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ABSTRACT. The problernof topologiesof Grothendieckis consideredfor
completetensorproductsof Fréchetspacesendowedwith the topologydefined
by an arbitrary tensornorm. Sorneconsequenceson the stability of certain
locally convexpropertiesja spacesof operatorsarealsogiven.

Grotitendieck,in itis work about Frécitetand (DF)-spacesaad ten-
sor products(see [12], [13]), studied locally convexpropertiesof func-
tion spaces. Maay examplesof spacesof vector-valuedfunctions can
be represeatedas tensorproductsaad this motivated the study of the
topological structureof tensorproductsof Eréchetaad (DF)-spaces.

Tite “problémedestopologies”of Grotiteadiecl<asksif every boun-
ded set B of tite complete projective tensor product EérF of two
Frécitet spacesE and E can be “localized”, Le. if titere are bouaded
subsets(Y, D of E and E respectivelywith B C ~(C ® D). Due to
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tite important work of Tasicinen(see [22]) we kaow titat tite answeris
negativejn general. Bonet, Días andTasUnen [6], inspired by Bonet
andDías [5] andTasklaen[22,23], latroducedthe classesof (FG) and
(DFG)-spacesas a general frame jn witich tite “probléme des topolo-
gies” of Grothendjeck (see [13]) and sorne related dual questions have
a positive answer. The purposeof titis paper js to extend tite resnlts
of Bonet, Días andTaskinenfor arbjtrary tensoraormsand sitow titat
tite bonadedsetsof tite a-tensorproductEÓ~,F of two (FG)-spacesE
and F canbe localized ia a “canonicalsense”. Analogouslyit is proved
that tite a-tensorproductG®a H of two (DFG)-spacesG and U js al-
ways a (DF)-space.Titis alsoextendsthe correspondingresultsfor tite
Lapresté’sapq-tensorprodnctsdneto LópezMolina aadRivera[18] aad
Junek[16]. It is alsositown that, if (.A,a) isanormedideal of operators
ja tite senseof Pjetscit [21],E is an (FG)-spaceandO is a (DFG)-space,
then AW(E,F) is a (DF)-space,where 4W denotestite largest(weak)
extensionof A. The classesof (FG) and (DFG)-spacesarelargeas was
shownin [5], [6], [9]. Concreteexamplesarementionedafter Definition
1- Sorneconsequenceson tite distjnguisitedaessof EéOF and the bar-
rellednessof GÓÚH for E, E Frécitetspacesand (Y, H (DF)-spacesare
alsoindicated.

Sorneof tite resultsitereare contalaedin tite DoctoralTitesisof tite
first autitorwritten undertite guidanceof 3. Boaet.

Our notation 18 standard,we refer to [15], [17] and [19]. II E is a
locally convexspace(Lc.s.),Uo(E) and8(E) standfor the families of ah
absolutelyconvex(abx) 0-neigitbouritoodsand abx. boundedsetsla E
respectively.If E is aFrécitetspace,we wjll saytitat (Ufl)flEN is a0-basis
in E if It is adecreasingbasisof abx.closed0-neighbouritoodsja E. Tite
absolutelycoavexhuil of asnbsetA of E is denotedby r(A). If A is an
abx. subsetof E, we denote by PA the Miakowski functioaalassociated
witit A and EA := [A]/kerpA endowed with tite aorm inducedby PA.
We meanhy E~ tite strongdual of E.

U E and E are1.c.s.,we denoteby £(E,F) tite spaceof ah linear
mappingsfrom E jato E and L(E, E) is tite subspaceof continuous
linear rnappings.

Werecail the deflnitioas of (FG)-spaces and (DFG)-spaces given by
Bonet, Días andTasicinen[6]. Tite defiaitionsgiven below are slightly
different from tite original ones.Tite reasonfor titis modificationis that
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titese areless restrictivetitan tite original definjtjoas,all tite known re-
sults for titese classes remain valid (see [6, Lemrna 6]) even witit clearer
proofsand,surprisingly,it is possibleto obtainmorestabilitypropertíes.
Since Bonet, Díaz and Tasicinen will use in tite future titese new defini-
tions for tite (FG)-spaces and (DFG)-spaces (personal cornmunication),
it will not cause any confusion.

