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On the WM Points of Orlicz Function Spaces
Endowed with Luxemburg Norm-

Tingfu WANG, Cuixia HAO and Minli LI

ABSTRACT. The concept of WM point is introduced and the criterion
of WM property in Orlicz function spaces endowed with Luxemburg norm is
given.

It is well known that WM property is an important property in
Geometry of Orlicz Spaces. The criteria of WM property have been
discussed. [1-3] In this paper, we introduce the concept of WM point
and give a criterion of WM point in Orlicz function spaces Ljs endowed
with Luxemburg norm. Hence, we get easily a sufficient and necessary
condition that Ljs has WM property.

Let X be a Banach Space, B(X), 5(X) be the unit ball and unit
sphere of X, respectively. z € S(X) is called WM point provided z, €
B(X) and ||z, 4+ z]| — 2 imply that there exists a supporting functional
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f at z such that f(z,) — 1. If every z € §{X) is WM point, then we
say that X has WM property.

M(u), N(v) denote a pair of complemented N-functions, p_{u)
and p(u) denote the left and right derivatives of M(u), respectively. Sy
denote a set of strictly convex points. [a,b] is called a structural affine
interval of M (u), if M(u) is linear on [a,b], and for any ¢ > 0, M(u) is
neither linear on [a@ — ¢, b] nor on [a,b+¢). Wesay M € Ay, if M(2u) <
K M(u) for all large u, where K > 2 is a previously constant. M(u) € V,
means that N(v) € A;. Suppose that (G, I, p) is a nonatomic finite
measure space. For each I-measurable function z(t) on G, we denote
its mordular by

ow(@) = [ M(a()in

The set
Ly = {z(t): pm(Az) < oo for some A > 0}

endowed with Luxemburg norm
llell = inf{A > 0, pam(z/A) < 1}
and Orlicz norm
ll2ll° = inf (k~1[1 + pae(ke)] : k> 0}

we denote by Lps, Lps° respectively, and we call them Orlicz Spaces.

It is known that for all z # 0, there exists k, > 0 such that
lell® = k211 + pa(ksz)).

First we give some auxiliary Lemmas.

‘Lemma 1. Any f € Lps has the unique decomposition

f=v+¢ (ve Ln® ¢isasingular functional), i.e.
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f(z) = fG s(O(t)dt + d(z) (2 € Lyg)-

Proof. See [4].

Lemma 2. f = v+ ¢ is a support functional at x € Ly \ {0} iff
(1) pra () = 1.

(2) i1l = ¢(55x)

(3) z(t)v(t) = 0 and for any (equivalently for some) k € K(v),

(5 o5

Proof. See [4).

Lemma 3. If M € V,, [a,b] is an affine interval of M(u), and
M(u) is neither linear on [a — ¢, a], nor on [b,b+ ¢ for any ¢ > 0, then
for any € > 0, there ezists § > 0 such that for any v € [a,b)],

M{u) + M(v) {u+4v) . L
-—-—E——M\ 5 }<olmpuesutla—e,a+sj.

Proof. See [1].

Lemma 4. Assume z € S(Lag). If6(z) = inf{c > 0: pp(z/c) <
oo} < 1, then all support functionals of = are in Ly°.

Proof. See Lemma 2 in {5].

Theorem. z € §(X) is WM point if and only if
(1) there ezists T > 0 such that ppe((1 + 7)z) < 00.

(2) u{t € G : |z(t)| € (a,b]} = 0 or M € V,, where [a,b] is an
arbitrary structural affine interval of M(u).
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(3) For any common end-point of two neighbour affine intervals
u{t€G: Ja(t)] = c} = 0.

Proof. Necessity. Without loss of generality, we assume z(¢) > 0.
If (1) is not true, then for any ¢ > 0, ppr({1+¢)z) = 00. Take0 < ¢ < d
such that pE = pu{t: ¢ < z(t) < d} > 0. Put

y=—z|e+zla\E

Obviously {}y|| = |lz|] = 1. For any ¢ > 0, since pM(f-jz”—E) = pm(z|c\E)

1y
-

< land pp ((1+s) -’-’%ﬂ) = pm((14€)z|g\E) = 00, we deduce
lie. ||z +y|| = 2.

