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ABSTRACT. We establish the existence of at least two solutiona of system
(1) under sorne restrictiona on A,a,~,f and g. Solutions, dependingon the
case, are ohtained by applying the mountain pasatheorem, local, global and
constrained minimization.

1. INTRODUCTION

The purposeof this paperla to investigate the existenceof solutiona

(u,v) 6W 1’~(Q)x w ‘A(Q) of the ayatemof equationa

= AIuIa~luIvIO+l + 1
(1){ 1:;

AIula+lIvIo—lv+9,

whereQ c ]R~ ja aboundeddomain,A E ]R, with A ~ 0, la a parameter,
1 1(1,9) E L~’(Q) x L~’(Q), with 1 + 1r = 1 and ~ + = 1. A~isthe

p pp-Laplaciandefinedby
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= D1(¡Vu¡~
2D¿u).

We assumethat 1 <p,q < N, —1 <a ami —1 <fi. We distinguiah the
followingcases:(i) ~t1+13t1= 1, (jj) 0+1+2±! — 1 (iii) atl+24! < í

and atí + > 1, (iv) + q < 1. Herep and q denotecriticad
p q a+1 /3+1

Sobolevexponenta:p~ = -~— and q =
N—p N—q

The caseof the system(1), where1 0 andy 0 on Q, hasbeen
atudiedby severalauthoraandwe refer to papera[7], [9] and [10] where
addjtjonadbibiographicalreferencescan be found.

In case(ijj), inspired by paper[11], we obtain onesolution by ap-
plying the mountainpaastheoremandaaecondsolutionby alocal mm-
ímízation. In cases(u) and (iv) asolution will be obtainedby aglobal
minimization. However,asecondsolution will be obtainedif f ~ O and
g O on Q.

Case(i) aeemsto be more difficult. It is known (see [7]) in thia
case,that the homogeneonasystemof equationa(1) is not solvableon
atar-like domaina. By constrast,if (f,g) ~ (0,0), then aystem (1) has
alwaysasolution provided the normaof f and9 are not too large.

In thia casewe developa method that can be usedto find norm-
estimatesof f and y guaranteeingthe solvability of aystem(1). This
method can also be used to show the exiatenceof a solution of one
nonhomogeneousequationinvolving acritical Sobolevexponentand we
ahail return to this questionin a final section(Section6) of thjs paper.
The reault presentedin Section6, recoversin the casep = 2 a recent

result of paper[6] (seeTheorem1 there).

In this paper we use standardterminology and notations. Let

X =W 1’’(Q)x W “~(Q) be equippedwith norm II(u,v)II = ¡[Vu¡¡, +
¡IVV¡Iq. We define a functional J: X —* IR by

=i±~’~¡ ¡Vu¡~d + fi +1 IuI~~IvI0~dx\U~J P •½ a: q J~ Vv¡~dz— Af~ 11

— (a + 1) L fuda: — (/3 + 1) 1<2
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Any criticad point (u,v) e X of the fnnctional J is asolutionof (1).

In thia work we always denote in a given Banachapace Y weaic
convergenceby “—~“ audatrongconvergenceby “—0’.

To prove that a minimizing sequenceof the functional J ja con-
vergentwe needthe Palais-Smalecondition . We say that J satisfies
the Palais-Smadecondition if every sequence{(um,Vm)} c X auchthat
J(um, Vm) ja boundedandJ’(um,Vm) -. O in X as m —* oc’ ja relatively
compactin X.

In eachcasewe find conditionaunder which J satiafiesthe Palada-
Smalecondition.

If f ~ O andg O on Q, then it ja easyto find a solutionif (1),
o

namely, if u
0 EW l.P(Q) satiafies

—A~u = 1 in Q, (2)

then (uo,0) e X is a solution of system(1). Ihis observationwill be
freqnentlyusedin this paper.

2. CASE a+1 + /3+1 =1p

A solution to problem(1) will be obtaánedby aminimization of J
subjectto an artificial conatraint. We presentherea resnlt for the case
p = q. Moreoverwe assnmethat a > O andfi > 0. We put

M = {(u,v) eX — (O,0);<J’(u,v),(u,v)> = 0}.

Sincea+ fi + 2 = p~ we see that

JIM(u,V) — a+l ¡ jVu¡~dx + ~Z1 L ¡Vv¡~dx

(a + 1)(9 — (fi~1)(p*~~1

)

‘)Jíudx— ¡rda:.

