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Remarks on the Symmetries of Planar Fronts

F. AICARDI

ABSTRACT. A frontis theprojectionon theplaneof a legendrianimmer-
sion of a circie in the spaceof the contadelementsof that plane. 1 analysethe
symmetriesof a genericfront with respectto the groupgeneratedby the invo-

lutions reversingthe orientationof the plane,the orientationof thepreimage
dicte and tSecoorientationof the contactplane.

1. GENERIC FRONTS

A planar frontis tlie projection to R2 (with coardinatesx, y) of a
legendrian curve. A legendriancurve is the image of a C’-immersion
of S’ in the spaceM3 (with coardinatesx, y, «mod2r) for cooriented
fronts, (modir) for noncoorientedfronts) of the contact elementsof the
plane, with its natural contactstructure

(cos4’)dz+ (sin#)dy= O (1)

We cali such an immersionof S1 into M3 an L-:mmerszon

1991 M,them,tics Subject Classific,tion: 53A04, 57M25, 58F05.
Servicio publicacionesUniv. Complutense.Madrid, 1995.
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Ihe front is coorientcd, if the contact elementis cooriented,i.e. if
achoiceof oneof two halfplanesinto which it divides the tangentplane
is made. We shall considernow the ceorientedfronts, and M3 will be
the spaceof the ceorientedcontactelements.

The front is oriented if the preimagecircie S’ is oriented.

A generic front may haveas singularitiesonly the ordinarydouble
points and the semicuhicalcusp points.

Examples. Seefig.1.

II

2’

Fig. 1
Orientedlegendriancurves and their oriented and cocrientedfronts

3?oanyorientedlegendriancurvein the spaceof coorientedcontact
elementsof the plane oneassociatestwo integernumhers:tite índex and
the Maslov índex (see [1]). Both these indices can be calculatedin
terms of the front of the legendriancurve.

Theorem1. [1] TIte índexi of an orientedlegendriancurve in tIte
spaceM3 is equal to tIte total angle (dividedby 2w) of tIte rotation of tIte
coorientingnormal vector of íts front whentIte point of tIte front makes
a fuil turn along it.

Legendrian cttrves

fronts
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TIte Maslovíndexji of a genericorientedlegendriancurve is equal
to tIte differencebetweentIte nurnberji+ ofpositivecuspsand tIte number
pr of negativecuspsof its front: ji = —

A cusp of an oriented andcoorientedfront is called positiveif the
coorienting normal vector at the ciisp point belongs to the halfplane
boundedby the tangentuneat the cnspandcontainingthe cusp brandi
with theorientationgoing away from the cusp point.

Remarks(important) 1) Tite sign of the angleof rotationof the
normalvector doesnot dependon tite front coorientation,¡mt depends
on the orientationof the plane. llence tIte sign of tIte índexdoes not
dependon tIte front coorientationand changeswhen tIte orientationsof
tIte plane or of tIte frontis cItanged.

2)The sign of a cusp citangeswhen onechangeseither tite orien-
tation or tite coorientation of tite front, but does not dependon tite
orientationof tite plane. llence tIte Maslov índexchangesíts sígn when
tIte orientation or tIte coorientation of tIte front is changed and it is
independentof tIte orientation of tIte plane.

Examples.Seefig. 2

-a.

Fig. 2
Twa frontswith titeir indices i and ji.

.=2 p=2 í=—2 ~i=2
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2. FRONT CLASSES AND SYMMETRY CLASSES

A froní class is a classof L-immersionshavinggenericfrontsnp to
orientations preserving diffeomorphismspreserving tite orientationsof
the plane and of tite preimagecircie.

Consideragroup O actingon tite spaceof L-immersions.

Definition 1. A front class[y] is cailed 0-invarianí if [ay] = [y]

Example. Let C~ be tite group of tite eudideansmotions1» the
plane. Any front classis 03-invariant.

Let T (T from Turn) (T — 9 ‘< S’ ) tite group of tite rotationsof
the planeand of tite rotationsof tite preimagecírcie.

Remark. Every front class is invariant witit respectto tite group
T.

Theorem 2. If tIte front class[y] is invarianí with respectto tIte
symmetrygroup H, tIten ihere ezisía front y. E [ji] so thai ff y. E Ty.,
i.e. for any elementIt of H ihere exist an elementr in T so thai

h y,=r y.. (2)

Titis titeorem is statedin [2] witit no proof for sornespecialfinite
symmetrygronpsH.

