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ABSTRACT. By meansof branchedcoveringstecbniques,we provethat

the Heegaardgenusand the regular genusof an orientable3-manifold with
boundarycoincide.

1. PRELIMINARIES

Titrougitout this paper the term “manifoid” wíll denotea compact,
connected,orientablePL-rnanifold witit (possibleempty) boundary.

An (n + 1)-colouredgraph (with boundary) is apair (r,y), where
r = (v(r),r(r)) is a multigrapit and y : E(1’) -~ A, = {O,1,. ..,~n}
is a map such that y(e) # y(f), for eachpalr e,f of adjacentedgesof
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Y’; y is called edge-colorationon Y’. Por eacit E ~ A~, tite B-residuesof
(Y’,y) aretite connectedcomponentsof the grapitFB = (V(fl,y’(B)).
ForeacitceA,,,weset¿—A —{c}.

Tite verticesof Y’ witosedegreeis strictly less thanu + 1 are called
tite boundary verticesof Y’; if Y’ itas no boundaryvertices,í.e. if Y’ is
regular of degreeu + 1, titen (1’,y) is said to be an (u + 1)-coloured
graph uiithout boundary.

Titegrapit(1’,y) is called regular with respectto the colourc E A,, 1ff
Y’~ is regularof degreeu. Fromnowon, weonly consider(u±1)-coloured
grapitswiticit areregular tnith respectto tIte “last» colour u.

If (Y’,y) is an (u + l)-colouredgrapit, tite boundarygraph (8I’,0y)
is definedin tite following way:

- tite verticesof OF aretite boundaryverticesof Y’;
- two verticesof OF arejoined by ac-colourededgeuf titey belongto

tite same-(u, c}-residueof (Y’, y).

Gívenan (u + 1)-colonredgrapit (Y’, y), let us denoteby g(I’) tite
numberof componentsof Y’; by conventionwe setg(0)= 1. A connected
(n+ 1)-colonredgrapit (l’,y) is called contracted1ff g(Y’ft) = land, for
everyc E A,,Á,g(F?) = g(8Y’).

Let K be an u-dimensionalpseudocomplex[11W].Tite disjoint star

std(s,K) of a símplexs in Ii’ is tite disjoint union of tite n-simplexes
containings, witli re-identificationof tite (u — 1)-símplexescontaining
8 andof ah titeir faces; tite disjoint link of s in K is tite subcomplex
lkd(s,K) = {r E std(s,K)/s flr =

A vertez-colorationon K is amapE: V(K) —* A,, witich is injective
on every símplexof K. E K is itomogeneous,tite pair (K, E) is called a
colouredn-cornplex.

From now on, for sakeof conciseness,we often drop edge - and
vertex - colorations,writing Y’ and K insteadof (Y’,

7) and (K,¿).

Iliere exists acorrespondencebetween(u + 1)-colouredgrápitsand
colonred n-complexes. In fact, given an (u + 1)-colonredgrapit Y’, we
can constrncta colonredn-complexK(I’) in tite following way:

- takean n-simplex a(v) for eacit y E V(Y’) and label its verticesby
A,,;
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- for eacit e E A,, and eacit pair y, u, of c-adjacentvertices in Y’,
identífy tite (n — 1)-facesof «(y) and «(u,) oppositeto the vertices
labelled e, so titat equa]lylabelled verticescoincide.

The aboyeconstructioncan be easily reversedin order ta associate
an (it + 1)-colonredgrapit 1’(K) to eacit coloured it complexK.

Note titat, by construction,each(A~ — {c0,... , ch})-residueE of Y’
correspondsto auniqueh-simplexs of K(Y’), witose verticesarelabelled
by {co,... ,ch} andviceversa;moreoverK(S) =Ikd(s,K(Y’)). It is easy
to see titat Y’(K(Y’)) = Y’; converselyK(Y’(K)) = K uf tite disjoint star
of every símplexin K is strongly connected[G1]. la tUs caseK is said
to be representable.

If ¡K(Y’)¡ (tite polyitedrondeterminedby K(Y’)) is amanifold, then
8(IK(~)I) = K(OY’)¡ and we saytitat IK(Y’)I is representa)by r. More-
over ¡K(Y’)¡ 18 orientableuf Y’ is bipartite.