We define aconatantk = k(N,p,q,a,/3,A),A>0, by
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*

~ P (,~—v)(p — p)(p—1)” <* n~>
r’ mr~~rR~ <P ‘>A’(’ ~>(p*)~(~”—~>(p* — p)j,

where

EZE1ZI *

(a+1) 1’” +

y = p~ [(a + + (/3±i)fr]

andS denotesthe bestSobolevconstant,that is,

S = mf { / IVuIPdx;J ¡u¡~dx = 1, nEW 1.P(Q)} (3)

It will be convenientto diacuasthe aolvability of system(1) undermore
generadassumption:(1,g)E W—”~’(Q) x W1íP’(Q).

Theorem 1. (1) Supposetitat A < O ami (1,~) E W1P’(Q) x
W—”P’(Q), witit (1,~) ~ (0,0). Titen system(1) itas at leastonesolu-
tion luX.

(Ii) Supposethat A > O aud titat (1,~) E W1P’(Q) x

Titen systern (1) itas at least one solutionin X.

Proof. Without losa of generalitywe may assnmethat f $ 0.
It la easy to check, uaing the Young inequality, that ja bounded

o
from below. Let u0 EW ‘P(Q) be a aolntjon of equation(2). Since
fQ ¡VnoVda: = f~ ftiodx> O, we aeethat (uo,0) E M and

~ ‘jivuiPda:<O

andhence
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mj = mf J(u,u) < 0.
(u y) EM

Let

I(u,v) = <J’(u,v),(u,v)> for (u,v) E X.

First we show that

I’(u,v) ~ O for (u,v) EM.

Assumingthat I’(u,v) = O for some(u,v) E M andsetting

A = a+ 1 jVu¡~dx + fi + 1 L ¡Vv¡~dz,

B = L IuIa+llvI/3+lda:

and

C = (a + 1) L ítala: + (/3+1) L 9vda:,

we see that quantitiesA, B aud C satisfy the following syatemof eqila-
tiona

I
A—AB—C =J(u,v)~m

pA — Ap*B-.C =0 (5)

p2A—A(pVB—C =0.

A uniqile solutionof this syatemis given by

A=—m 1) ,AB = —m(p — i)(p ~)‘

p*p
C = m( — l)(p— if

Since A > O we see that m < 0. llence if A < 0, then B < O which
la imposaible. Thereforeit remainato conaiderthe caseA > 0. Letting

= max(IIfIIw—i,,’ Il9lIw—t~’) we get by a atraightforwardestimation
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=(a + 1)k1 (J~ VuIPdx)
1
1’

+ (/3 + 1)k1 (~/~ VvIPdx)

=kí(a + 1)kp~ (a; 1

+ k1(fi +
(/3-Mf

1pL IVuIPdx)

1

IVvIPda:)

k~ [((a + i)# + (fi +

( a+1

p ‘<2 IVuI~dz + /3+1 J¡vIPdj

=rIc1A.

TJsing the formulaefor A asid C we derive from the last inequality that

(~~m)t(p~j#p(p* -

r(p* — i)(p— i)k =k1. (6)

Similarly we derivefrom the Sobolevinequality that

AB =A~-’
1 ¡Vu¡~da: + Afi+ J IVvI~da:
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1 IVvI’dz)

iPpA(a+
P* S

( fi-~-1 L IVvIPdx) 1

p* St~
<ARAk

Takinginto accountformulasfor B andC, we derivefrom thia jnequaJ.ity

the lower estimatefor (—m)
7

~
7?rz,)pP <p*..p>(p* — priy — 1>

(AR)PTt5(zt —

This combinedwith (6) leadato the following estimatefrom below for

1+ r~p ‘ cp.—p) (p* — ~)(p — 1)’ <‘-—P>

— 1)1+k~3

which contradictsassumption(4). Uaing the Ekelandvariationadprin-
cipie [2] we can chooaeaseqnence{(u,~,v,~)} c M suchthat

J(ttm,Vm) —.4 mj and J’IM(Um,Vrn) —* O in X~ (7)

as m — oc. We now ahowthat J’(um,vm) —* O in X asm —~ oc. Since
I’(u, y) ~ O on M, we have

= Jí’M(U~n,Vrn) — AmI’(urn,Vm) (8)

for aomeAm E IR. Since {(um,vm)l c M we have

<SIM (um, Vm), (Um,Vm)> — A,n<f’(urn,Vm),(um,Vm)>

a+1 c
*P

( 0+1/
p

lVuIPdz)

