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ABSTRACT. A family of 4—cohouredgrapbsdependingon threeintegers
b,1,1 andon a transitivepair of permutationsa,y E Eh is constructed.Each
asisociatedtopologicalspaceturns out to hea b-fohd branchedcoveringof el-

ther a 6- or a handcuff-graph,with embeddingdependingon 1 and 1, or a
two-hridgeknot or hink of type (1,1). Moreover,the monodromymap is
phetehydefinedby a and r. La particuhar,when 1 = 2 aud t = 1, the space
is homcomorphicto the (possibly singuhar)manifoid N(o,r), which is the
branchedcovering of the Montesinosuniversahgraph,associatedto the pair
a,r. This allows us to ohtain a “universal” chassof 4—colouredgraphsrepre-
sentingah orientable3-djmensionahsingularmanifolds. Further,thenec~sary
andsufllcientconditionfor the graphto representa manifohdis ohtaiaedand
atopohogicalinterpretationof asimilar constructionof A. Cavicchiohi is given.
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1. INTRODUCTION AND NOTATIONS

Titrougitout titis paper, ahí spacesand rnapsare piecewise-hinear
(PL) ja tite senseof [24] or [15]; (quasi-) manifolds are ahwayssupposed
to be chosedaad connected.Tite terrn “grapit” will be usedinsteadof
“multigrapit”, itenceloopsareforbiddenbut multiple edgesarealhowed.
Grapits will always be of finite type. As a generalreferencefor grapit
titeory see[13] and for tite titeory of brancitedcoverings[1], [9] and [19].

Now, we recail sorneaecessarynotioason edge-cohouredgraphs,
pscudocomplexesand tite relationsbetweentitem (a detailedsurvey on
titesesubjectscan be fonnd in [8]).

Aa (a + 1)-colonredgrapit is apali fi = (I’,’y), witere r = (V(r),
E(~)) isa conaectedregulargrapit of degreen+1 and y : E(I’) —* N,, =

{0, 1,2,... ,a} is a mapsncit titat ‘4e’) # ‘¡(e”), for any two adjacent
edgese’,e”. Weset V(fi) = V(~) andE(fi) = E(r). Aa edgce E E(~)
sucit titat y(e) = le is called a Iv-edge.

Aa (n + 1)-colouredgraph fi naturahlyinduces an (a + 1)-tuple
(¿c>,t,,¿

2,...,t,,) of fixcd-poiat.free involutions Éir : V(fl) —* V%2), by
setting¿ir(v) = in uf y andtu aretite verticesof a Iv-cohourededge.Con-
versely,an (a + 1)-tuple t = (¿o,¿x,¿2,.. . ,t,.) oflixed-point-freeinvolu-
tionson aflaiteset V definesaa(n+1)-colouredgrapit fi witit V(fi) =

E(fi) = {({v,¿>.(v)},Iv)¡v E V, Iv E N,,} and ‘y({v,¿>,(v)},Iv) = lv. We
also denotefi by (y, t).

A rnorpitisrn betweentwo (a + 1)-colouredgrapits fi’ = (y’, ¿‘)
and fi = (V,¿) js a pair (/,p), witere p is a permutationon N,. aad
f: V’—.Visamapsucittitat/o4=¿~<0>o/,foreveryceN,.. A
morpitism is saidto beacp-rnorpitisrn (colouredprescrviag)witen p = 1
(tite identity permutation),itencewe sitahídenoteacp-morpitismsirnply
by a map /. If / is abijection, titen the (cp-) morpitismwill be called
a (cp-) isornorpitisrn.

For evcry Y GEN,,, we cali F-residueeacit coanectedcompoaentof
tite subgrapitfiy itaving V(fl) as vertcx set and~<1(7) as cdgeset. An
m — residueis an F-rcsiducsucit titat #Y = rn. Wc can titink of an rn-
residueasanm-colouredgrapit,by rneansofabijection fi: Y —*

Let / be acp-morpitismbetweenfi’ andfi, and let A be any Y-residueof
fi, titen f<’(V(A)) consistsof the verticesof acertainsetof Y-residues
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A of fi’. We say titat A is ordinarily~, coveredby / uf / ja injectivewiten
restrictedto tite verticesof eacit A.

An a-dimensionalpseudocomnplezK is an a-dimensionalba]1-com-
plex in witicit every h-bail, consideredwitit ah its faces,is isomorpitic
witit tite complexunderlyingan it-sirnplex (see[14], p. 49). For this
reason,eacit it-bali of K is called h-simplex. Note titat tite lirst derived
snbdivisionSd(K) of K is ausualsimplicial complex. Tite h — sleeleton
of K is definedas ja tite sirnpllcial case: Sh(K) = {s E K¡dim(s) =/4.
We can titink to agrapit r as a 1-pseudocomplexr.