A contracted(u + 1)-colauredgraph representingamanifold M is
called a crijstallization of M.

For ageneralsurvey on manifold representationtiteory by means
of edge-colouredgrapits,see [FGG].

la [G2], [G4] aparticular conceptof imbeddíngof acolouredgrapit
into a surfaceis defined. TUs naturaily leads to the definition of an
invaríant for manifolds,tite regular genus,witicit extendsto dimension
u tite classicalnotion of genusof asurface.

lii [G3] tite regular genusof a closed3-manifoid is provedto coin-
ddewitit íts classicalHeegaardgenus([11] and [He]). In titis paper we
extend the result,for tite orientablecase,to manifolds witit boundary.
lix particular,by meansof branchedcoveringstecitniques,we prove that
tite lleegaardgenus (see (MI) and tite regular genus of an orientable
3-manifoidwith boundarycoincide. About non-orientable3-manifolds
with boundary,we orily know titat tite Heegaardgenusis less titan or
equalto the regular genus,sincepart of tite proofof tite main resultof
titis paper (Lemma 1 and 3) still itolds. Unfortunatelywe lack, for tite
non-orientablecase,resultssimilar to titoseof [M], witicit are required
in Lemma2 to prove tite oppasiteinequality.
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2. REGULAR GENUS

Let r be an (n + 1)-colouredgrapit (witit baundary),regular witit
respectto tite colour n.

We cali extendedgraph associatedlo Y’ tite (it + 1)-colouredgrapit
Y’* sucit that:

- v(re) = V(Y’)uV~, witere W is in one-to-onecorrespondencewutit
V(OY’);

- E(r) = E(Y’) U ir, whereE is tite set of ah possiblen-coloured
edgeswitoáe endpointsare a boundary-vertexof r and its corre-
spondentvertexin W.

A regular imbeddingof Y’ into asurface(witit boundary)F, is an
imbedding ¿~ of Y’~ into E, satisfyingtite following conditions:

(a) t~(V~) = BE o ?(¡Y’fl)

(b) tite connectedcomponentsof (mt E) — ¿(IY’1) (tite regíonsof the
ímbedding)areopenballs;

(c) tite boundaryof anyregion 1? of ¿ is eltiter tite imageof a cycle of
Y’ (internal region) or tite union of tite image1?’ of a patit in Y’~
and an arc 1?” of OF, tite intersectionconsistingof two (possibly
coincident)verticesof ?(V~) (boundaryregion);

(d) titere exists a cyclic permutation e = (eo,e1,... ,e,,) of A,, sucit
titat for eacit interna] region 1?. (resp. boundaryregion 1?’ u it’),
tite edgesof BR (resp. of it) arealternativelycolourede~ ande¿~í
(i E Z,.+í).

Accordingto [02] and [04], for eacit cydllc permutatione = (eo,e1,
... , it) of A,., titere exists asurface(with boundary)F~ and a regular
imbedding ¿~ of Y’ into F~; moreover F~ is orientableuf Y’ is bipartite.
F~ is called tite regular surfaceassociatedto Y’ ande.

If F~ is orientable,wehavetite following formula(see[(34Proposí-
tion 4]):
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genus(F~)= 1— ~ E g
6~~~,(Y’)+

EL +

(.)
1 p(Y’) 1 i~

+ ~(1— n)(p(Y’) —p(Y’)) + (2— n)—~—] — ~ Ytoen.i(Y’)

witere 915(Y’) (resp.
0g

1~(Y’)) us the numberof cycles of Y’í¿,~> (resp. of
8Y’<1,5}) andp(Y’) (resp. p(Y’)) ís tite arderof Y’ (resp. of 8Y’). Of caurse
an analogausformulaitolds for non-aruentableregularsurfaces.

Set p~(Y’)= genus(F~).Tite regular genusp(Y’) of Y’ is definedas tite
mínimump~(Y’) amongalt cyclic permutationsE of A,..

