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Complemented subspaces of sums and
products of copies of L![0, 1].

A. A. ALBANESE and V. B. MOSCATELLF*

Abstract

We prove that the direct sum and the product of countably
many copies of L[0, 1] are primary locally convex spaces. We also
give some related results.

For a while it was an open problem whether a complemented sub-
space of a countable product of Banach spaces can be written as a prod-
uct of Banach spaces. This question has been solved in negative by
M. 1 Ostrovskii [12], but it is still open for X~ where X is a clas-
sical Banach space. The only countable products of classical Banach
spaces whose complemented subspaces have been fully described are:
w; (IPYN,1 < p < o0, and (co)™ ([5], [9]) and for these the answer is
positive. Moreover, in [1] it was shown that, for 1 < p < o0, (LP|0, 1N
is primary, ie. if (LP[0,1])¥ = F @G, then either F or G is isomor-
phic to (LP[0,1])Y; it follows, by reflexivity, that also the direct sum of
countably many copies of LP[0, 1] is primary. The purpose of this note
is to extend these results to the case L'[0,1], ie. we will prove that
the direct sum and the product of countably many copies of L[0, 1] are
also primary spaces. However it remains an open problem whether both
the complements F and G of a direct decomposition of (L?[0, 1))¥, with
1 < p < o0, are isomorphic to a product of Banach spaces. Note that
(LP[0, 1])¥ is isomorphic to LT, (R),1 < p < co.

Our proof is completely different from the one in [1]: the technique
of that proof cannot be applied to the case when p = 1, as it based
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on some special features of the spaces LP[0,1],1 < p < oo, and on the
fact that the Haar-system is an unconditional basis in such spaces (the
Haar-system is only a basis of L![0, 1]; there is no unconditional basis
in L1[0,1]!). Actually, in order to obtain our results we will use some
known facts about a special class of operators on L1[0, 1], the so-called
E — operators (see [6]), together with a method given in [9].

For other examples of primary non-Banach Fréchet spaces, we refer
the reader to (1], [2], {4], [5], [9] and [10]. '

We will use standard terminology (like e.g. [7}, [8] and [9]). In
particular, for two locally convex spaces E and F, we write E ~ F and
E < F to mean respectively that E is topologically isomorphic to F
or to a complemented subspace of F. Finally, we put L! = L1[0, 1].

1 Preliminaries

We recall some definitions and facts which will be used later on.
Definition 1 ([6]}. A bush is a sequence (ED),i = 1,---,Mp,n =
0,1,---, of Lebesgue measurable subsets of [0,1] such that

(a) Mo=1and | EY|> 0,
(b) foreachn UMn pr = EO
(c) for each n EPNE} =@ifi#j,

(d) for each n and each j,1 < j < My, there exists an i,1 <
i < My, with E7H! C EP,

(e) max |E}|—0asn— oc.

' 1<i<Mp,
Here | E | denotes the Lebesgue measure of a mesurable subset
E C [0,1].

Definition 2 ([6]). Let T : L' — L! be a bounded linear operator. T is
called an E- operator if there exist 6 > 0 and a bush (E}) with

1 1
T n
507 oz |7 ()

Jor each n, where x g denotes the characteristic function of @ measurable
subset E C [0,1].

dr > §
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Enflo and Starbid [6] proved the following useful fact:

Theorem 0. Let T : L — L' be a bounded linear operator. T is an E-
operator if and only if there ezists a subspace Y of LY with Y isomorphic
to L', with Tjy an isomorphism onto, and with TY complemented in L.

Remark. (1) If T; + T2 is an E-operator, then either T1 or T2 must be
an E-operator. (2) Obviously, the identity map of Ll is an E-operator.

For more about such operators the reader is referred to [6].

2 Complemented subspaces of (L')"
We denote by (L1)" the product of countably many copies of L. In

particular, the space (Ll)N can be represented as the projective limit of
the Banach spaces [[? ; L! with respect to the linking maps

n n—1
pn-in: [N L' = I LY (=1, -+ #n-t,20) = (21,75 @no1),
i=1 i1

which are surjective. It is clear that, for each increasing sequence
(k(n)) C N, we have (LYY = projn (Hfgi) Ll,Pk(n—i),k(n)): where
Pk(n—1),k(n) = Pk{n—-1),k(n—1)+1"" " Pk(n)-1,k(n)"

Now, let p, : (LI)N — [T, L1 be the canonical projection (wi)i —
(Ils T, In)- Then Pnn+1Pn+1 = Pn-

Now we are ready to prove

Theorem 1. The space (L)Y is primary.