Aa n-pseudocornplexK is said to be itomnogeneousif every simplex
8 E K is a face of an n-simplex of K. If fi is aix n-itomogeaeouspsen-
docornplex,titen tite disjoined star Std(s,fi) of asimplex 8 E fi is tite
subcornplexSt(s’,Sd(fi)) of Sd(H), witeres’ E Sd(H) is any simplex’
sncit titat s’ (7 s and dim(s’) = dirn(s). Furtitermore,fi is said to be
strongly conneciedif eacit pair .s’, s” of n-sirnplicesof fi are connected
by a sequeaceof a-simplices~ ,s,,. E fi sucit titat ~o =

= s” andtite pair of simpilcessj..,,s~ itave acomrnon(a — 1)-face,
for 1 < i < ni. Tite uaderlyingpolyhedron ¡if¡ of an a-itomogeneous
pseudocomplexfi is called a quasi-rnanifolduf (i) tite disjoined starof
cvery simplex of fi is stroaglyconnectedand (II) eacit (a — 1)-simplex
is afaceof exactly two n-sirnplices[10]. A 3-dimensionalquasi-manifold
is also called a singular3-manifold in [18].

We can associatein astandardway an n-dirnensionalpseudocom-
plex ¡<(fi) to an (a+ 1)-colouredgrapit fi = (V 4 by tite following rules
(see[6]):

(1) takean-simplexa’}a,) for eacita, E V, andlabelits verticesby N,.;
(2) ifa,, y E y andy = ¿c(z),titenidentify tite (a—1)-facesof a~(x)and

o”(y) oppositeto tite verticeslabeledby c, so titat equally labeled
verticesareidentified togetiter.

Tite grapit fi represenís¡<(fi) and alí spacesitomeomorpitic to
¡K($.1)¡. Clearly, ¡¡<(fl)¡ is connectedbecausefi is coanectedtoo. As
amatter of fact, IK(fi)I is preciselya quasi-rnanifold[10] andit is ori-
entable1ff fi is bipartite [8]. If two (a + 1)-colouredgrapitsfi’ and fi”

1The definition does not depend ox, tite choice of 5’, up Lo isomorphism of pseudo-

complexes.
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areísomorpbictiten ¡¡<(fi’)¡ aid I¡<(fi”)I areobvioushy itomeomorpitic.
JI fi = (V,¿) is aii (a + 1)-colouredgrapit sucit titat ¿~ = ¿~, for two
different colours e,e’ E N,,, titen j¡<(~)I is itorneornorpbicto tite sus-
pensionS(X) of tite (a — 1)-dimensionalspaceX = jJ<(fl7)¡, witere
Y = N,. — {c}.

Tite constructionof ¡<(fi) naturaily definesa “labelling” map4’
Sc>(¡<(fi)) —. N,, whjcit is injective witen restrictedto tite verticesof
anysimplexof ¡<(fi). Moreover, titere is abijection $ betweentite set
of ah residuesof fi aad tite set of a» sirnplicesof ¡<(fi) (inchudiagtite
empty simplex), sendingeacit Y-residneto an (a— #Y)-sirnplex witose
verticesare labelledby N,, — Y. Titis bijection reversestite inclusions.
So, witen fi = (F,y) represents a manifolil, tite 1-pseudocomphex 1’ is
ísomorphicto tite 1-skehetonof tite bail-cornplexdual to ¡<(fi). For tite
3-dirnensionalcase,tite singular setof I¡<(~)I consistsof afinite number
of points [3]. Eacit singularpoint corresponds,via i>, to a3-residueof
fi not representing52

Aa (u + 1)-colauredgrapit witicit representsa manifoid is cahed
an a-yem; moreoveraix n-gernwitit exactly u + 1 a-residuesis cailed
a cryslalhizalion. Every rnanifold admits representationsby gems [16]
andby crystalhizations[23]. AII 2- and 3- colouredgrapitsaregernsand,
sincetite underlyingpolyitedronof a3-dimensionalpseudocornplex¡< is
amanifoldiffits Eulercitaracteristicvanisites([25], p. 216),a4-coloured
grapit representsa3-manifolil uf a2 — ac> — a3 = 0, whereac>,a2,a3 are
respectivehytite aumberof 0-residues(vertices),2-fesidues(bicolonred
cycles)asid3-residuesof tite grapit [16]. For higiterdimensionstite prob-
1cm of citaracterizinga-gcrnsamong(a+1)-colouredgrapitsis still open.

A 2-ceil embeddiagof an (a + 1).colouredgrapit fi lato asurfaceis
saidtoberegular 1ff titereexistsapermutation¿ on N,., witicit is a cycle
of ordera+ 1 andsucit titat eachregionof tite embeddingitas boundary
composedby a {c, «c)} -residue,for asuitablec E N,. (see [11]). If an
(a+1)-colouredgrapitfi regularlyembedsin ~2, titen tite space
is itomeornorpiticto S” (see[7]).

Let fi’ = (V’,¿’) aud fi = (V,¿) be (a + 1)-colouredgrapita. A
cp-morpitism f betweeatwo (a+ 1)-colouredgrapitsfi’ = (y’, ¿‘) aad
fi = (V,¿) is saidto be a l-covering [27] if titere exists a2-residueof fi
not ordinarily coVeredby /. A 1-coveriagnaturally inducesaPL-map
111 : ¡¡<(fi’)¡ —. ¡K(fi)¡, witicit is a (##~J~?)~foldbrancitedcovering
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map. 11 0 representsamanifoid, titen tite brancitingset consistsof the
itomogeneons (a — 2)-subcomplex of ¡<%1), witose (a — 2)-simplicesare
associated,via tL<, to tite 2-residuesof O aot ordinarily coveredby / (see
[17]).

