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(Pfafilan Geometry-Part One)

AB. CABELLO and Z. HAJTO

ABSTRACT. A flrst part of asystematicpresentationof Pfaffian geometry
is given.

INTRODUCTION

In this paper we start asystematicpresentationof Pfaffian geom-
etry. TIte mala interestis la tIte subpfaffiantheory which can be con-
sideredas ageneralizationof the subanalyticcaseandcan be applledin
the theoryof differentialequations(eg. singularitiesof the Pfaffian sys-
tems,dynamicalsystemsin tIte planeetc.). In the presentpaperwhicIt
is the flrst oneof aserieswe introducethe tecItnical tools of semipfaf-
flan geometrywbicIt are necessaryto build up the theory of subpfaffian
sets. We nsestratiflcationswhich are generaflzationsof normal decom-
positions, thereforein the flrst section we recail the previous notions
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of the theory developedby 5. Lojasiewicz [L 2]. Following tIte idea of
C.T.C. Wall [W]we definesemivarieties.Semivarietiesunify tIte concept
of semianalyticsetsin tIte real caseandanalytically constructiblesets
in tIte complexcase. Going as well in tIte stratiflcationtheory towards
possible unification betweenreal andcomplex cases,we constructnor-
mal stratiflcationscompatiblewith afinite family of semivarieties.More
preciselylet K = R or C and M be a K-analytic manifoid; tite proof
of tIte fundamentaltheoremof SexnianalyticGeometryon tIte existence
of normalstratiflcationscompatiblewith a finite family of semianalytic
sets(cf. [L 2]) can be transíatedto tIte complexcase.Iii Section1, we
obtain

I.t4. Theorem on the existence of normal stratifications (gen-
eralized version). LeíE1,...,E~ be semivarieliesofM aná Id a E M.
Thereexistea normalsiratificalionK in a, of an arbitrarily smallneigh-
bourhood,which is compatiblewiih E1,.. - , E~.

Following tite sameideaami the earlierworks in tite real caseby E.
MoussuandC. Roche ([M-R 1], [M-R 2]), in Section II, we define tIte
stratificationadaptedto a finite family of analytic differential 1-forms
1? = {wí,. . . , ca,,> anO to a limite family of semivarietiesE,,
Tite normal stratiflcationis a specialcaseof it. Important results in
this sectionaretIte existencetheoremfor adaptedstratificationsaudits
generalization:

1L2.4. Existence theorem for strongly adapted stratificatinns.
La {E.,} be a finute family ofsemivarietiesof IC” aud£2 a finite family
of analytic differenuial 1-formegiven in a neighbourhoodof O E K”-
There existea stmtificaiionof a normalneighbourhoodadapiedlo SI, lo
{E~} arad lo eachsubfamiiyQ’ c fi.

To prove thesetheoremsit Itas beenconvenientto introduce tIte
conceptof multinormalstratiflcationwhichis obtainedby makinganor-
mal stratiflcationin eachlevel. Although tIte multinormalandstrongly
adaptedstratiflcationsarequite technicalandcompound,theybecome
extremelyusefulfor decomposingPfaffian setsinto elementaryobjects
which we cali Pfaffian leaves. In SectionIII we use Pfaffian leavesto
define basic semipfaffiansets. In tite forthcomingwork on subpfaffian
geometry[II 2] we useprojectionsof basic semipfaffian sets to define
subpfafllansets.The reasonthat it is necessaryto reducetIte family of
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semipfaffiansetsto asmalleronerelies on tIte observationthat Pfaffian
leavesinherit carpetingfunctions from the leavesof normal decompo-
sitions. Recail that in the subanalyticgeometrythe carpetingfunetion
is an analytic functiondefinedin the neighbourItoodof the closureof a
stratumof anormaldecompositionpositiveon tite stratumandzero 011

its boundary. Existenceof carpetingfunctionsis essentialin theproofof
tIte flber-cutting lemma(so calledLemmaB cf.[L-Z], [D-L-S]). Another
importantadvantageof the existenceof stronglyadaptedstratiflcations
is the fundamentalobservation(seeCorollary 111.3.6.1)that semipfaffian
andbasicsexnipfaffiansetsItavelocally finite families of connectedcom-
ponents.We closetite presentwork with tIte TangentMappingTIteorem
whichis provedin semipfaffiangeometrybut Itas importantapplications
in the titeory of subpfaffiansets.

