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Stokesíet and the Opera tor Extensions Theory

I.YU. POPOV

ABSTRACT. Operatorversion of the stokesletmethod in tbe theory of
creepingflow is suggested.TIle approachis analogousto the zero-rangepo-
tential one in quantummechanicsand ja basal on the thecry of self-adjoint
operatorextensionsin theapaceL2 and in the Pontryagin’sapacewith an in-
definitemetric. Theproblemof Stokesllow in two channeisconnectedthrough
aamail openingaja consideredin the frameworkof thia approach.Thecaseof
a periodic systemof amail openingaja studiedtoo. Thepictureof streamlines
for suchflow ja obtained.

1. INTRODUCTION

Ihe useof singular solutionaof Stokeaequationais extremelyuse-
ful in the theory of creepingfiow (low-Reynolda-numberflow). Let us
considerthe Stokeaequationa

V•6=O

(1)
—Vp+gA6= —Á6(M-- lo).
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Here 6(v1), p , ji area velocity, presaureandviscosity correapondingly.
TIle solutionp3, y3:

=

(2)

—(Á.p6= ~V(S. Le.> — Lp, — 1
2

where

f —(4ir¡±— S0¡)—
1 in 3— dimensionalcase,

S0s =

1 —(2r)’ln¡~— £o¡ in 2— dimensionalcase,

of the equationa(1) ia called a “atokeslet” [1]. One can use theseso-
lutjona for atudy of the Stokea fiow near sorne bodies [2], for tite invea-
tigation of the aelf-propulaionof microscopicorganismtIlrough liquida
[1], for the researchof intereatingexampleaof creepingflowa in a pipe
or betweenplatea[3 - 5] asidfor manyotIler purposes[6, 7]. TIle review
of applicationsof tite stokealetmethodis in the work of [8]. TIle aitu-
atjon in the investigationof tIlia problemis similar to one in quantum
mechanica,wheretIle singular solutiona(zero-rangepotentiala),which
havebeenput into operationby E. Fermi [9, 10], becantean inatn¡ment
for tIle researchof many complicatedatomic systems.Thirty yearaago
F.A. BerezinaudL.D. Faddeev[11]showedthat from tIle mathematical
point of view, the apecification of tite zero-range potential defines a aelf-
adjojnt extension of a symmetric operator. Tite basic advantage of the
indicated method is tite fact that it allowa one to conatruct explicitly
solvable modela of comjilex objects. TIlia operatorapproachgives one
tite appljcation of tIle zero-rangepotentialmethodfor solving of many
problema in absolutely djfferent brancIlea (from tIle theory of N-particles
quantum ayatems to tite theory of elasticity and diffraction tIleory [12
- 20]. Titus, tite fleid of applications of zero-range potential metIlod ja
expanded. It ja posaible because tite operator approach reveala general
(matitematical) features of these phyaical problema. That ja wIly it is in-
teresting tQ analyze the stokeslet from tite point of view of tite operator
theQry.
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A planefiow in two citanneisconnectedthrougha amail opening
ja conaideredas an exampleof applicationof tite suggeatedapproach.
A stokesletia a model if a amail obatadefor a flow. But tite opera-
tor approacitallowa ua to understandthat amodel of a amaH opening
la essentjallytite aameas a model of a amail obstacle. Titus we itave
now arz opportunlty to atudy a fiow in domainaconnectedtitrougit a
amail opening.An exampleof suchflow (two-djmenaionalflow between
straigIlt lines) la conaideredin tite paper. Tite picture of atreaznlines
in aucIl two connectedchannelais obtained. It occurathat titere ia arz
infinite sequenceof eddiea.Tite existenceof eddiesfar from arz obstacle
in creepingflow is known for many particular problems. Moffatt H.K.
[21] examinedtwo-dimenaionalStokeafiow in a comerformed by two
interaectingrigid planes. In tIle saniepaper,Moffatt briefly conaidered
two-dimenaionalStokeaflow betweenparailel planeswhicIl may be re-
gardedas tite limiting caseof fiow in acomerformedby two intersecting
planesas tite angleof tite comerapproaciteszero. Moffatt sitowed titat
tIle dimensionlesaatreamfunctiontu for tite fiow betweenparallelplanes
at a: = ±1inducedby aix unspecifiedtwo-dimenaionaldiaturba>ncecen-
teredat y = O is