Definition 1. A Erécitet spaceE is .said to be an (FC)-space if
Itere is a 0-basis(Un)nEpq in E sucit thaI for everysequence(ak)MEN,

a>, =1 (Iv E Pi) Itere are a sequenceof operaíors (Pir)kEN in L(E, E)
auda bounded.subseíB c E salisfying

(1) ~—ZseN~Á~) ,VrreE,
(2) P~(a~U~) C B, uzE Pi.

A (DF)-space(0,1) is said to be a (DFG%spaceif titere ~5 an in-
creasingfundamentalsequence(B,,»EN of dosedabx. bounded.sets in
O and titere is a locally convexuopologys in O weaker titan 1 sucit thaI
(O, t) itas a basisof s-closedabx. O-neigitbourhoodsaud, for every se-
quence(a>.)irer.i, 0< a>, =1, titere are a sequenceof operaíors(Qk)>.EN
in L((O, t), (0, t)) andans-dosedaba,. O-neigitbouritoodU itt (0,1) sucit
tital

(1) a, SiEN Q
5(a,) , Vx E O, mitere lite seriesconvergesfor tite

lopology .s,
(2) U c Qj?

1(airB>.) for every Iv E Pi.

If tite uopologys canbe laken equal fo 1 in tite definition we ini!! say
thaI (O, t) is a strong (DFO)-space.

The following are examplesof (EG)-spaces[6]:

(i) Baaacitspacesaadcouatableproductsof Banacitspaces.
(Ii) Banacitvalued Kétite echelonspacesof orderp, 1 =p < oc or

p = 0, ~X~(A,(XI)ÍEN) with X. Banach(i E N).
(iii) GenerahizedDubinsky ecitelon spaceswitit decreasingsteps

witicit areMontel.
(iv) The Frécitetspacesof measurablefunctionsintroducedby Rei-

her, La(A) witit absolutelycoatinuous p. Ja particular tite spaces
LP((jí~)nEN) of Grothendieck,1 =p < oc, witere pj are a-finite mea-
sures(i E IN).
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(y) FrécitetScitwartzspaceswitit afinite dimensionaldecomposition
andacontinuonsaorm.

(vi) Tite Frécitetspaceof coatinuousfunctions CAo(X).
Moreover,it is easyto seetitat (with tite aboyedeflaition) complemented
subspacesof (FG)-spacesare ato (FG)-spaces,titen every Frécitet Scit-
wartz spacewitit tite bonndedapproximatioapropertyanda contiauous

is aa (FG)-space(see [5]).

Tite fohlowiag areexamplesof (DFG)-spaces[6]:

(1) Normedspacesasid couatabledirect sumsof norined spaces.
(u) Strong duals of (FG)-spaces.
(iii) Tite juductive llmit of continuousfunctions ind~C(v~)o(X)

anil the projectiveitulis CV(X), CV0(X).

1. TENSORPRODUCTSOFFRÉCHETAND <DF)-SPACES

We needsornedefinitions anda tecitnical lemmaon tensornorms.
We refer to [19] and [8] for the notations.

U E and E are 1.c.s. and a is a tensor norm, tite topology of
E ®a E is given by tite systemof seminorms(Pu Oa Pv)(z) := a(($u ®

$v)(z); Eu,Ev), z c E ® E, U E Uo(E), 1/ e t4o(E), witere~W: E
Eu,

5v : E —* Ev are tite canonicalmaps.

IfA andB areabx.subsetsof E and E, respectively,we will denote
hy a(A,B) := {x E E ®~ E ¡(PA ®a PB)(Z) =fi = {x E [A] ®
[B] ¡ a(($Á 0 $BXXLEA,EB)=it

Definition 2. If E and E are Lc.s., a is a lensor norm audB is
a boundedsubselof EÓCE, me mill saythaI B is localizableifthere are
(Y E 6(E), D E 6(F) sucit lital B c a(C,D).

This conceptof “localization” of bonndedsetsin_a-tensor_products
coincides with the usual ones witen a = ir (ir(C, D) = J’(C ® D)) or
a = ap,q, the Laprestétensorproduct (see [18], [16]).