2. CONSTRUCTION OF THE FAMILY

Let b, 1, t be parameters such titat b, 1 E ~ t E 7Z2¡ and gcd(l, 1) =

1. Furtiter, let a<r E Eh be a transitivepair of permutationson
We considertite 4-colouredgrapit On,(b,l,t,a,r) itaving as vertexset

V(On,(b,l,t,a,r)) = ~i, >< ~2I

andequippcdwitit tite four fixed-point-freeinvolutions:

¿c>(i,j) = (i,j — (—i)~), (2.1)

¿1(i,j) = (i,j + (—1)’), (2.2)

¿2(i,j) = (o«3)(i),1 — j), (2.3)

¿3(i,j) = (rfl<3—t>(i), 1 — j + 2t), (2.4)

witere 71: ~2l —~ {—1, +1} is tite function

otherwise
Tite grapit is bipartite aid connected,titerefore its associatedspace
Sm(b,l,l,o, i-) is a 3-dimensionalorientablequasi-manifold. lix partic-
ular, tite family Qn, = {G,,,(b,l,t,oyr)} coataiastite Lins-Mandel fam-
uy Q = {O(b,l,t,c)Ic E ~ [16], tite Lias-Mandel extendedfamily
0 = {Ú(b,l,t,c,c’)¡c,c’ E ~b, gcd(b,c,c’) = 1) [21] and tite CaViccitioli
family Ca = {O~(b,l,t,a)¡a E Eh is a cyche of order b} [4], as statedin
tite followjag:

Lemma 2.1. Leí y = (01 2..b— 1) E Eh, titen:

(a) G(b,1, t, e) = O,,.(b,l,i, y,
(b) O(b,1,1, e,c’) = On,(b,1, t, yO’, v

0);
(c) Oa(b,1, t, a) = Gn,(b,l,t, v,a1).
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Proof. Observelirst titat O(b,1,1,c), Ú(b,1, t, c, e’) and00(b, 1,1,a)
itave tite same vertex set of Om(b,l,t,a,r). Let now (4,4,4,4), (4’,4,
4’, 4’) and (4”, 4’, 4”, 4”) be tite involntions defiaing tite titree grapits
respectively(see [16], [21] aad [4]), titen we gct:

(a) 4 = to, 4 = t1, 4(i,j) = (1 + ~(j), 1—5) = (vfl(5>(i), 1 —5) and
4(i,j) = (i + c77(j — 1), 1 —5 + 21) — (ycfl(j—t)(j) 1 —5 + 21);

(b) 4’ = ¿o, 4 = ¿~, 4’(i,j) = (i + ¿~(j), 1—1) = (yc%<5)(i) 1 —5)
aad4’ = 4;

(c) 4” = jo, 4’ = ¾,4” = 4 and4” (i,j) — (a”O —0(m),1—5+ 21).
U

Let Sn, be tite family of spaces{Sn,(b,l,t,a,r)¡On,(b,l,t,o,r) E
Qn,>. Next lemmawill give sorneitomeomorphisrnsamongelementsof
3m.

Lemma 2.2.

(a) Tite grapitsGn,(b,1,1,a,r), On,(b, 1,1,r, a), arid On,(b,1,1,a
1, r’)

are isornorpitie; litus, Sn,(b,l,1,a,r)~ Sn,(b,l,t,r,a) ~ Sm(b,l,t,
01, r1 ).

(b) On,(b,l,l,a<r) is equal lo On,(b,l,l + 1,a,c’) and isornorphic to
On,(b,l,l — t,a’,r); 1/tus, Sn,(b,l,l,a,r) ~ Srn(b,l,l+ t,a,r’) ~
Sn,(b,1,1—1, a%r)

(c) 1/ r = 1 (res>,. a = 1), liten a (resp. y) is a cycle of order b and
Sn,(b,l,t,ay)

(d) 1/ Sn,(b,1,1,a,r)isa rnanifold, titen u is itorneornorpitic lo 53

Proof. (a) Let ~ be tite bijection on ~b>< ~2l delinedby #i,j) =

(i, 1—5+1). Titen, witen lis even ( resp. witen 1 is odd),an isomorpitism
(seeSection1) betwecnOn,(b,l,t,a, r) andOn,(b,1,1,r, a) is givea by tite
pair (#,(2 3)) (resp. by tite pair (~,(0 1)(2 3))). Let «i,j) = (i,j+l).
If lis odd (resp. even), titen (~,(O 1)) is an isomorphisrn(resp. ~ is a
cp-isomorpitism)betweenGn,(b, 1,1,o, r) and Gn,(b, 1,1,a’, r1).
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Figure 1. On,(6,3,1,(01234 5),(1 53))
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(b) Let (4,4,4,4) be tite 4-tuple of involutions associatedto
On,(b,1,1 + t,a, r’). Clearly, 4 = ~o,4 = ti, 4 = ¿2 and, since
71(3—1) = —‘j(j) for ah j E ~2¡,4(i,j) = (r”(S~

t)(i),í — j + 21 +
2t) = (r—~#i—t)(i),l —1 + 21) = ¿

3(i,j). Titerefore, On,(b,l,t,a,r) =

On,(b,l,l + t,u,r
1). Finahly, let ck(i,j) = (i,1 — j), titen 4’ is a cp-

ísomorpitismbetweenOn,(b,l,t,a,r) andOn,(b,l,l — i,a1,r).