~P=ReZ [Ajx sin (~Anx) —tan QA~~) cos QAnX))eixnh¡¡+

Bn(a:cos~ — cotQjin) sin

for y # 0, witere A,, andB,, areconatantadeterminedby tite diaturbance
driving tite fiow, and A,, andjin satiafy tite equationa:

amA,, + A,, = 0, sin ji,, — ji~ = 0, (3)

A,, SM 21(4n — 1)r + i log ((4n —

(4)

ji,, SM 2’(4n + 1)r + 1 log ((4n + 1»r)
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Tite expanaiQnfor IP is only impllcit in [21], only tite leading term is
actuaily conaidered. Moffatt was tIle first to discovertitat tite Ieading
term in tite expansionfor IP ja associatedwitit an infinite aequenceof
eddieson eacit sideof tite diaturbancecauaingtite fiow. Later llackborn
[3]gayeamoredetaileddeacriptionof aucitfiow. It ja aitownin my paper
titat tite analogoussequenceof eddieaja in tite fiow in two connected
citanneis. Tite eddieafartitestfrom tite openingin figure 1 areessentiaily
“Moffatt eddies” (or, more precisely, “llackborn eddiea”). Tite pjctnre
of fiow in a caseof periodicsystemof point-like openingala considered.
It la intereatingthat titere ja an opportnnity to citangethe cIlaracterof
tite fiow by varying tite diatancebetweentIle openinga.

2. STOKESLET

Let us conaiderfirat of aB a2-dimensionalproblem. In tIlia caaeit
is convenjentto introducea atrea.mfunction ‘P aatiafyingtite relationa

04’ 04’
— y—-~ =

0a:¡

Titen tite Stokesequationalead tc> tite following equationfor tite function
4’: A24’ = O. Let usdefine aatokealetasazero-rangeinteractionfor the
hiharmonicequation(tite correapondinginformationconcerningto tite
bjharmc,niceqllatiQn ja in [22]).

Let usconaidertite operatorA~ in tite apaceL
2(]R

2) actedas tite op-
eratQr A2 anddefinedon tite setof amoothfinjte functionsfrom L

2 (IR
2)

vanxahingneartite point zero. Tite closureof tIlia operatorja asymmet-
nc Qperatorwjtit tite doman

= {u: u E L
2(IR

2), Ñu ~

Oit 02uu(O) = —(0) = (0) = 0, i,j = 1,2}.
Ox

1 0a:10x5

One can note titat functions from D(A¿) are continuona,and ita
derivatives(of first andsecondorden)arecontinuoustoo (u E C,0~) in
accordancewitIl imbeddingtiteorema,that is tite boundaryconditions
at tite point a: = O arecorrect.
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Onecan see that tite operatorA~ Ilas deficiencyindices (6,6). In-
deed,let ua conaiderthe fundamentalsolutiong of tIle equation

A2g(a:) + k2g(z) = 6(x)

correapondingto tite regular point k2(k> 0) of the operatorA2,

g(x) 1 1 eXPeGÑX»dc—

~ + k2

= ~(H~~(V~r) +

and let ¡¡a chooaesuch derivatives~ whjch belongato the apace
L

2(]R
2). TIlia fact takesplace if j’ + j2 =2 Qn titis casetIle aingnlarity

at tite point a: = O ja aufficiently weak). It meanatitat tIle deficiency
indjces are (6, 6).