We first considertite classificationof orientedand coorientedfronts
in tite orientedplane up to the diffeomorpitismsof tite plane andof the
preimagecircle preserving tIte orientations. The ftont being coariented,
thesediffeomorphismspreserveaiso tite coorientation.

Let fl~ be tite spaceof immersionsof tite orientedcircie into tite
spaceof tite coorientedcontactelementsof tite orientedplanewitit fixed
índex i andMaslov índex ji, and A

1¡i¡ I~l tite correspondingspaceif only
tite absolutevaluesof theindicesarefixed. la titis secondspace,consider
tite action of tite following involutions:

Involution E: it reversestite orientationof the plane.

Involution a: it reversestite arientatianof tite preimagecircie.
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Involution e: it revenesthe coorientationof the front.

We representan elementof AIjj¡¡,11 as the graph of tite appllcation
of tite circie into M

3, i.e. as acurve -~ llving in tite space9 x M3 witit
coordinates

t(mod2ir), x(t), y(t), «t)(mod2ir).

Ihe action of an elementr(a,e> of T on an L-immersion, i.e. tite
rotationof the preimagecircle of an angleaand tite rotationof an angle
O in the plane(x, y) is titus representedby the following transformation
of ~‘ into 1’:

t’ =t+a

= (cos6)x— (sinO)y ()
y’ = (cos6)y+ (sin6)x

= ~+ e
Moreovertite involutions E, a ande actingon tite front classescan

be representedwitit tite following matricesacting on the immersions
respectively:

involution E:
a=(~ 2 2 Si (4)

involution a: 2 (5)

involution e: 43 ~‘ ~ (6)
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Titese involutions generatea commutativegroup RO (Reversing
Orientations)of order8, whoseelementscoincide with their inverseones.
Theyare denotedby

1, a, b, c, ab, ac, bc, abc.

Let H be tite symrnetrygroup RO or asubgroupof RO. We want
find the classesinvariant under tite action of tite symmetrygroup H.
Hence,using titeorem2, we searchfor asolution (5ff,r~) of tite system
of equations

h< ~ = T~ ‘7jj (7)

where It1 aretite generatorsof tite groupfi andr~ areparticularelernents

of the groupT. II such asolutionexists, titen tite front classcontaining

y~ will be tite requestedH-invariant class.

1=2 p=
2 i=—2 p=2 í=—2 ~2 1=2 p=—2

[y] ¡ay] ¡by] ¡cyJ

[abcy] ¡bey] ¡acy] [ab-y]

Fig. 3
Tite eight asymmetricclasses

360
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Definition 2. We cali asymmetrícclassa front class whicit is nat

invariant by any subgroupof RO differentfrorn tite identity.

Tite action of RO an an asymmetricclassof .Nj1¡,¡~1 transformsit
into 8 different asymmetricclasses,with different valuesof tite signsof
tite nanzeroindices.

Example. Seefig. 3.

Definition 3. We cali simplysymmetricc¡assa front class witicit
is invariantanly with respectto asubgroupof arder twa of RO.

Every elementp of RO different from the identíty 1 generatesa
subgroupof RO of order 2. We denoteby R(~) this snbgraup,by [yp]

tite class invariant only with respectto R(~), by $ tite curve, solution
of equation(7), and by y,, its correspandingfront. Titeactionof RO on
a simplysymmetricclass transfarmit into 4 differentsimply symmetric
classesin

Definition 4. We cali supersyrnmetricclassa front class wldcit is
rnvaríantwith respectto asubgroupof arderfaur of RO.

Two elernentspi and p2 of RO different from tite identity 1 gen-
eratea subgroupof RO of arder 4 (1, pi, Pí, p1p2). We denote
by R(,,1)(~2) this subgroup,by [y,,1,,,2]its invariant class,by ~P1,P2 tite
curve, salutionafequatian(7) andby y,,,,,,2 its correspondingfrant. Tite
adíanof RO on this classtransformsit into 2 differentsupersymrnetric
classesin AIIiUIMI

Theorem 3. 1) There are no ínvariant classesunder the action
of tIte entire group RO. U) TIte front classesinvariant with respectto
tIte subgroupsR<4>, R<c» R(0b), R(00), R(bC>, R(abc), R(a)(bc), R(~)(~b),

are not void. Theyare ustedin tIte following table, where tIte
solutionsof eq. (7) for everysubgroupare shownin tIte identities in tIte
secondcolumn.
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Numbe, Space

of mv. cl. of mv. cl.