Proof. Suppose that (L)Y = F @G with P projection from (LHYN
onto F and kerP=G. Put Q =1 - P.

Because F and G are closed subspaces of (L)Y, by Lemma 1.1 of
[9], we may write F = projn(Fn, Pn-1,n) 80d G = projn(Gn, Pn-1,n),
where Fj, (resp. G,) denotes the closure of pn(F} (resp. pn(G)) in
[, L! and pp.1,a also denotes the restriction of pp.1,n to Fpn (resp.
Gp). Moreover, since F, (resp. Gp) is Banach every map pnP (resp.
pnQ@) factors canonically through Hfg;) L. Therefore, we can find two
sequence (k(n))n and (h(n))n of integer numbers with 1 = (1) < k(1) <
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h(2) < --- < h(n) < k(n) < h{n + 1) < -- - such that the diagrams

"t _—.
(Ll)N pﬂ}) (LI)N pﬁ)

Fhn) G ()
pe(n) | /ra and ™ l /s (1)
k(n) k(n)
I I
=1 f=1

commute, where r, (resp. s,) denotes the map associated with Prn)P
(resp. Ph(n)Q)'

Put Ep; = I‘[fill)Ll,Eﬂ,l,ﬂ = {O}k("_l) X Hf_i’;)(n_l)HLl, and
Ph(n)k(n) = Ph(n)h(n)+1° " Pk(n)—1k(n)- Then, by (1), as it is easy to
verify, we obtain that, for each z € En_1n, (rn + 83n)(2) = Phgn) k(n)(2),
ie.

h{n)
™ + Sn = ph(n):k(n)|£'ﬂ_]_ n : Eﬂ.—l,‘ﬂ. - 1—.[ Ll

=1

is the canenical projection (# 0 as k(n— 1) < h{n) < k(n)) and hence is
an E-operator as it follows from Theorem 0. This implies that, by Re-
mark 1, either g,y OF Smip, is an E-operator for each n. There-
fore, we can suppose that TRIE,_y is an E-operator for infinite indices
n.

Now, for the sake of simplicity, we assume that for each nTng
is an E-operator and k(n) = n + 1,A(n) = n. Thus, we have that the
following diagram

n+-2 p n+l
1, 2
A 0
i=1 i=1
"nfl l l n
Pr,n+1
Fpy - F,

commutes for each n.
Because Ty g, , 15 an E-operator, by Theorem 0 there exists a closed

subspace M1 C Eg,; = L' with Tl B0 isomorphism into, with H; =
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r1{M1) < L! and, with H; =~ Ll. Since pnntifntl = TnPrilntds it is
clear that also the maps

Pantl: ra+1{M1) — rn(M1)

are isomorphism onto.

Now, note that p; o(z),z2) = z; and hence N = kerp12 = F2 N
({0} x LY). Because p12 : ro(M1) — ri(M1) = Hi is-an isomor-
phism onto, there exists a continuous linear map A : Hy — {0} x
L with ro(M1) = {(z,Az) : z € H1}. It follows that, if #; : Ll -
Hi is a projection, then the map r : L' x L1 — ry(M;) defined by
r(z1,z9) = (t1z1, At;z1) is a projection onto ro(M1) with kerr =
{(z1,z2) : t1z1 = 0} = ker t; x L1, Now, we observe that rz_l(N) CEz2
and rg, E1.2. is an E-operator. Then, again Theorem 0 gives that there
exists a closed subspace Mg C E) o with 724, B1L isomorphism into, with
Ho = rg(Msg) < {0} x L! and with Hp ~ L. As before, all the maps
Prntl : Pnt1{Ma) — rn(Ma) are isomorphism onto. If 1 is the identity
map of L' x L' and q : {0} x L' — Hj is a projection onto Ha, we
consider the diagram

- I—
L'x LV S kerty x LU 2 (0} x LV S Ho.
Then the map
s=gp12(I —r): L'x L' — Hy

is a projection onto Hz and rs = 0 = sr. It follows that ro(M1) + Ha
is a closed subspace of Fy, hence equal to r2(M1) & ro(Ma) =~ ‘e LY,
and the map tg = r + s is clearly a projection from L' x L!, hence from
F3, onto ro( M) & ro(Mz) such that p; ot = tipy 0.