To constructaself-adjointextenajonjt is neceaaaryto describethe
domainof tite adjoint operator.Taldng into accounttite asymptoticsof
tite fundamentad solution g onecanobtain tIlat anyelementit from tite
domain of tite operator A~ takesa form:

2 2

it(a:) = >3 c’jgx~,t1(a:) + >3c’g~~(a:) + cog(a:)+
1,5=1

(5)
2 2

+ E(x)(ao — >3 ata:, + >3 a15 g15z1a:5) + uo(z).
1=1 t,j=1

llene uo E D(Ao), 915 = 1, ~ j, gjj = r’, 1,5 = 1,2,«a:)is aamooth
cutting function: «a:) = 1, x¡ =1, ¿(a:) = O, a: =2. Tite function
(A~u)(a:) at tite point a: (a: # 0) ia computedas

(Agu)(a:) = 62u(a:).

TIle blijuear form
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I(u,v) = (A~*it,V) — (it,A~*v)

on tite elementafrom D(A~7) can be computedby taking into account
the representation(5):

I(u, y) =a¿~ — 4~3+ >3 (a’~ — —

1—1 2

+ >3 (a~~ —

t,j= 1,2

It ja necesaaryto aelectaucIl linear aubaetof D(Ag*), titat tIle form
1 annjhilateson the elementaof tIlia aubsetto constructa domain of
self-adjoint extensionof tIle operator¿j. It is an ordinary problemof
linear algebrain aapace(U6. As a reault we obtain

Thearem 1. Tite operator A~ (ca:tcnsion) is self-adjoint il and
only if á~ G A~ ci A¿*. Here D(A~) is such linear subsetof D(A~)
itaving no exÉensionsthat oneof tite following conditionsis valid for tite
boundaryvectorsof anyfunctionfromtite set D(A3)

1) U = (Uo,Ui), Uo = Al]
1, U1 =

U0 = (ag,ay,a’,ay1,a~j2,a’2), A: (U6 .4q~6, A =

2)Ui=AUo,A:C
6—*C6 A—A”,

3) U
0 = a+ y, Uí = /3 + Ay, itere a,/3- are vcctors fromn un arbitrary

ortitogonal fixed subspacesN+ and NjN+,N c (U
6, y E IV, N =

C6eN+eN,A : N —* N, tite operatorA is self-adjointand reversible.

It ja more convenjentvery often to describean extensionuaing tite
coefficientsof tite asymptoticaof functionanearthe point zeroandnot
the coefficientsof tite expression(5). Using awell-known asymptotica
of tite fundamentalsolutiong onecan showtitat an element it from tite
set fl(A~”) hastite folLowing asymptoticsnearthe point zero:
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=c0r
2ln y +2cír(ln r)coaó+

+2c
2r(ln r)ainó+cí¡(21n yA- 1+2coa

2O)+

+cí
2sin2G+c22(21nr+1+2ain

2O)+áo— (6)

—áírcos6—á
2rain6+2’á11y

2cos26~

+ 21ñ¡
2r

2 sin26 + 21ñ
22r

2sin2 6 + o(r2),

Ilere rcoa6= a:
1, yajn6 = a:2, tite coefficientaco,e1,cqcojncideswith

the correspondingcoefficientsfrom (5), tIle vector Uo, Uo = (ña,&1,&2,
aíi,a12,ñ22), satiafiestite following correlation: Uo = Un + BU1,hereE
ja aself-adjoint operatorin (6, which is determinedby tIle asymptotics
of functiang neartite point zero. Using tIlia notationwe canreformnlate
our statement:

Theorem1’. Tite operatorA~ is self-adjoint if and only íf A~ ci
ci A~”, itere D(A~) is sucit linear subsctof D(A5”), itaving no ex-

tensions,that mw of tite following conditionsis valid for Éitc boundary
vectorU of anyfunctionfrorn tite set D(A~)

QÚ=(Úo,U1), Úo=AU1, A:C
6—*C6 A—A,

2)U
1=AUo, A: (U6>q~C, A—A

3) Úo = a+ y, U1 = fi + Ay, itere cfi are sucit as itas beendescribed
aboye.