We would lUce to thank ProfessorCarlosAndradasanO Professor
JoseManuel Gamboafor their helpful commentson an earlier version
of this paper.

1. PREVIQUS CONCEPTS

Tite tIteory we are developingis local and so tite ambientspaceM
wifl be aK-analytic manifoid, with K E {R, O>.

1. SEMIVARIETIES

1-1 Definition. A subselE G M 18 calledsemivaríetyzffor eachpoiní
p E M ihere ezisis an opera neighbourhoodU,, ira which E is a fraile
urajora of finite iratersectiorasofseisof ihe form:

A-- = {fu =01 nr = {fii >01 Ii KR (1)

= {fíj =0> or A11 = {fij !=0>if K =0 (2)

where ihe furactiorasfq are K-araalytic ira U~

More precisely,

for someT, s E N.
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So tIte real semivarieties(if we set K = R) are tIte semianalytic
sets(cf. [L-Z]) and the complexsemivarieties(if we set K = C) aretIte
analyticaily constructiblesets (cf. [L 11).

2. STRATIFICATIONS

2.1 Definition. LeíA, B be imofamiliesofsubseisofihe spaceM. We
say thai 11w family A is compatiblewith the farnily B iffor eachA E A
arad eachB E B, cilber A G B or A c Bt. Ira tite case whenB = {B},
me say that tite family A is compatiblewith ihe set B. 1!, ira addition,
A = {A}, titen me saythai tite setA is compatiblewiih ihe set B.

2.1.1 It is clear that the family A is compatiblewith the family B if
and only if each set A E A is compatiblewitIt eacIt set B E B. Any
reductionof sizes of tite families preservestiteir compatibility. II tIte
family .4 coverstite set B anO is compatiblewith tbis set,then tite set
1? is tite union of sornesetsof tite family A.

2.1.2 Let {L} be a finite family of continuousfunctionsira M. We say
that tite family .4 is compatiblewith {fd if andonly if for eachA E A,
filA O or f~(z) # O for each E A.

2.2 Definition. A quasi-stratificatioraA ofM is a locallyfinitepan ilion
of M ira disjoirat subseisof M, such thai each memberr E A of tite
partitiora is a coranectedFC- analytic submarazfoldofM.

2.2.1 If a quasi-stratiflcationis compatiblewith a finite family of sets,
tIten it is compatiblewith eachsetobtainedby tite elementaryoperations
of set theory, le., finite unions,finite intersectionsarad tite complement.

2.2.2 Leí E be asemivariety in M and let {f.}.=i ,..,k be the analytic
functions ira U,, appearingin tIte definition of ihe £~ such thai E 11
U,, = U~ % A~. If A is aquasi-stratiflcationof U,, compatiblewith the
furactioras {fJ, tIten A is compatiblewith En U,,.

2.3 Definition. A siratification is a quasi-stratificatioramhich more-
ovensatisfiestite boundarycoraditiora, i.e., tite bouradary of eachelernení
is a union of elemenisof smaller dzrnenszon.
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We ¡¡ave titen thai a sivatificatioraX = {F~} kv of M is a locally
fraile partitiora of M = H,~, r~ such thai

(1) dimI’~ —

(2) r~ is a conraectedK-analytic submanifoldof Iv!,

2.4 Examples of stratifleations

2.4.1 Triangulation. Let h: Kl —* M be asemianalytictriangulation
(cf. [L-Z]). Titen the family A = {h(A)}AEK is astratiflcationof M.

2.4.2Lojasiewicz’s complexstratification (cf. [1 1], [Wh 3]). Given
alocally finite family of analyticsets{W~} of M, thereexists acomplex
stratiflcation {r~} of M compatiblewitIt the family {Wj}.

