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Abstract

Lecture en sorne aspectsof the researchoutput of Baltasar
Rodríguez-Salinas,givenat theMeetingenMatbematicalAnalysis
in Isis homageen the occasionof Isis seventiethbirthday.
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ProfessorBaltasarRodriguez-SalinasPalero,whoseseventiethbirth-
day we celebratehere in Avila, publishedlis flrst papersin 1942 wheu

he was 17 yearsoíd aud still in secondaryschool in Alcalá de Henares.
Since tíen he has written morethan one-hundredand fifty mathe-

maticalworks. It would be impossiblete give an account in a one-year
caurseof all tIc beautiful results with which he enrichedmathematics,
andit is evenmoresorn a one-heurlecture. 1 will thereforepresentonly

sampleswhich are simple te stateand easyte understand,omitting of
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necessitymany of bis mostprofonudtheorerns.During bis whole career

ProfessorRodríguez-Salinashasshown an uncemrnonability te assími-
late quickly new theories. His creativity Tangesfrom algebra [55], [118]

audprojectivegeometry[431,[88] te mathematicaleconomics[142], from
Fourieranalysis[15], [97] te oceanography[12]. la connectionwith the

last work let me mention tliat he has also a degreeof “ingeniero ge-
ografo”. He also wrote a numberof essayson the history of xnathemat-
ics. From therich varietyof flelds in which don Baltasar has done

research,1 selected three: 1) asymptoticexpansions,2) topological
vectorspaces,3) mensureand integration.

ProfessorRodríguez-Salinashaswritten thirty joint papers,most of

them since 1973. He is a generouscollaboratorwho willingly ahareshis

ideaswith others. With eneexceptionhis fine co-authorscomefrom

the more than twenty doctoral studentshe has had at• Zaragozaand
Madrid.

In what fellows, the numbers lii squarebracketsrefer te the works

of Rodríguez-Salinasandthe numbersin curly bracketste the works of
otherauthorslisted at the end.

1 Asymptotic expansions, moment problem,
quasi-analyticity

BaltasarRodríguez-Salinaswrote lis doctoral dissertatien(19] en dif-

ferentialequationsunderthe directionof TomásRodríguezBachiller in

1954. However, alreadyat that time he was interestedin questionsre-
lated te asymptoticexpansionswhose study was initiated in Spainby
Ricardo SanJuanLlosa.

Beforepresentingtheresultsof don Baltasarit is necessaryto iñtro-

ducesornenotation and te recail sorneclassicalfacts. Wc shall denote
by A~, the angulardomain 6l < a~ of the planeof thecomplexvariable

z = x + iy = ~ or of the Riemann surfaceof the function log z if
os> 2. The power series2kcN (tkzkis an asymptoticexpansienat the

point z = O of the function f analytic in A
0 if for every n 6 iv enehas

I2

If(z) — ZakzkI o(IzI~) (1)
k=O
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as z .—* O in A0. It is very important te observethat this conditionhas

nething te do with the convergenceof the series,in spiteof the fact that
the initiators of the theory, T. 3. Stieltjes and Henri Peincaré,called

them “semi-convergentseries”.
Thefunctien f determinesthe ceefficients a,, but conversely distinct

functiens can havethe sameasymptoticexpansion. F’or instance

and 4~- + e1
1Z defined in A

2 haveZ~~wt—1)~z~+’ as asymptotic

expansienat O. Te investigatethe uniquenessof the functien with a

given asympteticexpansienit is necessaryte introduceexplicit beunds
for the expressiensen the left hand sideef (1). This leadste Watson’s
Problem: Let (ma) be a sequenceof strictly positive numbers.Let fi

and 12 be two analytic functions in A0 and asgumethat thereexistsa
sequence(aa) of complexnmnberssuchthat fer certainconstantsA > O

and k> O, dependingen f¡, enehas

si— 1

¡f~(z) — E a1z~ =Ak~m~¡z¡”
1=0

fer si c 1V, z E A0 and j = 1,2. Under what condition en (mn) can ene
assert that fi(z) = 12(Z)?

Clearly the problem is equivalent te the fellewing: Let (mn) be a
sequence of strictly pesitivenumbersand g an analytic function in A0
which satisfies the inequalities ¡g(z)I =Ak~m~IzI~ for si E 1V and
z E A0. What conditiensen (mn) imply that g = O?

In erder te state the solutien of tlie problem, let us introducethe

functien
9’

sup—, r=O.
nclN V2~

Furthermore, let ir be the highestconvexpolygonal lime below thepoints

(u, logm~) of the enclideanplane. Let logm~ by the y-coordinateof
the peint en ir with x-ceordinatesi. The sequence(m~) is called the
¿ogarithmically cosivexregularization of (rn,.) and is given alse by

om..=suPyp siEN.

Tben we liave the fellowing theorem, which fer a = 1 is due te T. Caríe-
man and A. Ostrewski and fer a general a is the special case of a result
of 5. Mandelbrojt:
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The inequalities Ig(z)I =Ak”mnlzl”, si E 1V, z E A0 imply that

g(z) O if and only if the following equivalent conditions are satisfied:

f~ logTQ-) 1/a
(C0)j 1dr=oc, =oo.

This solution of Watson’s Preblem is applied te prove the Denjoy-

Carlemantheorernconcerningquasi-analyticclasses.Let againbe (rnn)

a sequence of strictly positive numbers and denote by C{mn} the set
of all inifinitely differentiable functiensf in a given interval which with

sorneconstantsA > O andk > 0, dependingen 1, satisfy

for si E IV and every t. Ihe class C{mn} is quasi-asia¿ytic if frem

156 C{m~}, j 1,2 and <(o) = <(e) for ah si ~ 1V at a point e

of the interval it foliows that 1’ and 12 are equalla the whole interval.
The theoremla questionstatesthat C{mn} is quasi-analyticII andonly
if condition (Ci) is satisfied.

It is an immediate consequenceof the solution of Watson’sProblem
that (Cí) isa su.fficient condition. Indeed, ifthere existsanen-identically

zero function f E C{mn} with f(~)(c) = Ofor al) si E IV, then enecan

censtructan inflnitely differenti~b1e, net identically zere functien g en
[0,1] such that g(fl)(t)j =m,, and g(fl)(Q) — g&’)(1) — O for si E IV.

Censider

F(() = y(t)etC dt.

Integrating hy parts si times we obtain

F(() = —1--

andthus FMI ~ mnlCI~. SinceF is analytic for Re( > 0, the change
of variables C ~— 1/z shows that ir (C1) is satisfied then F = O asid

thereforeg(t) 0.
Watsen’s Problem arisesalse in the theory of mements. Stieltjes

asked.underwhat cenditionsen the sequence(mn) of strictly positive
pmnbersdoesthereexist an increasingfunetionp en jO, ‘~) such that for
everysi E IV themomentfj” t’dg(t) is equal te tu,.. Let usobservethat
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a necessary cendition is m~ <m,.im,.+i fer si > 1 i e_ that m~ = tu,.

for all si e iv.

Already Stieltjes himself gaye an exampleof two increasing, non-
eqnivalentfunctions which lave afl their mementsequal. We are thus
lcd te the problem of ¡miquenesswhich canbe statedasfollows: What

cenditiens on (tu,,) irnply that, if ji is a functien of beundedvariatien

en [O,oc) which satisfles

jt”ds(t) = O and f t”dbuI(t) =m,,, n 61V,

then ji is equivalent te aconstant?

In order te answer this question, ene introduces the Stieltjes trans-
form of ji:

F(z) = ¡7 ÚÚ~

.

From the identity

1 1 1 tn

z—t z + 0’ z”(z—t)

it follows that

F(z) = J t44t

)

and so

jF(z) =fi;
in the regionwhere jz — t¡ > 1 for O < t < oc.

Weare essentially in the casea = 2 of Watson’s Problem, hencethe

theeremstatedaboyeiruplies the result duete Carleman(bnt contained
implicitly in an earlier werk of Marcel Riesz) according to which the

Stieltjes moment problem is “determined”. if (assuminglicitly that tu,, —

j-oc> logT(r) = oc, or >3 (mÁi) =

After this leng introductian 1 arrive at the theoremsof Rodríguez-

Salinas and the first enes1 want te mentienare relatedte the Stieltjes
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preblem[17]. He preves that if 1 is an integrable ftrnctien en (O, oc)

such that

f”t”f(t)dt= 0 (2)

and

=tu,, (3)

fer si E 1V andthe sequence(tun) satisfiesconditien (02), then 1(t) = O

for almest every t. Cenversely,if

feo logT(r) dr <oc

then thereexists a non-identically vanishing continueusfunction 1 ñ~

(O, oc) which satisfies cenditions (2) and (3). He preves furthermere
that if insteadof (2) the moments

a,. = ¡ t~f(t) dt, si EN,

satis~’

limsup “ Kl = p <00,

n—.eo

then (3) and (C2) imply that 1(t) = O fer t> p.