Varioua Ilydrodynamicsapplicationsof atokealetaare describedin
tite review of Haajmoto II., Sano 0. [8]. Let ua diacussa relation be-
tween tite solutionof tite modelproblemconstructedin tite frameworkof
self-adjc>intoperatorextensiontiteory andtite solutionof correaponding
“realistic” problem. We sitall makea comparisonusing arz exampleof
sucIl problem- aproblemof descriptionof Stokeafiow pastacylinder (a



242 1.Yu. Popov

curvein ]R2). TIlja (“realistic”, not “model”) problemwas conaideredin
[2]. Tite flow ja determinedby tIle following correlationfar from abody:

ji(w — tilo) = pino + A~+ xc+ O(x1), (7)
Ilere

— —1

pw,=Un(zfl—czz

z = a:
1 + za:2, tu = = — 1V2,

tu = tu0 is aboundarycondition on the cylinder, constantvaluea A and

x are determinedby a ahapeand a size of the cylinder. TIle value c
¡a computedby the matchingof tIlia solution with aix externadfiow [23]
itaving tite following internadasymptotics:

jito = jito. + Ax,~ + y00c.

Hence

= ¡4(A00 — A)iflo — (x00 — Ñ)w

]

A00 — A¡
2 — IXoo — x12

The parameteraA andx Ilave beencomputedfor sornebodies [2]. For
example, A = —2 lii a, x = o~2 for an elliptic cyllnder witIl halfaxea
a (1 + a2) and a (1 — ,2). Tite value A is called nauaily tIle parame-
ter of equivalentcircular cylinder andx ja called tIle paraneterof tite
equivalentelllptic cylinder.

One can conaideramodelproblemto describea fiow pastastokea-
let. It should be mentioned that tIlia prablem has a solution in an
explicit form (ashas beendescribedaboye)and tite form is the sanie
aa (7). It is easyto ahow tIlat titere exiat such values of tite extension
parameteratitat the modelsolution coincideswith tite aaymptotica(far
frQm a body) of tite solution of the “reaflatic” problem. Tite problem
of tite parameteraA andx determinationis in aucha way the problem
of citooaing of tite extensionparameterafrom tite point of view of tite
operatortIleory.
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3. DISTOKESLET

The describedoperatorachemedoesnot include “higIler stokealets”
becauaetite correapondingsolutiona Ilave a strong singularity at tite
point zeroand don’t belong to tite apaceL2 But onecan realjze tIle
operatorapproachin this situation too. It is neceaaaryto expandthe
injtjal apaceby addingtite correspondjngaingular solutiona. Unfortu-
nately, tIlia way leadato arz indefinite metric apace,but thjs fact does
not deatroytite conatruction.Let ¡¡a describeIlow to take into account
adiatokeslet.We ahalí usean approachanalogouato onein [24, 20].

Let A1 be the following aet of functiona:

A1 ={f(a:): 1 E L2(IR
2), A2f E

I f(a:)¡x — x
0L

4da: — converges}.

h..
1(a:) =g(ii~>¡)(a:), it1 = (A

2 —

where A
0 is somenegativevalue (a regular point of the operatorA

2),
g(51152>(x)is tIle correaponding derivative of tite fundamentalsolutiong.
Let U

1 be aset of elementswhicit can be representedin a form

1 = 1’ + c1h1 + c.4h.1,

wIlere 1 E A1. We defineaacalarproductin U1 by tite following expres-
sion:

(1, so)u1 = (A~soí)& + cff h1iflda: + fJTda:+

1V

+ (cf J1 + ¿1cf) 1 it1&1da:

1V
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Tite topologyin thesetU1 is definedby astandardmanner[25]. Tite
form (1, so)u1 ahouldbe tranaformedto a diagonalform. Tite obtained
expreaaioncontainaane “negative aquare”.One obtainsapositiveform
by replacingthe correapondingsign “minus” by “plua”. Thia form gives
an expressionfor a poaitively definite acalar product,which is cloaely
ljnked with a topology. Tite closureof tite set Uí in a apacewith auch

e
topology ja aPontryagin’aapaceTI~.