Tite constructingprocessis tite following (cf. [L 1] pag.247): Given
W,V analyticsetsof M, we define rk(W,V) = u1(Wfl V1) wherey1 are
the irreducible componentsof V of dimensionk sucit that 14 is not
containedira W. We Itave dim-rk(W,V)< k. Tite constructionis made
by descendinginduction:

M=Z»DZ»1 j...jZ1=0, dimZ,=i.

Let us assnmetitat we itave constructedZn D . -. E) Z>~. Let {F,}, i =

ti,.. .,k + 1, be tIte connectedcomponentsof Z~ \ Zíí c 4~ (regular
points of dimensioni). TIten we define

Zkí = U Z~ U ZZ U U rk(l.,, Zk) U U r( W5, Zk)
u Ok 5

where
{Z~} = irreducible componentsof Zk such that dim Z~ < k,
Z~ is tIte set of singularpoints of Zk,
{ r~} = connectedcomponentsof Z, \ Z,..1.

2.5 Definition. Leí/ti arad/ii’ be two siratificatioras of M. Tite stratifi-
catioraAI’ is said lo be firaer titan Al if everyelemeníof Al’ Ls coratained
ira an elemeralof Al.



274 AB. Cabello and Z. Hajto

3. NORMAL STRATIFICATTONS

3.1 Definition. A normalsystemira FC» isafamily lf — {Hk}o<k<pc,.,
where Hft(X1,. . . , Xk; Xí) are distinguishedpolyraomialsira X, wiiit ana-
lytic coefflcienisira Xí,. . . , X,, ira a neighbourhoodof tite origira, with non
identically zero discrirniraants D~ arad whose holomorphic extensions

1
satisfy:

(2)

in a neigitbourhoodof 0 6 C~, for 1 < k < ¡ < u.

Hk+í

4-1 H~’4

‘It
‘Ik-l

JI;~

14..

Remarks

- Condition (2) canbe cliangedby tIte following condition

(2’) ‘I~ = OH> ~ —0.

In the complex case, tIte holomorphic extensiona of tIte distinguished polynomials

coincide with theae.



Stratifications Adapted to Finite... 275

- For tIte polynomials‘I3(Z~) titerearejusttwo possibilitiesH~(Z~) = 1
or H~(Zv) = Zv.

3.2Normal neighbourhood.A neighbourItoodof O E FC» ,Q = {x E
FC» ¡x1¡ < 64 is called normalfor 8 II the distinguisItedpolynomials

are Itolomorphicin Q = {z E C» ¡x¡ < 64, satisfy (1) arad (2) ira
its interior aradmoreover

(3)IzíI<6í,...,IzkI<ókandflt(zl,..,zk;zí)=O*IzuI<bíira
Q.

Remark. Normal raeigitbouritoodsexist and can be takenarbí-
trarily small, i.e., each raeighbourhoodof tite origin coratainsanormal
raeighbouritood(cf. [L 2]).

3.3 Definition of normal stratification

Let 3 = {‘It}o=k<¡=»be a normal systemin FC» and Q anormal
neighbourItood.la Q we define a family of subsets{Vk}ko » giving
apartition, i.e., Q — V

0 u.. - u y», where

= {H:—’ !=0,’I:+, = ...= ‘Ir1 = 0>,

V0={H?=...=Hr1=0}, V”={’I7’!=0}.

Let ras alsodefinea family {Wk}k~o ...»,where

wk = {‘I:-.í!= o, ‘I:+~= . ..= = o>.
For eachk, V” is coratalned111 Wk,by condition (1) andW” is aloca]ly
topographicK-analytic submanifoldof dimensionk, by condition (2).
As moreover V>’ is opera in Wk (cf. [L-Z]), then V” is also a locaily
topographicK-analytic submanifoldof dimensiorak.