Given an n-rnanifold M tite regular genusof M is tite non-negative
integer:

Q(M) = rnin{p(Y’)/r representsM}

II Y’ is a4-colauredgraph representinga3-manífoidM, Iet us describe
an cifective constructianof F~.

Let K: (resp.Kfl be tite 1-dimensionalsubcomplexof K generated
by tite verticescalaured(61,3)(resp.(so,£2)). Denoteby H, tite largest
2-dimensionalsubcomplexof SdK (where Sd rneans“first barycentric
subdivision”) disjoint from SdKUSdK5.Titen 1% = IH~I is tite regular
surfaceassociatedto Y’ ande [04]. MoreoverF~ is an orientablesurface
witli at least one boundarycomponenton eachcomponentof BM; íf Y’
is a crystaJlizationof M, titen eachboundarycomponentof F~ lies on a
dífferentcomponentof BM (seeProposition12 of [(34]).

Note that H~ splits K(Y’) into twa subcornplexes14 and 14’ whicit
admit SdKkandSdKk’asspinesandsucittitat 14014’ = B14nBN~’=
H~. Let us set .A~ = INj, AZ = Nfl.

Tite pair (Á~, .A~f) is called tite regular splitting associatedto Y’ and
E.
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Gívena 3-manífold M by [B Titeorem 11 tite minimum genuscan
alwaysbe obtainedby a crystallization of M. In titis case we can set:

Q(M) = mm {p(Y’)/Y’ is a crystaflizatíonof M}.

Moreover, if M is closed,titen Q(M) = i-t(M), witere R denotes
tite I-Ieegaardgenus(see [03]).

3. HEEGAARD SPLITTINGS AND DIAGRAMS

A singular 3-manifoidis a 3-dimensionalpolyitedron N = ¡H¡, H
being a simplicial complex, sucit that for eachvertex y of H, tite link
lk(v, fi) is acombinatorialclosedconnectedsurface.

Note titat uf K is a pseudocomplexand ¡Kj = N, titen N is a
singular3-manifolduf for eacit vertexy of K, tite disjoint Iink lkd(v,K)
ís acombinatorialclosedconnectedsurface.In fact, tite first barycentric
subdivisionK’ of K is asimplicial complexand lk(v, 1<’) is isomorpitic
to asubdivisionof lkd(v, Al).

Note also titat II N is asingular3-manifoid and H¡ = N, II being
asímplicial complex (resp. ¡Kl = N, Al beinga pseudocomplex),titen
for eacit h-simplex «h of fi (resp. of Al), with h> 1 tite tínk lk(ah,fi)
(resp. tite disjoint llnk lkd(ah,Al)) is acombinatorial(3— It — l)-sphere.

Hence,a polyhedron N is a singular 3-manifoid 1ff eacit point x
of fi hasaneigitbouritood(PL) itomeomorpitic to aconeover a closed
connectedsurface. If sucit asurfaceis not aspitere,titen x is called a
singularpoint of N.

Given a 3-manifoid M, we obtain asingular3-manifoldN = M by
cappingof each componentof BM by acone«ver it. Conversely,given
asingular3-manífoldN, we denoteby N tite 3-rnanifoldobtainedfrom
N by removing smail open neighbouritoodsof its singular points. If Al
Is any (pseudoor simplicíal) complex triangulating N, titen Ñ can be
simply obtainedby deleting tite apenstarsof tite singularverticesin a
suitablesiibdivision of Al.

Note titat, if we avoid 3-manifoldswitit spiterical boundarycompo-
nents,tite correspondenceN —* Ñ becomesbijective.
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Let now G be tite 1-dimensionalsubsetof S3 pictured in Figure
1. By [M], given a 3-manifold M, titere exist an integer It > 1 anda
transitivepair of permntationsa,r E Eh sucit titat M N(a,r), witere
N(a, r) is tite h-fold coveringof S3 brancitedoverO, witosemonodromy
sendstite two generatorsof wí(S3 — O) determinedby tite orientedmeri-
dians of Figure 1, to a and ir.