Tite following lemmais necessaryto obtain our main result

Lemma 3.([20]) If E
1 aud E1 are Lc.s., T1 E ~E1, E1), i = 1,2;

titen
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(Tx ®T2)(a(A,B)) C a(Ti}A),T2(B))

for everij A c E1, B ci E2 absolutel~¡convez.

The following propositionimproves [6, Corollary 4.6] and [18, Tite-

orem2].

Proposition 4. If E and E are (EO)-spacesaud a is a tensor
norm, liten lite boundedseIs ofE~0E are localizable and EéOE is an
(FO)-space.

Proof. By itypotitesis,thereare(Ufl)flEN and(Vfl)flEN 0-basisjn E
andE, respectively,sucit titat for every sequence(Ak),,EN, 1 =A,, < oc
(Iv E Pi>, titere are B E 6(E), (Y E 8(E), Q~ E L(E,E), and R1 E
L(F,F), i E Pi, satisfying:

(a> Vi E Pi

n.ix.TT.\ G 1—B R1(A1V1)ci —&,

(b)

ÉQ:= IB; ÉRI=IF pointwisely.1 1

Defining E, := >j>~ Q, ® R5 + >7jjj Q ® R1, i E Pi, we easily
obtainsr I’~ = ~ Q1)®(zrR1)and tite surnconvergespointwisely
to ‘E®F witen ni tendsto infinity. On tite otiter itand,the eqnicontinnity
of (FI)¿EN follows from tite eqnicontinuityof (QI)IEN and (Rl)l~N, and
this implies titat >i17 1¾convergespojntwiselyto ‘EéF’ witereE, is tite

extensjoato E¿aF of E¿, i E N.

E~QF

SettingH := a(B,C) , we obtain

A(A1a(U1, ¾))ci (z Q1óR3) (a(AIUI, A5Vjj))

(~‘Q5éRt)+ (a(AsUs,A1VO)
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1 4IZ~JH ci

= 1,... ,oc. Titerefore EéOF is an (FG)-space and, moreover, if
E~0F

a, c nr >.1a(U1,Ví) , then

Titus, since a, = limm...co2” A(x) E 2H,

A E~0F
ci 2H,

1

witicit implies that the boundedsetsof E&OF are localizable. U

Tite following techaicallemma is essentialto sitow that O ®~ H
and .AW(E,O)are (DF)-spaceswiteaeverE is an (FG)-space and 0, II
are (DFG)-spaces.It providesa useful property which is very close to
(DFop) introduced ja [7].

Lemrna 5. Leí E be an (EG)-spaceaud O a (DFG)-space. Titere
are lino sequences:(Vfl)flEN a 0-basisitt E aud (Bn)nEN a fundamental

sequenceof boundedseIs itt O sucit thaI

(a) Eor every sequences(cir)>,EN of slricIly posilive escalarsaud
(Cn)nEN of boundedseIs in E, Itere are (Y E 6(E) aral (QM)>.EN ci
L(E,E) sucit Ihal

n

Qir(V,,) ci e,,(Y, (1—ZQ>.)(C~) ci (Y, k,n E Pi.
>.= 1

(b) For every sequences(M)>.EN of siriclly posilive escalars aud
(Ufl)flEN of O-neigitbouritoodsin 0, titere are U E ¿Ja(O) and(R>.)irenci
L(G, O) sucit tital

It

R,<(U) ci ¿>.B>., (1— ZR>3(U) ci U,~, k,n EN.
M=1
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Proof. We will sitow (b). Tite praafof (a) is analogous.

Since (0,1) is a (DFG)-space,jt itas a fundamentalsequeace
(Bn)ncN of absolutely convex bounded subsets and titere is a lacally
convextopology e on O, coarser than t, such titat (04) itas a basis
of s-closedabsolutelyconvex0-neigitbouritoodsand for every sequence
(bir)MEN of strictly positive escaharstitere is a sequence(R¡3>,EN ci
L(O,O) such titat

(i) a, = S>.EN R«z) ~a, E O, where tite series converges for the
topology a,

(u) fl>.EN Rr(6>.B>,) E ¿Jo(O).