Let us considertite operator¿2 wjth the domain

4 locD(Ñ) = {f E Áí, 1’ E W2’ , fi = f~ + eh1,h..<¡ «

witere 12 is sucit function from Ai, that

(¿2 — Ao)f2 E U1.

TIle operatQrA? actaas aaquareof the Laplaceoperatoron tite set A1,
and tite imageof the element/~1 is sucit that

(¿2 — Ao)hí = ¡u.1.

Tite operator¿2 is asymnzetricone. More over it is aself-adjoint Qne
becausetite following relationtakeaplace:

(¿2 — Ao)D(A
2) = U

1.

Remark. One can note tIlat not only A0, but also the witole of
a negativehall-axis belongato tIle set of regular pointa of tIle operator
A

2. The constructiononly dependaon tite cIloice of the parameterA
0,

but the apaceUí doesnot dependon it.

Let A~0 be a reatriction of tite operator¿2 onto theset

D(A~,0) = {f: fE D(A~), ((¿2 — A0)f,h1) = 0}. (8)

The QbtalnedoperatorA ja a aymmetricone and Ilas deficiency
indices (1,1). Indeed,tite condition (8) meanatIlat tite elementh1 la
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ortitogonadto tite set of imageaof tite operator¿2 — A<>. Titere areno
otiter deficiency elementsbecausethe set U1 is a denseaubsetof the
apaceII~ in reapectto tite describedtopology.

It la neceasaryto atudy a “boundaryform” J for tite adjoint oper-
ator

.J(f,so) = ((A — Ao)f,so) — (f,(A~% — An)so), f,cp E D(A~%)

to conatructaaelf-adjointextension.Let usobtain tite following exprea-
sion for tite form J:

J(f,so) = cfe!~ —

Ilere

f = ((¿2 — Ao)f1,h...i). (9)
cl

Indeed,an element1 from the set D(A%) can be representedin
a form 1 = f + c..1h..1, itere ¡ E D(A3). Tite definition of a acalar
product in U1 causestite following relationsitip

((¿2 — A0)h1,h..1) = O.

TIle operatorA~3 actaas ¿2 on tite set D(A
2). We obtain now the

expressionfor tite boundaryform J by takinginto accountaaelf-adjoint-
nesaof theoperatorA2.

Remark. Tite coefficient cf la related with the asymptoticsof
function f neartite point a:

0. One can get titia relationahipby a trana-
formationof tite expresaion(9) in accordancewitit tIle Green’sformula:

Ok..1 _ __
cf =((~¿2 — Aa)fi,h~i) = On Af

01A
1u.i+

st

-1- _____ f———---, ——— Ñ2
OAMíOAfit Of 0 , Ok..

1
On

48n~ Oa:íOa:í \, On ) +
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+ 8h~í8(O1) 82 (ah)

— iti~2j~L))ds, fl~ = {a:: ¡a:
0 — xl = ej.

It ja neceaaarytofind alinearaubsetof tite setD(A~) sucIl titat tite
form J anniitilate on tIlia aubaetto conatructadomain of tite operator
At0. It is asimpleproblemof linear algebrasimilar to onein the aecond
paragrapIl.Thia investigationresultajn tite following descriptjonof tite
domain in question:

Theorem 2. Tite dornain of self-adjoint extensionof tite opera-
tor A?0 consistsof alt elemnentsfrorn tite set D(A?%), satisfying tite
condition eí = ac.1, initere a is a real number.