Let usdenoteby K{rn,.; A0} the dassof analytic functiens 1 in A0
fer which there exist a sequence (a,.) of complex numbers aud constants
A> O, k > O such that

[f(z) — >3 ajz’[ =Ak”tu,.jz[~ (4)
¿=0

for z E A0 aud si E iv. Following San Juanwe saythat K{mn;Ao} is
asemi-ar¿alyticclassif every f E K{m,.; A0} 18 uniquelydeterminedby

the sequence(a,.). The theoremquotedaboyeassertsthat K{m,,; A0}
is semi-analytic if and enly if (C0) is satisfied. As a generalization
of Lion’zIlle’s theoremRodríguez-Salinaspreves <44] that K {m1,;A0}
containsenly censtantsif aud enly if enehas

liminf-~~=O if Oc a =2,

if a > 2.
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San Juanand Rodríguez-Salinascensideredthe analogues of quasi-

analytic classes and of mement problerns when the functiensareanalytic
in an angularsectorA0 aud are not defined only en the real half-axis.

Let us denoteby C{m,.;A0} the classof functiens1 which arean-

alytic in A0, haveangularderivativesof nil orders at the poSt O and

satis& the inequalities f”(z)¡ =Ak”rn,, for z E A0, si E iv and sorne

A > O, /e> O, dependingen 1. We saythat C{m..;A0} is quasi-analytic
if frern 1 E C{m,,;A0} sud f&O(O) = O for si c iv it follows that f
is identically zere. The theoremof Rodríguez-Salinas[441statesthat
C{m,,; A0} is quasi-analytic if aud enly if (tu,.) satísfies(C0+i). Fer
C{m,,;A0} te contain enly constants it is necessaryand sufficient to

have

n—.oo

(C01) if a> 1.

Let 1 be an analytic function iii A., aud suppose that its absolute
mementsen the real axis

b,,= j x”I1(x)Idx

satisfy an estimateb,. =tu,,. San Juan,FerrAn Sunyer 1 Balaguerand

R. P. Boasinitiated the searchfor conditionsen (m,,) which insurethat
1(z) O. Rodríguez-Salinaspreves [21J, amnengothers, the following

theerems,wherethe erdinary momentsaredenotedby

a,, = ¡ x”f(zr)dx.

1. Let f be an analytic functien in A0, a < 1, suchthat

legjf(z)I
lirnsup oc.

z—,oo

If
_ si

hrnsup =0 and >3 —~= oc,vb,,

then 1(z) 0.
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2. Let 1 be aix entireaualytic function of expenentialtype =p, í.e.

leg If(z)I
hmsup =p.
z-.~ IzI

If

limsup = o- <± and >3 fiL. z00,

si ep nelV ‘~

then 1(z) 0.

3. Let 1 be an analytic functien in A0 such that

z—.J H(¡z¡) —

where fi is a positive increasingfunction of r> O satisfring

P’iiúdr<oc.
If (tu,,) is a sequenceof positivenumberssuch that

ay,,, —

liminf
n—oo si

and b,, =tu,,, then 1(z) 0.

4. Cenversely,if

liminf > O
n—’oc ~

then thereexistsa non identically zerobeundedanalytic function in A.,
for which b,. =tu,..

5. Let 1 be an analytic functien in A0 such that

leglf(z)I <h <oc.

[z¡’I~ —

If (tu,,) is a sequenceof pesitivenumberssuch that

(legn) aym,, ir
hmsup < —

n—’co 2eh

and E,,, =tu,,, then 1(z) 0.
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6. Let f be au analytic function of exponentialtype =p iii A0.
Assume that (a,,) satisflesthe condition

hin =0
fl400 fl

11~5~poo~siYv/rs;i[ ir jf ~= 1,

n—*oo si

2ep

limsup ‘ ¡ant < ces[(2 — aF&] if 1 < a <2,
ep

1
Iimsup ‘~ ¡a,.¡ < — ¡f a >2.

n—*oo ep

Let (~,,) be a sequenceof strictly positivenumberswbich satisfiescon-
ditien (C

2). lib,, =tu,, for si E iv, then 1(z) 0417].

7. Let 1 be an analytic functien un A., of order less than 1/(a + 2),

¡.e.

[1(z)! =Ae¡ZIO

for z E A0 and sorneA > 0, a c 1¡(a + 2). Assurnethat

limsup la,,[ < oc.

Let (tu,,) be a sequenceof positivenumbersfer which

llininf ,.a+2 =

If b,, =mm, for si e iv, thcn 1(z) 0 [17].

8. If (tu,,) is a sequenceof strictly positivenumberssuchthat

liminf > 0,n—’eo siú+

2

then thereexistsanon identically zerobeundedanalytic function in A.,

such that a,, = O and E,,, ~ tu,, fer si E iv [17].

Let C{m$,’~} and C{m$,2~} be twe quasi-analyticclasses. Carleman

askedwhether from th¿ hypethesesf’ E G{mn$P}, 12 E C{mW} and
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Í17
0(c) = .fá~~(c) fer si E iv doesit follow that the fnnctions, fi and12

are identically equat It was a trininph of Spanishmathematicswhen

in 1936 San Juangayea negativeanswerte this question. A little later

Mandelbrejtpreved,usingthe method
0f SanJuan,that everyinfinitely

differentiablefunetionis thesumof two inflnitely differentiablefunctions

which belong te quasi-analyticclasses.II 1 is net identically zerosuch
that f(~)(c) — O fer siE iv and 1 = fi —12 where fi and 12 belong

te necessarilydistinct quasi-analyticclassesthen 1~”>(c) = .4”kc) for
si E iv but 1’ # 12. lix his doctoraldissertation121 Th. Bangimproved

Mandelbrojt’s theoremby proving the following result: Let C{tuU~}

and C{tu$.2)1 be two classesof inflnitely differentiablefunctionsdefined
en the whole real Une. In this caseenemay assumethat eachsequence

is logarithmically conx’ex. Let 7r~ be the convex polygonal une

with vertices (si, logmít). Every function of C{tu$P ±m$?>}is the sum

of a function in andof a function in if andonly if the

highestminorant of ir1 and~ ~ cenvex.

SanJuanaudRodríguez-Salinasfornid analoguesof Bang’s theorem
for semi-analyticclasses. lix particular, don Baltasarstudied the case

of angulardemains 144]. For twe sequences(,41>) and (>42)) of strictly
pesitive numbershe introduced the fellowing hypetheses:

(Hí) The sequences(zÁ9) and (~42)) afe logarithmically convex.
(H2) The highest minorant of the two polygonal Unes, wbich have

the points (si, log¿
41)) and (si, logzS2>)as respectivevertices, is convex.

Ihen we baye:

1. Casea = 2. Let tu,. = + mt~. If (tu,,) does not satisfy

((12) and tlie sequences (ni$P) and (~$?~) satisfr (Hí) and (112) then

there exist two distinct analytic functions f~ and 12 belonging te the

classesK{mU>; A
2} and K{mn$t ; A2}, respectively,which havethesame

asymptoticexpansionat O.
(1) (2)

2. CaseOcac2. LetO<6<2—aandtu,.=tu,, +tu,, . Assume

that (ni,.) doesnot satisfy (C0) and that the sequences(~~~~g>) and

(si6ntu$~)) satisfy thehypotheses(H1) and (112). Then nne can flnd func-

tions fi # 12 belonging te K{mÑ’~;A2} and K{mW;A2}, respectively,
which havethe sameásymptoticexpansionat O.

Rodríguez-S~linashas a theoremsIso un the casea > 2 aud results

abeutregionswhich arenot angularsectors.
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Bang askedwhethertherecauexist two distinct functionsbelonging
te two qnasi-analyticclasseswhich coincidein a whele interval and are

analytic there. Rodríguez-Salinasgayeapositiveauswerte this question
130]. Hepreves first the fellowing theorem:

Let (m$P) and (tuU>) be twe sequences of strictly positivenumbers,

a>O,andtu,.=(tuU> +niQ>)/(asi)! where(asi)! = r(asi+ 1). Assume

that (tu,.) doesnot satisfr (Ci) andthat the sequences(rn$P/(an)!) and

satis~i (¡fi) and(ff2). Thenthereexistsapairof~fnnctiens

11 # 12 definedfor —oc -ct < oc, analytic for t # 0, equalfor t < O and

belongingte the classesC{msiÑ’~} andC{n.Ñ~~}, respectively.

Then he shewsthat the boundsm$t (i — 1,2) can be chosen in sucb

a way that the classesC{rn$t} are qnasi-ana¡yt¶c.