Continuing in this way, we inductively obtain that for each n there
exists a closed subspace Xn = @ 7n(M;) ~ [Tiey L! of F, and a pro-
jection tn : [[F; L! — X, such that

Pantlintl = tnPrnil (2)

so that ppnt+1(Xn+1) = Xn. Now, if we form the projective limit X of
the spaces Xn, with respect to the restriction maps pn—1,n : Xpn =+ Xn_1,
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we see that X C F, X ~ (L")V. Moreover, by using (2}, we see that the
map

t: (Ll)N — X,z = (2Zn)n = ({tnpn(zn))n

is a projection onto X. Therefore, we have the situation (LY)V < F <
(L')N which gives, by using Pelczyinski’s decomposition method, that
F =~ (L'} and hence the proof is complete.

Moreover

Proposition 1. If F < (LY)Y then one of the following cases occurs:
(i)F is a complemented subspace of L' - (ii)F ~ w- (iii)F = w® X where
X 1is a complemented subspace of L!- (iv)Fg =~ (1°Y™), moreover in this
case F' contains a complemented copy of (11)V.

In order to prove Proposition 1, we need the following Lemma

Lemma. Let E be a quojection (i.e., E is a projective limit of a pro-
jective sequence (Ep,rnnt1) of Banach spaces En and surjective linking
maps Tanit : Eny1 — Ey). If Eb has a subspace isomorphic to (l°°)(N),
then E contains a complemented copy of (I1)V.

Proof. First, we write Ejj = ind E,, where the increasing sequence
(Ey,) of Banach spaces is strict since E is a quojection.

Now, we assume that Eb contains a copy of (l°°)(N ). Put X,
for all n, (1°)N) = ©X,,. Then there is a k(1) such that X; C Ek(l)
since X is Banach. By Proposition 2.e.8 of [8] it follows that Ey)
contains a complemented copy of !, i.e. there is a subspace G of
Ek(l) with G ~ I' and a projection ¢ : Eg1) = G1. We denote by

lOO

(ej) the unit vectors basis of Gi: because E is a quojection there is
a bounded sequence (z;) C E such that ryqyz; = e; (for each n, rp
denotes the map r,, : E — E,, defined by rpz = z,). Therefore, the map
s1:G1— E, 332, aje; — 3,22, a;jz; is an isomorphism onto Gy = [=5].

Actually, s; = (rk(l)m,) . It follows that the composition map
= sitirg(ry : E — Eyy) — G1 — G
is also a projection from ¥ onto Gy~ 1L So, E = Gleakertl Hdkert;

and, hence, Eﬁ ES Gl & (kertl)ﬁ, where F = kert; is also a quojection
as a quotient of a quojection (see Proposition 3 of (3]).
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In order to complete the proof, we observe that (I°°)(N ) is also a
complemented subspace of Eb (it is an easy consequence of the fact
that I°° is injective (see Proposition 2.£.2 of [8]) and that Ej is a strict

LB-space). Then, we denote by p a projection from Ef; onto (l°°)(N )
because G| is a Banach subspace of Ej there is a k € N such that
qkp (é'l) = 0, where g denotes the canonical k-th projection from
(1°)N) — @, X,, onto Gn>iXn. By noting that gep is a projection from
Eﬂ onto ®nskXn, it follows that, for £ € BpskXn.z = (zdg - tl) x+
thz and hence z = gipz = qxp (sz — tl) x+qkpt1:z: = qgp (sz - tl)’x,

— !

ie. gpp (id E— t1) = idg, . X, 1herefore, the composition map

|®n>kxn
. ~\f 2 . ~\/ !
(uiE - t1) gkp : Fg — ®noiXn — (tdE - tl) (®&n>kXn) C Fg

15 a projection from ng onto ¥ = (idE—?l)’(®n>an) and ¥ ~
(=)™ c Fp.

Since Fj contains also a (complemented) copy of (1°)™) as be-
fore, we find a subspace Go of F with G2 ~ [ and a projection t :
F = 02 sothat E = G1® F = Gy ® Go & kerly ~ Ileallekertg,
where ) + t2(idp — £1) is a projection from E onto Gl & Go. Iter-
ating this procedure, for each n we find a subspace Gn of kertn_,
with Gn oy ll and a pro_]ectlon i kertn_1 — Gp so that E =
&7 ,G: ® kert, ~ ®F 1! ® kert,. Then, if we form the projective limit
G of the Banach spaces EB,=1G': with respect to the maps sn, where
sn is the restriction of the map 3.7, (idE— E;_l) (z'dE - ?1) to
@?f,léi, we obtain that G C F and G ~ (ll)N. Moreover, the map

s = .2 ti (idE - ;‘;;1) (idE— ?1) is a projection from E onto G.
This completes the proof.

Proof of Proposition 1.