Tite connectedcomporaerats{r~}~ of vk are titen analytic sub-
manifolds of dimerasiorak arad Al = {r~1k,v is a partition of Q, Le.,

Q = LI k,v r~, which is called normalpartitiora of Q given by 8, arad tIte

{1’~5} are called leavesof tite partition.
We observethat r2 — {0} or 0 and the {r} areopenin Q.

Remark. Titefollowing two basicpropertiesappearein [L 2], [L-Z]:
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(1) A normal partitiora Ls firaite arad, wItera Q is smallenongh,the

numberof elementsdependsoraly on the normal system.

(2) Every normalpartition of anormalneighbourhoodQ is astrat-

ificatiora, i.e., ar~ = (I’ — r~) fl Q is aunion of elementsof dimerasion
smallerthank

3.3.1 Definition. Leí Al1 be a normal síratificatiora of Qí arad Al2 of
(22 G (2’. We say thai Al2 is a refinemeralofAl, arad we write Al2 -.< Al,

if tite stratificatiora Al2 is compatiblemniíh tite siratification Al1.

3.4 Tite fundamentaltheoremof SemianalyticGeom~trystatestite cas-
tenceof anormal stratiflcatioracompatiblewitit a limite famlly of semi-
araalyticsets(cf. [L-Z]). Here we generalizeit ira the following way.

Theoremon the existenceof normal stratiflcations (gener-
alized version). Leí £1, ..., E,, be semivarielíesof M arad leí a E M.
Titere ezisisa normalstratificatioraAl ira a, of ara arbiirarily smallneigit-
bouritood, which is compatiblewith E1,...,E,,.

Proof. Since tite proof follows tIte samestrategylite for semiana-
lytic setsgivera ira [L-Z] (cf. pags. 15-19),wejust outline the maira steps
of the constructionof tite normal systemfor the stratiflcation. Note
thatour proof providesan iraductive procediireto corastructtIte normal
systern.

3.4.1 Let E(x, y) be an analytic furaction ira a neigItbourhoodof O ira
FC’» x FC such that F(0,y) ~ 0. Let us denote1’ = ‘If’... ‘I;e tite
factorizatiorain moraic irreducibleelementsof O,,JYIof tIte distinguished
polyraomialcorresporadingto E by the Weierstrasspreparationtheorem;
titen, the distinguishedpolyraomial associated

2to E is defined as the
reductionof P, that Ls, ‘I= ‘Ií . . . ‘I~.

3.42 Let ¡¡(u;z), fl(u, z;y) be distinguishedpo]ynomialsira E’», K’»+í
respectivély.We define tite distinguishedpolyraomial:

,l.h’I(u y) = H(u,¿í;y).. .‘I(u,¿,,; y)

2 Note the difference betweert ‘corresponding to’ and “nasociated to’.
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witere {Cí,... ‘¿>4 is tite completesequenceof tIte complex roots of
h(n; x) = 0 arad ‘Iis a Itolomorphicextensioraof H.

3.4.3 Let F(u,zí,. . .,x,) be an analytic furaction ira a raeighbourhood
of O E FC’» x FC5 andHí(u;zi),..~H

5(u;z,) distinguisitedpolyraomials
of degreesk1,. . . , k5, respectively.We definea functioraa<Hi ~...HJF(u)
analytic ira aneighbouritoodof O E FC’», in tite following way. Let Go =

1, aí,. . . , a,. be tite elemeratarysymmetric polynomials in k variables,
for k = . . . k3. We consider tite functions

where E is a holomorphic extensioraof E arad ¿~v¿) riins tite complete
sequence{~,... ¿~“ } of roots of ‘I4u, xi). Next we definethe functions

xftu),O=j=k by the formula

= a1({q,,, ,...,v.}).

Titen 0(H1 H.)fl~) is tite last not identically zero furaction ira the se-
quence:xo, . .,X,. (cf. [L-Z]).

3.4.4Constructionof the normal system.Let fa.... ,fr betheana-
lytic furactiorasusedira tite local descriptionof the semivarietiesEí,...,
E,,. We set S~n = fi . . fr~ By meansof a charageof coordinateswe
can get so,.(0,x,.) ~ 0. Then, we define ‘I~j’ as tIte distiraguished
polynomial associatedto p,..