It was abcCarlemauwhe pesa)the problemof equivalenceof classes
of infinitely differentiablefunctions, that is, te give conditionsen (tu,,)

and (fn,,) which ensure that C{tu,,} = C{~,.}. The solution was given
in 1940 by Henri CartanaudMaudelbrojt who introducedfor this pur-

pose new kinds of regularizationsof sequences,distinct from the loga-

rithmically convexregularizatiunand dependingen the type of interyal

en which the functions aredefined {19}. For instance,in the caseof a
finite epeninterval they introducethe function

S(r)=zmax—, r>O,
n=rtu,,

and define the exponential regularization of (tu,,) through the interine-

diary of legarithmsby

o 9’
tun = ~ 7261V.

r=n5(r)
Rodríguez-Salinasconsidera)[27] the samepreblemLcr the classes

K{tu,,;A<,} and later for classesK{m,,;fl} of analytic functions de-
final un certaingeneralregions1? audsatis5’ing inequalitiesof the type
(4). He auneunced his result la 1961 in a feur pagelong note 136] but

publishedthe detailsenly un 1987 un six articles [lOfl-(112J whose total
length is 89 pages. Te obtain lis theoremRodríguez-Salinashad te in-
troduce aix even more refined kind of regularization and study questions

relatedte conformal representation and te the boundsof deriyatiyes of
polynemials. Here is the statcmentof the theerem:
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Let SI be a beunded cennected set in the complexplanewhich con-
sists of more than ene peint and suchthat the erigin O belongs te the

boundary OQ of SI. Let fi be the unheundedcomponentof (15) and w =

w(z) the conformal representation of fi ente the exterior {w ¡wj> 1} of

the unit disk such that w(oc) = oc and llmz.eow’(z) = c¿~> O. Define

the functiens

o}r) = sup log tv(z)¡

and

r>O r
Forp> ‘,o(t) = mf

Glet 5)p be thecomponent of £2fl{z: Iz¡ <p}whichcontains0on
its boundary and let n,~,, «p, Yp be the analegeus functions corresponding

te SI,,.
Suppose that there exist two constantsb > a > 1 such that

a <a(2r)/a(r) < b Lcr 0< r ~ sup{¡z¡ z C SI}. The point O is said to

be senil-regularif thereexist twe positivenumbersA and po such that
ap(r) =Au(r)/a(p) for 2~ <p <po. The point Gis regular ifthere exists

furthermoreasequence(P,}z)) of polynomialssuchthat IPk(z)I < 1 for

z E SI and
________ k

=q*Zp(....)fl

si! si

for k/h =si =h, where O < q =1 andh = h(Q) is sufllciently large.

The regularization(leg tu~) of (log tu,,) by meansof log~(t) is de.-
final by

S(t) = ~
n=t tu,,

and
• ____

ni,, =sup
a>,, 5(t) -

110 is a regular point, then K{mn;fl} = K{ñz,,;SI} iL and only if
there exist two positive constantsa aud b suchthat

Lcr siEiv.
tun

Rodríguez-Salinashas a similar result Lcr unboundeddomalus.
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Te cencludetbis sectien1 weuld like te mentienwithout details three
other centributions of den Baltasar:

1. Convexity inequalities for the bounds of the derivatives [23} and

for the ceefflcients and bounds of asymptoticexpansiens[24] of a fune-

tien analytic un A.,.

2. A generalizationof a Phragmén-Lindelóftype theerem of L.

Ahlfors and M. Heins [16].

3. Aix analeguefor severalvariablesof theDenjey-Carleman-theerern
en quasi-analyticclasses[22].

2 Topological vector spaces

Foflowing the terminology intreducedby A. Grethendieck{12}, a Ba-

nach space E is said te have the Dieudosiné property iL fer every Ba-

nach spaceF every continuouslinear map T : E —. E, which maps

sequences that are Cauchy fer the weakened topology a(E,~ unte
«(E,F’)-cenvergent sequences,also maps beundedsubsetsof E inte

«(E, F’)-cempactsubsetsof E (i.e. T is weaklycompact).

Rodríguez-Salinasebtains[101] a largeclassC of Banachspacessuch

that iLE E C, then the spaceC(X; E) of centinneusfunctiensdefineden

the cempactspaceX with valuesun E, equippedwith the topology of

uniform cenvergence,has the Dieudonnéproperty. Te defineC he says

that E hasproperty(A) if for sornenermequivalentte the original nerrn

en E there exists a Suslin snhspacefo of E1V, consisting of Cancby

sequencesfer «(E, E’), such that fer eache’ E ~ there exists (e,.) E B
0

with henil < 1 + ~ for si E iv and lim,....eo(e’,e,,> = Iie’hl.
The spaceE belengste C iL every separable subspace of E is con-

tained in another separablesubspacewhich has property (A).

If the topological dual E’ of E is separable,then E belengs te C.

This implies a theoremof FernandoBombal and Pilar Cembranos{5}
accordingte which iL E’ is separable,then C(X; E) has the Dieudonné

preperty.

The classC has strongstability properties:

1. If E~ e C for 1 <k <si, then [
1%~~E,, E LX

2. IL E is the image of E E C under a surjective continuous linear
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map, then F E C.

N. Beurbaki intreducedbarrelledlecaily cenvexspaceste character-
ize those apacesfer which the principle of uniferm beundedixeasholda.

It is asimplebut important result that every Baire locally cenvexspace
is barrelled. Later new clasaesbetweenBaire andbarrelledspaceswere
introducedwith the purposete fluid new ciesa)graphtheorerns,stability

theerems,and te distinguishbetween(LF)-spaces. Most of them are

diacusaedin the ResearchNote of Michael Kunzinger {16}.

A locally cenvex spaceE is said te be suprabarrelled by Manuel

Valdivia {24} and a (db)-s pace by W. J. Robertson,1. Tweddleand
F. E. Yeernans{21} if ut satisfleathe fellewing conditien: If (Ej~,) is

rncreaaingsequenceof subapacesof E auchthat U,,EIVEk E, then
thereexistap E iv such that E~ (hencealso E~ for k =p) is d ensem

E and b arrelled.

Rodríguez-Salinas[80] refined this classffication. He sayathat a bar-
relled spaceis barrelled of class0. Then he defines barre fled apaces of

a =1 by translimiteinductien. IL a has a predeceasor,then E is

barrelledof clasaa if, given an fflcreasfflg sequence(E,,) of subapacesof
E such that U,,~ivE,, = E, thereexistsp E iv such that E~is dense
in E and barrelledof clasaa — 1. Thus the suprabarrelledspacesare

preciselythe barrelledapacesof class 1. If ais a limit ordinal then E is

barrelledof cInas a iL ut la barrelledof classfi fer every fi < a.
Fer a limite si there is a direct descriptionof barrelednessof clasa72

[81], {17} which establiahesaremarkablelink with M. deWilde’s apaces

with webs. Aix si-web is a collection {E,,1~} of aubspacesof E where

Icj 61W for 1= i =p and 1 =p <si such that (E,,) is an increasing
cover of E and for each (p — 1)-tuple ~i, .. . ~ (2 =p = si) the
sequence(E,,1 ~ is aix increaaingcover of E,,1 k,,,t. Ihe space
E is barrelledof class n II given an si-web there exists sorne n-tuple

r,. of integerssuch that En ,~.,rn is denseun E nuid barrelled.

Thia descriptienleads te superbarrelledspacesintroduced by den

Baltasarin a recentarticle [146]. A web ja a family {E,,1 ,,,} of sub-
spacesof E as aboye, except that new p may take any integral value
> 1. The apaceE ja superbarrelledif given a web {E,,1 ,,,,} thereexista

a sequence(rp) of integerasuch that eachsuhspaeeEn. np ~ denseun E
audharrelled. He prevesthat a superbarrelledapaceis barrelledof class

a for every a, audthat a barrelledapaceis superbarrelledif andonly iL
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it is barrelledof clasaw1, wherea>1 ja the first unceuntableordinal.
On the other hand, E is the totaUy barrelled {25} (or o--barrelled

un the terminelogy of don Baltasar [84J)if, given a sequence(E,,) of
aubapacesof E such that U,,~ivE,, = E, thereexistsp E iv such that

E~ is barrelledand ita closureE,, haslimite codimensionla E. We have

the following implicatiena for a > ¡3 =1:

Baire =~ tetally barrelled=~- auperbarrelled=> barrelledof clasaa =>

barrelledof clasafi =~- auprabarrelled=> barrelled.
Let 52 be a«-algebraof subsetsof sornesetX. Denoteby 18”(X, E)

the vector apacegeneratedby the characteristicfunctiens XA of the

seta A belonging te E, equipped with the maximum-norm

II! ¡¡ = maxr~x ¡f(z)¡. IfX = iv and 52 is the «-algebra2~ of alí subaeta
of iv, then eneusuallywrites t~ mateadof t3~’(N, 21V). J. Dieudonné
prevedthat $ ia barrelledand Grethendieckthat so is £&(X, E). Val-
divia {23} prova)that £W(X, 52) la auprabarrelledasid Rodríguez-Salinas

[81] that it ja barrelledof clasa2. 3. C. FerrandoandManuelLópezPel-

licer {9}, {17}, {11} prova) that £3”(X,S) is barrelledof clasa si for
every si e iv, audRodríguez-Salinaspeintaeut un [146] that LópezPel-

licer actually prova) in {18} that 18<’(X, E) is auperbarrelled.However,
3. Arias de Reyna{1} prevedthat t~”(X, E) is net totally barrelled.