G

y
x

An cifective constructionof a triangulationAl(a, ir) of N(a,r) pro-
ceedsas follows:

- take It copies ti,... , t,, of the standardtetraitedront witose bidi-
mensionalfacesaredenotedby S, S andT, T as in Figure 2;

- for each1 = 1,.. .,h cali Sía(í), S¿«
1(¿),TI~(~),

1~r’(i) tite faces
S, 5’, 7’, 7’ (respective]y)in tite copy t~;

- identify S¿~ witit Sj¿ and T¿j witit Tjj by a linear itomeomorpitism
respectiñgtite edges5’ fl S and T O 7’.

Let 2’~, be tite closedorientablesurfaceof genusg, where,To stays
for tite 2-sphereSt By a proper Itandlebodyof genusg > O we mean
an (orientable)3-manifoldX

2, obtainedby attacitingg 1-itandieson tite
bonndary of tite 3-dimensionaldisk D

3. Note titat two sucit itandie-
bodies arehomeomorpiticif titey itave tite samegenus. Tite boundary
BXg of X

9 is tite closed orientablesurfaceT~.

Figure 1
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T

7

Figure 2.

By a Itollow handlebodyof genusy=O we meanan (orientable)3-
manifoldX9 abtainedfrom T~ x (0, 1] by adding2- and3-itandiesalong

x {1}; T~ x {O} is calied the free boundartjof J<9~

Remark1. Notetitat a hollow handlebodyX2 of genusy is proper
uf its boundaryox9 coincideswitIt its free boundaryfT9 x {0}.

In fact, íf X2 is proper,titen X9= D
3 UH~1>U...UH.$í),witere

for 1 =i =y, 4’> is a 1-itandie on tite boundaryof D3. By adding
a collar on OX

9 = 2’9 anddualizing tite itandie presentation,we itave
= (T~ > [O,í])uH;u. . .UJflUD

3, witereeacitH~’ is now a2-handie
on T~ x {1} and D3 is a3-itandie.

Conversely,ifx
9 is aitollow itandlebodyandOX9 = x {O}, titen

s

= (fE9 x (O,1DUH~
2)U...UH$2>UH~S>U...UÑ~3>
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witere, for 1 < i < r H~> is a2-itandie on [¡‘9 x {1} ami for 1 =5< s
453> is a3-itandie. Hence,by dualizing tite presentationanddeletinga
collar of tite boundary,we obtain: Xg=HjhJ...UH~’UHU...uH~
witere Hfl, . . ,11 are 0-itandies and Hfl. . ., Hj~ are 1-handies. This
proves titat X2 is proper and we can simpllfy tite presentationin tite
following way: X2 = D

3 u Él1> L’.. u j¡<1> ~. Since BXg = 2’9~ it
follows titat r — s + 1 = g.

A generalizedHeegaardsplitting of a3-rnanifoldM is a pair(X
2,Y2)

of itollow handiebodiesof genusg sucit titat:

- M = X2 u Y2

- [¡‘9 = 2<9 fl Y2 is tite free boundaryof botit X2 and Y9.

Tite non-negativeintegerg is called tite genusof tite splltting.

If at leastoneof tite two itollow itandiebodiesis proper,titen (2<9,
Y2) is saidtobe aproperHeegaardsplitting of M; in titis casewe always
supposetItat 2<2 18 proper.

The Heegaardgenusof M is definedto be tite non-negativeinteger:

1-1(M) = mm {g/M admitsaproper Heegaardsplltting of genusg}.

By Remark1, tite aboyedefinitions coincide witit tite itomonymous
onesgiven by Montesinosin [M]; moreover,titey generalizetite classical
onesgiven for closedmanifolds.

A generalizedHeegaarddiagram is a triple (Te;y; u,), witere y and
w aresystemsof simpleclosedcurveson T~.

Eacit generalizedHeegaardsplittíng (Xc, Y9) of a 3-manifoid M
producesageneralizedlleegaarddiagram,witose systemsof curvesare
tite attachingspiteresof tite 2-itandieson 2<2 and Y9.