TIlia result is tite descriptionof diatokesletor more preciselyof one
elementof tite distokealetfamily (witit fixed orientation). Onecan use
tIlia operatorapproachfor the deacriptionof otiter distokesletsand a1sQ
for stQkealetsof higIler orders.

Let us remark, itow to citange tIlia scitemeif we dea.l witIl a 3-
dimensionalproblem. In tIlia casetite Stokeaequationacan be repre-
sentedin tite following matrix form:

itere

A=t7 =úV~ (vi)

Let us considertite operatorA
2

A2=Q~ ~A1+A)

on tite set of elementasatisfyingtite condition V •6 = O. On tIlia set tite
equationreducesto tite aystemof four Laplaceequations(for everycom-
pQnent). That la we can constructtite modelfor tite diagonaloperator



Stokeslet aud the Operator Extensioná Theory 247

diag {A,A,A,A} in a apareof vector-functions(p,t’i,V2,va). llence,
tite constructionof tite model reducesto tite standardzero-rangepo-
tentiadmodel (for tite vector-functiona).TIlis modelcan be conatructed
not only in tite apareL2 (see, for example, [13, 14]), but also in arz
extendedapare[20]. It aitould be noted titat tite model is conatructed
itere for tite operatorA

2 and not for tite operatorA, titat ja wity it is
necessaryto examineif our singularmodel functian ja asolutionof tite
initial equationaor not. It is easyto aitow that tite singularsolution(2)
(seeIntroduction) is amodelsolutionin tite casewhenadipole ja taken
into accountin tite model Laplaceoperator.

4. CREEPING FLOW IN TWO CONNECTING CHANNELS

In thjs sectionwe sitail describeoneexampleof applicationof sug-
geatedapproarit.Let ¡¡a considertwo-dimensionalfiow in acitannelSV~
witit straigitt boundariea(a: = 2, a: = 0) witicit is connectedwitit the
identjcal citannel fha: = —2,z = 0) titrougit tite openingat tite point
(0,0). Here a:,y are Cartesiancoordinateaof apoint. We auppoaetitat
tite following boundarycondition is valid: 4’ = — O a:

— , =+2,0. Tite
describedoperatorversion of stokesletapproacitcanbe modified for tite
casewiten asjngularity ja at tite boundary. Let ¡¡a describetite modifica-
tion of tite modelfor this situation. We ahalí conaidertite aquareof tite
Laplaceoperatorwith tite boundarycondition mentionedaboye. Let
(At)2 be tite reatriction of tite initial operatoronto the set of amootit
functiQna,witicit satisfytite following condjtionneartite point (0,0) = y

0

of tite boundary:

D(At
2) ={u: u E L

2(fl~), Ñu E
II

itfro) = u~1,.(ro) = u~~.(ro) = 01.
Tite deficiencyelementamay be obtainedby tite following procedure.
Let 4 be an internadpoint of fl~. One can find tite solution of tite
problem:

A
2g(r) + k2g(r) = 6(r — 4), g(r)¡oo = g~,Ian = O.

Mere k2 > 0. The asymptoticsof tite solution neartite point yf> ja tite
sameaa one of tite fundamentalsolution. It is necesaaryto look for tite
solutiong and ita derivativeawiten r~, —* yo. It occuratitat tite function
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02—e~,, only gives a non-zerQlimit (non-zeroderjvatjveaof itigiter ordera
o

don’t belongto tite apaceL2). TIlia function is tite deficiency element
of tite operator(At)

2. Titat la, tite deflciency indices of tite operator
(At)2 are(1,1). Onecansitow titat tite main term of tite aaymptoticaof
tite deficiencyelementneartite point y

0 is ecos
26, where9 ja tite angle

betweentite vectQr y — yo asid tite normal at tIle point ro.