+

= <J’(um,vm),(um,vm)) = 0.
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It followa from (7) that {(um,vm)} la a boundedsequencein X. We
now ahow that thereedstsaconatant6 > O such that

I<I’(Um,vrn),(um,Vm)>l >6 (9)

for all m. In the contrarycasewe can asaumethat up to asubsequence

Hm <I’(um,Vm),Qarn,~rn)> = 0.
m-. -

(10)

Sincesequences{f~ lumIa+lJvmIP+ída:} and {(o + 1) f~ fu,~dx+ (/3+
1) f~ PVmda:} arebounded,we can alsoassumethat the following limita
exist

A= hm (a+1 1’Vu rda:+
~fl-OO P JQ

B=lim 1 IurnIa+lIvmI/3+lda:

iimQa+í)JIurndx+

/3; 1J~ IVVrnI”da:)

It followa from (7) and (10) and the fact that {(um,vm)1 c M that
A,B andC satisfy of equationa(5) with ni = mj. A uniquesolutionof
system(5) is given by

*p P
— 1)’

C = —

1)(p— u
If A < 0, then B < 0, whjch ja imposaible. Thereforeit remainato
conaiderthe caseA > O. Let us set

and

(/3+ 1)JYvmdx).
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Cm z(a+1)jIumdx+(/3+1)j9VmdZ

and

Am = a-I- 1£ IVumI~dz + /3+1 L IVvmI~da:.

Letting k1 = max(¡¡f¡¡w.í,g , ‘
19¡¡~—’~’) we get as iii the previouspart

of the prQof that

Cm =rk
1A,’,L..

Letting ni -~ oc’ we get

C =rkiA. (11)
Similarly, we show that

AB<ARAk (12)

However, the previouspart of the proofahowathat (11) and (12) lead
to acontradiction with (4). Consequently(9) holdsand by (8) Am O
as ni —~ oc. Thjs in conjunctionwith (7) implies that J’(um,Vm) .4 O
in X as ni —* oc. Since {(um,vm)} 18 boundedjn X we may asaume
that (um,Vm) —* (u,v) in X and (um,Vm) .4 (u,v) in L~(Q) x L~(Q)
for aH p =q < r anda.e. on Q. SinceJ’(um,vm) —* O in X we aee
that J,’t(um,vm)—*0 aud J,Áum,vm)—*0 in W

1” (Q). Consequently,

Apum = AlumIOíumIVmLP±l+ 1 + fn~

with 1»~ —* O in W1~P’(Q). Since 9m = AIttmIOlttmIVmIP+l belonga
to W1P’(Q) and 18 botindedin W’~’(Q) and in L’(Q) we can apply
Theorem2.1 from [2] (see also Remark2.7 there). By virtue of thia

result Dum —* fu, up to subaequence,in (Lr(0) for every r c p.

Similarly, we ahow that up teasubsequenceDVm .4 Dv in (L’(Q)) N

for every s <p. In particular,for every (~, 4’) E X we have
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<J’(um,V,n), (‘t’, 4’)>

=(a+1)J

+(fi+i)J

—A(a+i)j

A(fi+1<f

(a+1)j J4da:—(fi+1)1
and letting ni --4 oc we get

= 0.

TIlia meanathat (u,v) ja asolution of (1) andhence(u,v) E M. Since

~lM ~5weakly lower aemicontinuouawe get

nij =Jtu,v)= 0+11

(o + 1)(a + /3 + 1

)

*

p

IVuI~da: + ~Z1 L
1 fuda: —

IVvI’dz

(fi+1)(a+/3+1

)

P

< hm J(lLm,Vm) = m.I.
m -~ 00

IVumI~
2DumD~~da:

¡ VVm ¡>2 DVmDI/>dZ

¡ ~m ~ 1Un, (>O¡ Vm (3+1 dx

¡ utnIú±íIvml~1vm4’da:

L9vda:

Ihus rnj = J(u,v) and
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»u~0 [a+l JiVuIPda:+/3+I•JIVvIPdx]

— a+lJ¡V ~ + /3í ¡S7v¡~dz

whjch implies that (um,vm) .—* (u,v) in X.

The methoduaed in this proof breáksdown when p ~ q and we
were unableto find acorrectargumentin tIlis case.