‘I~1

Let usassumetItat wehavedefined{HJ} for k=i < j =ti aradwe want
to constructH:-.1. We corasider
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so,.110<HS+114)p and ~ II ~
By mearasof a changeof coordiraates,we have4(0, X,.) ~ 0. Titen,
~ is tIte distiraguisIted polyraomial associatedto ~ For .1 = k +

n, ~S’is the distinguisitedpolynomial associatedto
So wehaveconstructedira tItis waya finite family of distinguishedpoly-
raomials{HJ}o=.<,=n wItich form anormalsystem(cf. [Li]).

3.4.5 Remark. The method describedaboye implies that tIte cora-
structionof tite normal systemis geraeric,ira the sensethat tite charage
of coordinatesira FC» whicit is necessaryto realizetite corastructioracara
be choserafrom a deraseopensubsetof tite spaceof linear automorpItisms
of FC”.

3.4.6 Remark. Notice titat it is possibleto realize our constructioraof
tIte normal systemusing oraly isometriccitangeof coordinates.

3.5 Examplesof normal stratifications compatible with sem¡-
analytic sets

3.5.1 Normal stratification compatiblewith E = {4 +4 —4 =

0>
We ItaveH~ = = A = 4+4—4. It is clearthat ~2 — aW~)’I2 —1.
Titen J2 = so2D~ = = —4(z—x?),so’I =4—xlbecause
J2(0,z2)= —44 ~ O.

TIte associateddistinguishedpolynomial of rH~’Ig — x
4 is H=

x
3. We cara checkthat p — a(>~tHfl’Ig = 1, titen Jí — soiD

1D~ =
44. Tite distingnisitedpolynomial associatedto Jí is Ho — x

1 Now,
~H~’=z2 soH

0=z and,rH~’Ií=z=’IO(seefloD
2’ 2 2 333~o~r

Tite normal systemis then
Hg = 4 + 4 — 4

= za

Tbenormalstratiflcationassociatedto this systemnhastwo e]ements
of dimensiora3 corresporadingto the iranerandtite outerspacelimited by
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tite surface(seeflg. 2). Titere are two elementsof dimension2 defined
by tite points of tIte surfaceira whicit tite discriniinarat is not zero (see
flg. 3). Tite elementsof dimension 1 are coratairaedira tite zerosof tite
discriminarat andtite only elementof dimensioraO is tite origin (seeflg.
4).

3.5.2 Normal stratiflcation compatiblewith the Whitney um-
brella W — jA — z~z2 = 0>

We itave H~= = fi — _ z~2, ~o — a(H~)’Ig=í ,then
= ‘e2D~ = 44z2. Witit tite citangeof coordinateszí = £~i —

z2 =zi+~2 ,wegetJ2~
So tite distiraguisitedpolyraomial associatedto 72 is H~ = (~2 — ~í)(~2 +

= — i~.

It is visible tItat ,rH4Hg = z~ and so H’ — za Now, p~ =

a(I¡BHBH2 — 1 aradso A = so>D414 = 4~j arad II? =~. Wehave
= ~ whicIt implies 14 = x2 aradflna]ly ,rH?H1 — za = 14.

Tite normal systemin tite coordiraates(3k, x2,za) is tIten

Hg = zg — @í — z2V(zi +x2)

14= ~í ‘I2=~2 ‘I~=za
Tite normalstratiflcationhastitree elementsof dimension3. Titere are
4 elementsof dimension2 definedby tite poiratsof tite surfaceira wIticIt
tite discriminant is not zero. Tite elemeratsof dimerasion1 arecontained
ira tite zerosof tite discrimiraarat.

4. FOLIATIONS OF CODIMENSION ONE

Let (M,CM) be tite ringed spacegiven by a FC-analyticmaraifold
of dimensiora ti. Tite cotangeratsheafSIM is tite siteaf of differential
FC-analytic 1-forms arad is a locaily free CM-moduleof rank ti. More
precisely, it is locally geraerated by df1,.. . , df,,, witere fi,..., f» are
local coordiraates.