Tite analogousconatruction(tite operator(A&)2) ja for tite second
citannel. Let tite operatorA~ be tite ortitogonal sitm of titeseoperators.
It is the symmetric onewitit tite deficiency indices (2,2). Tite domain
of tite adjoint operatorconaistsof tite following elementa:

u=(utufl,it±=atn++/3+v+ +ut,

witere

— 21(h + itfl, y1 = 21(h~ — ¡ifl,

A = k2is acomplexregularpoint for tite operatoraA~,4 js tite corre-
+spondingdeficiencyelement,u<~ E D(A~). One can olitain tite bound-

ary form 1 for tite adjoint operator:

1(1,~)= a}/3t — /3fl4 + a¡/3; — fiya;

Tite domaSof self-adjointextensionis alinear aubsetof tite domain
of tite adjoint operator,on tite elementaof whicit tite boundary form
anniIlilates. It ja easyto prove

Titeorem 3. Tite dornain of self-adjoint extensionconsistsof al!
clementsfrom tite dornain of tite adjoint operator, witicit satisfytite con-
dition:

($) =A(~ ) or cc(s) — - (s))

Here A andB are Hermitian matrices.

Remark. Tite ricIlnesaof tite extenaions’family (e.g., tite fact tIlat
tite numberof tite deficiencyelementafor tite caseof aingularity inside
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tite domain ja aufficiently large, see Section 2) a]lows na to simulate
different pIlyaicadsjtuation. If we cIlooae,for instance,tite extensionfor
witicIl tite man singularity of tite elementfrom it’s domain ja a In r,
we obtain “a aourceof eddy” (a morecommonnamefor titis aingularity
is “une vortex” or “Une rotlet”), and one can use it to describe,for
example,a fiow due to aamail rotating body. A conventionalstokealet
is representedby tite singularity y lii y cose. In tite caseof tite singularity
of tite boundarywe itave tite following main term of tite aaymptotica:
c±cos2e, we obtain (when c+c... < 0) “a saurceof masa” for onecitannel
and “a point aink” for tite secondone, itence,one can usetIlia type of
singularity to simulatetite fiow througitaamalíaperture.lii titia section
we deal witit tite extensionof tIlia type.

Titere is not necessityto describetIlorougitly alt extenajonaof tite
sametype (andwe sitalí not do it) to obtain a result (mentionedaboye)
titat titereexistaseriesof eddies.Only tite jntenaityof eddjesdependaon
tite citoiceof tite extension,but ita sizeaasidtite geometryof tite fiow does
not dependon it. Let us fix an extension.Onecangettite corresponding
atreanfunction (singular solution of tite biIlarmonic equation)uaing a
Fourier transform:

00

4’ = 2,rRe>3(A,,(a: ±l)CAxfl¡vI + B,,(z±1)e?h’niVI) (10)
n= 1

Here tite sign “-‘~ correspondato tite first citannel, tite sign “+“ corre-
spondato tite secondone.

a:sin(21A,,a:)cos(2tAn)— ain(21A,,)cos(2’A,,a:

)

cos(A,,)+1

a: coa(2’p,,z)sin(2’p,,) — cos(21ji,,)sin(21ji,,z

)

B,da:) cos(g,,)— 1

A,, and ji,, aretite roots of tite equationa:

sin(A
72) + A,, = 0, ainji,, — ji,, = 0.
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One can obtain now a pictureof atreanilinesfor tite fiow as a simple
conaequenceof this consjderation(seefigure 1). We suppoaetitat tite
unperturbedsolution ja following: aflow witit a streamfunction

4’o = y(4’a:2 — 8’a:3), O < a: < 2

in tite rjgIlt citannelcausedby movingof tite channelboundary(a: = 2)
with constantvelocity (i.e. 4’o satisfiestite boundaryconditiona 4’o =
84’o 84’o