Givea two sequences: (ir)MEN of strictly positive numbers and
(Un)nEN of O-aeigitbouritoodsin O (witicit we can supposes-closed),
we can fiad anothersequence(bM)>.EN sucit that O < 6>. < e>,, Iv E Pi,
and ~L, 6>.B>, ci U,~, n E U m> u. Now choose(R>.),,EN satisfying
(i) and (u), and define U := fl>.EN R1(6>,Bir). Titen we have

n m

z—>3Rdx)=s— hm >3 R>.(z)EU~,
ir=1

for ahí a, E U, sinceU~ is s-closed,u EH. U

We alsoneedan easybut key lemmadueto J. Bonet and tite first
autitor (seee.g. [11, Titeorem5.8]). A similar argnmentcan be found
in [15].

Lemma 6. Leí E be a Lc.s. and (B~)~cN a sequenceof absolulely
convexboundedseIs in E wiiit 2B,, ci B~+z, u E Pi, miticit sauisfieslite
folloming properiy:

For evertj sequence(UIt)ItEN of O-neighbourhoodsitt E diere is U E
lJo(E) sucit ihal

00

UC fl(u~+B~).
~= x

Titen (fln)neN is a fundarnenlalsequenceof boundedsetsitt E.

Proof. Let us suppose titat there is B E 6(E) sucit titat E « nB~,
Vn E U. Then we can find a boundedsequeace(zn)neN in E witit
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« aB4 and, hence, titere exists U,. E lJo(E), u E 7=1,sucit that
z,. « n(B,. + U4). But fl,,EN(Bn + U4) is a neigitbourhoodof O la E,
witicit contradictstite fact that (z,.),.EN 15 bounded.

Titus titere is n0 E Pi witit B ci noÉ,,0 ci A2,.0. u
From this lemmaand tite citaracterizationof (DF)-spacesgiven by

BierstedtandBonet in [3, 5.Aiemma], we deduce(see[11, 5.8]) that
a l.c.s. E is a (DF)-spacejf andoaly if it has a sequence(Bfl),.EN
of absolutely convex bouadedsubsetasuch that for every sequeaces
(E>.)>.EN of strictly positiveaumbersaad (U,346N of absolutelyconvex
0-neighbouritoods,titere js U E 140(E) suchtitat

Uci fl(ZE>.B>.+ U,.).
nElJ M=1

This will be usefulla tite following

Praposition7. ifa is a lensornorrn andO, H are (DEO)-spaces
(respectively,sirong (DEG)-spaces)liten G®~ fi is a (DE)-space(resp,
a sírong (DEO)-space).

Proof. Let (B,.)nEN and ((Yn)neNbe tite fundamentalsequences
of boundedseta la O and fi, respectively,witich satisfy tite property
(DFC).

Given a sequeaceof strictly positiveescalars(e>,)>.EN(ck < 1,Iv E
Pi) and a sequence(W,.),.EN of O-neigitbourhoodsin O®~, fi, find two
decreasingsequences(U,.)ItEN aaxd (VJ-.EN of O-neigitbouritoodsia O
and fi, respectively,sucit that

(i) a(U,.,V,.) ci W4,

(u) a(5B5,V,,)ci VV,,,

(iii) a(U,,,c5C5)ci VV,,,

a E Pi, j = 1... a. By Lemma5, titere are two sequences (QM)>.EN ci
L(O,G) and (RM)MEN ci L(fi,fi) aad there are U E ¿Jo(O) and y E
Uo(fi) sucit titat



Localintion of Bounded Set. iii... 119

E>, E>.

(j) Q¡c(U) ci ~B>.; R,<(V) ci

4 ‘U~ (‘—>3 R)(V) ci(jj) (‘—>3 Q,,)(U) ci 3tfl M 3

a,IvE]N. Nowweclaimtitat

4

a(U,V) ci fl (>3eira(Bir,C,c)+ VV,.)
nEN ir=1

To show titis, take z E a(U,V). Given a E Pi, define

ir—’

Iv=1...a.(ÉQ>.®R+>3Q.~®R>.)fr)~
__ 5=1

SinceQ>.(U) ci Wc>. and R5(V) ci ~-C1~,we have titat (Q>. ® R5)(a,) E

;w,a(B>.,Cj, j,Iv E Pi. Hence

a,,, E >3~45a(Bir,Cs)+>3~4ya(Bs,(Yir)

1
~wra(Bs~C’M)) ci E>.Ck(Rir,CM),ci E>.