A locally convexapaceF is aaid te be Fr by Valdivia and infra-s
by N. Adaachif it has the follewing property: Fer every barrelledapace

E every linear map T: E —. F, whesegraph is closed, la continueus.

Theaeauthersgayevarleusintrinsie characterizatienaof Fr-8PM~ { 15}.

Rodríguez—Salunas[80] calla the Fr-spacesalso ríO>~srrn~and presents

the following inductuvedefinitien: II the ordinal numbera > 1 has a

predecessor,then a -apoce is a unien of aix increasingsequenceof

F$~~>-aubspacea.IL a is a limit ordinal, then E is a1’$§-spaceprovided

tbat it ja a it
3~-spacefor sorne fi < a. He then prevesthe following

theorem: Let E be a barrelledspaceof classa and F a r$.~~-apace.Ii’
T : E —. F is a linear map with clósedgraph, then T la centinueus
and thereexista a subapaceE

0 of E auchthat E0 is a Fr-spaceand

T(E) c E0.

Analogoualy te the aboyedefinition, given a fixed lecally convex
apaceE enesaysthat E ja aF,4E)-spaceif every linear mapT : E —* E

wuth clesedgraph la continueus. Rodríguez-Salinassaya <80] that the
linear mapT : E —. E is subcentinueusiL for every series>kQlPÍ xi, in E
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which is subseriesconvergent(i.e. fer every strictly increasingsequence

of positive integersthe series~ X¡~3 converges)the series
2kcIAT Tx,, convergesunconditionallyin F andenehasT(2,,~~ x,,) =

2keiv Txi,. He obtains,amongothers,the following theorems:
1. Let E and F be twe locally convexspaces. Assume that F is

aequentiallyceñiplete,is aFr(t~)-spaceanddeesnetcontainaaubspace
ísemorphicte t~. ¡IT: E —* F is a linear rnapwith clesedgraph, then

T is aubcontinueus.

• 2. Let E and F be two locally convexapacesand let (E,,) be an
increasingsequenceof subapacesof F auchthat u,,~

1VFi, = E. Assunie

that fer every /e e iv thereexists a topelogy Ii, en F,,,finer than the
topelogy inducedby F and such that E,, equippedwith 23, is a sequen-
tially completespace,is aP,.-apaceandcentainsno subapaceiaemorphic

te ¿eo• II T E —* E is a linear mapwith closedgraph,thenthereis a
p 61W suchthat T(E) C E,, andthe map T : E-. F[23,] is subcentinu-
oua.

The beautiful preefa employ the map 8 £~<‘ —* E defined

by (a,,) —* Ea,,xi, fer a given subseriesconvergentseries Ex,,. IT E

ia a Fr($)-apace, then T o 5 is continuouaand tu(A) = T(S(XA)) is a
beundedmeasurewith valuesin E te which the theeremof 3. Diesteland
BarbaraFaires{8} can be applied. Inspira) by theaeresulta, Ferrando

ami López Pellicer { it» prova) anetherciesa)graph theoremwhoae
cenclusionis that a certain linear map ja subcontinuous.

De Wilde’a theory of spaceswith C-websis widely knewn newadays
{15}. Oneof the basictheoremsof de Wilde statesthat if E isa EYéchet

apacear aix ultrabernelogicalapaceandE a spacewith a C-web, then
every linear map E —~ E with closedgraph ja continueus. Rodríguez-
Salinas(85] ahowathat iL E is a metrizabletotally barrelledapaceand
the C-weben E is abselutelyconvex, then the samecenclusionhalda.

The Austrian mathematicianE. Helly was the flrat te prevethe the-
oremen the extensienof linear forma which new bearathe nameof II.

Hahn andSt. Banach{7}. He usedin hia proef the fellewing fact, the
particularcasefer si = 1 of hia fameustheoremenconvexaets: If [a.,, b.,]
is a farnily of finite ciesa)intervaisin R, suchthat any twa havea point

in common, then fl.,[a.,, I>«] # 0. Replacingtbe intervala by baila, L.
Nachbincharacterizedthe real BanachapacesE which havethe fellow-
ing property: Given an arbitraryrealBanacliapaceE, a linear aubapace
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E0 of E anda centinueuslinear map fo: Lo —+ F, thereexistaa linear
map 1 : E —. F auch that 1(x) = Io(x) fer a’ E Ea and ¡¡f¡! = IhIoIi.
A. W. Ingleten prova) an analegeustheoremfor ultrametrie norma)

spaees.lix this casethe canditiencanbe atatedasfollowa: Every family
of clesedhalla, totally orderedby incínsion, hasa non-emptyuntersec-
tien. Indeed,la anultrametricapaceiL twe baUshaveapoint in conmien
then eneis containedun the other. lix collaboratienwith L. Bou O~r-
cia [641don Baltasarprova) a generalprincipIe from which the three
mentionedresultafellow easily:

Let E and F be twe vector apacesover an arbitrary conunutative

field K. Let A be a non-emptycallectienof subaetaof F which hasthe
feilowing properties:

a) A is invariantwith respectte tranalatiena;

b) iL 8 is a collectienof setabelongingte A, auchthat two setaun E

havea point in cemmon,then the interaectienof all the setsbelonging
te 8 is not empty.

Let ~ be amapfrom E unteA auchthat 1) ~(z+y) G ~‘(x)+4’(y) Lar

x,y E E, 2) ip(az) = azb(x) for osEK, a’ E E. Let E0 be a subapaceof

E and fo: Lo —~ F alinear map suchthat Io(x) E 4’(x) for eacha’ E Eo.
Then thereexista a linear rnap 1: E —* F snch that 1(x) = fo(x) Lar

a’ E Eo and1(x) E ~b(z) Lar everya’ E E.

Rodríguez-Salinaswas very intereatedin the problemof extension
of linear mapa. He wrete aix excellentexpository account[61j which
sunmiarizeslila own researchandthat of ethers,andhasaveryextensive
list of references.He lectura)en it lix 1966 lix Namur [52] and wrote a

monograph [60] en the cennectianbetween the extensionof additive
mapaandof measurea.1 would 111w te relateeneof bisnimierausresulta

which is interestingalsefroin thepeint of view of abstractalgebra[41).

Let X be aix additively written commutativegreup. A real-valued
Lunctienf definedenasubgreupD(f) of X la additive un X ifl(x+y) =

1(a’) + f(y) fer a’, y E D(f). A functioix p: X —+ ¡E? is subaddítiveon X
ifp(x + y) =p(x) +p(y) fer x,y EX. A set P of subadditiyefunctions
enX isa (Z1) sét if Lar everytetallyerderedsubaetFo of P thefunctien
inf{p : p E Po} alsebelengate P.

IT fi aud12 aretwa additiveLunctions lix X with domainaD(11) aud
we write 11 CE 12 if D(fí) CE D(12) and f1(x) = 12(Z) for every

a’ E D(f3). A set E of additive functions lix X la a (Z2) set if for every
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subsetFo of F, which is totally ordera) with respect te CE, the least

upperbeundof F0 belengate F. Given a set P of aubadditiveLunctiens
en X andaix additive function f lxi X, we denoteby P(f) the set of ail
the functionsp E 1’ auchthat the funetien f[p] definedby

i[p](x)= mf [p(a’+y)—1(y)]
yED(f)

belengate P.

Let new 1’ bea (Zi) set of aubadditivefunctiensen X andF a(22)
set of additiveLunctions in X.: IT po E P, lo E F audp<j E P(fo), then
thereexiat functiensp E P ami f E E’ such that

1. a) p=po,

b) ifqEP(1o)andq=p,thenq=p.

2. a) foCf,

b) f(y)=p(a’+y>—p(y) fera’EX, yED(f),

c) ifg CF, p E P(g) and f CE g, theng = f.

Frornthis abatractextensienthearemRodríguez-Salinasdeducesthe
following Hahn-Banachtheoremfor modules.Let A be anet necessarily

cominutativering with unit elenientand r : A —* E? a non-constant
hemomorphismof ringa. Let X bealeLt A-module. An additivefunctien
1 lix X definedena submoduleY of X la A-modulariff(aa’) = r(a)f(x)

Ler a E A, a’ E Y. Wechoseaix (r).-generatingsemi-ringA+, i.e. aaubaet
A+ oLA auch that A+ + A+ c A+, A+.A+ c A+, r(A+) c (O, oc) axid
A A+ — A~. A subadditivefunetien p en X is A~-semimodularuf
p(osa’)=r(a)p(x) for a E A~, a’ E X.