(c) Tite resultsof point (a) ahlow us to prove only tite case r = 1.
Siace(a, i-) is atransitivepermutationpair,a mustgenerateatransitive
subgroupof E~, andtitereforeis a cycle of orderb. Up to equivaicace,we
can supposea = y = (01 2••b— 1). It iseasytofiad aplanarregular
embeddingof On,(b,l,1,v,1) (seean examplein Figure 2) and titerefore
tite graph represents~

(d) If 1 = t = 1 titen to = ¿~. So Sn,(b,1,1,a,r)is tite suspensíon
of asurface. U

As a consequenceof point (b) andof tite assumptiongcd(l,1) = 1,
we sitail alwayssuppose,wititout loss of gencrality,1 =1 <1 and1 odd.

Tite necessaryandsufficient condition for On,(b,l,i,a,r) to repre-
sentamanifold wilh~be investigatednow. Let s~ and~ be tite permuta-
tions2

so — an(t>rI><2t)an(3t>a«4t). .

— rn(t)a7l(2t)rn(3t>an(4t) . . .

Titese permutationsare very important in our contest because(¿3

¿
2)’(i, 1) = (so(O, 1) and (¿2 o ¿3)’(i, 1) = (~(i), 1).

Let fi be a subgroupof Eh, titen fi acts on
7~h dividing it into

orbits. Wc denoteby c(H) tite numberof orbits of titis action. If 5 is a
subsctof Eh, we denoteby <s> tite subgroupof Eh generatedby 5. In
particular,ife,6 c El,, wewrite c(e) forc(<{e}>) and c(c,6)for c(<{c,6}>).
Furtitermore,we usetite notations6’ = cór’ and[6,e] =

2Foilowing our conventiontite product of permutationsóc means

tite compositionof maps 0 6.



-j

A “Universal” Cias. of 4-Coloured Graphs 173

1

¡

Figure 2. Planarregular embeddingof On,(4,4,3, (0 1 2 3),1) — E =

(0 3 1 2)—

Note titat ~ is aconjugateof so1,anil precisehYso1 = @>2, where
ji — rfl(t>a~(2t)rfl(3t)afl(4t) .. av((É’2)t)r((t 00. Titus, p = 1 uf ~ =

1; moreoverc(so) =

Proposition 2.3. Tite grapit On,(b,l,t,a,r) represenísa man/oíd
uf

c(a) + c(r) + c(so) = b + c(a,~)+ cQr, so).
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Prnof. Tite statementis obtainedby computing tite numberof
2- and 3-residuesof tite grapit. Tite calculation is similar to tite one
containedin [20] and we only giVe abrief sketcit of it. For i,j,Iv E /%,
let us denote by r,, tite number of (Na — {Iv}).residues and by d1, tite
numberof {i,j}-residues of tite grapit. We get:

= e(a), ~2 = c(r), rj = c(r,so), ~o= c(a,fl,

= b, d23 = c(so),

Jbt+2c(a) ifliseVen { b~ if lis even
= lb’i’+ c(a) iflisodd ,d02 = b

1j~-+c(a) iflisodd

f bi~Z1+2c(r) ifhiseVen b4. if lis even
dc>

3— lb~j’-+c(r) iflisodd ‘1, b
1ji+c(r) iflisodd

So tite numberof 0-, 2- and 3-residuesis no = 2b1, a
2 == b(21 —

1) + 2c(a)+ 2c<¿7-)+ c(so) aixd a3 = e(a)+ c(r) + c(a,‘~) + c(r, ‘e). Since
a2 — Co — = e(a)+ cc{r) + c(so) — b — c(a,<,3) — c(r, ‘e), tite statement
follows. U

Corollary 2.4. (a)
1/so = 1, liten On,(b,l,t,a,r) representsa

manzfold.

(b) 1/a andr are cyclesof order b, titen On,(b,l,t,a<7-) isa rnanz-
foId uf ‘e = 1.

(e) On,(b,2,1,a,r)represenisa rnanifold 1ff

e(a) + c(r) + c([a,r]) = b+ c(a,a’) + c(r<rU).
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Proof. (a) We itave c(so) = b, e(r,so) = c(r) and, since ‘e = 1 uf
~= 1, c(a,~) = e(a).

(it) We itave c(a) = c(r) = c(ao,~)= c(r,’e) = 1. Since c(so)= b uf
‘e = 1, we get tite result.

(c) If 1 = 2 and t = 1, titen so = [a¿r] and ~ = [r,a]. Titerefore
= <{a,ar}> and <{r,’e}> = <{r,r~}>. U

3. TOPOLOGICAL PROPERTIES OF TEE FAMILY

Titegrapit On,(b,1,1,a, r) is bigitly syrnmetricaad titerefore,follow-
ing rules(1) and(2) of Section1, we canconstructtite spaceSn,(b,1, t, a,
i-) in asimple way. By perforrning on tite 2b1 3-simpilces of tite space
tite identificationsdependiagon to and ¿í, we obtain b disjoint 3-bafls
To,T

1,. . . ,T~i. Let 8(T1) be subdjvidedja four quartersof a spitere
R~, R7, s: and 57 as in Figure 3. Now, by tite action of tite 2-
edges,we itave to identify tite region R~ witit tite region R~<~>,for every

E ~b, so titat tite points A1,.61, <21 matcitrespectivelywith tite points
A0c1»B«<1>,<2a<i> andtite point Pi,,, matciteswitit tite point Q~(1),>., for
eacit 1 < Iv < 1— 1. After titeseideatifications,tite spacebecomesacol-
hectionof e(a)3-baus.Tite last operatioa,dependingon ¿~, is to identify
tite region S7witit the region 5’ for every i E

71h, so titat tite points
P

11,1.1, D1, PI,t matcit respectívelywitit tite poiats Pr(í»...i,¡...t, Dr(l),

a~ndtite arc P1,~CP11,u..~rnatciteswitit tite arcPr~í>,t.6Pr<1y...i,u..t.
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A

11I~1

D

Figure3.