Iv = 1...a. Define now y,. := a, — ~ a,>. . It easily follows that
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+((I— ÉQ>.)®(’— Z.R¡c))(x).
k= 1

Finahly, from (i), (u), (iii), (j) and (ji), we obtaia

4 11 11(1) ((1 — V’Q,,) ® R5)(a,)E — —ra(Un,5C5)ci — .

¿-.4 3 23 3 2’

4 11 11
(2) (Q ® (1—>3 R,,))(a,) E —ra(5Bj, y,.) ci — .

2’ 3 2’
M=x

k= x

j = 1... u, whicit implies titat y,. E VV,.. Titis sitows titat O ®a fi is a
(DE)-spaceby lemma6.

If (9 and fi are strong (DFG)-spaces,to prove that O ®~ fi is a
strong (DFG)-space,it remainsto show that lirn,. ~ a,>, = a,. But
this is aconsequenceof the fact that (S~~Qk)neN and~ R,3,.EN
convergepointwisely to tite identjty of O aad fi, respectively. U

Remarks: (1) For finitely generatedtensornorms a, it is possible
to give a sitorterand moreelegantargumentto sitow that O ®a fi is a
(DF)-spacewiteneverOand II ~re(DFG)-spaces.Tite proofwas kindly
providedby AndreasDefant: By [8, 29.2, 29.7, 29.8 and 35.3], titere is
aBanacitspaceX andasurjectivetopologicalhomomorpitism

SinceO is a (DFG)-space,the spaceO®, X is a (DF)-space(see
[6, Proposition9]). By tite sameargument,fi ®~ X is aquotient of
(H®cXfl®r(X®aX), whicit isa (DF)-space since ifisa (DFG)-space
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and tite projectivetensorproductof two (DF)-spacesis a (DF)-space.
Titis impiles that O®<, fi is alsoa (DF)-space.

(2) Note titat, by Lemma6, we itave sitowain tite aboyeproposition
titat tite boundedsubsetsof O ®~, fi are localizable if O and fi are
(DFG)-spaces.

la order to obtain more properties, such as distingujshednessfor a-
tensorproductsof Fréchetspacesor barrelledaessfor a-tensorproducts
of (DF)-spaces, we need some definitions axid notation.

The densily condition,(DC), was introducedby Heinrich [14]andit
was thoroughlystudiedby BjerstedtaudBonet(see[1], [2], [3], [4]) ja tite
contextof Frécitetspaces.A FrécitetspaceE hastite deasitycondition
if andonly if the boundedsetsof E~ are metrizable[1]. Quasjnormable
spacesandFréchetMontel spaceshave tite (DC). Every Fréchetspace
E with (DC) is distinguisited,titat is E~ is bornological. Bierstedtand
Bonet ato introduced tite dual density condilion, (DDC), (see [2]). A
(DF)-spaceO hastite (DDC) if aadonly if its boundedsetsare metaz-
able,andevery (DF)-spacewith (DDC) is quasibarrelled(see[2]).

The (DC) and (DDC) are stableunder projective and injectiveten-
sor productsin the contextof (FG)-spacesaadbarrelledstroag(DFG)-
spaces,respectively (see [4], [9]). Our purposeis to generalizethese
resultsfor arbitrarytensoraorms.We needtite following

Definition 8. Leí E be a Fréchelspaceaud (U,.),.eN a 0-basis itt
E. E is said lo salisfy lite densilycondilion by operators,briefiy (D(Yo,),
if Itere 18 B E 6(E) such lital for alí ni E Pi audB’ E 6(E), Itere exisí
A> O andF E L(E, E) sucit Ital

(1) F(B’) ci Un,,
(U) (1— P)(B’) ci AB.

Leí O be a (DE)-spaceaud (B,.)flEN a fundarneníalsequenceof
boundedseIs itt O. O is said lo salisfy lite dual density condiuion by
operaíors, brieJly (DD(Yo), if Itere is U E lío(o) sucit Ihal for al! ni ~ Pi
and V E ¿Jo(O), Itere are e > O aralFE L(O,0) sucit ihal

(1) P(Bm) ci V,
(Ii) (1— P)(eU) ci y.
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Remark: It easily follows from titese defiaitioas aadtite citaracter-
izatioas of (DC) and (DDC) due to BjerstedtandBonetin the context
of Frécitetspacesand (DF)-spaces,titat every FrécitetspaceE (respec-
tively, (DF)-spaceO) witit (DCo) (resp., (DDCo)) satisfies tite (DC)
(resp.,(DDC)).