4.1 Definition. An araalytic foliatiora of codimerasiora1 ora M is ara
OM-submoduleY C SIM witich satisfiestite follotnirag condilioras:

(1) Y Ls locally free of rank 1, i.e., Y is locally generaledby a
differeniial 1-formca = 2t1b1df~ with analytic cocificienis;



280 AB. Cabello and Z. Hajto

rl

Figure I~. Figure2.

rl

z
2

7,

Figure 3. Figure 4.



Stratifications Adaptad to Finite... 281

(2) Y is integrable: ca A dw = O for eacit local geraeratorca of?;

(3) tite quoliení sheafSIM/Y is torsion free: titis Ls equivalenílo
tite coradition thai lite coefficienisb1 saiisfy locally gcd(bi,..., b,,) =

—1(cf IR]).

Remark. Tite notioraof foliation is local, that is, if U c Mis opera,
titen Fu is ara araalyticfoliation of codimension1 011 U.

4.2 Definition. Tite singular locusSitigYof tite foliatiora Y ls lite set
of poirais ira witich tite quoiierat siteafSIM/Y is raot free of rarak vi — 1.

Locallyit is given by SingY= {b1 = 0; 1= 1,...,n}.

II. ADAPTED STRATIFICATIONS

Tite aim of tItis sectionis to give aproofof tite existeraceof adapted
stratiflcatioras,valid ira both real aradcomplexcases.

1. DEFINITIONS

Let {cai,... , caj be differential 1-forms givera ira aneigItbourhood

U of a poirat a E FC»; ca5 = ~ a~dz1, where a~ are analytic functions

ira U, j = 1,.. .,q; arad Y CUan araalytic submanifold.

We set Q= {wi,.. . , w~} arad,for eacitsnbsetJC {1,.. ., q}, =

{w5 E SI j E JI>. We define SIj(z) as tIte subspaceof (FC”) geraerated
by {ca5(z) j E JI>, Ker SIj(z) as tite intersectiora flj~ Ker ca5(z) arad
T2(Y) c (FC»)~ as tite snbspace of forms vanisiting ora T~Y.

1.1 Definition. We say iitat SIj is iraraversal lo Y if arad only iffor
eachpoint z E Y

(1) dim (Ker SIj(z) Ii T~(Y)) dim Y — ~J.
If, ira addiiiora, for eacit z E Y Wc itat>e

(2) SI(z)+ 2(2(Y)= SIs(z)+ 2(2(Y)
or, equivaleratly,

(2’) Ker SI(z)fl T~(Y) = Ker SIj(z) fl T~(Y),
we say ihat S1~ is a basisbr fi alorag Y (cf. [M-R 2]).

1.2 Definition. LetAl be a siratificatiora of a neigUouritoodofa E FC»
arad let SI = {cai, . . .,caq}. We say thai Al is adaptedlo tite family SI
if arad oraly if itere exists a mapJ Al —~ 2<1 q> sucit thai for eacit
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Y E Al, SIJ(v) Ls a basisof SI along Y. 1/ ira addition, Al Ls compatible
with a fin líe family of semivarielies{Ev}, we say 1/tal Al Ls adaptedlo
SI artO lo {EU}.

2. MAIN THEOREMS

2.1 Existence theorem for adapted stratificat¡ons. ‘Zet {Ev> be
o fraile familyj of semivarietiesof FC» arad SI a fraile family of analytic
differeratial 1-forras given ira a raeighbourhoodof O E FC». Titere exisisa
síratificatiora of a normal raeighbourhoodadapledlo SI arad lo {Ev}.

Proof. By tite theoremof normal stratiflcations(generalizedver-
sion) (cf. 1.3.4)tItereexisísastratiflcatioraAl of anormalneigitbourhood
Q,compatible with tite semivarieties {{Ev}, Sing ca1,..., Sing ca~}. We
sitali prove titat Al itas a reflnementAl’ which admits a map J Al’
2<1,2 ,..,q} such titat for eachr E Al’, SI.y(r) is a basis for £2 alorag 1’. We
wili use descending inductiora ora tite dimension of tite elements of tite
stratiflcation.