3. CASE a4-1 + (3+1 —

q

In thjs casethe homogeneonasystem(1) is in fact aix eigenvalue
problem. It is known (see [7]) that the minimizationproblem

A1 = mf { a4- 1 L ¡Vu¡~da: + fi + ~L vv¡~da:;

(u,v) E x~j Iula+lIvI~~+lda: = 1}

hasasolution (no, yo) and A1 is the smailesteigenvaduewith arz eigen-
function (no,yo) of the eigenvalueproblem{ ‘A~u = Ajn¡O—íujvI/3+í (13)

= AIu¡a+l¡vV~~ív

inQ.

We commenceby inveatigatingthe Palaia-Smalecondition for J.

We ahadl showthat the Padais-Smalecondition holdafor every A <
A1. First, we observethat
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A1 J IuIa+lIVI(3+lda: < a ;i¡ ¡Vu¡~dx + ~ +
1J ¡vvr~a:. (14)

Indeed,if (u,y) E X, with u ~ O and u ~ O we put

u
asid ~3=

y

(fq ¡u¡a+íjv¡13+ída:) ~ (.fq ¡u¡~+’ju¡(3+~ da:) ~

andwe seethat

1 ¡ñ¡~~1¡fl~~1da: = 1.

It followa from the definition of A
1 that

A1 =

1/ 1 ¡ó+íÍ3+í.\
— • ql. ,i~, nr.

—1 (a+lf

kpiq
IVu¡~dx + ~ + 1

q

which implies (14). Obviously, the estimateof this naturecan be ob-
tained by applying the Hólder inequaiity and the Sobolev inequality,
statedbelow, to the product IuIo+llvI(3+l. However, inequaiity (14) in-
volvea the optimadconatantA1 wich ja the smallesteigenvalueof problem
(13).

In the aeqnelwe ahall refer to the following estimate: for every
o

u EW lP(Q) we have(see[3], p.45)

(15)

for 1 =s =p, wheree > O ja aconatantdependingon N andp, and
¡Q¡ denotesthe Lebeagnemeasureof Q.
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Proposition 1. Supposethai A < A1. Titen tite functional J
satisfiestite Ealais-Srnalecondition.

Proaf. Let {(um,Vm)} c X be asequencesuchthat J(um,vm)~
boundedandJ’(um,w~.) —* O in X as ni —> oc. First we ahow that tite
sequence{(um,vm)} is boundedin X. Thia ja obviousifA < O, so we
only conaiderthe caseO < A < A1. It fallowa from the ilSider inequality
and (15) that

llenceby the Younginequaditywe obtain

Jfumda: ~ + §f ¡ca IVumI~dx. (16)

Similarly, we have

JYVmdx < j7¡¡9¡¡~.¡Q¡
3T + ql ¡Vv~¡~da:. (17)

Consequently,uaing (14), (16) and (17) we obtain thefollowing eatimate

J(um,vm) =(~; 1;) JIVUmIPda:

+ (/3+’ —El)¡¡vv~n¡Qda:

— SL((a+ ‘b VUm¡~ + (~ ~ ‘ivvmi’Qtia

:

p’e~’ ¡¡í¡i;: — q’e~

Since A < A
1 we can choosee > O so that
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and a+1— — +(~ +1)> 0

A
—(fi + 1) > O./3+1— — A1

Thia implica that the aequence{(umyum)1 ja boundedjn X. Wc may
assumethat (um,vm)—‘ (u,v) in X, (um,vm)—. (u,v) in LP(Q)xL~(Q)
anda.e. on Q. It la obvioua that

ljm html o+lIvmI(3+lda: = 1 uia+l¡v¡(3+ldx
m-~00

To ahowthat the sequence{(um,vm)} is relativelycompactin X we use
the following algebraicjnequality [5]

IVUmVuhI~ <

— ¡Vu,j~
2D

1u¡](D~u,~ —D1u¡)}~x (18)

(IVumI~ +

with

5= fp forl<p=2,
J2 for2<p,

where C > O ja a conatantindependentof ni and 1. Wc now obaerve
that

(a + 1)]’ (lVumI~
2Dium — IVu¡I~2Díu¡)(Dium — D¿u¡)da:

= <J’(U,n, Vm) — J’(u¡, ~O,(Ibm —
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+ (a+ i)J (Ium¡~tumIvmI0~1

— Iu¡IO~lu¡Iv¡I(3+I)(t¿m — u¡)dx + (a + 1) L 1(u,n — u¡)da: = Ami.