Proposition9. Every (FO)-spacewitit lite (DC) salisfiesproperty
(DCo).

Proof. Let E be aix (FG)-spacewith a0-basis (U,.),.EN aad
(P,.),.EN any sequenceof bonadedoperatorsin E assocjatedto sorne
sequenceof strictly positivescalarsby property (FG). Then, as a con-
sequenceof [10], (P4),.EN is aresolutionof tite identity of E with prop-
erty (M) of Di az aadMjñarro, that is, for every B E 6(E) andevery
U e Uo(E), we have

00

lim
5”PPu >31’,(z) 0.( )Tt—00 rEB

Now, since (Pn)nEN js a sequeaceof boundedoperators,we can
fiad B E 6(E) such that P;x(B) E t1

0(E), Vn E Pi. Let ni e Pi and
B’ E 6(E). Titen, by property (M), titere is a0 e Pi sucit that, for

2Z+11%, the followiag is

00

P(B’) =>3 P,.(B’) ci Un,.

Moreover,

(J — P7<’(B) = (~; i>t~) (.6) E Uo(E),

witicit yields tite result. u

Proposition 10. If O is a barrelled sírong (DEO)-spacewilit
(DDC), liten u salisfies(DDCo).

Proof. Let (B,.),.EN beafundamentalsequenceof bouadedsubsets
in O and (P,.)nEN aay sequenceof bouadedoperatorsin O associated



Localization of Bounded Sete ir,... 123

to somesequenceof strictly positivescalarsby property (DFG). Titen,
as aconsequeaceof [9], (P,.),.EN is aresolutionof tite identity of O wjtit
property (M).

Now, since (P,.),.EN is a sequenceof boundedoperators,we can
fiad U E ¿Jo(O) sucit titat 1’4(U) E 6(0), Vn E Pi. Let ni E Pi and
V E lío(O). Then, by property (M), titere js no E Pi sucit titat, for

Z~0 1’,,, tite following is satjsfied
00

(1— P)(Bn,) = >3 Fn(Bm) ci Y

no+1

Qn tite otiter itaad,

F(U) = >3P,.(u) E 6(0),
1

aadwe obtain tite result. u

Díaz, López Molina andRiverasitowedja [9] titat tite strongduals
of (FG)-spaceswitit (DC) areexamplesof barrelledstrong(DFG)-spaces
witit (DDC).

Proposition 11. lf a is a lensor norm, E and E are Erécitel
spaces(respecliuely, (DE)-spaces)miíit lite (D(Yo) (resp., (DDCo)) and
lite bounded subseusof EÓOF are localizable, liten EÓOE also salisfies
(D(Yo) (resp., (DD(Yo)).

Proaf. We will sitow tite result for (DCo). Tite proof for (DDCo)
is aaalogous.

Let (U,,),,EN anA (V,,)ircN 0-basis in E andE, respectively. If E
andE satisfy (DCo), titen titere areE E 6(E) aud (Y E 6(F) sucit titat
for ah m,ni’ E Pi and for aH E’ E 6(E), (Y’ E 6(F), titere are A,A’ > O
andFE L(E,E), Q E L(F,F) witicit satjsfy

(i) P(B’) ci Un,, (1— P)(B’) ci AB.
(u) Q(C’) ci Vn,t, (1 Q)(C’) ci AC.

Let n E Pi, E’ E 6(E) and (Y’ E 6(E). Find ni eIN (ni =a) with
2Un, ci sU,., witere e> O satisfiessC’ ci 1/,., and fiad ni’ E Pi (rn’ =a)
witit

2Vn,’ ci s’V,., witere e’ > O satisfiess’AB ci U,.. Titen we itave
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(a)

[(1 — P) ® (1—Q)](a(B’,C’)) ci a(Un,,Vn,;) ci a(U,.,V,.).

(b)

[1—(1— F) ® (1—Q)](a(B’,(Y’)) = [(1—P) ® Q + 90 I](a(B’,(Y’)) ci

1 1
a(AB, Vm’) + a(Un,,C’) ci ~a(U4, 14) + ~a(U4~V~) = a(U,.,V,.).