Conversely,from ageneralizedlleegaarddiagram (fZ’~; y,w) we can
obtaina itollow itandlebody2< (resp. Y) by consideríng2’~ >< [0, 1] (resp.

x [—1,0]) with 2-itandies attacitedon x {1} (resp. 72~ x {—1})
according to y (resp. to iv) and possibly by cappingof sorneof tite
sphericalboundarycomponentsby 3-handies. II M is tite 3-manifoid
obtainedfrom X U Y by identifying titeir free boundaries,titen (X, Y)
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is ageneralizedl-leegaardsplltting of tite 3-manifold M. In titis casewe
say titat (Ti; y, iv) representsM.

A generalizedHeegaarddiagram (Te;y, iv) 18 called aproper Hee-
gaard diagrarn if íts correspondinglleegaardsplltting i~ proper.

Remark2. II (T2;v = (y1,.. .,v~), iv = (tu1,.. .,w.)) isa proper
Heegaarddiagram representinga3-manifold M, titen y ~ g; moreover,
we can alwaysfind asubsety’ of y, containingg curves,sucit titat y’ is
a completesystemof merídian curvesfor T9, u.e. T~ — y’ is planar and
connected.Since (Te;y’, iv) still representsM, from now on ine suppose
r = g (or, equivalently,T~ — y to be planarconnected).

Propositinn 1. Every 3-manifoldM admits a proper Heegaard
splitting.

Proof. Tite first part of this proof adaptsan analogousone in
[S].Let Al be a simplicial complextriangulatingM and H2 a tubular
neigitbouritoodof tite dual 1-skeletonof M. Set H1 = M — J~2, titen H1
and H2 areproperitandiebodieswitose intersectionis apropersubsetof
titeir boundaries.Moreprecisely,OH1 andOH2 arenot identifled along
BM, but BM fl ¿9ff2 = ~ witere tite D~s are disks.

Let N1 = D
2 x [0, 1] be a collar of % in H

2 andH tite complex
obtainedby attacitingtite 2-itandíesN1 alongOH1, respectingtite identí-
fication betweenOH1 and OH2. 1-fence H~ = H2 — (u~N~) is a proper
handlebodysucit titat H fl fl = OH = OH~ is a closed surface5. If
C is acollar of 5 in H titen define H’ = H U C, Hf’ = H~ — (Y.

117 is aproperhandlebodyand¡17 is ahollow itandlebodyobtained
from 5 x [0, 1] by attacitingtite 2-itandiesN1 along 5 x {O}. U

II M is a 3-manifold, titen M ~ N(a,r) for a suitable transitive
pair (a, r) of permutations. Let us describea particular generalized
Heegaardsplltting of M arisingfrom (a,r).

Let us cali S and Y tite two disks embeddedin 53 as in Figure 1.
Let E be tite boundaryof a tubularneigitbouritoodof BS in 9 andlet
2< andY be tite closuresof tite two componentsof 53 — E. Titen 2< and
Y are regularneigitbouritoodsof 03 and07 respectivelyand titerefore
(2<,Y) is apropergenusoneHeegaardsplitting of 53•
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Let Ñ (resp. 1’) be tite hollow itandlebodywhicit is tite preimage
of 2< (resp. of Y) by tite brancliedcoveringmapN(a, r) —* ~3 and let
É be tite preimageof E; titen (2<, Y) is ageneralizedHeegaardsplltting
(Theorem 10 of EM]), witicit is called canonical Heegaardsplitting of
N(a,r).

If tite canonicalsplitting is proper,oneof tite itollow itandiebodies,
2< say, is proper; itence, all singularpoints of N(a, r) ile in Y. It is
easy to see titat, in titís case,tite singular verticesin Al(a,r) are tite
endpointsof sorneof tite edgesfE fl 7’.

Let H be a snbgronpof Sh(h =1), generatedby a certain set
of permutations{«~,. . .,a,.}. We denoteby Iai,. ..,oy¡ tite numberof
orbits of tite actionof H on 1,2,..., h}.

By[M], tite canonicalHeegaardsplitting of Ñ(a,r) is proper,i.e. 2<
(resp. Y) is aproper itandlebodyuf ¡a, rac’I = 1 (resp. Ir,arr-’I =

1).

