorsin tite acaleare beunded.Let usdeveleptitis point
¡u moredetail. Supposetitat T is abeundedlinearoperatorbetweentite

BanachceuplesA andÉ. Given a E Ap,t0,K,we canapply tite operatora

~K,A aud ~K,A beforeandafter applying T, respectively.Titis leadste

tite studyof tite commutator

[2’,
12x]a = (TQKÁ — flK,BT)a.

We titen itave tite follewing “commutater theorem”.
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Proposition 16 If tite weigitt u’ E 4,, fer 1 =p =oc, titen tite commu-
tator us beundedfrem ~ into ~

Tite previena result, applied te tite identity eperator,shewatitat

if ~K is defined as befere, but using a different abnest optimal de-
composition, titen ~K — QK is afro beundedfrem Á,,,~,K unte ~
If we define as úsual Dom QK,A = {a E Á,,,~,K; It E A,,,VJ,K}, witit

IlaliD = IIaIIAPWK + iI~IIÁ K titen tite apaceDom 0K,A is weB defined

aud independentof citoice of £1K. lix fact Dom 0K,A defines aix inter-
pelatienmetitod titat can be explicitly computedand, un partucular, is
a apecial caseof tite apacesatudiedun eur werk (cf. [CJMR] and tite
referencesquetedtiterein).

A typical applicationof tite titeory is tite follewing well known com-
mutator titeorem originally due te Coifman, Rocitbergand Weiss (cf.

[311W]andtite referencesquoted titerein).

Proposition 17 Let p> 1. For b E BMO(R~) define Md = bf aud
let 2’ be a Calderón-Zygmundoperater. Titen, tite commutator[2’, Mb]

is beundedun LP(R~).
lix a sumilar mannerwe can asaeciatewith tite J metitod eperatora

fi witicit ceininutewitit boundedoperatora.We new review tite basic
definitiona. Let a bean elementun ~ titen weselectoverall posaible

admisaibledecompositionaa f C’a(t)dt a cheiceof a(t) fer which

tite infimum us ahnestattainediii tite definitionof IIaIIÁ,,~,
3. Wecail such

decempesitienaix almeat optimal J-decempesitienand denotea(t) =

a; A). Titus, a = j C’Dj(t)adt and

(1”’ (J(t~ a(t); A) )~w(t)dt)”~ =cIIaIiA,,,,,3

We definetite non-linearoperator

OjÁa = fija 7> a(t) íegt=S.

Let 1 < p < oc, titen tite exiatenceof fija fer tite elernentaof A~,,>,,.i
follows ftem an applicatienof a reverseHálder’s type inequality witich

iixsu<es that u’ satiafles

fmin{1,4r}w-i~’/7~LlegtIfldt <OC
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It is readily seenthat the operator Qn is beundedfrem A,,,~,j unte

A,,,~,j, wherey is tite weight v(t) = (1+1 logx»Pw(x). We remark itere
titat by using a strongferm of tite fundamental lemma of interpelation

it is not difficult te prove titat sZ1Dj(s)ads is an almost eptimal

decempositienfor tite K-method, i.e.,

ao(t) ¡ C1Dj(s)ads

a,(i) fs7~D.j(s)ads

and censequently,QJAa = —flK,Áa.

Titerefere commutatortheoremsfor tite 3 metited canbe deduced
from tite correspondingenesfor tite 1< metitod. For examplewehave.

Proposition 18 Let 1 <p < OC. If 2’ :, A —. B and tu is a_weiglit in
tite class4, titen tite cemmutater[2’,Qn) ja beundedfrem A,,,~,a into

Higiter order conunutateracan be afro treated un titis setting. For
n E N tite operatera~K,Á;n asaeciatedwith tite alinost optimal decom-
positien DK(t)a aredefinedby

1 ~ ix
(si —1)! y

0t Ji — t)

Using a reverseflélder type inequality we see that titese operatora

are well defineden tite A,,,~,K apaces. Tite follewing result extenda

te weighted interpelatien spaceaa comnintator titeorem obtained by

Rechbergand ene of us un tite unweigitted case (cf. [MiR] and the
referencesquetedtiterein).

Prapositien 19 Let 1 <p < oc. Let u’ be in 4,. Let 2’ : A —. B a

beundedlinear operater. For si = 0, 1, 2, ..: define

(2’, uf si =0

C~a = [7’,QK;í]a, if’n = 1

[7’,IZK;n]a + Z%4 QK;kCn~ka uf si > 2

Titen tite eperator(3,, is beundedfremA,,,~,K -4
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Wecanextendtite resultsaboyete ameregeneralsetting,tite frame-

work of commutatersof fractienal erder. In tite sequelwe sitail enly
censidera> O (obviously we are in a complexsituation for a ~ N, but

complexinterpolatienmetiteda arenot usedat all un eur centext). Wc

begin by defining the non linear eperaterSt. Let a E Ao + A,

Sta = U(a) [f’.log(t)ú—í DK(t)a!dt. j leg(t)~’(I — DK(t))a~-dt1

(we meanleg(t)O1 — 1 leg(t)¡a1e~sig Iog(t))

Tite existenceof fina for tite elementsof A,,,tu,K as well as tite esti-
matesfer the cernmutatersarebasedin the fellewing lemma.

Lemma 20 Let si be a naturalnumberand let O < O < 1. Titere exists
a censtant(3 C(n, O) sucit titat for any a E A,,,~,K and fer ah t > O

we liave:

u) Q(n(¡ leg(x)¡0’K(x, a; Á))(í) =CQ(’XK(x,a; Á))(t)

iii) Ifa E Á,,,
10,xandO < a < 1, titenIta iswell definedandmoreover

jf a = ao(t) + a,(t) is an almest eptimal decompositionof a we

itave

log(t)
0 f~ log(x)~’ dx _ (“a leg(x)01 dx

aa+r(+l)a~~ jo U(a) ao(x)— J,~ U(a) a,(x)-.

iv) II O < a < 1, titen tite ceminutater [7’, Q~] is beunded
from A,,,~,K -4 B,,,~jc, fer any bounded linear operater
7’: Ap,w,K ~p,to,K•

As a consequencewe get.

Proposition 21 Let 1 < p < oc. Let u’ be a weight un 4,. Let
7’ : A ~ B a beundedlinear operater. For a > O we define

<7’, ifa =0

1 [T,fln]a, ifO <a <1
[7’, Qn]a+~Ca~ía, ifl<a<2

C0
0a [7’, %t]a + ~ + ~—~~-2C02a, if 2 < a <3

1 [7’,fi0]a + >2Z1 f~4Qkca~ka~ ff3 <a
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witere si — 1 < a < u. Titen the operater ~a j~ beunded from

Ap,w,x —* Bp,w,x.
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