We sitafl stndy sometopological propertiesof tbe spacesof 3,,, as
brancited coveriags of St

Tite map / : ~b X ~2¡ = V(Gn,(b,l,t,a,r)) —~ {0} x ~2¡ =

V(O,,,(l,l,t, 1, 1)) deflaedby

is acp-morphismand, if b > 1, a 1-covering. Titerefore

1/1 : Sn,(b,l,t,o,r)—+ Srn(1,1,1, 1, 1) ~

isab-fohd brancitedcoveringmap. Fromnowon wc alwaysassumeb> 1.
la order to cornpletehydescribe¡/¡ wc sballobtaintite brancitiagsetB¡f¡
(Proposition3.2) aud tite monodromymap w11¡ (Proposition3.4).

Sincegcd(l,l) = 1, the grapit On,(l,l,t, 1,1) itas oniy one {2,3}-
residueaad we denotetitis residueby e. Figure4 sitows two examples.
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Figure4. On,(l,7,3,l,l) aadOrn(1,8,5,1,1)

Lemma 3.1. Tite 2-residueso/O = On,(1,1,t,1,l) aol ordinarily
coveredby / are lite folloining:
(i) if a ~ 1: tite {l,2}-residue conlaining (0,0) and lite {0,2}-residue

(resp. tite {l,2}-residue) coniaining (0,1) initen lis odd (resp. initen
¿ is even,), bolit of lenglh tino;

(mi) i/ J~ ~ 1: tite {0,3}-residue containing (0,t + 1) and tite {1,3}-
residue (resp. lite {O,3}-residue)coniaining(0,1 + t + 1) initen lis
odd (resp. witen 1 is even), bolit of leagtit tino;

(iii) 1/ so # 1: tite {2,3}-residuee.
Proof. (i) If a ~ 1 titen titere exists i E ~& sncit that a(i) # i.

Since~2 o ¿q(í,0) = (a(i),0) aad,when lis odd (resp. witca lis even)
o ¿o(i,l) = (a1(i),l) (resp. ~2 c> ¿i(i,l) = (a1(i), 1)), tite 2-residues

of O coatainiag (i, 0) and (i, 1) respectivehy,and covering tite aboye
residues,itave lengtit greatertitan two.

(u) Let i C 74 suchtitat 4i) # i. Since¿ao¿o(i,t+1)= (r(i),t+1)
aad,witen lis odd (resp. witen lis even)¿aoui(i,l+t+l) =

t+ 1) (resp. tao ¿
0(i, 1 + t + 1) = (r~’(i), ¿ + t + 1)), we olitain tite sane

result of point (i).
(ui) E) itas leagtit 21. Siace(¿ao ¿2)’(i,t) = (w(i),t) it is coveredby

at leastone {2, 3}-residueof On,(b,1, t, a, z-) of lcngtit greatertitan 21.
lo completetite proofweitaveto sitowtitat tite remaining2-residues

areordinarihycoveredby /. First we notetitat the unique{0, 1}-residue
of O itas lengtit 21 and is coveredby b residuesof lengtit 21. Finaily, tite
remainingresiduesare of hengtit four andare coveredby residuesalt of
leagtli four. U
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Let L be tite 1-subcomphexassociatedby tite bijection ‘1’ (seeSec-
tion 1) to tite live 2-residuesusted in tite previouslemma. Incidence
argumentson tite Iatticeof tite residuesOf Gn,(1,l,1, 1,1) sitow titat jL¡
is itomeomorpitic to a O — yraph witen 1 is odd and is itomeomorphic
to a itandcuff-grapit witen 1 is even (seeFigure 5). Of course, we are
interestedin determiningitow ¡U is embeddedja 53 Observetitat tite
embeddiag oaly depends on 1 aad 1; Wc denote it by y(l,l). Figure 6
sitows itow titis grapit is ernbeddedja tite 3-spitereanda constructive
proofof tite result is containedin the Appeadix. Note titat, by removing
from y(l, 1) tite 1-sirnphex A associated to 0, we get atwo-bridgeknot or
hink3 b(l,t). Furtitermore,g(l,i) itas a trivial embeddinguf í = 1 = t.

A O

Figure 5. A 6-grapit and aitandcuff-grapit(triviahly embedded)

Remark 3.1. Tite coefficients a
1 of Figure 6, cailed (Yoninaysyrn-

bois, are uniquelyobtainedby tite folhowing algorititm:

¡ = a1r0 + ~i,

For the conventions ox, two-bridge krots and links we refer Lo (2] asid denote by

b(l, 1) tite two-bridge knot or hink of type (l,i).
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ro = a2r1 + ~2,

= a3i’2 + r3,

= ~n,...ITn,.2 +
Tn,—I,

=

witere r
0 = 1 aixd O =r~ < r~—~ witen m > 1.

Now we are ableto describetite brancitiagset Biji.