Theorem LeLP be the set of alt A+~semimodularsubadditivefunetiona
oit X asid E’ ihe set of oíl A-modularadditive funetionaitt X. II po E P
asid fo E E’ satisfy fo(a’) =po(a’) br a’ E D(fo), then there exist p E P
asid 1 E E’ such that:

1. p =po asid fo CE 1;

2..J(y)=p(a’+y>—p(y)=p(y)fora’EX,yED(f»

8. ifq E P satisfiesfo(a’) =q(a’) for every a’ E D(fo) asid q =p, ihen

q =
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4. jIg E E’ satisfiesg(a’) =p(x) br everya’ E D(g), then y CE 1.

Wearethusfacedwith the preblemte knowwhenis 11(1) the whele

greupX. Te answerthis queatuonRodríguez-Salinasuntroducesagen-
eraluzatienof solvablegreupa. He sayathat agreup (1 is perfect if given
aflnitefamily {ai,...,am;fií,...,fin} of elementaoLa thereexista an-
ether finite family {Eí,...,¿r;qí ~ sud a bijective map ~ ftem

{(p,p) 1 =p =r,1 =ji =m} ente {(a,v);1 <o < s F< u <si}

auch that for ‘p(p, u) = (u, u) enehas ¿posp= ~ Obviously every
abeliangreup is perfect. A gronp (1 is accesszble iL it has a, pessibly

tranafinite,normal series(a>) suchthat sil the quotient greupaareper-
fect. With this definitian don Baltasarprevesthat D(1) = X iL there

existsa multiplicative subgronpa of A+ which satiafiesthe following

condutiona:

i. G is an accessiblegroup;

2. Every elementa E A+ can be written in the form a =

wherethe e1 belongte the centerof A±anda~ E G.

1 haveneitherthe time nor the cempetencete reperten the papera

denBaltasar haswritten lii ceilaberationwith FtaucisceL. Hernández
[1131, [117], [128j, [131], [139] en the geemetryof Orlicz apaces.Fertu-
natelytheyhavepublishedaix expositorylecture[120]which summarizes
sorneof their resulta.

The subdivisionin threepartaef thia lectureis artificial sinceznany
cenceptadiscuasedun this sectionhaveacloserelationte measuretheory.

Fer inatance,thealgebraicdual of 13’>(X, E) is identifiedwith the apace
of finitely addituvemeasuresni definedenE by meanaeLni(A) = <f,XÁ>

fer 1 6 f~(X, E) and A E E. Rodríguez-Salinas¡60] investigateste-
getherwith theextensionof linear mapasisothe extensienof ameasure
defineden a Boelealgebra.

The Diendonné-Grethendiecktheorem{8} atatesthat if ni : E —* E’

is ameasuredelineden a«-algebraE of aubaetaof aset X with valuesixi

aBanachapaceE’ andif fer a” belongingte a total subaetof E” theacalar.-
valuedmeasuresa” o vn, definedby A u-. <ni(A), a”>, are beundedsnd

linitely additive,thenvn is abeundedvectornieasure.Rodríguez-Salinas
[821prevesthat the theoremis true iL andanly if E’ is a I’r(18”(a’, s)Y
space.
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3 Theory of measureand integration

Tbis is the largeatandpoaaibly themost impertantpart eL theoeuvreof
BaltasarRodríguez-Salinas,snd1 will be ablete coveronly avery amail
portion of it. Furthermore,thesewerkacenaiatmainly of greattheariea
andit is difficult te single out iselatedtheorems. 1 will concentrateen
describingbriefly two of thesetheories:1> Radenmeasuresof type (it),
snd2> Integrationof Lunctienawith valuesin a lecally cenvexapace.

1) Until abeut 1964 therewere eaaentiallytwe theoriesof measure:
1. Abstract measuresas diacusaede.g. in the book of Paul Halinea

{13}, and 2. Radon measureaen locally compactapacesdevelopedby

Henri CartansndAndré Weil, sndcodffiedun thebeakby N. Bourbaki
{6}. It became,however,apparentthat, mainly becauseof their appli-
catienste prebability theory, it is necessaryte define Radenmeasurea
alsoen apacesthst arenet lecaily compact,e.g. en inlinite-dimensional
topelegicalvectorspaces. lix 1964 Laurent Schwartzfirst un aseriesof
lectureaun Liabon andthen in a caursest the ParisUniversity develeped
atheeryof Radon measuresen arbitrary tepelagicalapaces{22}. In bis

definition aHadenmeasureen atopelogicalapaceE is un abstractmes-
aureM which, amongethers,haathe property that 14K) <oc for every

compéctsubsetK of E. Thus the coimting measureji enR, Lar which
ji(A) is the ixumberof elementain A ifA is limite and ji(A) = oc ifA is

inñuite, is net aRadonmeasurelix the senseof Schwartz.
Rodríguez-Salinasintreduced un cellaberatienwith PedroJiménez

Guerrathe conceptof Radonmeasuresof type (1<) [62], [68], [69], [76].

Let E be a tepelogicalapaceand ji a positivemeasureen E, i.e. a set
Lunetiondefineden a o--algebrsE of aubsetaof E suchthat O =ji(A) =
oc fer A E E snd¡¿(UnA,.)= E,,¡¿(A,,) if (A,,) is a sequenceof pairwise
disjoint sets in E. Asaumethat E containa the «-algebra8 of Borel
subsetaof E. A aubaet1< of E is asidte be g-comnpaet iL given acever
(GflAEÁ of 1< by openseta ande> O, thereexistaa limite subset4’ of
the index set A auchthat ~4K n (U,tssC>)C)<<

IT thereis a cellectionU of clesedsubsetafi of E which ‘verilies the
Lellewing conditiena:

1. every fi E U is p-compsct,

2. ¡¿(fi) c oc for every H E It,
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3. Lor every B E 8 enehas

¡¿(B) = sup{»(H) B c H E It},

then ji ja said te be Radon measureof type (It).

A poasiblechoice Ler It is the coilectien Y of sil limite aubsetsof
E. Clearly the counting measureis a Haden mensureof type (Y) en

any topolegical space. Other poasibilities are: the ceilection’K of sil
campact seta (this is the choice of Schwartz), the collection Km of sil
metrizablecempactseta,and the coilectienY~, of sil closedsubaetawith

limite niesaure.A Radonmensureof type (It) is net asamnednecesaarily
te be locaily limite.

Let E be a net necessarilyHausdorff topological apaceand ¡¿ aix
outer measureen E, that is a set funetien defineden the coilectien
P(E) of sil aubsetaof E which satisliesthe feilowing conditiona:

1. 0=~(X) <oc for Xc E,

2. ,?(0) = 0,

3. ,&(X) =ji(Y) ji X CE Y, X, Y E P(E),

and ¡¿ is countably subadditive,i.e.

4. ji(UnX,,) =Z,,ji(X,,) iL (X,,) la a sequenceof subsetaof E.

Rodríguez-Salinasand JiménezGuerra ssy that p la a topological
outer measureil furthermere:

a) everyBerelsubsetof E is ¡¿*~measurablelix thesenseof Carathédory,
i.e.

,?pÍ)=p(arnB)+,r(xnBc> Lor X EP(E),B EB,

b) ji is locally limite, i.e. every peint a’ E E hasa neighberhoedy
such that p(V> c oc,

c) IL (O>) is anincreasinglydirecta)faniily of openaubaetaof E theix

= sup ji(a4,
A

d) Lor every set X CE E enehas

= inf{ji}a) : X CE a E Q},
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whereQ denotesthe coilection of ail epensubaetaof E.

Theycail the restriction ji of ~? te 8 (er te the ceilectionof all ji-
measurableseta)a topologicalmeasure.Theyafrointroducethe esaential
outer measurep asseciatedwith ¡¿ by setting

ji(X) = sup{¡?(X nG): a E Qo},

wherego is the coilection of theaea c g fer which p(C4) < oc.
Let new ji bea lecslly finite Hadenmeasureof type (It), whereIt

is aix iixcreasingly directa)cailectionof cIesa) aubsetaof E. For any

X CE E the authorsset

= sup{ji(H) X j H E It},

andfor H E U andX C 11 they deline

.¡t41(X) = ji(H> — u.(H flXc) = inf{j¿(B) : X C BE ~

Then¡¿< us a tepelegicalouter measureen fi and

= anp{¡4,(X fl 11): 11 E Ul

is the esaentialeutermeasureasaeciatedwith the tepologidaleutermea-

sure
>?(X).= inf{p(a) : X CE G E Ql.

Uaing theaeconceptaandtechniqueaRodríguez-Salinasasid Jimenez

Guerrageneralizethe reaults in the beekof Laurent Schwartz. Thus

whereScliwartz imposestheconditionthat thecompactsubsetsof E are
metrizable,they considerRadenmeasuresof type (Km). Theyareable
te definethe measureinduceden any subsetof E not just a measurable

ene. They prove the exiatenceof a “cencassage”for a lecaily a-limite
Radanmeasureof type (It), furthermoreaLebesgue-Niked~’mtheorem,
the exlsteixceof tensorproducta,audmost impertantly theeremsen the

existenceof the projective limit of a famlly of measures.