Since ~m u in LP(Q) and <J’Qam,vm) — J’(ut,Vi),(um — u¡,O)> —+ O
as ni,! —* oc, uaing the llólder inequaiity we check that Am¿ —~ O as
ni,! —* oc. Similarly, we have

Bmi t(J’(um,Vm) — J’QIfl,Vi),(0,Vm — VI)>

+ (/3+ 1)j (IumIO+l¡vml(3ívm

— IuhIO+lIvIl(3lV
1)(Vm — v¡)da: + (/3+ 1)j9(vtn — v¡)da: —.40

as ni,! —* oc. In then followa from (18) that

IIVUm — Vu¿¡¡~ =CIAm¡lt(IIVumII~ +

and

IIVVm — Vv¡II~ =CIBntdt(IIVVmlI~ + ¡jV1>1I¡~)’t

and thia completesthe proof.

TIle existenceresult for system (1) is obtainedby a global mini-
mization of the functional J.

Theorem2. Snpposethai A <A1. Titenbr eacit(f,g) E L~’(Q)x
L~’(Q), witit (1,9) ~ (0,0), system(1) itas al tensÉorze sotutionin X.

Proot If 0< A <A1,then by virtue of (14) wehave
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¡Vu¡~ +J(u,V) =(i — ~t)L ((o; 1

)

—(a+1)j fudx—(/3+1)

while for A < O we have

—(a+1)j

(/31) da:

1)J9vda:.fuda: — (fi +

In bothcasesJ jaboundedfrom below on X. Without loasof generaiity
we may asaumethat 1 ~ 0. It ia obvjousthat thereexista (n1,v1) E X
auchthat

fluida: >0 and j~vídx >0.Hence

J(tu1,tvj) =t[tP’@ + 1) J ¡Vn1 j~da: + É~—í(fi + 1

)

QL

Ata+(3+í ¡it ¡0+1 1v I(3+ídz

—(a±1)¡fuída:—(/3+1)jÑvzdzl < o

for t > O sufficiently amail andconaequently

M= mf J(u,v)<0.
(u,v)EX

¡
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Accordjngto the Ekelandvarjationalprincipie [3]thereexistaaaequence
{(tim,vm)} c X such that J(um,vm) —* M and J’(itm,Vm) —o O in

as ni —* oc. Since by Proposition 1, J satisfies the Palaia-Smale
condjtjon , {(um,Vm)} must be relatively compact in X. Therefore
(um,vm) —* (u,v) in X up to asubsequenceand (u,v) ja a solutionof
(1) with J(u,v) <O.

If 1 ~ O and g O on Q, then by a remark made at the end
of Section 1, (uo,O) ia a solution of system(1), where ita is a unique
solution of equation(2).

In Proposition2 below we relate thia observationto aglobal mini-
mizatjon of J.

Proposition 2. Supposetitat f E L~’(Q), witit f ~ O on Q, and
g B O on Q.

(i) II O
system (1).

(U) If A

c A c A1, titen titere ea:ist two distinct solutions in X of

c 0, titen J(uo,0) = mf J(u,v).
(u,v>EX

o
Proof. (i) If it0 6W ‘P(Q) ja a solution of equation(2), then

o.F~ Vuo¡’dz = f~ fitodz andhencefor eachV eW 1,q(Q) we have

J(uo,v) —

a+1 1 ¡Vua¡~da: — AJ
73’

If ix ~ O and t > O ja aufficiently amail, then

J(uo,ÍV) =
a+1

+ ‘~ ‘L ¡Vv¡~da:.

¡Vuo~’da:

+ ~/3+1[.Aj ¡uov~
1 ¡v¡~~1da:
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/3+1 ¡ ¡Vv¡~dx¡ < J(ito,0).

ica 1
TIlia implea that

mf J(u,v) < J(ito,0)

(u,t¡)EX

and by Theorem2 thereexists aminimizer (fi, i3) E X such thaI J(ii, fi)
= mf J(u,v) and (ñ,ii) # (uo,0).

(n,v)EX

(II) IfA <0, tIlen for each(it,v) EX we Ilave

J(uo,0)=(a+1) mf (! ¡ ¡Vw¡~da: — ¡ fwda:~ =J(u,y)
wEW’’(<2) ~“ ¾ ¾ 1

and tIlo asaertion(u) readily followa.