Denote G, = {t € G : |z(t)] £ n}, z,(t) = z(t)|g,. Clearly,
lznll <1, ||zn + z]| - [|22]| = 2. We consider the sequence

L1y, ¥, T2, Y, T3, Yyt

For any support functional f = v+ ¢ at z, if ¢(z) # 0, then
fan)= [ 2ttt — [ apdt= fz) = 6a) # fiz) =1
and if ¢(z) = 0, then by Lemma 2,
fle—y)= [,: 2 (t)o(t)dt = El_ L 20(t)k,v(t)dt > ,:—v2cp_(c)pE >0

so f(y) # f(x) = 1 and denoting the sequence by (Z,), we have Z, €
B(Lnm), ||z + Z,|| — 2 and f(Z,) -4 1 for any support functional at =,
i.e. = is not WM point.

I (2) does not hold, then there exists an affine interval [a, 5] of
M(u), such that u{t € G : z(t) € (a,b]} > 0 and there is a sequence
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(#n) such that u, T 0o, and

(%) > (1-1) Mo

Take ¢ > 0 such that u£ = p {t € G: z() € [a+¢,b]} > 0and
measurable sets £, C F satisfying

pualore) + [ M(a(t) - e)dt + M(un)u(E\ Ex) = 1.

Then p(E\ E,) — 0 and pE, — uE. Let

¥n = zla\e + (2() - €)lE, + tn|E\E, -

Then ||y.|] =1 and

T+ Yn zt+zxr—c¢
PM( 2y )=PM($’G\E)+PM(T IE,.)

+ (%) (B \ Bu)
1 1
> pm(z|lvE) + EPM(9’|E,.) + §PM((-"3 -&)le,)

+(1-1) L e )

1
> (1 - ‘T;)(PM(%;) + pm(zlovE\E.)) — 1

[N

whence ||z + yn|| — 2.
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Take any support functional f = v+¢ at z. Since pp((14+7)2) <

for some T > 0, we have #(z) < 1}_7 < 1. By Lemma 4, we get that all

support functionals at z are in Ly®°. Therefore

flz —yn) =< x—ymv>=f

n

co(t)dt — [E 0

4 ]E WRCICE

Zf Ev(t)dt—f unv(t)dt
E, E\E,

1 o
2> o (ep{a)uEn — |lynllp(®)lIxE\E.HN°)

R kiep(a),m >0,

This implies f(y,) # f{z) = 1 which gives that z is not a WM
point. This is a contradiction.

The proof of (3) is trivial, it is omited.
Sufficiency. Let z, € B(X) and ||z, + z|| — 2.

First we will prove that

Int+=x
PM(ﬂ-':n)"“*lsPM( 5 )—>1-

For any ¢ > 0 and n large enough we have > 1.

Then

(1 4 g)==s£=
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o+ z 14¢ l1-¢l14c¢
1 =
1<PM(( +¢€) PM( 5 Int 5 1—53)
l1+¢ l-¢ 14¢
< —
< 5 pm(zn) + =5 pM(l—em)

Take ¢ small enough that 1*£ < 1 4 7. By (1), we have

1< L;—EpM(a:n) + 1%E(,m,[(:zc) + o(¢)) .

Since ¢ is arbitrary, we get pas(z,) — 1 immediately.

Similarly, by — 2, we can deduce that pp, (E2E2) — 1.

Zotz 4 o

We will discuss two cases.
1. For any affine interval (a,b) of M(u), u{t: z(t) € (a,b]} = 0.
First we will prove that z, — ¢ = 0.

Denote by {a;} the left endpoints of all structural affine intervals.

Ge={teG: z(t) € {a;}2,}. Hzn -z 5 0 0on G\ G, is not true,
then there exists £, ¢ > 0 such that

WEEG\Ca: lea(t) —2(t) 26} 2 0.

By 1 « pm(zn) > M(D)p{t: |za(t)] > D}, we can take D large
enough such that

pit: fea®) > DY < 2, plt: [s(B] > D} < 7.