From titis we concludetitat EÓCFsatisfies(DCo). u

Corollary 12. Ifa isalensornoria andE, E are (FO)-spacesiniíit
lite (DC) (respecíively,barrelled strong (DEO)-spaceswitit tite (DD (Y)),
titen E®CXF is a Frécitel spacemitit (DC), itence distinguisited(respec-
Iively, a barrelled (DF)-spacemitit (DDCl».

It is wortit to mention titat tite Frécitet spacesquasinorrnable by
operaíors(respectively, tite (DF)-spaceswitit property (QNo)9, intro-
ducedandstudiedin [20], are examplesof Frécitet spaceswitit (DCo)
(resp., (DF)-spaceswitit (DDCo)).

2. IDEALS OF OPERATORS AND (DF)-SPACES

FollowingPiestcit [21],tite following propertiesdefineanormedideal
(A,a) of operatorson tite classof Banacitspaces:

(Ji) F(X,Y) ci A(X,Y) ci L(X,Y), for aH Banacit spacesX, Y,
where.F(X,Y) denotestite spaceof ah finite raxxk operators.

(12) II 5 E A(X,Y),TE L(Zi,X) andRE L(Y,Z2), titen RoSo
TE A(Z1,Z2).

(13) a is acompletenorm on eachcomponent.A(X,Y) satisfying
a(x’®v) =j¡ ¡[¡¡ y ¡1’ z’ E X,y E Y, anda(RoSoT)=¡¡R ¡~¡ T ¡¡ a(S)
for ahí operatorsR,S,Tasia (12).

Among tite severalpossibihities to exteadan ideal A of operators
on Banacit spacesto the categoryof locally convexspaces,we wihl con-
centrateon the largest extensionAW (see [21]). More precisely, if E
and E arelocahly convex spaces(E quasi-complete)and 5 6 L(E,F),
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titen 5 E AW(E,F) if, audonly jf, for ah Banacit spacesX, Y and
for ahí operatorsT E L(X,E), R E L(F,Y) tite product Ro So T
belongsto A(X,Y). Titat is, for ahí 6(E)andU E¿Jo(F)tite
operator$~j o So 5B belongsto L(E

8,Fu), witere
4B : EB —* E and

E —* Fu aretite canonicalmappings.

Tite space .AW(E,F) admits a natural topology iaduced by
proj .A(Ea,Fu). la orderto give adescriptionof abasisof 0-neigitbour-
itoods, let us establisit tite following notation: If A ci E, .6 ci E are
absolutelycoavex and 5 E L(E, E) satisfies 5(Á) ci .6, we denoteby
5A,B : EA —* F~ tite jaducedrnap. Now we write

W(A,B) := {S E AW(E,F) ¡ S(A) ci.6, SA,B E A(ÉA,ÉB)

aad a(SÁB)=llt

Witit this notation,tite farnily {W(B,U) ¡ B E 6(E), U E ¿Jo(E)} is a
hasisof O-neigitbouritoodsja .AW(E,E).

For instance,ifA is tite ideal of ahí boundedoperatorsanA a is tite
operatornorm, titen .AW(E,E) is tite spaceL(E, E) of al continuous
linear operatorsendowedwitit tite topology of uaiform convergenceon
tite boundedsubsetsof E. And, for A = K tite ideal of compactop.
erators,KW(E,E) coincideswitit tite spaceof Moatel operatorsfrom E
into E, titat is, tite operatorstitat seadeacit boundedsubsetof E jato
aprecompactset in E.

Remark: As aconsequeaceof (¡2) and (13), it js easily seentitat,
for Ax,A

2 ci E and B1,B2ci E absolutelyconvex,SE W(A2,Bx)and
T E L(E,E), R E L(E,F) satisfyingT(Ax) ci A2 andR(Bx) ci B~, tite
productRoSo T belongsto IV(Ax, .62). Titis will be usedlater on.

Tite following titeoremsitould be comparedwitit [6, Titeorem 4.5],
witere Bonet, Dfaz andTaskinensitow titat, undertite sameitypotitesis,
tite spaceLb(E,G) is a (DF)-spaceusiagasimilar argumeat.