4. CASE a-4-l + ~t1<1 and ~ + ¡2±!>1p q y q

Repeatingthe argunieníof Theorem2in [7]we caneasilyshowthat
tIle functional J satisfiestIlo Palajs-Smalecondition.

Proposition3. La A E IR ami ¿ci (f,g) E L~’(Q) x L~’(Q). Titen
tite functional J satisfiestite Ealais-Smalecondition.

If A > 0, then ayatem(1) has amountainpasasolution.

Theorem 3. Let O < A < oc ami IcÉ (f,g) E L~’(Q) >< L~(Q).
Titentitere existsa constantni = ni(p,q, a, /3, A) > O suchthat if ¡¡1 I¡y +

ni titen systcm(1) has a solution (fi,fi) E X with J(fi,i3) >0.

Proot Applying (15) and the Young and Mólder inequalitieswe
get

J(u,v) ~ a±11 ¡Vu¡~da: + fi + 11 ¡Vvl~da:
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— A(! L ¡itI(ú+¶)7’dz + ~ L IvI&’+fl”’dx)

___ /3+1 fa+1 1 ¡Vu¡~dx+ ¡ jVv¡~dx

p q J~

— (e(a+1W ¡Q¡?~W#~¡Vu¡¡~~+’)7’+

+ C J~J, I¡vvIff,/3+flr’)

— ctQ¡k ((a + 1)¡IfJ¡p’ ¡¡Viti ¡p + (/3 + 1)¡I9h¡q’ ¡¡VVI¡q).

whereda + 1) > p,r’(/3 + 1) > q and ~ + ~r = 1. Letting ¡¡Vit¡¡p =

and flVV¡¡q = ~2 we write

J(u,v) =a+t~+ fi+lq — A(a4<~~1~+
p q

— e¡Q¡* ((a + 1)IIIII~’sí + (¡3 + 1)¡¡g¡¡~. 52),

where a = c<O+l>~¡q¡<a.~i>r~;!t aud b = ~Ú3+i)r’ ¡Q¡os+nr’* We next
define a function

h(s
11s2) = 1 [a+1~ + £±2,S~— A(as<~~~+

81+82 1
for s~ > O asid ~2 > O andwrite the last estimatein the form
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J(u,v) =(s~ + s2)[h(sí,s2) — c¡Q¡+((a + 1)¡¡f¡¡p¡ + (/3 + i)¡¡g¡¡~’)]

Since r(a + 1) > p and r’(/3 + 1) > q, for a given ,c > O aidficiently
amail, therecorrespondaa constantp = p(p,q,a,/3,A,¡QI,K)> O auch
that h(si,s2) =p for s~ + ~2 = n witIl ~i > O and ~2 =O. Taking
m =

2eIQI m,x ((a+ít(/3+1)) , we see tIlat

J(u,v) =~ for ¡¡Vu¡¡, + ¡¡Vv¡¡~ = ¿ and jjfIj~’ + j¡g¡Iq =m.
2

Let (uí,ui) EX with u1 ~ O and y1 ~ O, then

—Al2t..+ ~‘ L ¡u¡a+í¡y(3+í da:

— d(a+ i)J 1uída:—d(/3+1)j~vída: <O

for 1 > O sufficiently large. llence we can choose~o> O ao tIlat uo =
1 1

tJt1,Vo = t¿Vq aatiafy: J(uo,vo) < O and (uo,v0) « B(O,n). SinceJ
satisfiesthe Palaia-Smalecondition, we deducefrom the mountainpasa
theorem [1] the existenceof a criticad point (11,13) E X of J auchthat
J(ñ, 13) =? aud this completesthe proof.

A aecondsolutionof (1) will be obtainedby alocal ¡ninimizationof
J.

Thearem4. (1) Supposetitat A < O and (1,9) 6 L~’(Q) x L~’(Q)
with (1,9) ~ (0,0). Titen system(1) has a solution (u*,v*) E X sucit
that J(u*,v*) < 0.
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(u) Supposc that O c A < oc ami (1~9) E L~’(Q) x L~’(Q) witit

(f,g) ~ (0,0) and ¡¡fj¡~ + I¡9¡¡q’ =ni, inhere ni is a constant from
Theorem3. Titen system(1) has a sohition (ittv) E X such titat
J(u,iÉ) < a.