A furtiter resnlt of [M] will be reqiiired later:

Propositian 2. Let (T9;v,w) be a proper Heegaarddiagrarn of a
3-manifold M, inith g > O and ~ 0. There is an algorithm which
determinesan integer It =1 and tino permutationsu, r E >-Jh such that

(1) Ñ(a,r) =

(Ii) ¡a,raC
1j = 1 (te. tIte canonicalHeegaardsplitting of Ñ(a,-r) is

proper);

(iv) a¡ = g = 1 + ~}h— ¡[a,flI).

Remark3. II y = O, titen M ~ 53 andwe havedirectly It = 1 and
a = r = id{í}. 11w = 0, titen M is aproperitandlebodyof genusg and
it is very easyto constructanew properHeegaarddiagramrepresenting
M of geniis g±1andsucit that iv # 0.

4. THE MAIN RESULT

Proposition3. For every3-manifoidM, inc haveQ(M) = 7-1(M).

Tite proofrequiresthreelemmas:
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Lemma 1. Let Y’ be a crystallizationof a 3-manifoldM. For each
cyclic permutatione of A3, tItere existsa proper Heegaardsplitting of
M inItose genusis p~(Y’).

Proof. Let (Al, .AZ)aud F~ be tite regularsplitting andtite regular
surfaceassociatedto Y’ and e. Note titat A~ fl B~M (witere B~M is
tite i-th bonndarycomponentof M) is a single disk B~ (since 1? is a
crystallization)sucli titat BB~ = 8~F~; moreoverAZnB~M= B¿M—intB~.

Let us considertite closed surfaceS~ = F~ U_(u~B~) and a collar
(Y of & in A~; define Y = A’~’ u (Y and 2< = A~— (Y. 2<isaproper
itandlebodywith 02< = 6½(witere(½is tite subsetof Becorresponding
toSex {1}) and2<0 Y = CX.

Y is a itollow itandlebodywitit free boundaryC~. In fact consider,
for eacit edgee~ of Al(Y’) witoseendpointsarecolonredby e~ and 3, tite
2-itandie H1

2> whicit is aregular neigitbouritoodof tite dual 2-ceil of e¿
(2>,(seeFigure 3); Y is obtainedfrom S~x [0,1] by addingtite H~ s along

sc >< {O}.

To complete tite proof observetitat tite resultingproper l-leegaard
sp]itting (2<, Y) of M itas genus:
genus(Cí) = génus(Se) = genus(F

4) = p6(Y’).

Lo
E,

Figure 3.
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Lemma2. Let M be a 3-manifoldwhich la not a properhandlebody
and let PI = M be ihe singular3-rnanifold associatedto M. Thereexists
a 4-cotouredgraph without boundaryY’ representingN such that:

- if e (0,1,2,3), ihenp4Y’) =

- all singular verticesof Al(Y’) are 0-colonred.

Pronf. Supposetitat (2’~; y, iv) is aproper Heegaarddíagramrep-
resentingM sucit titat g = i-i(M).

By Proposition2, we canalgorititmicaliy determineIt> 1 anda,y E
Eh sucb titat Ñ(a, r) ~ M, l«~ ~«~‘l = 1,101 = g = 1 + ~-(h— [o, rjfl.

Considerthe triangulation Al(a,r) of N(a,r) describedin section
3 audsubdivideit in tite following way (see[Gr]):

- for eachtetraliedront, let Vs (resp. VT) be the barycenterof 5’ fl 5
(resp. 7’ n 7’), join Vs andVr by an edgelying in tite interior of
andjoin Vs (resp. VT) witit tite endpointsof 7’ fl T (resp.Sn S).

yT

o

Figure4.

Label now Vs (resp. VT) by colour 1 (resp.by 2) andtite endpoints
of Sn5 (resp.of 7’ nf?) by 3 (resp. by O) (seeFigure4), titus obtainíng
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a representablepseudocomplexAl’. Let r be its associated4-coloured
grapit (wititout boundary).

Note titat, by Proposition 2, tite canonical Heegaaidsplitting of
Ñ(a,r) is proper;titereforeall tite singularverticesof Al’ are 0-coloured.

Moreover ~V(Y’) = 4h, goí(F) = It, gí2(I’) = ¡[a,r]¡ = It + 2 —

2g, g23(Y’) = It, goa(1’) = It.