Hence

0| Q

p{t € G\ Ga: lza(t) = 2(D) 2 &, |2(t)], lan(t)] < D} 2
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Let 7y,73,...,7;, ..., be endpoints of all structural affine intervals
of M(u), then u{t € G\ G, : z(t) = r;} = 0. So there exists a

neighbourhood V; of r; small enough such that p{t € G\ G, : z(t) €
Vi} < 15+ Therefore

pit: m(t)EUVi}<%.

i=1

Thus G > § where

Gn ={t € G\ Ga:|za(t) — z(t)] 2 ¢, [2()), |2 ()] < D,

3(t)€SM\UVi}'

It is easy to know that there exists §,0 < § < 1, such that for any t € G,,

(20 ¢ (Ml s M)

We have a contradiction

0 (PM(In);- pulz) PM(zﬂ(t) + x(t))

2

[ (Mlant M) (2040} )

> | (MloaM(s0) (2020,

L

2o M(za(t) + M(s(1)
G

"
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§ ENO
>-M(Z])-.
>34(5)$

Using the same method as above, we get for any ¢ > 0,

u{teGy: 2,(1)<z(t)—€}—0.

Combining this with z, — 2 5 0 on G \ G,, we deduce that for any
Eca.
Jim inf ppr(za|5) 2 pmzlE) - (1)

If £, ~ = 5 0 on G, is not true, then there exists positive numbers
a, e and o such that uF; = u{t € Go : zp(t)—2(t) = zp(t)—a > €} > 0.
Thus we can deduce easily

Jim_inf par(znle.) > prm(zle,) -
Combining this with (1), we get a contradiction
1= nlE[éo pm(zn) > pmiz) =1.

This finishes the proof that z, — z = 0.

Take any support functional f at z. By the assumption (1), we have
f=v€ 8§(Ln®). Now we will prove < zn,v >—0or < 2, -2, >— 0.

For any ¢ > 0, there exists § > 0 such that for any e C G, pe < §
implies pn(vle) < € and pum(zle) < €. Since z, — z 5 0, there exists
F C G with p(G\ F) < § such that z, — z — 0 uniformly on F.

So there exists ng, |z,(t) — z(t)] < £ (t € F), and

’ L(M(zn(t)) — M(2(2))dt| < ¢ asn > ng .
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Noticing pm(z,) — 1 = pp(z), we have

Jorp(M(zn(t)— M(z(t))dt| <
¢ for n large enough. So

[ M(z,(t))dt < / M(z(t))dt + ¢ < 2¢ for n large enough.
G\F G\F

Thus

<zp—z,0>= /F (@n(t) — 2(2))0(t)dt + L NCOREDEO

< el 4 pm(znlevr) + pr(zlavr) + 208 (v|e\F)

= 0(e) .

By the arbitrariness of € we get < z,, — 2,2 >— 0

II. M € V;, First we will prove that
lim sup pps(znle) =0 . (2)
pe—0 o

If it is not true, then there exists ¢ > 0 and e,,, pe, | 0 with pp(z,|en) >
Es

Without loss of generality, we may assume |z,(t)] > up > 0 (t € en).
Let 1 +7 =

that M(ﬁ) < (1 - 6) Trr (U2 o).

there exists § > 0 such

By pM(l 'r‘) < 00, we have PM( ._,,.ralcn) < £ as n is large

enough. Hence
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/e“M(a:n(t);- z(t))dt _ / M(l -;r' ;,-1(? L1 _2T' 1z-(t-)rr)d’

147 zn(t) ) 1-7 / z(t)
2 /e” (1 + 7 + 2 en M 1-7!

IA

<Lt e / M(za(®)dt + be
<21 f M(za(t)dt — o+ %

Therefore, we get a contradiction

Tn+ 2T Iyt I+
1 —par > =P 5 lo\e, | + P 5 e

Tn + T|G\e 1 )
S PM( IG\en) pM( |G\ n) + _Z,pM(xnle“)_ _E

Denote by {b;} the right endpoints of the structural affine intervals.
Put v(t) = fu(t), where

= (T S
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It is easy to prove k, = k. By Lemma 2, we know v € §(Ly%) is a
support functional of z.

Now we prove that < z,,v >— 1.

Let {{a;,b;]}; be all structural affine intervals of M(u), and E; =
{t e I(t) € [a,-,b,-]}.

By assumption (3) E; N E; = ¢ (i # j).
For any £ > 0, there exists d, such that e C G, pe < d imply

pm(zle) <€, pn(kvle) <& and py(zafe) <.
Recall that the last inequality holds uniformly with respect ton by M €
V,. Since > pFE; < uG < 00, there exists m such that u( |J E;) < d.