It follows from assumption that F is a quojection (because it is a
quotient of (L1)V)) and Fj < (L)) ~ (1°)(M). Thus Theorem 2.1
of [9] implies that one of the cases (i) + (iv) must occur. In particylar,
when the case (iv) occurs, by the above lemma, we get that F' contains
a complemented copy of (I1)}V.
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Remark. We observe that, for a Fréchet space E, the fact the dual
of E is a countable direct sum of Banach spaces (thus the bidual is a
contable product of Banach spaces) does not necessarily imply that E
is a countable product of Banach spaces. The second author and Meta-
fune [11] constructed examples of quojections which are not countable
products of Banach spaces but whose duals are countable direct sums of
Banach spaces. Thus case (iv) need not imply that the complemented
subspace F is a countable product of Banach spaces.

3 Complemented subspaces of (L')(V)

We denote by (L)) the sum of countably many copies of L. In
particular, the space (L1)¥) can be represented as the inductive limit
of the Banach spaces @2 ,L! with respect to the linking maps

- . 1 n+lpl
Intin . S L° — & L, (:L‘]_ "'!Iﬂ) - (IB]_,"',In, 0)1

which are isomorphism into. Clearly, if (k(n)) is an increasing sequence
of integer numbers, we have also that (L1)M = ind, (@fg;)Ll, ik(nﬂ),k(n)),
where ix(11) k(n) = Th(nt1) k(n1)—1--Ek(n)+1k(n)- ,

Also recall that if £ a complemented subspace of (£1)®¥) E is an
LB-space and hence we may represent it as the strict inductive limit of
the Banach spaces E, = E N (&%, L}).

Theorem 2. The space (L1)N) is primary,

Proof. We suppose that (Ll)(N ) = F& G with P projection from
(LY M) onto F and kerP = G. Put Q = [—P. Then, F' = ind,Fy, (resp.
G = ind,Gyp), where Fp, = F N (&% L") (resp. G = G N (@ ,L})).
Clearly (LY)YV) = ¢nd, Fy, & G,

Now, let Py = Pj;1 (resp. Q1 = Q1) be. Then there exists an
h(1) > 1 such that the maps P; : L' — Fry, G : L - Ghp() are

bounded and Fp(;) ® Grpyy O LY. Put Py = P iy, 80d Q2 =
i=1

Q ohti 0 Ve also find an 2(2) > A(1) + 1 such that the maps P; :
i=1

@:ill)-HLl — Fyp) and Q3 : gt | Gh2) are bounded and

i=1

h
Fr) ® Gy D alsy AN
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Continuing in this way, we inductively find a sequence (h(n)) of
integer numbers with a(rn) > h{n — 1) + 1, h(0) = 1, such that the maps

@h(n 1+1 Il

Py, =P $P.a._(r;—l)+1L1 - Wi=3 and Fh(n)
and
hin—1)+1 .1
Q‘l’l - Q‘ h(”“l)‘i'lL] . @.‘_1 Lt — Gh(ﬂ)

are bounded and Fp(n) & Gpn) 2 eah(" D11 for each n > 1.

Now, we note that the following diagram

hin—-1)+171 Pnt@n 4 _F @ G o _Frin Ghin)
Ql_’; L Fh("‘) @Gh(“) Fh(:—(";i 53] Ghz:)— 1) - Eh'(-m-h( )1\ ® G-h(-nr-h 1)

;’n-l -1- i Pn
h{n—1)+1 ,
& D E = L = o ’r‘;k?—?jhr‘l
$tr L EB|'=l L

commutes for each n > 1, where ¢n.pn and py,_; are the quotient maps
and jn is the canonical isomorphism into. Moreover, for n = 1,

(1
P +Q1=inqy1: Lt — & {)Ll

is the canonical inclusion. By Remark 1 ih(l),l is an E-operator and,
hence, either Py or ¢, is an E-operator. Also, jppn—1 is an E-operator
and, as follows from the above diagram, prgn (Pn + Qn) is an E-operator.
Then, by Remark 1 either prgnPn 0T pngnQnr is an E-operator, where,
clearly,

h{n—-1 P, u—EbEH;MhG"
oy LS Py B . :

Fh(-n 1) ol

and

G F G
@f(’} L+l Qp Chimy 3 @ _Crn) pn n(n) Y Ghin)

Gmmy) —etalp

Therefore, we can suppose that ppgnPn (for n = 0 go denotes the identity
map of Fp(1) @ Gr(1)) is an E-operator for infinite indices n.
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For the sake of simplicity, we assume that p,gnPy, is an E- operator
for each n.