= 0, a: = O, 4’o = O, = const., a: = 2) asid tite abaenceof fiow
in tite left one. Witile computingstreamlineswe supposetitat y = 1,
A,,, ji,, for mt> 5 aregiven by tite asymptoticformulan (4) aud first five
numbersA,,, ji,, are computedapproximatelyby aolving tite equationa
(3) (titesevaluesare,for example,in [26],seetable 1). Tite aliproximate
solutionaof tite equationa(3) is obtainedby tite complexform of New-
ton’s metitod. Namely, let H(z) = sjnz+z and z~ be an approximation
of tite root of tite equation11(z)= 0. Tite next approximationla

= —

mt A,, ji,,

Y 4.21239+2.25073i7.49768+2.76858i
2 10.7125+3.10315i13.9000+3.35221i
3 17.0734+3.55109i20.2385+3.71677i
4 23.3984.j-3.85880j 26.5545+3.98314i
5 29.7081+4.09370132.8597+4.193251

Table 1. First roots of tite equationa

sin(A
72) + A,, = 0, sin ji,, — ji» = o.

Starting witit the asymtotic form for A,,, it was found titat only two
or titree iterationawere necesaaryto obtain eigitt-figure accuracy.Tite
analogousconaiderationis for tite secondequation.

Tite atreamlineaof tite fiow depjctedin figure 1 are computedus-
ing a simple superpositionof the unperturbedfiow 4’~ and tite atrean
functjon 4’ in equation(10). One can see tIlat tite far-fleid fiow in tite
first channelis similar to tite unperturbedflow (without opening),and
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tite far-field fiow in tite secondcitannel (witere a fiow ja absentwith-
out opening)consiatsof an infinite setof eddies witich areseparatedby
zerostreamlinea.Eacit eddyof the far-field fiow itas a lengtit (in tite y-
direction) of about2~r (ImAi)1 2.8: moreover,owing to tite presence
of tite exponentialfactor in tite expresaion(10), tite fiow at correapond-
ing pointa in adjacenteddies(i.e. at pointswitit tite saniea:-coordinate
but differing by approximately2ir(IniAi)’ in tite y-coordinate)differa
in speedby afactorapproximatelyof expQrReAí (ImAi)1) ~ 360 and
is in oppositedirectiona.

Remark. Of courae,onecan consideranotiter proifie 4’~ of tite
unperturbedflow. Titen dueto tite llnearity of tite problemtite generad
solution will be 4’~ + 4’.

Let us considernow tite situation witen titere are periodic set of
point-like aperturesat the pointa(0, mi a), mt is an integer. Tite solutjon
of modelproblemcan be constructedin an expllcit form in tliia casetoo.
Tite atreamfunctionon oneperiod (0 c y .c a) is

00

4’ =2rRe >3(A,,(a: ±1)(exp(—21A,,y)+

+ 2exp(—21A,,a)(1— exp(—21A,,a)fl1cit(21A,,y))+

+ B,,(a:±

+ 2exp(—21ji,,a)(1— exp(—2’ji»a))1cit(21ji,,y))).

Tite computationof atreamljneais analogousto tite previousone. Tite
citaracterof tite fiow dependson tite ratio of tite period ato tite asymp-
totic period of eddiea(which ja relatedwjtit tite widtit of tite channel).
Por tite big period (a = 10) tite flow in tite left citannelconsistaof series
of eddies(figure 2), witicit areseparatedby zerostreamlinesas for tite
caseof oneopening. But for sma]lervaluesof tite period tite separating
zerostreaxnlinesareleas numeroua(figures 3), andfurtiter decreasingof
tite period causestite appearanceof afiow wititont eddiesneartite wall
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oppositeto tite openinga(figure 4, a= 2). We do not drawtite pictureof
atreanljnesin tite rigitt citannelbecausetitere is asimple superposition
of flow similar to onein tite left citannelasidtite mainunperturbedflaw.
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Fig. 2. Tite pictureof tite streamlinesfor tite caseof periodic systemof
aperturea.a= 10.
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