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1. POP

ABSTRACT. Related to Shape Theory, in a previouspaper[6] we studied
weak monornorphismsandweak epirnorphisrnsin the categoryof pro-groups.
In this note we give sorneintrinsic characterizationsof the weak monornor-

phisrnsandthe weak epirnorphisrnsin PrO~HTOP* in the casewhenoneof the
two objectsof sucha rnorphisrnis arudirnentarysystern.

1. INTRODUCTION

lf C is a categorywith zero-objectsthen a morphismf A —+ B
of C is a weak monornorphismif fo u = O implies u = O. A morphism
f: A —* B is cailed a weak epimorphismif no f = O implies u = O.

Weakenedversions of categorical notions of monomorphism and

epimorphismhaveproVed to be of sorneinterest in pointed homotopy
theory. A stndy of the comparisonbetweenweak monomorphismand
monomorphismin homotopytheory wascarriedby T.Ganea[3] who, in
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particular, obtainedexamplesof weak monomorphismswhich are not
monomorphisms.Examplesof homotopyweak monomorphismswhich
arenot homotopyepimorpbásmshavebeengiven by J.Roitberg[7]. Cer-
taánly, the stndy of shapemonomorphismsandepimorpliismsand their
weakenedversionscan be interesting(see,for the homotopy case,the
recentlypapersof E.Dyer & J.Roitberg[2] andJ.Dydak [1]). In [6] we
characterizedweak monomorphismsandweakepimorphismsin the cat-
egory of pro-gronpsand we definedthe notion of weaklyexact sequence
andwe síndiedthis notion in the categoryof pro-groups.

In this notewe considerthe pro-categoryof 1~ITop*, the homotopy
categoryof pointed topologalspaces,and we givesorneintrinsiecharac-
terizationsof wealcmonomorphismsandwealcepimorphisms1: Ab —* Y
in pro-llTop,whenX or Y is arudimentarysystem. Iheseresultscan
be interesting(ami maybesufficient) soashapemorphismF: X —* Y
betweentopologicalspacesX andY canbe givenby meansof suchmor-
phismsf: Al —* ~in pro-llTop (approachingmorpbisms).The study
of an arbitrarymorphism1 X —* Y of pro~HTop* is morecomplicated.

The notionsandpropertiesof pro-categorieswhich are usedin this
paper are thoseof the book of S.Mardeéi¿andJ.Segal[4].

2. WEAK MONOMORPHISMS IN THE CATEGORY PRO-
HTOP

Ihe categorypro~l~lTop* is a categorywith zeroobjects. A zero-
object is asinglé point rudimentarysystem.

If (X, *) is a rudimentarysystemin pro~HTop* and if Y = ((Yx, *),
qx», A) is an arbitrary object in pro~HTop*, then the morphismsf =

(lx) (X, *) —* Y coincide with the morphismsin inv-HTop, the
categoryof inversesystemsin HTop* [4, p.20]. This meansthat for each
A E A is given amorphism f>, (X, *) —> (Yx, *) in HTop asid for each
pair A < A’ we haveqxx’fx’ = fx.

Lemma 1. For a morphism f (X,*) —* Y =

ir¿ pro~HTop*, there exist arz objectf = ((Fx,*),r~:,A) and twa mor-
phismsp = (px, lA) E Y, h = (hx): (X, *) —~ E such that for each
A E A:

(1) h>. (X, *) —+ (P~, *) is a pointedhornotopyequivalence,
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(u) Px (P,*) —* (Yx,*) is a poirziedfiber rnap,

(iii) Ix = px o hx.

Praof. The existencefor eachA E A of afactorization(iii), satisfy-
ing (i) and (11), is well known [5, p.249]. For apair A < A’ in A we define
rxx. = hx o hV, for which is immediatethat E = ((Px,*),rxxt,A) is
an inverse.systemla llIop~ and that h = (hx) (X,*) —> E is a
morphismla pro-llTopt Also, from the relationsqxx’ o Ix’ Ix, Ix =

pxhx,fx’ = PA’ O hx’, we deducethat qxx’px Pv O rxx¡, which shows
that p = (PA, lA) E —* Y amorphismof pro~HTop*.

Remark 1. It is obviousfrom Lemma 1 that we can write the
equalityf = poh, lii the categorypro~HTop*, whereh is an isomorphism.
Thenit is clearthat f is aweakmonomorphismif asidonly if p is aweak
monomorphism.We will refer to the morphismp E —~ Y asthefibred
factor of the morphism f

.