Let ji be a limite Radenmeasureof type (1-1) andE a Hausderff
topological apace. Considera sequence(Cn),,eiv of ceuntablesets,a
sequeúce(p,j,,~1V of surjectivemapsp,,: C,,+í —* (1,., andasequence

of mapa‘p,, C,,—* P(E). Rodríguez-Salinassayathat E is a
¡¿-Sushnspaee[71] if thefollewing conditionaaresatiafied:
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1. q’n+í(c) CE 9’,,(p4c)) Lor e E C,~+i, si E iv,

2. the sets
E — U{po(c) e E Col

and

cp,,(c) — U{p,,+i(d) : d ÉC,,+í,p,,(d) = c}, cE C,,, si E iv

haveji-measurezere,

3. let (e,,) be a ceherentsequence,i.e. e,, E (Lx,, andp,,(c,.+i) = e,,;

then the seta95,,(c,,) convergete a peint a’ E E centainedin each set

so,.(c,.).
He sayathat E is a¡¿-Lusin .space11 furthermore:

(*) eachp,, is injective and the seta p,,(c), e E C,,, arepairwiae dia-
jeint.

Eachset ~o,«c) la then ji-meaaurable. The spaceE is setui-,u-SusLinu
(C,,,p,,,‘p,,) satisliescenditions1. and2. aboyeandfurthermere:

O) eachset ‘p,,(c), e E (1,,, si E iv, is ¡¿-measurable,

3’) iL (e,,) is a ceherentsequenceaud a’ E fl,,~,.(c,,), then sosi(csi)
convergeste a’.

The apaceE la semni-¡¿-LusiniL furthermore(*) is satiafied. Wehavethe
following implicationa:

Suslin ==~. ji-Suslin : seml-ji-Suslin
a a

Lusin —~ ¡¿-Lusin . seini-p-Lusin.

Theerem [71]. Leí E be a Hausdorff apace asid ji a positive Borel
measureoit E such thai ¡¿(E) = 1. The following are equivalent:

1. E la ji-Suslin.

2. ji la a Radon mensure of type (Km).

8. There exista a sequesice(C,,,p,,,¿p,,) such that eaeh~n consiataof

compací, metrizable, pairwise diajoiní subseta of E asid p,, la tite

idesitity.
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4. E ja ¡¿-Lusin.

Let ~eo be the algebraof essentiailybeundedmeasurablefimctiens,
L~ the usual quetientapacemodulo the functionsahnesteverywhere
equal te zero, ami ir the canonicalaurjection£~ .-~ Leo. Aix algebra
homomorphiamp : fl~ is a liftisig {14} iL it satiafiesthe foilowing

conditions:

(1) p(f) is ahnesteverywhereequalte 1;

(II) iff ia almost everywhereequalte y, thenp(f) = p(g).

Ihe name“lifting” ja due te the fact that p permitate defineasectien
o” : L”’ ~. ceo of ir by setting a(ir(f)) p(f). A lifting p la alvnost

stror¿g iL thereexista a set A G E such that ¡¿(AC) = O and for alí
beundedcontinuousfusictiona f the restrictienaof 1 and of p(f) te A

areequaL Den Baltasarpreves [71] that iL E la aaemi-p-Lusinapace
then every lifting is almeatatrong.

A Hadanmeasureji of type (It) la sU-ict II Lar everyBerelset B ene
has

¡¿(E) = inf{¡¿(G) : E CE a E Q}.

Let E be auniform apaceaudh a function whlch associateswith each

aurroundiixg (= enteurage)U a strictly pesitive numberh(U) suchthat

U CE V irnplies h(U) =h(V) and limuh(U) = O, where the limit is
with respectte the decreasinglydirectedset of aurroundiixgs.Fer a’ E E

let U[a’] be the neighbarhoed{y E E : (a’,y) e U} of a’ and write
LJ[A) = UxEAU[x]. Generaliziixgaresult of P. Mattila {20}, donBaltasar
preves[91] thefollawing result concerningthedifferentiatienof measures
en the uniform apaceE: If ji ia a strict Haden measureof type (7<) en

E, the set A CE E has«-finite ji-meaaureand1 6 LP(ji), then

hm h(U) L L1~ I~(~~— f(x)[~dji(y)djs(a’) = 0.

Rodríguez-Salinasaud JiménezGuerra [90) preve Fubinl theorems
of which 1 quotethe following: Let X andY be twe tepelegicalspaces,
ji a Hadenmeasureof type (llí) en X, andu aRadon measureof type

‘(U2) en Y. Asaumethat the tensor product ji ® u exista; this la for
instancethe casewheneach (71 3(k = 1,2)is increaainglydirecta)and
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everyH E 71,, laquasiregularfor theinducedtopolegy. Let f bea ji ® u-

integrablefunctien en X x Y. Then lx: y u--* f Qe, y) is u-integrablefer
¡¿-almostevery a’ E X aud

y)d(¡¿® u) = 1? (J í(~~Y)du(W) d¡¿(a’).

2) Let E be avectorspaceequippedwith a lecally cenvexHausdorff

tepelegy7. Let me recail that a subsetM of E is precompactiL every
ultrafilter en M is a Cauchy lilter. Denoteby M the coilectienof ail

precompactsubsetsof E. Qn the tepolegicaldual E’ of E thetepelegy
70 pelarteTis thetapolegyofuniferm convergenceen thesetaM E M.
Ihe apaceE la said te be polar semi-reflexiveif the topolegicaldual of
E’ equippedwith ~O coincidesas a vectorapacewith E. Por thia it is

necesaaryandsufficient that every precampactsubsetof E be relatively

cempact{15}.

Rodríguez-Salinasconstructaa theory of integration Lor functions
f : (SI,5, ji) —~ E, where 5 la a «-algebraof subaetaof a set SI, andE

is a pelarsemi-reflexiveapace. He supposealirst [~~1that the measure
ji defineden 5 is finite, and later [93] consideraarbitrary measures.
Denoteby So the apaceof 5-measurablefunctiena1 which asaumeenly

flnitely many valuesun E, i.e. of theferm f = Z~=i YiXA~, whereA~ E E

and O # y~ E E. Let 5 be the apacewhich censiataof tlie uniforrn li¡nits
of neta¿L functienabelongingte So. It la easyte seethat iL 1 E 5, then

f(SI) is precempactin E. Let So denotethe ceilectionof thoaeA E 22
for which ¡¿(A) <oc. Don Baltasarsayathat 1 : SI —* E is ji-mensurable
if for every A E So thereexista a net (1~)of functiens belonging te 5

which convergesalmeatuniformly te f en A, Le. for every e > O there
existsa aubsetfi of A such that ¡¿(fi) =e and (fi) convergesunifermly

te f en A fl fiC~ The function f la totally ¡¿-mensurableII the samenet
(fJ can be usa) fer every A E So. Denoteby M = M(S,,u;E) the
vector apaceof ¡¿-measurablefunctiens, and by M~ = Mt(S, ji; E) that
of tetaily ¡¿-measurablefunctiona. Clearly ~oCE 5 CE Mj CE M.

The measureapace(SI, 22, ji) is strietly localizable if there ia a par-
titiening SI = U>EÁ% unto pairwise dlsjeint setsSI~ E So such that
for every set A E 5o thereexista a ceuntableaubaetAo of the index

set A Lar which ji(A fl (UAEÁOSIA)e) = O. Rodríguez-Salinasprevesthat
iL (SI, 5, ji) la atrictly localizable, then Mt = M. He is introducestwa

furtherconceptaof measurability:
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The functien f : SI -~ E is 72-mensurableiL fer every A E So there
exista a net of ¡¿-measurablefunetiona which convergeste 1 unifarmly

en A. The functien f is totally 7¡-measurableif there exists a net of

totafly ¡¿-mensurablefunetienawhich convergeste 1, unifermly en every
set A E So.

1ff is 7¡-measurablethen f la esaentiallyw-precempact,i.e. for every
A E So andevery neighborheedy of O in E thercexista a aubsetZ of

A with ¡¿(Z) = O anda cauntablesubaetN of E auchthat ¡(A fl Z”) c
N+V.

For 1 = _ ?J1XA~ E 5o the integral en A E 5 la delinedby

fd¡¿ = n A
1)

1=1

previdedthat 2V1 ¡¿(A fl A1) < oc, and 1 is said te be integrableif it
is integrableen SI, Le. if ~ ji(A1) < oc. For f 6 5 and A E >2o ene

delines

L fdji = limjf¿d¡¿,

where (fi) is a net of functiens in ~owhich convergesunifornily te 1.
The liinit existsand la independentof the choiceof the net. Onehas

j fd¡¿ C ji(A) .

srnce1(a) is precempactandE is pelarsemi-refiexivethebipolar ¡(SI)
00

belongate E andse doesthe integral.
A function1 E 5 is integrable IL thefeilowing cenditianaaresatisfied:

1) There exista a subaetSIo E 5 of SI such that f vanishesoutside
SI

0 andho la strictly lecalizable,i.e. it has a partitiening (SI>)ACA inte

pairwisediajoint setaSI> E
52o with the aboyedeacribedproperties.