Theorern 13. Leí (A,a) be a norraedideal of operalors itt Banacit
spaces,E an (EO)-spaceand O a (DFG)-space. Titen .4w(E,O) is a
(DF)-space.
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Proof. Let (V,.),.EN and (B,.),.ENbe tite 0-basisand fundamental
sequenceof bouadedsets in E aad O respectively,witicit satisfy tite
correspoadingproperties(FG) anA (DFG).

Givea a sequeaceof strictly positiveescalars(e>.)>.EN(E>. < 1,Iv E
E) aad a sequence(VV,.),.~rq of O-neigitbouritoodsin .AW(E,O),fiad a
sequence((Yn)nEN of bouaded sets in E and a sequeace(U,.),.EN of
0-neigitbourhoodsja O sucit titat

(i) W((Y,.,U,.)ci VV,.,

(u) W(§’Vs,U,.) ci W,.,

(iii) W((Y4,5B5) ci VV,.,

a E E, j = 1...a. By Lemma 5, titere are two sequences(QM)ircN (E
L(E,E) and(Jh)kEN (E L(O,O) andtitere are(Y 6 13(E) andU e ¿Jo(o)
sucit titat

(j) Q,,(V>.) ci ~r; R,,(U) ci %Bir,

1 1

(ji) (f—>3 Q>.)((Y4) ci ~C; (I—>3 R>.)(U) ci
k=x ir=1

a,k e E. Now we claim titat

W((Y,U) ci fl (~q’W(V&,BM) + VV,,)
,.EN k=1

To sitow titis, take fE >V((Y,U). Given a E E, define

M

f,, :=>3RirofoQs+>3RsofoQ>., Iv=
5=1

SinceR,,(U) ci j*Bir aad Qj(Vj) CE ~ (Y, we itave titat R>. o fo Qj E
~k Ej W(V5,B>.) iIve]N. Hence

ir h—x
A E >3~w(vs,.6ir)+>3Ñ5we4,.6s)

5=1 5=1
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< ~>.(t 43.W(Vs,B~) + >jj ~iXiw(v>.~.63))ci eirW(V>.,B,,),

Iv = 1... n. Define now y,. := f — ~ 1>. . It easily follows titat

n 4 1t 4

y,. = >3(1 —>3 R,,) o/o Q3 + >3Rsof 0(1 — >3 Q>.)
5=1 >.=i 5=1

4

— >3 R,,) 010(1— >3 (¿>4
M=x

Fiaahly,from (i), (U), (iii), (j) aad (jj), we obtain

4 11 11

(2) Rjo fo(I~>3Qir)E~1TW(Cn,esBs)ci~.+W,.,
ir= x

4 1 1

= la, witicit implies titat y,. e W.. u

Remark: Givea (A,a) a normedideal of operators,titere is an-
otiter interestingexteasionof A to tite categoryof locaily convexspaces,
tite smailest(strong)extensionA (see[21]): II E, E are1.c.s. witit E
quasicornpleteaud 5 E L(E,F), titen 5 6 AS(E,F) jf, and only if,
thereis sorne factorization 5 = Ro a

5o o T
0, witere T0 E

R0 E L(Yo,F) aadS~ e A(Xo,Yo) for certainBanacit spacesSVo, Yo.
Tite BanacitspacesXc>, Yo canbe citooseato be tite canonicalBanacit
spacesEu, FB for sorneU e Uo(E),B E 6(F). Since
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ÁS(E,F)= U A(ÉU,ÉB),
UEUO(8)
fi 65(9)

tite natural topologyon .AS(E,F) is tite locally convexinductivetopol-
ogy ind.4(Eu,FB).

Obviously .A’(E,F) is continuouslyembededin .>4w(E,F). Now,
followiag tite proof of tite aboyetiteorem,if E is an (FG)-spaceand O
is aquasicomplete(DFG)-space,tite bonadedsetsof AW(E,0) arecon-
tainedja tite closure(la AW(E,O)) of tite bouadedsubsetsof .A8(E,O)
by Lemma 6. Titis can itave consequeaceson tite algebraic (or even
topological) equality .48(E,O)= AW(E,O).

Acknawledgement: We are indebted witit J. Bonet for itis vahu-
able suggestionsconcerningtite final version of titis paper.
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