First for eacItpoirat z ira tite submaraifoldy” we considerrk M»(x)
whereM»(x) is tite q xvi matrix witoserows Ai(z) = (a~(z),. . .,a4,(x))
are composedfrom tite coefficieratsof tite 1-forms w~(x),1 = 1,..., q.
Let k = max{ rk M»(z) x E (2> arad ~ E£2besuchthatthe
matrix ( A51(z)

A.k(x)

Itas rankk ira ara opera arad derase subset of (2.

cara be decomposed ira tite foliowirag way

V”= {z 6V»: rk M,~(x) = k}U{z E V»: rkM,~(x)< k}.

Tite secondset hasdimensionsma]lertitan vi. Nowwe take a reflnement
Al1 -< Al compatiblewitit {x E (2 : rk M,~(z) < k}. Fo; eacit r» E Al1
tite rank of M,t ja maximal arad we can take {w11,. . . ~ } as a basis.
We denoteF» = U{r» : r» E Alí}.
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Let us observe tItat ira tIte new normal neighbourhoodQí C (2, we
itave a normal system Si:

1ff n—2
n—1 »

whicit is giving tite stratiflcation Al1. So ira tite secorad step we consider
elemerats of dimerasion vi — 1, r:—

1 c V»~1 arad tite matrix:

¡ Aí(x)

M»..
1(z)= Y~rad )

Let 1,, = max{ rk M»..1(x) : x E r~—
1} E {1,. . .,min{q+ 1, vi}},arad

{ca
11,. . - ~ } (kv = 4, — 1) be sucIt titat tite matrix

= ( A~,(z)íHrí<Iz))

has rank
1v ira ara opera and dense subset of r7’. For eacIt r~—’ c 142—1,

we itave a semivariety{z E F7’ : rk M4.t
1(z) < lv> andnow again

we take a reflnementAl2 -..< Al1 compatiblewith al] titese semivarieties.
Now, for eacit r»—

1 E Al
2 sucit titat r»—’ c OF” we cara choosesome

.,ca.5} as abasis. We denoteF”’ = U{F»’ E Al2 : r»—
1 c

OF”>.

Furtiter, in tIte (i+1)-th step we wili corasider stratafrom Ah of
dimensioravi — i arad tite matrix
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Aí(x) 1
Aq(z) (z) 1

Ira titis way, we obtain a desceradiragsequeraceof normal raeighbour-
itoods(2 = (2<> ~ Qí ~ ... E) Q,.aradin eachof titem weobtairaanormal
systemS~.

E) Q~ ..- E)Q~

Sí 82 8»

Y, »

1H~ 2’IO . - .
2gO »H?

1

Fina]ly we obtaira tite sequenceof submanifoldsE”, F”1 ,...,P. Tite
stratiflcationAl’ is constructedby takiragtite conraectedcomporaetsfrom
all tite sets: E” fi (2», F”<~ fl Q,,,...,P fi (2,,. It is clear, by tite con-
struction process,that the partition obtainedira titis way satisflestite
bonndarycondition (cf. 1.2.3).

2.2 Note titat tite aboye stratification is obtainedby doing a normal
stratiflcation in eachstep. We sitail calI it mullinormal stralificatiora.

2.3 We give now tite following generalizationof tite precediragtiteorem.
Leí {E~} be a firaule family of semivarietiesof FC” aradSIí,. . ., SI,. fraile
familiesof araalytic differeratial 1-formsgivera ira a raeigitbouritoodof O E
FC”. Titere exisisa síralification of a raormal raeighbouritoodadaptedlo
eacit SI~ arad lo {Ev}.