2) For every A E 5 the Lamily (fAnn~1d¡¿)>EA la summablein E.

The isitegrat of f en A 6 >2 la thendelinedby

L 1d¡¿ r JAflflA fd¡¿.

It is independentof the cheiceof 5)o andof the SI>.
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At this peint Rodríguez-Salinassuppesesthat the measureji is es-

sential, i.e. that for every A E 5 enehas

¡¿(A) = sup{¡¿(A 11K): K E So}.

The functien 1 : SI —* E us said te be ¡¿-integrable (resp. totally
¡¿-integrable) II:

1) There exista a strictly lacalizablesubaetSI0 E 22 of SI such that
f(t) = O fer t E SIS.

2) 1 is ji-rneaaurable(resp. tetaily ji-measurable).

3) f is Pettis-isitegrable, i.e. fer everya” E E’ the numericalfunction
t u-.. <1(t), a”> is ji-integrableand for alí A E 22 thereexists mf(A) E E

such that

x’>d¡¿(t) = <tu1(A), x’>.
Ihen the integralof f on A is tuf(A).

Rodríguez-Salinasintroducesfurthermerethecenceptof a77-integrable
functian f : SI —. E by meanaof the fellewing conditiona:

0) 1 is 77-measurable.

1) There exista a atrictly localizable subaetSIo E 5 of SI auchthat

1(t) = O for t E SIg.

2) Ferevery A E So the functien 1 is the uniform limit enA of a net

(fe) of ji-integrable fimctiena such that hm1SA f«l¡¿ exista in E. Then
the limlt does not dependen the cheiceof the approximatingnet and

enesets

ffdji= umjííctw

3) IL (SIA)XGA is the partition of SIo which figures in the deflni-
tion of the strict localizabiity of SIo, theú for ail A E 22 the fainily

(fAnn~ fd¡¿)AEÁ is aununablein E.

lii thla casethe 77-integral of 1 en A E E is, of ceurse,delined by

fd¡¿ =~ L~0~ fdji.
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Every 77-integrablefunction is Pettis integrablebut thereexista 77-

integrablefunctions that arenot ¡¿-nieasurable.

Let 7> be the coilectien of ail centinueuaaeminermaen E. Twe
functuens1 andg fram SI into E are ¡¿-e quivalesit (in symbol: 1 ~ g) iL

ji({t E SI:p(f(t) —
9(t)) # O}) = O

fer ail p E 7>. The essesitialrasigeof f : SI —* E en A E 22 la definedby

er,4(1)={a’EE:¡¿({tEA:p(1(t)—a’)=1})#O, VpEP}.

Among the seyerallifting theeremsRodríguez-Salinasprevesin Part IV

of [93] let me quetethe following:
Let (SI,5, ji) be a atrictly lecalizablemeasureapace,p : 5 —. 5 a

lifting and1 aji-measurablefunction. Ihen thereexistsa¡¿-measurable
functian y suchthat 1 ~ y, p(g) = y audfer every A E

5o wíth ji(A) > G

enehas g(t) E erA(1) = erA(g) fer almost every t E A. Furthermore
g(A) c eTA(9) U {0} if p(A) 9 A.

Between 1980 aud 1984 Rodríguez-Salinaswrote a nuniber of ar-
ticlea en the Hadon-Nikod$’m theoremfer vecter-valuedmeasures,alí
published lix the Revista of the Royal Academy of Madrid [771,[78],

[94], [96], [98], [99]. 1 cau enly give a amníl sampleof his resulta. Let
(SI,5, ji) be a completemeasureapacewith ji(SI) < oc. Let E be a lo-
cally cenvexHausdorffspaceaudni : 22 —* E avectormeasure.Denote

by 52~ the cellectionof theaeA E 22 fer which ¡¿(A) > 0. Set

An(ni)= ~ :AES+}.

The measureni is controlled by ji iL ni is ji-centinueuaand An(ni) la

beunded. The apaceE has the Raden-NikedS’mpreperty IL Lar every
(SI,5, ji) andeveryni : E — E centroiledby ji thereexistaa77-integrable

function 1: SI —. E” suchthat ni(A) = fAI(t)d,4t) for eachA ES.

ThesetA CE E is dentableiL for everyneighbarheody of Oin E there
exista an a’ E A auchthat a’ deesixot belongte the closedcenvexhuil
of A o (a’ + V)c. TheaetA CE E is «-dentableif for every neighborhaad
,V of O in E thereexIsta a’ E A auch thaI a’ « «(A o (x + V)~), where

a(X) = {2,,~w A,,x,. : a’,, EX, A,.> 0, >§~~ ~ = ‘Y
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Theorem[96]. Leí E be a locally convea’ Housdorff apace asid asaume
thai ita dual E’ equipped with tite .strong topology ¡«E’, E) is quasi-
complete (titis la tite case e.g. tv/ten E la barrelled, asid it implies thai
~ la polar aemi-reflexive). Leí us furíhermore asaume thai br every
countable boundedsubset fi of E tite closed aubapace E’ genero ted by fi

la infrabarrelled. Thesi tite following are equivolení:

1) E’ has tite Radon-Nikodñmproperiy.

u) Everij eouniableboundednosi-empty aubaetof E’ la dentoble.

iii) Every bouttdedtton-empty aubaelof E’ la a-dentable.

iv) Every equicositisiuouattosi-emptysubael fi of E’ has tite property
thai for everyneighborhoody of O iii E’ itere la att a” E fi such
that a” doesnot belongto ihe convez hulí of fi 11 (a” + y)”.

y) Por eachof ihe aboyemesitionedsubapaceaE’ everyboundedsz&baei
of tite atrong dualE” la w-precompoct.

The sameconclusionholdaIL E is supposedte be infrabarrelled[98]
(witheut anycendltionsen E’ er E’).

Theorem [94]. Leí E be o quasi-completelocafly convea’ Housdorff
apoce. Titefollowisig are equivalent:

1) E has tite Radon-NikodÑmproperty.

Ii) Every mortingale (fe, S~) with values un tite apace E, such
ihot tite f~ are usiiformly bounded, la a Cauchy ita itt tite apace
É’(SI, S,ji;E) of ji-integrable funetiona.

iii) Every martingole (f,,, S,,),,6p¡ mliii values itt E, ancA thai
tite f,, are uniformly bounded, la a Cauchy sequence itt tite apoce

Z’(SI, S,ji; E) of 77-integrable funetiona.

iv) Every countable bounded non-empty subset E la «-dentable.

y) Every,, bonsidednon-emptyaubaet E la a-dentable.
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vi) E’or every cousitable boundedr¿osi-empty subael B of E asid everij
neighborhood y of O itt E itere ezisis a’ E B such 1/tal a’ does nol
belong lo lite eosina’ huí 1 of fi n (a’ + y)”.

vii) Por every bouttded sion-empty .subsel B of E asid every neighbor-
itood y of O itt E itere ezistaa’ E fi auch 1/tal a’ doesnot belosig
lo tite cosivea’hulí of fin (a’ + y)”.

viii) Por every bousidedsion-emplysubsel fi of E asid every balanced
cosivea’ closedneighborhoody of O itt E tite set irv(B) la denlable

(os equivolesitly,a-desitable),witere lrv denoteslite cosiosilcal sur-

jection from E otilo tite quoliesil apace E/ ~»o AU.

Rodríguez-Salinashaswritten abeut twenty morew¿rkaen the the-

ory of integratien. Ten of theaepaperawere written un ceilaberation
with JoséL. DeMaria. Sorneof their resulta are aumniarizedun the
expositerylecture[1191which introducessuch conceptaas Spaniaha-
algebrasandSpauishseta. Besideathe paperareferredte aboye,den
Baltasarwroteetherpaperaen integratianwith PedroJiménezGuerra.
Oneof the paperawritten jeintly with FemandoBombal Cordón [103]

is reláted te the topica discusaedaboye. Let me observethat Bombal
develepa)aparaileltheoryof integratienfer funetienawith values in a
vectorapace{3}, {4}, which, however,la net asamnedte be topelogical
but bernelegical.

Den Baltasaris stiil very activeandbismathematicaleutputhasnet

dirniniahed. 1 wiahbim many mereyearaof healthy,happymathematical

activity.
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The MathematicalWorks of BaltasarRodríguez-
Salinas

1 ahail abbreviatethe nameof. the “Revista de la Real Academia de
CienciasExactas;Físicasy Naturalesde Madrid” by “Rey. Acad. Ci”.

Otherwise1 usethe abbreviationsof MathematicalReviews.

[1] Deterininasite que da ¡(a’ + y) en función de ¡(a’) y de ¡(y). (A
deternilnantwhich yielda ¡(a’ + y) in termaof ¡(a’) and of 1(y).)
Euclides2 (1942), 159—162.