Proof. (i) Wc may asaumethat thereexista (p,4’) E X such that
f~ f’pda: > O andf1~ gi,bda: =0. Then J(t<p, t4’) c O for 1> 0 aufficiently
amail. Since A c 0, we havefor each(u,v) E X theestimate

____ ¡ ¡VV¡~dZ
J(it,v) >—j ¡Vu¡~da: + /3 + 1

q

—(a+ 1)Jfuda: — (/3+ 1)j9Vda:~

which implies that J ja bonndedfrom below on X. WitIl the aid of
Proposition3 andthe Ekelandvariationalprincipie,we show,as in part
(1) of Theorem2, that there exista (u~,v) e X auchthat J(u,V~) =

mf J(u,V) <0.
(tttOEX

(11) Let (so, ‘k) E X be as in part (1). SinceJ(t9,,t~) < O for t > O
sufficiently smali, wemust have

ínf J(it,v) < O,

IIVt¿IIp+ IIVt~I I~ =‘<

where ¿ > O ja a conatantfrom the proof of Theorem 3. Inspection
of the proof of Theorem3 showa that for a given e > O thereexista
6 > O such that J(u,v) =—e for every (u,v) E X aatisfying PC —6 <

l¡V~¡¡I~ + ¡VVIIq =¡c. TIlia observationimplica that

1
J(it,v) =— ¡nf J(u,v) (19)

2 I~Vt~IIp+¡I~vlI4=’~

for ah (u,v) E X satiafying Pci =¡VuI¡~ + ¡¡VVI¡q =iv for sorneic1 < sc.
Let {(u5, v1)} c X be aminjmizing aequencefor mf J(u,y).

By virtue of(19) we mayasaumethat {(u5,v~)} c B(0,~c). Let acloaed
bali B(O,r) in X be equippedwith a metric dist ((u,v),(uh,ví)) —

— u1)I¡~, + ¡¡V(v — v1)¡¡9 for (u, y), (u1,v1) E B(Oqc). It is clear
that B(Oqc) with tIlia distanceja a completemetric apace. According
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to the Ekelandvariational
¡a a mmnjmjzer for

prjnciple we may assumethat every (u5,v5)

inf{J(it,v) + 6~(¡¡V(u5 — u)¡¡~ + ¡¡V(v~ — v)¡¡q); (u,v) E B(Oqc)}

for sorne6~ >0 with 6~ —.0 asj —* oc. Ihis impijes that J’(u~,v~) —.0
iii X’~ as j —. oc. It then followa from Proposition 3 that thereexists
(u*,~*) c X such that J(u*,v*) = mf J(u,v).

(u,t)EB(0,n>

In case0 c A c oc we deducefrom Theorema3 and 4 the following

multiplicity result.

Corallary 1. Let0 <A <oc (1,~) E L~ (Q)xL~’(Q) with(f,g) ~
(0,0). Thentite re ea:ists a constantni > 0 such that for ¡¡f¡¡r + ¡¡9¡¡q’ =
m, systern(1) itas at ¿casÉ tino distinet so¿utions.

5. CASE a+1 + (3+1 .c i
7’ q

A solution of ayatem(1) will be
Qf J Qn X.

Prapasitian4. LeÉ A E IR.

condition.

obtainedby a global minimizaticrn

Titen J satisfies tite Pa¿ais-Sma¿e

Proof. Let {(itm,Vm)} C X be
bonndedand J’(itm,vm) .40111 X.

a sequenceauch
We have

that J(Um, Vm) ¡a

J(UrnxVm)<J’(um7Vm),QM¶=L~

¡Um ¡ o+í Vm ¡/3+lda:

0+lÍíd %íI<2
yvm.da:,
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wich impiles that

—M — Cm¡¡(Um,Vm)IIX

/3+ l)JqIumV+1¡V,nh/3+lda

:

— a+ 1/ fi¿mda:— 1 gVmdX =M+Cm¡¡(um,Vtn)IIx

for ah ni, where M > O and Cm —* 0. TIlia, combinedwith tIle fact that
J ja bounded,implies that the sequence{(um,t’m)} is boundedin X.
Consequentlywe may assumethat (um ~vQ .—*(u,v) in X, (iim,Vm)

(u,v) in L7”(Q) x L~’(Q). Since a4-1 + .c 1, it is easy to slrnw

that f,~ ¡umIa+íIvm¡~~+lda: —* 1~ luIa+í¡v¡/3+ídx and we can complete
the proof as in Proposition1.

As in Theorem1 we find a solution of system1 by aglobal mini-
mization of J on X.