If E = (0,1,2,3), formula (*), for n = 3, gives:

par) = 1 — ~goí (Y’) + g12(F) + g23(Y’) — 4h) = g. U2

Let us recali sornedefinitions and results aboutsubdivisionsof
coloured grapits (see [Gb]).

Given a 4-coloured grapit wititout boundary Y’, two coloursa,fi E
A3 andan a-coloured vertex iv of Al(l’), tite bisectionof 1’ of type(a,fi)
around iv is tite 4-coloured grapit U’ associatedto tite colouredcomplex
bK(1’) obtained from Al(1’) in tite following way:

- consider tite set K0(Y’) of all edges of Al(F) witose endpoints are iv

and a fi-colouredvertex andperform a stellar subdivision on eacit
edge of I<¡3(Y’);

- colour iv by fi and tite barycenters of tite elements of Kp(Y’) by a.

Tite coloration of bAl(Y’) agrees with that of Al(1’) on tite remaining
vertices.

Let e be an edgeof K(Y’) witose endpoints,ita and mp, area- and
fi-coloured respectively;tite trisectionof Y’ of type (a,fi) on e is tite 4-
colouredgrapit associatedto tite colouredcomplexobtainedfrom Al(Y’)
in tite following way:

- perform two successivestellar subdivisionsof Al(Ij: tite first on e,
rntroducing a new vertex w~,, tite second on tite edge of endpoints
w~, and~a, introducinganotitervertex

- for c E {a,fi} colour u4 by c, keeping tite colorationof Al(Y’) for
tite remainingvertices.
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Wesitali cali trisectionof type(a, fi) aroundthe a-colouredvertexu,

tite grapit tY’ associatedto tite complextAl(Y’), obtaánedby performing
trisections of type (a, fi) on ah edges of K(Y’), having it as endpoint.

If £ is a cydllc permutation of A3, we itave (seeProposition7.1 and
7.2 of [Gs]):

- if a and /3 are not consecutivein £ titen p41Y’) = p~(Y’) = p~(bY’);

- if a and fi are consecutivein e titen p~(bY’) = p~(r) + g(A~) +

g~~(A~) — 1, witere A~ is tite &-resídue of Y’ representing lkd(w,
Al(19) and a’ is tite colour non-consecutiveto a in c.

Lemma 3. Let Y’ be a 4-colouredgraph without boundaryrepre-
sentinga singular3-rnanifold PI suchthat al! singularvertices in Al(I’)
are O-coloured. If E = (0,1,2,3), there existsa 4-colouredgmph tnith
boundary Y’, regular with respectto 3, representingÑ and such that

= Pc(I’).

Pronf. ¡fu, is a (0-colonred) singular vertex of K(Y’), let r~’> be tite
trisection of Y’ of type (0,2) around it. llence p (1’(’7’) — Pc(I?) because
O anO 2 arenot consecutivein e.

Considernow tite bísectionY’~
2> of tite previonsgrapit of type(0,3)

around u,.

Titegenusof Y’<2) changesaccordingto tite following formula:

= p~(r<1)) +p(A~) +g
2a(A~) —1= p~(Y’) +p(A~)+g2a(A~)—1

(‘)
witere A~ is tite O-residueof Y’<’) representinglIcd(w,K(Y’<’))). Notethat
w is now 3-coloured. Perform finaliy a trisection of type (3,1) aronnd
u,, obtaininga4-colouredgraph i’(~), witit p~NS))=

Deletenow from Y’<
3) tite ¿-residueE representinglkd(u,, Al(1’G»))

andtite “itanging” 3-colourededgesandcali Y” tite resulting4-coloured
grapit witit boundary. Clearly Y” is regular witit respect to tite colour 3.

Note titat:

(1) ~~Y”> = gq(Y’~3)) — gíy(S) Vi,jE {O,1,2}
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(2) ga¿(Y”) = g3~(Y’<
3)) —

(3) p(r(3)) = p(Y”) + p(F’)

(4) p(Y”)=p(E)

(5) 8g02(I’) = go
2(z).