=1 i>m
For each i < m and all u € [a;,b;], we have

up(a;) = M(u)+ N(p(a:}) .
Therefore, we can find g > 0 such that if u € [a; — §,b; + J], then
up(a;) > M(u)+ N(p(a) = ¢ (i=1,2,...,m) 3)
By Lemma 3, there exists § > 0 such that

M) 4+ M(w) B M(u+ w)
2 2

<6 and w € la;, b

imply
vw€le; - B,b;+6] (i=1,2,...,m) (4)

Since [ (M(E"(t));'M(x(t))_— M(”—"(i);—xLﬂ)) dt — 0, we get

M(zn(t));- M(z(t)) B M(mn(t);- :r:(t)) £ (5)
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Denote F,, = {t € .l_Jl E;: Mz (D) M(z(t)} M(zn_(ﬁ);'_f{ﬂ) > 6}, by
(5), we have pF, < d for n large enough. For t € {J E;\ F,, we have
i=1

z(t) € l‘:-Lﬂ‘jl[a,.-,b,-] and

M(za(2)) + M(z(2) Za(t) + 2(2)
LU (200)

By (4) zn(t) € [ai — B, b; + B, and by (3) we get
za{t)p(ai) > M(zn(t)) + N(p(a:i)) — ¢ .

Notice that kv(t) = u(t) = p(a:), so

z,()kv(t) > M(z,(1) + N{(kv(t)) — ¢ (t € U E:\ Fn) (6)
i=1

Denote Fp = G\ |J E;. Using the same method as in the case I, we get
i=1

In— 1 = 0on Ey. Thus, there exists Fy C Ep, pFy < d such that
|z2(2) — 2(2)] < £, |M(z,(t)) — M(2(t))| < € uniformly on Ey \ Fp

for n large encugh. Hence

o ()kv(t) > (z(t) — e)kv(t) = M(z(t)) + N(kv(t)) — ekv(t)
(7)
> M(zn(3)) + N(kv(t)) —e —ekv(t) (t € Eo\ Fp)

It follows from (6) and (7) that
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< Tp, kv > = /m +/ +f +/ +/ LEn(t)k’v(t)dt
U EN\F, Eo\Fy F, E; Fy

i>m
-

> /D Ei\F"(M(:rn(t)) + N(kv(t) — e))dt

i=1

+ / (M(2a(0)) + N(ko(8)) — & — eko(t))dt
Eo\F,
- - ],U - / (M(zn(t) + o))

> /(0 E;\F“)UEO\FO(M(xn(t)) + N(ku(t)))dt

i=1

— epG — ek||1|| — 6¢
= [ Qe (0)+ Mks(o)

_ / (M(2a(t)) + N(ko())dt
U EwF,uF

i>m

- epG — ck||1|| — 6¢

— 14 pw(kv) — ofe) = k||vjln° — ofe) = k — ofe).
This shows that < z,,v >— 1.
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Corollary Lps has WM property if and only if

(1) M e A,

(2)MeSCor MeV,

(3) There are not two neighbour affine intervals of M(u).

Proof. Sufficiency. Take any £ € S(Lps). Since M € A,, Ly =
Ep. Sofor any 7 > 0, par((1+ 7)z) < 00.

M € SC implies M(u) has no any affine interval i.e.

{te G: z(t) € (a,b]} = ®, then u{t € G: z(t) € (a,b]} = 0
By Theorem, we get z is WM point.

If M € V4 combining par((1 + 7)z) < oo and by Theorem, we get that
z is WM point. So Ljs has WM property.

Necessity. If M ¢ A;, we may construct z € §(Las) with par((1 +
T)z) = 00, for any 7 > 0. By Theorem, z is not WM point.

If M ¢ SC,and M ¢ V,. Then M(u) has an affine interval [a, b].
Take d large enough, and measurable E,F C G, EN F = & such that

M®OWE + M(d)pF =1,

Put z = blg + d|r. Then z € S(Lpy) but p{t € G : z(t) € (a,b]} >
pwlE > 0.

By Theorem, z is not WM point.,

If [a,c], [¢,b] are the two neighbour structural affine intervals of
M (u), take d large enough, E,F C G, EnF = & satisfying

M(c)pE+ M(d)pF =1.
Let z = ¢|g + d|r. Then z is not WM point.
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