•
•
e eS/

1V

vn odd

In even

Figure 6. Tite grapitg(1,1) - twists of ir raxliants
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Propos’it’ion 3.2. Leí.6 = be lite brancitingsel of ¡/¡.

1) Leí us suppose¿ odd:
a) ifa, i-, so# 1, liten E is tite 6-grapit y(l, 1) of Figure 6;
b) if so = ~, titen .6 is lite tino-bridge lenol b(l,i);
c) 1! a = 1 or i- = 1, liten .6 is lite trivial lenol.

2) Leí us suppose¿ even:
a) ifa, r, ‘e ~ l,liten.6 is lite handcuff-grapity(l, 1) of Figure 6;
b) if ‘e = 1, titen B is lite lino-bridge little bQ,i);
e) if a = 1 or i- = 1, titen E is lite trivial Ivnot.

ProaL If a,r,so ~ 1, titen Bis tite subcomplexassociatedto tite
five 2-residues of Lemma3.1. Titerefore, E = g(l,t). If so = 1, titen E
doesnot coataintite l-sjmplex associatedto O. Hence,B is just b(l, 1).
Finalhy, let us supposea = 1 or r = 1. la titis case, ¡f¡ is a cydic
coveringand,sinceSn,(b,l,i,a,r) ~ Sa by Lemma2.2.c, the branciting
set E mustbe a trivial knot. U

Remark 3.2. Titeorem 3.2 gives a topological proof to Corollary
2.4.a. La fact, ~ so = 1 tite spaceSn,(b,l,t,a,r) is abranchedcovering
of aknot or of a hink andtitereforeis amanifoid. Tite coaditionso = lis
onhy sufficient becausealso abrancitedcoveringof tite grapity(l, 1) can
be a manifoid. For exampie,if b = 4,1 = 3, 1 = 1, a =(01)(23)and
r = (0 2)(l 3), titen so = (0 3)(1 2) = ~ andtitereforetite brancitingset is
g(3,1). But Sn,(4,3,1,a, i-) is amanifold, sincee(a) = c(r) e(so) = 2
andc(r,so) = c(a,~) = 1.

To determinetite fundamentalgroupof 53 —g(l,1) we needto citoose
a suitable splitting complex br y(l,t). It is easy to see titat tite 2-
subcomplexJi? consistingof the 2-simplicesassociatedto tite 2- and 3-
edgesof On,(1,l,i, 1, 1) is agoodcitoice. Ja facty(l,t) is containedja 1<
becauseit consistsof 1-simplicesassociatedby ti’ to 2-residuescontaining
2- or 3-edges.Moreover,1< is simply-connectedbecauseit is tite internal
of the 3-bali Tc> previouslydescribed.FromTiteorem3.3.1 of [22]follows
titat iri(53 .—g(l,i)) admitsapresentationwitit generatorsassociatedto
tite set of 3-edges{xg = ({(0,j+í),(0,l—j+t)},3)l1 =1=l} and tite
set of 2-edges{y~ = ({(0,j),(0, 1— j)},2)jl =5~ l}, witihe the reiators
are in 1-1 correspondencewitit the {0,2}— {l,2}- {0,3}- and {l,3}-
residuesnot representiagg(¿,t). We orient eacit x

5 from (0,1 —5 + 1)
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to (0,j + 1) asid eacit yj~ from (0,j) to (0,1 — j). Tite 1— 1 {l,3}- and
{ 0, 3}-residues(aH of lengtit four) give tite relatioasa,i = = •~ =

(= X). la tite saneway, from tite 1—1 {1,2}- and {O,2}-residucs(again
of hengittfour), we get ~ñ= 1>2 = y, (= Y). Sincetitere are no otiter
relationstite following resuhtis proved:

Propasitian 3.3. Tite fundamenlalgmupof S~ — g(l, 1) is lite free
group att itno generalors

— g(l,1)) =

for allí attd 1. U

Witen tite brancitingset is differentfrom g(l, 1), wecandescribe
tite fundamentalgroupof 53~~B~~¡ againwith tite two geaeratorsX and
Y, but alsowitit somerehatorscorrespondingto tite 1-simpilcesof g(l,1)
not containedin .6ií¡. ¡a particular,witen .6111 = b(l,t), we get arehator
r correspondingto E>. By walking along titis residue,starting by tite
2-edgefrom (0,1),we obtain

7. = Yt~(t)X~(2t)Y~(3t)Xt1(4t> . . . yn((2l~1)t)X~(2¿t>

On tite contrary, witea Bííi 18 tite trivial knot we obtain tite relation
X = 1 (or Y = 1), aad tite fundamentalgroupis isomorpitic to 72k Tite
moaodromymapwrÍ¡ can now be obtaiaed.

Proposition 3.4. The rnonodrorny map w¡11 : ri(5
3 — Buí) =

<{X,Y}; R> —. Eh, assoeiatedto tite eovering lfI~ is definedby:

w¡
11(X) =

w111(Y)= a.