By formula (~) applled to Y” we itave:

Vi E {O,1,2}

p~(Y”) = 1— ~[goí(Y”) +g12(Y”) +g23(Y”) +goa(Y”) — (p(Y”) —

By applyingformula (*), for n = 2, to tite 3-colouredgrapit and
tite permutatione’ = (0,1,2),weobtain:

= 1— ~[go1(E)+ gl2h) + go2~z)—
(Sfl)

By adding () and () and making use of (1), (2), (3) we itave:

— p (r~
3>) )+9o2 1 la

—~ go
2(lfl.

By substituting equalities (4) and (5) we obtain:

p~(Y”) + p~(E) = + 1

la -

— ~ g62(Y”) =

— ~ ~ +
8go~l”)

+ ~— 8go
2(Y”)

Finally formula(‘) gives:

( 5*)

p~(Y”) = p~(Y’) + p(A~) + gí3(A~) — p~(S) —

0go
2(F’).
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Note titat botit g23(A~) and
0g

02(Y”) equal tite numberof edgesín
Al(t’) witoseendpointsare u, anda1-colouredvertex. Moreover,sincez
and A,,, are3-colouredgraplis,they admit auniqueregularimbedding,
namely the onein tite surfaceIlkd(w,Al(Y’))¡, witicit botit represent(see
[(34] Corollary 5]), i.e. p(A~) = p(~) = p~’(B). Hencep~(Y”) = p~(rj.

By repeatingtite aboyeprocedurefor ah tite singular vertices of
Al(Y’), we obtaln tite required4-colouredgrapli Y’. u

Proof of Propositian 3. If Y’ is acrystallizatíonof M, titen, by
Lemma 1, we have 71(M) =p~(Y’), for every citoice of e and, by [11
Theorem11, it follows 7-1(M) =0(M).

HM is aproperitandlebodyof genusg, titen 0(M) = g (see [G4pg.
276]). Since rank(M) =7-1(M), we itave g =1-1(M). llence 9 = 71(M).

Supposenow titat M is not aproperitandlebodyandlet PI = M be
íts associatedsingular manifold. Titen tite 4-colouredgrapit Y’ obtained
by Lemrna2 satisfiestite condition of Lemma3. By applying Leinma 3
to 1’, we obtalna4-colouredgrapit Y’ representíngM sucit titat p~(Y’) =

p~(Y’) = 7-1(M). Hence0(M) =P~ = 71(M). u

Remark4. Let PI be asingular3-manifold andlet 0
0(N) denote

tite setof ah 4-colouredgraphsY’, representingPI, sucit titat tite singular
verticesof Al(Y’) areO-coloured. Notetitat, by Lemma2, 00(N) is non-
empty. Tite regular genusof N is, by definition, tite non-negatíveinteger:

0(N) = min{p(Y’)/1’ E G~(N)}.

By Lemma3 and Proposituon3, we have0(N) =7-1(Ñ) 0(Ñ).
If Ñ is not a properitandlebody,Lemma2 gives 0(N) =1-1(N). If Ñ
is aproperitandlebodyof genusg, tite sameinequality canbe obtained
by directly canstructinga4-colouredgrapit, of genusg, representingPI
(see [FG]). Hence0(N) = 7-1(Ñ) = 0(Ñ) for everysingular 3-manifold
PI.
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Figure 6.

An example. TIte genusof tIte exteriorof tIte trefoil knot. Let M
be tite exterior of tite trefoil knot. la Figure 5 a proper Heegaard diagram

a

Figure 5.
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for M is sitown (see example 2 of [M]). By applying tite algorititm of
Proposition 2, we itave: a = (123)(45) and r = (12345). Figure 6
sitows tite 4-coloured grapit Y’ obtalned by using Lemma2. Its genu~ 18
p(Y’) = p~(Y’) = 2, witit e = (0,1,2,3).Titerefore0(M) = 71(M) =2.

Actually 0(M) = 71(M) = 2, sinceanygenusone3-manifoldwitose
boundaryis atorus,is itomeomorpiticto asolid torus (seealsothe final
remark of [C]). Moreover,tite given Heegaarddiagramdescribestite only
genustwo properHeegaardsplltting representíngM (see[BRZ]).
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