Theorem 5. LeÉ A E IR and IcÉ ((1~~) E L7”(Q) x L~’(Q) with
(1~9)~ (0,0). Titensyskm(1) has a solution in X.

If oneof functions1 or g ja identically zero we Ilave a multiplicity
reault:

Propoaltian5. SupposcÉitat 1 6 L~’(Q) witit f ~ O ami y O mi
Q.

(i) If O < A < oc, titen diere exist tino distinct so!utions in X of
systerr¿ (1).

(u) If A < 0, titen J(uo,O)= mf J(u,v), inhere no 6W l.P(Q)
(u,v>EX

is a solution of equation (2,).
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6. NONHOMOGENEOUS p-LAPLACIAN INVOLVING A

CRITICAL SOBOLEV EXPONENT

The aim of tIlia sectionja to establiahthe ex~atenceof aaolutjon in
o

W ~‘7’(Q)of the equation

—A7’it = ¡u¡P~2u + fin Q, (20)

where f E W
1’7’(Q) and f ~ 0. A solution will be obtainedby a

conatrainedmjnimizationof a variatjonalfunctionadE: W “P(Q) —* IR
given by

F(u)=!jIVu¡Pdz 94<2 da: — 1 ítala:.

Let

M = {u 6W l.P(Q) — {0}; <F’(it),u> =

then

E¡M(u)= ¡Vu¡7’dz — (i — b) 1~ fuda:.

It ja easyto aeethat E ja boundedon M andthat

= inf{F(u);it E M} <0.

We put

(73* — 1)1+n1.zP>

Tbeorem6. ff ‘¡f”~~-~~’ <sc ami f ~ 0, tite
onc solution of equation(20).

Éhere existsat ¡casÉ

Praaf. It foliowa from the Ekelandvariational principie that there
exista a sequence {Um} c M such tIlat

E(um) -.4 niF and E’IM(itm) —* O in
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as ni —* oc. As in the proofof Theorem1 we aIlow that

E’(um) —* O in W1P’(Q)

as ni —* oc. Towardsthia end we put

o

G(it) = <E’(u),u> far u EW1•7’(Q)
andwe showtIlat G’(u) ~ O for aH u E M and that

I<G’(um),um>I =6 (21)

for sorne6 > O and for a]1 ni. SincetIle proafaof bothclaimaaresimilar,
we only shaw (21). In the contrarycase, Bm (G’(itm),um> = O up tom-*00

o
asubsequence.Since {itm} is aboundedsequencein W ‘‘(Q) we may
assumethat

Hm ¡ IVumV’da: = A, hm f¡U,nI~ da:=Band
m—.oójq 7fl—*OO Jq

hm Ifitmda:C.

~ Jq
ConatantaA,B andC aatiafy the following aystemof equations{ ‘A--17B-C niF

7’ 7’
A—B-C =0
pA—?B—C =0,

whoaesolution ja given by

2p B=—niF 2(p—1)p~
(p.l)(p*2p+2)

2p*(p —

C = mF( — l)(p — 2p+ 2)

By the Sobolevinequlity we have
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s(J html da:) ~1~IVumI~da:

and letting ni —* oc we get

SBr<A.

Uaingthe formulaefor A and B we derive from tIlia inequaiity

...
1W

SP<r—P«2p)P(p —273+2)k(p-— l)~(v~~)(p —

(22)

=(—ni,~)*.

On the other hand,since

1~ fumdx=hIfhIw~,,p’IIVumIIp

(23)

we get, lettjng ni —* oc, that

This inequality implies that

(~mF)*(2p*)*(p* — p)(p* — 1)(p — 2p + 2)4 =IIf¡¡W-,~,’.

Combining(22) and (23) we olitain

~,-.p:~ (p
5 —

—

S~<~ 1)

’

whjch is imposaible.Therefore(21) holda. Since G’(um) ~ O on M, for
cach itm tIlere existaAm E IR. sucIl that

F’(um) = E¡M(Um) — AmG’(itm). (24)

Wenow obaervethat
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O = <E’(itm),itm> = (Elt(um),iLm> — Am<G’(um),um>,

and thjs implies that Am —* 0. TIlia, combinedwjth (24), yielda that
F’(um) —*0 in W—”7”(Q) as ni —* oc. TIle reat of the proof ja aimilar
to that of Theorem1 asid thereforeja omitted.

Finally, we notethat if p = 2, tIlen

N+2

n=S~ N-2(N+2)

and we recovera resultfrom paper[5] (seeTheorem1 there).
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