Proof. First we observethat is well-definedalso witen B¡~¡ #
g(I, 1) and titerefore R # O. La fact if B¡íi = b(l, 1) titen R = {r} and
wy(r) = ‘e = 1. Moreover, if .6111 is the triviah knot titen we obtain tite
sameconchusionbecauseX = 1 1ff r = 1 aixd 1> = 1 jifa = 1. Let
us lix as basepoint O of ir1(S

3 — Buí) tite vertex (0,0) of tite 3-gem
O = Grn(1,l,t, 1,1), embeddedin 53 as 1-skeietonof tite balh-complex
duahtol<(G). Tite loopsX,Y E irí(53 — .6 íu~~) areshowedinFigure7.
Let ¡f¡1(Q) = {0

11i C ~ú} betitefiberofO,witereQ1isthebarycentre
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of tite 3-simphexassociatedto tite vertex (i,0) of On,(b,l,i,a,’r). Titen
tite lifting of X (resp. of Y) starting at Q, is an arc endingja (Y’r(i)
(resp. ja ~«l))~ Titis completestite proof. U

c

ji’
D

Figure 7. (1’ E R”, 1” E R’, J’ E 5’, Y’ e 5”)

As consequencesof tite aboyeresuhtswe itave tite following charac-
terizationof tite spacesof Sn,:

Thenrem 3.5. Tite classof spaces8,,, is lite class of ahí tite cover-
ings of 53, brancited over eititer y(l,t) or b(h,l). U

Corollary 3.6. Leí M be a rnanifold witicit is a brancitedcovering
of a trivia¿hy ernbedded6-grapit, liten M
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Proof. A brancitedcoveringof y(1, 1) is itorneomorpiticto Sn,(b,1,
1,a,r), for suitable b,a,r. Titereforetite resuht follows from Lemma
2.2.d. U

Corollary 3.7. Leí 1 be even,titen tite following properlies itoid:
(i) Itere exisí no abehiancoveringsof g(l,t);
(u) ifar = ra titen lite apace Sn,(b,l,t,a,r) is a 8-manifoid.

Proof. (i) Let e(j) = S~TLt 71(j + 2Ivt). It is simple to citeck titat
e(j) = O for eacit j E ~ Now, let Z be any meridian aroundtite 1-
simphex.1 of g(l,t) assocjatedto tite 2-residue0. Titen, Z is mappedby
tite monodromyto (a conjugateof) so or ‘en. Sincear = ra, we olitain

so — a«Or«~> = 1. Titerefore,w(Z) = 1 and tite simplex A caanotbe
containedja tite braacitingset.

(u) By (i), Sn,(b,h,i,a,r) is tite brancitedcoveringeititer of b(h,í)
or of tite trivial knot. ¡¡ence,tite spaceis amanifoid. U

la Proposition7 of [4], A. Caviccitioli statestitat if tite coadition

a~fl(i+(2¡~1>O(... (a~(5+3É)(aI?<á+t>(i+ ,j(i)) + r(j + 2t)) . .

(2.5)

+‘q(j+(21—2)t))=i

itohds for every j E ~ titen 00(b,h,l,a) = Gn,(b,l,t,v,a’) is a
crystallizatioaand titereforerepresentsamanifold. Now wegive a topo-
logical iaterpretatioaof titis coadition. First we claim titat if (2.5) itolds
for avalueof j titen it holdsfor every j E 7121. In fact (2.5),written ja
termsof permutationswith r = a 1, becomes

yn(i+(2L~2)t)r«5+<2l~1)t> = 1. (2.6)

Replaciagj witit j + 1, takiagtite javerseandrecahhingthat —q(l +j) =

= ~~(2l— .1), we obtain
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— 1
Now set Iv = t’j, witere 1’ is tite inverseof 1 ja 71~, titen —j+2Ivt = j (in
712,) aadtiterefore, conjugatingby r?IVS+OvflVS+2t) - -.

againobtaia(2.6). Evaiuating(2.6) for j = 1, we get ‘e = 1. Titus,
(2.5) is equivaientto tite condition so = 1 and titerefore it is just a
sufficjent condition for tite brancbiagset to be a knot or a llnk. Titis
guaranteestitat tite representedspaceis a rnanifold. By making use
of Corohhary 2.4.b, we can prove titat, la tite Cavicchioli family, tite
coaditionis also necessary.

Proposition3.8. A grapit 04(b,l,t,a) E C0 represenísa rnanifold
uf condition (2.5) itolds. So evertg gern of C4 is also a crysiallizaiion.

Proof. By Lemma 2.1.c, O~(b,l,l,a) is tite grapit On,(b,l,l,v,
a’). Sincea andy are botit cycles of order b, tite statementfollows
frorn Corollary 2.4.b. U

4. A “UNIVERSAL” CLASS OF 4-COLOURED GRAPES

For eacit Iv =1, let C~,. denotetite classof 4-colouredgrapitsC~ =

{On,(b,h,t,a,r) E Cn,Ll = Iv> aud let S~ denote the class of spaces
— {Sn,(b,l,t,a,r) E Sn,¡On,(b,l,l,a,r) E

Ja titis sectionwe sitow titat tite classC~,, is “universal”: every 3-
dimensionalorientablemanifoidor quasi-manifohdcanbe representedby
a grapit belongihgto O?,,. Ja particular, we claim titat Sn,(b,2,1,a,r)
is homeomorpiticto tite (singular)manifoid N(a,r) introducedby J.M.
Montesinosin [18]. In titat papertite Autitor proved titat tite grapit
O of Figure 8 is universal; i.e. every orientablesingular manifohd is
a brancitedcoveriagof O. Since ri(S

3 — O) is a free group on two
generators,tite monodromymap is completelydefined by a transitive
pair of permutationsayr E Ef,. Referringto Figure 8 (it is just acopy
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of Figure 2 of [18]), tite monodromyseadstite geaeratorsa, aad y of
— 0) respectivelyto a and to r.