[2] Resolucióside la ecuaciónfunciosial: (Selutienof the functienal

equation:)

E’[a’ + 2E’(a’)F’(a’)(1 +E’(a’) = — 1 + 2E”(a’)

Euclides2 (1942), 349—351.

[31 Usia demostraciósisobre la integral de Dirichlet. (A preof en
Diricblet’a integral.) Euclides2 (1942),425.

[4] Modo de sumar algunasea’presiones.(A methedte sun certain
expreaaions.)Euclides3 (1943), 343-348.

[5] La inversiónen el orden de la derivación. (The inversienof the
order of differentiatien.) Rey. Acad. Ci. 42 (1948), 37—70.

[6] Sobrela teoría de la medida. (Qn the theeryof measure.)Rey.
Acad. Ci. 42 (1948), 465—491.

[7] Sobre una fusiciósi meromorfay sus aplicaciosies a la suma de
series. (On a meromorphicfunction and its applicatienate the
aunmatienof series.)GacetaMat. 3 (1951), 6—17.

[8] Sobrela determinaciónde una¡unción analítica conocidasuparte
real. (Qn the determinatienof an analytic functienwhen ita real

part la knewn.) GacetaMat. 4 (1952), 44—46.

[9] Sobreel comportamientoasintótico de la aplicación reiterada de
una sucesiónde funciones.(Qn the asympteticbehaviorof the
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iteratedapplicatianof a sequenceof functiena.) GacetaMat. 4

(1952), 81—90.

[10] Sobrela región de valores de una función lisa. (Qn the regienof
valuesof a achlicht function.) Rey. Mat. Hispano-Americana(4)
12 (1952), 223—228.

[11] Sobre usia generalizaciónde Las fórmulas de Taylor, Darboux y
Luler-Maclaurin. (Qn a generalizatienof the formulasof Taylor,
Darboux and Euler-Maclaurin.) Rey. Mat. Hispano-Americana

(4) 12 (1952), 281—289.

[12] Sobre varias formas de proceder en la determinación de periodos

de las mareas y predicción de las mismas en usi cierto lugar. (Qn
varleus proceduresfor the determinationof the periedaof tides

and their predictien at a particular place.) Rey. Acad. Ci 46
(1952), 441—457.

[13] 2Yasisformadasde Laplace de algunas funciones integrales.

(Laplace transformaof sorne entire fu.nctions.) GacetaMat. 5

(1953), 157—158.

[14] Sobre ciertos desarrollos asintóticos de integrales de Laplace
curvilíneas. (Qn certain asyrnptetic expanaiensof cunrilinear

Laplaceintegrals.)Rey. Mat. Hispano-Americana(4) 13 (1953),
120—127.

[15] (with RicardoSanJuan)Exposiciónsobrealgunosteoremascono-
cidosy otros nuevossobre convergenciaordisiaria y uniformede
la integral de Fourier. (Expository account of theorems,sorne
known, sornenew, en the orclinary andthe unlform cenvergence
of the Feuruerintegral.) Rey. Acad. Ci. 47 (1953), 495—510.

[16] Complementoa un teorema de Ahlfors-Heisis sobre funciones sub-

armónicas. (Complementte a theoremof Ahifera-Heinaenaub-
harmonic functiena.) Rey. Acad. Cienc. Zaragoza(2) 9 (1954),

119—125.

[17] Funciones con momentos nulos. (Functienswith zeromoments.)
Rev.Acad. Ci. 49 (1955>, 331—368.
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[181 Los problemas de unicidad en la teoría de series asintóticas.

Expresión de funcionessemi-analíticasmediasite algoritmos de
Borel y Stieltjes. (Uniqueneasproblemaun the theoryof asymp-

totic series.Expressionof semi-aixalyticfunctions by meanaof
algorithmsof BerelandStieltjes.)Rey. Acad. Ci 50 (1956), 191—

227.

[19] Sobrela ecuacióndiferencial: (Qn the differentialequation:)

d2y fao+aices2a’ _ ni(m—1) _ si(si— — o.
+ Lbo + b

1ces2a’ cea
2a’ sen2a’

]

Rey. Mat. Hispano-Americana(4) 15 (1995), 31—47, 121—135,
182—208;16 (1956), 49-11, 122-150,229—263.

[20] Sobre una ecuación diferencial. (Qn a differential equatuon.)

Memorias de Matemáticadel Instituto “Jorge Juan”, No. 18.
ConsejoSuperiorde InvestigacionesCientificas,Madrid 1956.1+

145 Pp.

[21] Momentade fotictiosis analytiques et probléme de Watson. (Mo-
menta of analytic functions and Watson’a problem.) J. Math.
PuresAppl.(9) 35 (1956), 359—382.

[22] Ceros de las funciones de una clase no cuan-analítica en R”.
Prolongaciónno cuasi-analítica. (Zeros of the functiens from a

non quasi-aixalyticclasaun R~. Non quasi-analyticcontinuation.)

Collect. Math. 9 (1957), 65—77.

[23] Usia desigualdadentre las cotas de las derivadasde una función
analítica en un ángulo. (Aix inequality betweeix the beundaof
thederivativesof aix analyticfnnctioix un mi angle.)Las Ciencias,

Madrid 23 (1958), 533—539.

[24] Disuguaglianze tra limiti e coefficientidello sviluppo asintotico
di una funzionein un angulo. (Inequalitiesbetweenboundsand

ceefflcientsof theaaympteticexpansionof afunction un aix angle.)

Aixn. Mat. PuraAppL (4) 48 (1959), 147—159.
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[25] Sulla stabilitd delle soluzioniper l’equazionedifferesizialedel sec-

osido ordine a coefficiesiti periodici. (Qn the stability of the so-
lutions of the aecondorder differential equation with periedic

coefficients.)Rend.Circ. Mat. Palermo(2) 8 (1959), 206—224.

[261 Aproximaciónuniforme de una función continua por un conjunto

convea’o de funciones continuas. (Uniforrn approximatienof a
centinneusfunctienby aconvexsetof centinuousfnnctiens.)Col-
lect. MatE 11 (1959), 175—202.

[27] Equivalenzadi classi di funzioni con sviluppo asintotico in un
angolo. Funziosiecaratteristiche. (Equivalenceof clasaesof func-
tiena with aix asymptoticexpansionin aix angle. Characteriatic

functiens.)Boil. Un. Mat. ItaL (3) 14 (1959), 525—531.

[28] Sobre la estabilidad de la ecuaciónfuncional (Qn the stability
of the functienalequation)¡(a’ + y) = 1(x) + 1(y). Rey. Acad.
Cienc. Zaragoza(2) 14 (1959), 5—7.

[29] Variación de las raicescaracterísticasde unaecuacióndiferencial
de segundo orden con coeficientesperiódicos. (Variation of the

characteristicroeta of a aecendorder differential equationwith

periediccoefficients.)Ann. Mat. PuraAppl. (4) 52 (1960), 107—
161.

[30] Solución de un problema de Bang de la teoría de clasescuan-
analíticas. (Selutienof aproblemof Bangun the theory of quasi-
analyticclasaes.)LasCiencias,Madrid 25 (1960),257—261.

[31] Sobre el cambio de variable en las integrales miUtiples. (Qn the

change of variables un multiple integrala.) Coilect. Math. 12
(1960), 139—153.

[32] Una fórmula asintótica para algunns transformadas de Laplace.

(An asymptetic fermula fer sorne Laplace transforma.) Rey.
Acad. Ci. 54 (1960), 177—187.

[33] Un desarrolloasintóticode ciertastransformadasde Laplace. (An

asympteticexpansionfor sorneLaplacetransforma.)11ev. Acad.
Ci. 54 (1960), 167—176.
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[34] Funciones que verifican en cada punto de un intervalo a una
ecuacióndiferencial variable conel punto. (Functionawhich aat-

isfr at each peint of an interval a differential equationwhich
vaneswith the point.) Rey. Acad. Ci. 54 (1960), 301—311.

[35] Estabilidady cerosde las solucionesde una ecuacióndiferencial
de segundo orden con coeficientesperiodicos. (Stabiluty and ze-

resof the selutionaof aseconderderdifferential equatienwith
periodic coefficienta.) Rey. Acad. Cienc. Zaragoza(2) 15 (1960),
5—9.
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0% 0% 0~u
_ +a~ 0y~ Oz~
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ant measureñun a tepelegicalgreup.) Collect. Math. 18 (1966—

67), 207—223.
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barrelledapace$(Z).) 11ev. Acad. Ci. 74 (1980), 827—829.

[82] Sobre el teoremade Dieudonné-Crotitesidieck.Condicionesnece-
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a-dentability and martingalesin locally convexapacesII.) 11ev,

Acad. Ci. 78 (1984), 59—64.

¡95] (with JoséL. de María) Sobre el corazónde unafunción vectorial.
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