R<a> = (1,a)

R(c) (I,c)

R(ab) (I,ab)

aya = T,r,O ya

= fl,~
00 ‘i’c (~)

alñab = T00 j’ab

R(ac) = (1,ac)

= (1,bc)

R(abc~ (1~, abc)

R(a),(bc> =

(1, a, bc, abc)

=

(1, c, ab, abc)

R(ab)(bc> =

(1, ab, bc, ac)

acyac= rr,o yac

bc5b0 = ~o,o Ybc

abc$26~= T0,o yabc

aya,bc= rro y~,&

bCj’a,bc = ro,o y0,b~

cy0,0b= Tr+ú a yc,ab C~)
ab f job = TO,O ~

ab¶ab,bo = Tr,O yab,bc

bc Yab,bc = ro,0 y0b,b0

4 go,0

4 go,IttI

~
2

2

2 Ko,o

(9 a = (2n + 1)~ (symmetryof order p even,),or a = 2nr (sym-
p

rnetry of order p odd).

Proof. Considertite subgroupR(b) (1, b). Tite solution of tite
equation (7) far tite symmetric front y~ daesnot exist. According to
thearem2, titere are not R(ú)-invariantfront classes. It fallaws that
also tite graupRO cannotitave invariant classes,becausetitey wonld be
symrnetric witit respectto titis subgraupR(b).

Tite otiter subgroupsof RO of arder twa itave invariant classes.
Indeed, according to titearem2, tite equation (7) has salutians in tite
farms shownin tite table. Such solutionsareunique,in tite sensethat

Subg.oup Identities Exaxnples

in flgg.

4, 5

6, 7

8, 9

10, 11

12, 13

14, 15

16, 17

18, 19

20, 21
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in every simply symrnetric class [y,,] there exist an element y,, which
satisfiestite correspandingidentity sitawn in tite secandcolumn. Tite
simply symmetricfrontsexplicitly satisfy respectively:

the frant ya satisfles:

—x(t)

y(t)

= x(t + ir)

= y(t + ir)

= «t + ir)
(8)

A simply symmetric
Fig.4

front y0 witit i = O and ji = 2

tite front y~ satisfles:

—x(t) = (cosa)x(t+ ir + a) — (sina)y(t+ ir + a)

—y(t) = (cosa)y(t+ ir + a) + (sina)x(t + ir + a) (9)

wherea = (2n+ 1)~ (symmetryof arderp even),ar a = ~ (syrnmetry
of arderp odd). An exampleof no rotationsymmetry,i.e. tSecasep = 1
(a = 2s’rn) is shownin flg. 6. An exampleof rotationsymmetry (p = 2)
is shownin flg.22

y

2’
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1=0 p=
2 1=0 p=—2

= kml &i 1 a67~I

IbctI = Iabcy cl’ [acj’~j

Eig.5
Tite four R(

0)-invariantc]assesin JVo,j~q

fI’
¿=0

4,

1
2’

t+r

Fíg.6
A simply symrnetric frant Yc witit i = 2 andji = O

364
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¿=2 ¡¿=0 i=—2 ¡¿=0

[Ye] = [C7c] jfry — [bcy.,1

[ab-ya]= [abc-y al’ [acy~]

Fig.7
Tite four R<0>-invari ant classesin

the front y4~ satisfles:

—x(—t)= x(t)

y(—t) = ¡4t)
=

365

(10)
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=0

4’

1

Fig.8
A simply symmetric front y0~ witit i = 1 andji = O

¿=1 ¡¿=0 i=—1 ¡¿=0

[‘rab]= [a67~bi I”l’ab] [b~&I

[Cl’eb] = [abc-y4,,] [oc-yaz,]= ¡bey.,,]

Fig.9
Tite faur R(<g)-invariantclassesin

366
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4’) = x(t + ir)

= y(t + ir)

Fig.1O
A simply symmetricfront ~ witit z = O andji = O

¿=0 ¡¿=0

[ticTac] ¡ay0~] =

~ [abcy0~] faby.~1 = [bcy.~]

Fig.11
The faur R<4~>-invariant classesin X0,0

tite front yac satisfles:

367

y

(11)

Mt
2’
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tite front Ybc satisfles:

—x(—t)= x(t)

—y(—-t) = y(t)

= «t)

Fig.12
A simply symmetricfrant y~. witit i = O and ji = 2

¿=0 ¡¿=2 1=0 ¡¿=—2

= cl’

[abjr,,~)= frey

Fig.13
Tbe faur R(&c)-invariant classesin J%fo,j1q

(12)

y

2’
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the front y4~0 satisfles:

x(—t) =

—y(—t) =

=

= 0]

Fig.14
A simply symmetricfront yabc witit i = 1 and ji = 2

4,g
2’

~=1 ¡¿=2 ¿=1 ¡¿=—2 ¿=—1 ¡¿=2 .=—1 ¡¿=—2

[l’az,cI= [abt70,,~J ICl’abcJ = [ab~ya¿,<.J [aya&] = [bcy4z,c] [bTaz,c] = [oc-y,,,0]

Fig.15
The faur R(4b0>-invariantclassesin

369

(13)
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Cansidernow the suhgraupsof arderfon.

SubgrollpsR(0),(b), R(b),<c), R<óy,(4c-) cannotitaveinvariant cias-
ses,becausetheir invariant classeswould also be invariant with respect
ta R(b), which doesnot haveinvariant classes.

The subgroupR(<,),(0> = (1, a, c, ac) hasno invariantclasses.
Titeequation(7) hasno solution,indeedtite supersymmetricfront would
satisfyboth (8) and (11), which areincompatible.

The other subgroupsof RO of order 4 itave invariant classes.Ihe
solutiansof eq. (7) are shown in the table, i.e. the supersymmetric
fronts satisfyrespectively:

tSe front ya,be satisfles:

—x(t) = x(t + ir)

y(t)=y(I+w) (14)

= #~ + ir)

and

—x(—t)= x(I)

y(t) (15)

=

y

t+r t
2’

—t

Fig.16
A supersymmetricfrant Ya,bc witit i = O and ji = 2.
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1=0 ¡¿=2 ,=0 p=—2

¡l’a.bc] = [oya,bc] = (bcy,,,,~J = [abcy.,,,~] [bya,z,c] = [tibTa,bc] = [e-yaz,
0] = [oc-y,

Fig.17

Tite 2 R(0>,(b0)-invariantclassesin

tite front y0,0~ satisfles:

—x(t) = (cosa)x(t+ ir + a) — (sina)y(t +

= (cosa)y(t+ ir + a) + (sina)x(t +

«t) = «~ + ir + a)+ a

wherea = (2n+14 (symrnetryof orderpeven),ora
of arderji odd).

and
= xQ)

= y(t)

= «t)

Zm (symmetry

(17)

371

ir + a)

ir + a) (16)
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In flg. 18 examplesof tite caseof no rotation symmetry (p = 1) andof
rotation symmetry (p = 2) aregiven. An exampleof tite casep = 3 is
shownin flg. 22.

—t

t+gr

p=
1

y

2’

•1/

2’

p=2

Fig.18
Supersymmetricfronts yc,ab witit ji = O, i = O andji = O, i = 1

Fig.19
Tite 2 R(c>,(abyinvariantclassesin
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tite front 7ab,bc satisfles:

x(t + ir)

y(t + ir)

= tQ + ir)

—x(—t)=

—y(—t) =

#—t) =

x(t)

y(t)

Fig.20
A supersymmetricfront Yab,bcwith i = O andji = O

Fig.21

Tite 2 R(0b>,(b0>-invariantclassesin fo,0

ami

(18)

(19)

y

1=0 ¡¿=0

[a-,az, ,z,eJ= [byaz, ,z,~] = [<yaz,,z,c] = ¡abc-,,z,,z,0]Ll’.b,b~] =[aby.z,,z,~] = ¡bc-y4,, z,c] = [aci’0z,z,~J
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3. ROTATION SYMMETRLES

Definition. A planarfront y 18 called p-syrnmetricif

y = Ta,/3y

wherefi = ~ a = ±fi
y

Proposition. Everyp-symrnetricfront (p > 1) belongsto one of
tIte 4 foflowingsymmetryclasses:

Proof. Tite índex i of ap-symmetricfront is i = p x i, where2iri~
is tite total ratatianangleof tite normal vector along ap-th part of tite
front (for examplein tite interval [t, t + fi] of tite preimagecircie). By
hypathesis«~) = «t+fi)±fi(modulo2w) sotitat 2iri~ = «t+fi)—~(t)
cannatbe zero.