Figure8. Tite Montesinosuniversalgrapit

Propas¡tinn4.1. (a) Tite grapit g(2, 1) is tite Montesinosuniversal
grapit O.

(b) Tite singularnianifoid Sn,(b,2,l,a,r) is itorneornorpitic lo N(a,
-), for everyIransilive pair (a,r) of permulalioneof Eh.

Proof. Figure 9 sitows tite constructjonof g(2,1) by asequenceof
identifications.Moreovertite íoopsX andY areitomotopicrespectively
to tite íoopsy and a, of Figure 8. U

Remark4.1. Note tite correspoadencebetweenCorohhary7 of [18]
aadCorolhary2.4.c.

Titeaboyeresultallowsusto obtaina “universal” classof 4-coloured
grapitsrepresentingalt orientable3-dimensionalsingularmanifolds.
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p=Q

a

o

A

x

~

‘A

o

Figure9. Constructionof g(2,1)
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Corollary 4.2. Every 8-dimensionalorientable singular rnani/old
M behongslo Si,,. Hence itere ea,isis att integerb > O anda Iransitive
pair (a,r) of perlrnulaiions of Só sucit tital O,,.(b,2,1,a,r) represenís
M. U

Figure 10 sitows an examplefor tite manifoid S~ x

— N.

¡

N

¡
-A

Figure 10. Cn,(6,2,1, (0 1 2)(3 4 5), (0 2 5 3)(1 4)) -represents S2 x 5’-



188 M. Mulazzani

Remark 4.2. An ahgorititm for obtainiag,from a bipartite crys-
tallization O, a transitive permutationpair (a<r) sucit titat l¡<(%¡ ~
N(a,r) is containedja [5] aad [26]. Tite ahgorititm itas beenextended
to tite generalcaseof bipartite4-cohouredgrapitsby L. Grasselliin [12].

A. APPENDIX

Tite embeddedgrapit y(l, t) of Figure 6, will be coastructedfrom
O = 041,1,1,1,1)by usiagjust rules (1) and (2) of Section 1.

By performingon tite 3-simphicesof ¡<(O) only tite identifications
depeadingon tite 0- and1-edgesof O, tite 3-bali T of Figure7 is obtaiaed.
We refer to tite Coawaysymbohsand tite coefficientsni, r~, ~2,... ,
describedla Rernark3.1.

By tite identificatioas dependiagon tite 3-edges,we glue tite two
quarters5’ and5” of tite 2-spitere8(T) togetiter and we obtain anew
3-hall T’. If tite point A goesto infinity, tite hall becomesitomeomorpitic
to tite italf spacez < O of IR3. Tite boundary8(T’) becomestite plane
z= 0, witit A = oc. la FigureAl, T’ is depicted,witit 8(T’) represented
by tite planeof tite paper. At titis stagetite simplicesof g(l, 1) aremarked
by tite titick lime. Note titat tite openarc PQ behongsto tite open itahf
spacez ‘c O, witereastite remainderof tite grapit belongsto the plane
z = 0. Now weperform on 8(T’) tite glueingsdependingon tite 3-edges.
Tite 1 3.edgesincident to tite vertices(0,1 — j) (for O =j =1 — 1) of
tite grapit, matcit tite regiona witit tite region</. So we obtain anew
3-hall witicit is sitown in Figure A.2. Observetitat now tite openarc
belongsto theinterior of tite bali. By tite actionof tite 1 2.edgesadjacent
to tite vertices (0,1 — 1 — j) (for O =i =1 — 1) we matcit tite regions
a and a’, aad so on. After a

1 — 1 steps,we obtain eititer tite 3-bali
of Figure Aa, if 1 divides 1 (and titerefore 1 = 1 = ni), or, otiterwise,
tite bali of Figure A.4. In tite former casetite remaining 3-edgeglues
tite two itemispiteresa’ and a” of tite boundaryof tite bali togetiter,so
obtaininga3-spitere,hut wititout citangingtite embeddingof g(i,1). Ja
tite hatter casewe itave to do anotiterstageof idcntificatioas. By tite ri
2-edgesadjacentto tite vertices(0,1—j) (for O < j < rí— 1), weghuetite
regions fi~ and fif togetiterand we ohtain tite 3-bali of Figure A.5. By
tite ri 2-edgesiacidentto tite vertices(0,1— rí — j) (for O =j =ri — 1),
we glue tite regionsfi and fi~’ togetiterand so on. At tite eadof titis
stagewe arríve, after a2 steps,eltiter to tite 3-baH of Figure A.6, witen
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r~ divides t (and titerefore r~ = 1 and ni = 2), or, otiterwise, to tite
oneof Figure A.?. Ja tite former case,g(l, 1) is obtained,otiterwise ja
tite hatter casewe needa new stageof identifications(see FiguresA.8
andA.9) and soon. Of coursetite processwill fiaisit after ni stagesand
titereforetite emheddedgrapit g(l,1) will be equivalentto oneof tite two
casesof Figure6, dependingoa tite parity of ni.

¡A

a,

e— ~1
e ___ c ________

‘St -I,2t -u.’

A~1

<fA

- • 1 0 W41 -~.St .klt

A..2
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m=2

A. 6
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m=3
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A.9
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