Remark 2. Ifp = (px,1A) E = ((Ex,*),rxx.,A) —*11 =

((Yx,*), Pxx’ , A) is afibred factor la pro-llTop, we canconsiderthefiber
of this morphismby the objectE = ((Ex,*), r~,,x. , A), whereEx =

and r5,x. = rxx’IEx’, for A < A’. Then we can define a morphism
1 = (ix, lA) E —* E where1x is the inclusion of (Ex,*) la (Ex, *).

Definition 1. We will say that ihe fiber E = ((Ex,*),rkx.,A)
of the fibered factor p = (px,1Á) p = ((Fx,*),rxx’,A) —* Y =

((Yx,*),pxx.,A)is contractible1¿ E iffor each A E A there is a A’ > A
suchthat jx o r~,

Theorem 1. A morphism 1 = (Ix) (X,*) ,~ Y is a weak
monomorphismla the categorypro~ffTop* ij and ordy if the fibre E of
everyfibred factor p = E Y is contractibie la E

.

Proof. By Remark 1 it is sufficient to prove that p is a weak
monomorphismif andonly if E is contractiblela E

.

Supposethatp: E —> Y is aweak monomorphismla the category
pro-HTop. Por the morphism1 E —> E from Remark2 we have
p ~l = * and by hypothesisit follows 1 = *. If ±. = (*, 1) then we
havean equivalence(ix,1Á) (*,0) [4,p.6] whichimpliesthat foreach
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A E A thereis A’ =A (and A’ > «A)) such that the following diagra.m
in HTop* commutes

7’

F«x> Ex’
* .1’
Ex Ex

Thisimpliesthat ixo
4xá is pointednull-homotopic,i.e. ixorS~x, ~*.

Thus E is contractibleja E

.

Conversely,supposethat thelibre E is contractiblein E andlet u =

(ux,$) 4= ((4,*),s~,
2’,M) —> E ((Ex,*),rxx’,A) beamorphism,

suchthatpou=*. Bntpou= (pxoux,$),withthefunctioal: A
and Px o ux Zs(x) -. E2 —* Yx. This relation impiles that each A E A
admitsy E M, y =«A) such that Px o ~x o

8uzqx)p s~, by apointed
homotopy Hx 4 x [0,1] —* Yx. Then, by the homotopy covering
propertyof Px, thereexists apointed homotopyKx 4 x [0,1] —* E

2
such that Kx(,0) = ~x o s«X»~ ami px o Kx = “x• Thus we have

O Kx(.,1) aad Im Kx ~ E2. By the proof of Lemma1
and siacethe índex setsaredirected,for eachA E A we can choosethe
indices A’ E A and ji, ~“ E M such that ix o rxx’ * andthe following
diagramcommutes

<— 4, —*
U

KAt(.,1)

Ex’ —* Ex —+ Ex

This meansthat uxs«x)g ixrxx.Kx&, i)s~,. *, i.e. (ux,1)
(*, $‘) for satisfactoryfunction <>‘ A —~ M. Thus we obtaiaed~ =

what finishes the proofof the theorem.

Remark 3. 11ff (X,*) —* (Y,*) is a pointed continnousmap
then f is a weak monomorphismin HTop if andonly if it is a weak
monomorphismja pro~HTop*. Theorem1 generalizesthe usual result
for pointed coatinuousmap[7, Prop. 2.2, (II)].
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3. WEAK EPIMORPHISMS IN TRE CATEGORY PRO-
HTOP*

In this section we consideronly morphismsof the form ~ X
(Y,*), where X is an arbitrary inversesystemin llTopt In fact the
morphismf can be representedby a continuonamap Ix (Xx,*) —*

(Y, *), if Al = ((Xx, *), pxx’ , A), aud two auchmapaIx,, Ix, define the
samemorphiamf if thereis A =A1,A2 suchthat .fxpx,x = Ix,px,x in
HTopt

Lemma 2. For a morphism~ Al = ((Xx,*),pxx’,A) —* (Y,*)
ihere existanobjectM = ((Mx,*),rxxv,A),$ A’ ‘—* A and tino mor-
phisrasj = (ix,$) X —~ M h ~! —* (Y,’..), such thai lar each
A E A’:

(1) hx (Mx,’.~) —* (Y,ac) isa poirzied homotopyequivalerzee,

(Ii) Ix (Xx,*) —> (Mx, O is a poirzied cofiber inclusior¿ map,

(iii) Ix = hx Ojx.