Titus tite symmetriesallowed are titose witit index dífferent from
zero. For everytype of such symmetríeswe gíve examplesín flg. 22.

4. OTHER TYPES OF CLASSIFICATION

The aboyedassiflcationconta.inslessrefined classiflcatíons.

For example,we can considertite classíflcationproblem witen tite
front classis takenup to diffeomorphismsnot necessarllypreservingtite
aríentationof tite circie. Tite answerla titus given by tite aboye table,
where the elementb is everyweresubstitutedby tite ídentity. Tite quo-
tient group(1,a, c, ac) hasin this caseoneinvariant class,corresponding
of caurseto the supersymmetricclass [yc,ab] = [y

0b,b0]

Remark. lii alt sucit lessrefined classiflcations,ah subgrouipsitave
invariant classes.
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Fig.22
p-symmetricfrontswíth their RO-symmetries

Example. The involution a consideredin [1,2] actingon tite C1
ímrnersionsof the circle into the plane(the coorientationdefinedby tite
normal vector being not considered)itas invariant classes.

The classiflcation“np to the citangeof an orientation” can be also
seenas a classíficationforgetting sucitoríentation. Hence tite quotient
group (1, a,b, ab) acts also on planar nonorientablefronts witit semí-
integer índex (í.e. with an oddnumberof cusps),witich canbe defined
as projectionsonto tite planeof legendrianimmersionsof 5’ into tite
spaceof nonorientedcontactelementsof tite planeM3 — PT~R2 (witere

—* M3 is tite doublecovering.)

[7461

o
p==6 j~=5

(labe]

p=3

[l’c,az,1

p=3p=2
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5. DLVERTISSEMENT

Associateto every smootit segmentof a oriented and cooriented
front in tite oriented plane a sign s in tite following way: if tite pair
(orientingtangentVector, coorientingnormalvector)definestite positive
orientationof theplane(x,y), titen s = 1, otiterwises = —1.

Tite sign citangesat every cusp of tite front.

Definenow the length 1 of afront as tite algebraicsumof the lengths
of tite píeceswitit titeir signs. We haveassociatedto the front a real
number¡ (its lengtit).

Remark. The sign of 1, if there arecusps, is not an invariant of
the front class(seeflg.23)

= —1

Fig. 23

2 frontsof tite samefront class andoppositevaluesof the sign of ¿

Howeverlis invariant in every T-class.The analysisof symmetries,
by titeorem2, is inadeinside T-classes,so titat we usetite number¡ as
an invariant.

Ihe sígnfofa front citangesfor ah tite involutions E, aande. Titis
meanstitat tite fronts whicit areínvariant with respectto tite snbgroups
14a), R(b), fi(0) ami R<0ó~> itave all ]ength zero, ami titose whicb are
invariant for tite otheronescan itave positiveor negativelengths.

We visualize tite symmetriesof tite group RO actingon tite fronts
usingacube(seefig. 24): tite 8 verticesof tite cuberepresentan asym-
metric front witlx index i, Maslov index ~¿¿audlengtb ¡ under tite action
of tite 8 elementsof RO.

s=I

¿>0 ¡<0
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Fig. 24
Tite cubeof the symmetriesRO

Tite cube belongsto 3-dimensionalspacewith coordinates(1, ji, i)
sothat different values correspaudto every vertex.

Tite planes ¡ = O , ji = O and i = O representtite fronts invaríant
under tite action of tite subgroupsof order two R(080), R(4b) andR(b~)
respectively(tite actionis the reflectionon titese planes).

The rotationsby an angleir aroundthe 3 principal axesrepresent
tite other 3 subgroupsof ordertwo: R(<,) (i = 0,1 = O), R(c) (ji = 0,! =

O), and Rcoc> (i = 0,ji = O).

Tite principal axesrepresentthe fronts invariantunder tite action
of tite subgroupsof order four. Every axis is in fact ínvariant under the

R< a,,)



378 E’. Aicardi

rotation aroundítself andunderIhe reflectionwitit respectto tite planes
containing it.

Remark. In titis schemetite subgroupsR(b) andR(4,0>, which itave
no ínvariant classes,leave invariantonly the origin.
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