Because P; is an E-operator, by Theorem 0 there exists a closed
subspace M, C L! with Pya, an isomorphism into, with Pj(M;) =
Hy ~ L! and, with H, < EIE)MI}'L1 Also p2gaPs is an E-operator and,
hence, by Theorem 0 there exists a closed subspace My C ea"(”“
with Mo ~ L1 on which P2q2P2 is an isomorphism onto a complemented

subspace of —"-(3,);2?"1-(31 Putting Hz = Pa(Mz), we then have Hy C

G
Fp(e), Ha =~ LY and page(Hs) < F—%?ﬁﬁh@ PQIM an 1som0rph15m into

and HgﬂFh(l) = {0} ,H;+Hsis closed in Fp(2), hence equal to H1€9H2 ~
gLl

Continuing in this way, we inductively obtain for each n a closed
subspace M,, C EBh(n D+ with £,

ﬂ!M
Hpn C Fiun), with Hy = L! and pngn(Hp) < &‘,%eiﬁa’i(lﬂl and H, N

Fpn—1y = {0}, with Hyp ++ Fp(,,_1) closed subspace of Fh(n), hence H, +
Hp_y = Hp & Hn; closed subspace of Fhin)-

Clearly, if we now form the inductive limit X of the Banach spaces
Xn = @] H; with respect to the canonical inclusions X, — Xn11, we
see that X C ¥ and X ~ (L1)(M),

To conclude the proof we have to show that X < F and again to
apply Pelczynskl’s decomposition method. Then we proceed as follows.

an isomorphism into, P,(M,) =

Let r; ,_( A H) be a projection. Now, recall that paga(Hbp) is
a complementecl subspace of —"‘2,%&@ and paqo(Hz) ~ Hg. Moreover,

the following diagram

5. (2)r1
R(2) 1 P2 &MPL
®=1 L —

commutes, where sz; denotes the canonical inclusion, to; denotes
the canonical isomorphism and 5, denotes the quotient map (we
note that P2 Fa2)®5h) = pag2). Then s91(H2) ~ Hy and so1(Hs) <

@:‘92(1) _HLI. It follows that there exists a continuous linear map 4 :

32'1/(}12) — @?Sl)Ll with Ho = {(Ay,y) : y € s2,;(H2)}. Moreover, ifrg :
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9?31)(1)“‘51 —+ s2,1(Hz) is a projection, then the map 73 : @, (2)L1 — Ho

defined by 7o(x,y) = (Aray, roy) is a projection onto Hy with ker ro =
Ga:lgl)Ll @® ker ro. Now, if I is the identity map of €BI_(,1)L1, we consider
the diagram
I-7; I-
"Vl ool 1M el oker el le {0} 2 H
It is immediate to verify that the composition map vy = r1(f —s2,1)({ —
74} is a projection onto Hy,vare = 0 = rovp and v2| p 11 =r =

A2 g1

(va + 72) MU L1 Therefore, vg + 72 is a projection from &, onto
i=1

H,y & Hs which extends r;.
Also the diagram

commutes, where s3 2 denotes the canonical inclusion, ¢3 o denotes the
canonical isomorphism and Fs denotes the quotient map (P =
P Ps q P (B3, 4, 00m,

p3gs). Then s3o(H3) ~ Hj and s3 2(H3) < @:‘(::2(2)+1L1. As before,

it follows that there exists a continuous linear map (which, for sim-
plicity, we again denotes by 4) A : sso(Hs) — h( )Ll with Hy =
{(Ay,y) : y € s32(H3)}. Moreover, if ra : ®?£:;3(2)+1L1 — s3o(Ha) is
a projection, then the map r3 : &, 3 )Ll — Hj defined by ra(z,y) =
(Arsy, r3y) is a projection onto H3 with ker r3 = h(2)L1€9kcr r3. Then,
again denoting by I the identity map of &; (3)L1 the composition map

vy = (vo+r2)(J—s3 2)(1 r3) is a projection from the space ezil)Ll onto
H1® Hy such that vara = 0 = ravs, v3 Oy = up+ry = ('u3+r3)| M)

Therefore, vz + 73 is a projection from GBh(s)Ll onto Hy & Ho® H3 which
extends vy + ¥o.

Continuing in this way, for each n we find a projection ty from
eh(")Ll onto X, satisfying i, -1 = tn_1. To complete the proof
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it is enough to notice that the map ¢ : (L)) o X ~ (LHW) defined
by the sequence (t,), is the desired projection.
Moreover

Proposition 2. ([91). If F < (LY)™) then one of the following cases
occurs: (i) F is a complemented subspace of L'- (ii) F ~ - (iif) F ~
¢ & X where X is a complemented subspace of L!- (iv) Fg~ (1=)¥,

moreover in this case F contains a complemented copy of (11)(N ).
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