ProaL Denoteby A’ the subsetof A suchthat aix index A is in A’
if andonly if thereis amap Ix (Xx,O —* (Y,*) defining I.

The exiatencefor eachA E A’ of a factorization (iii) satisfying(1)
and (u) is well known [5, p.246]. Por apair A =A’ in A’ define

Txx’ =

o hx’, from which ja immediatethat = (Mx,*),rxx’,A’) ja an
inversesyatemin HTop* aud that ail mapah

2,A E A’ define the same
morphism it M —~ (Y, ‘.4 Finafly, if 4 A’ ‘—* A ja the inclusion
function, thenj = (ix, 4): Ab —* M is amorphismof pro~HTop*.

Remark4. It is obvionsfrom Lemma2 that we canwrite f = hoj,
un the categorypro-HTop,whereit ja arz iaomorphiam.Thenit is clear
that f la a weak epimorphiamif asid only if j ja a weak epimorphiam.
We wTll refer to the morphismj : X —. M asthecofibredfactor of the
morphiam f

.

Remark 5. Let j = (ix,4) Ab = ((Xx,*),pxx.,A) —~ Mi =

((Mx,*),rxx.,A’) be a cofibred factor in pro~HTop*. Then for each
A E A’ we can conaiderthe pointed quotient apace Mx/Xx with the
pointed identification map r2 : Mx —* MxIXx. We can conaiderthe
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xnveraesystemMIX = ((Mx/Xx,*),Fxx’,A’) and the morphiam ir =

(rx,1,v) Mi—~ MIX. Por the morphismf : X —* (Y,*) we will say
that (Y, *) is contractibleir¿ tite cofibredfactor of1 uf eachA E A’ admita
a A’ > A such that rx o rxx’

Thearem 2. A morphisrnf: X —* (Y,*) ofpro-HTop is a weak
epimorphismif and only 11(Y,*) is contractible in everycofibredfactor.

ProaL Supposethat f la a weak epimorphism,what is equivalent
to the fact that the morphiamj : X -~ M ia a weak epimorphiam.
Since ir o j = * the hypothesisimplies E = ~ in pro HTop*. Thia
meana(lrx, lA’) r.J (*,$‘), Le. eachA E A’ admitaa A’ > A such that
irx o rxxv = * in HTopt Thns,(Y,*) is contractiblein the cofibredfactor
g: X—*Moff.

Conversely,auppoaethat (Y,*) jacontractiblein the cofibredfactor
of f. It ja aufficient to prove that 1 ja a weak epimorphiam.Por thia,
supposethat for amorphiam u = (u.,,‘11’) : M —* Z = ((Z.,, *), s,,,’ , N)
we havenoj = *. This impiles that for eachu E N thereis apointed
homotopyH., u.,oJq«,,) *. Then,by the pointedhomotopyextension
propertyof the pair (MW(.,),X,p<.,)) thereexistaapointedhomotopyAh,

>< [0,1] —* Z,,, suchthatK.,(-,0) = u., asidKu/K~p<t,~x [0,1] = H.,.
Now, ifwe conaiderthe pointed map ‘ti.,: Mw(a) --4 Z.,,so.,=
Ihen we have p.,/X~¡«.,) = K.,/X~«.,> x {1} = H.,(, 1) = *. Iherefore,
we can define the pointed map ~ : M*(.,)/X~p(~) — Z,,, such that

o ir~~<(,,) = o,, asidthe pointed homotopy ‘~., o Eq«,,~ : Mx. X [0,1] —*

—* Z.,, whereEq4.,> : Wfl.,) o rtI«¿4xx *, for a convenient
A’ > ‘I’(v). Por thjs we have‘~p<~~ o E*(~~) ~., O * in Top*. On
theotherhandK., la apointedhomotopy,K,, : u.,org,<.,)

2

and therefore~.,oE~p<,.qoKu: u.,rqv(,.jx *. Thia provesthe equivalence
(u.,,‘11’) -‘~ (*, ¶1’) for every u E N and thereforeu = ~ what finisheathe
proof of the theorem.

Remark6. 1ff: (X, *) —* (Y, *) is apointedcontinuouamapthen
fis aweakepimorphjsmin HToP* jf andonly if it is aweakepimorphism
in pro-HTopt Particularly, Theorem2 generalizesthe usual intrinsic
characterizationof a weak epimorphiamin HTop~ [7, Prop. 2.2 (1)].
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