Proof. We give the proof in tite casewiten r = 2. We can deal
with tite generalcasein an analogousway. Let titen SI

1 = {ca1,. . .,caq},
SI2 = {Dj7,. . .,&}. We define amap
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J : Al —* 2<1,..~q} x 2<í,.,>~} J(~) = (J1(r),J2(r))
in sucit a way titat ~1J,(r) and~2J2(r) satisfy tite basisconditions(cf.
1.1).

Let us corasider as starting stratiflcatiora tite one ira tite proof of
titeorem 2.1. Let k = max{ rk M»(z)},k = max{ rk M»(z)}. TIten ira

{x E V» : rk M,~(x) = k} A {z E V” : rk M,~(x) = k} we cara assigna

coupleof bases({w1}, {ii~~}): tite complementto this setis aseniivariety.

Furtiter,we proceedby iraductiora as ira titeorem2.1.

2.4 Existencetheorem for strongly adaptedstratifications.
Witit lite itypolitesis of liteorem 2.1, Itere ezisísa síralificatiora of a
normal raeighbourhoodadaptedraol oraly to SI arad lo {Ev} buí also lo
eachsubfamilySI’ C SI.

Proof. We obtain titis titeoremas acorollary of 2.3 by corasiderirag
tite sequenceof all raora-emptysubfamiliesSI1 c fi, i = 1

III. APPLICATION OF THE ADAPTED STRATIFICA-
TIONS IN mE THEORY OF PFAFFIAN SETS

Ira this sectiora we sitall assumethat tite ambierat spaceis R” al-
titougIt tite titeory remaánsvafld if we corasidera realanalyticvariety of
dimerasionti.

1. DEFINITIONS

1.1 A Ffaffiar¿ /typersurfaceofR” is a triple (V,Y,M), mitere
(1) M is ara opera semiaraalylicsel of R”,
(2) Y is a folialiora of codimensiora1 defiraedira ara opera raeighbour-
itood of 1/te closure of M,
(3) Vis a leafofYM, i.e., isa coraraectedmazimalirategral submaraz-
fold of lite restrictedfolia hora,
(4) Sirag Y O M = 0

1.2 A Pfaffiara itypersurface is calied separaliragif M \ V itas two con-
nectedcomporaentsarad V is their commonboundaryira M. EacIt of
titese connectedcomponentsis calied aEfaifian bloclc.
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1.3 A Pfaffiara hypersurface itas tite Rolle properly (i.e. is Rolliara) ifeacit
araalyticpatit y : [0,1] —* M sucit titat y(O), $1) are poirats ira V hasat
least one point y(i) sucit titat tite tangeratvector-y’(i) is tarageratto tite
foliation Y (i.e. if at titis poiratY is determiraedby a local genaratorca
titen y’(t) c Rer ca).

1.4 Remark. By tite titeorem of Hovaraskii-Rolie, a separatingIty-
persiirfaceis Rollian but tite converseis not true. Let, for example,
M = R2\{(0,0)} aradca= z2dy—ydz.Weconsidertite curve f(z) =

c.e~‘/“, z > O arad c E R (see flg. 5). It is clear titat it definesa
Rollan itypersurfacebut not separatingbecauseits complementM \

x > 0} is coranected.

1.5 Remark. If M is simply connected,everyPfaffian itypersurfaceis
separatingarad, corasequently,Rollan (cf. [M-R 2]).

1.6 Example. Let ras see raow ara exampleof aPlaifian hypersurface
witichisnotRolliara. LetM = R2\{(0,0)}andca= (z+y)dx+(y—z)dy.
Tite solutioraV wIticit is logarititmic spirai (seeflg. 6) does raot itavetite
Rolie property becausearay italf-line witit its origira in tite poirat (O, O)
cuts tite logarititmic spiral with acorastantangle.

2. FINITENESS THEOREMS

Theorem 1. Finitenesstheorem of Hovanskii-Moussu-Ro-
che. Let M be a» opera semianalptie .sei ira R” arad X tE M semiaraalylic
arad bouraded in R”. For each firaule collectiora of Pfaffiara hypersurfaces
(Ví,Yí,M),...,(V,,,Y,,,M)whicit itave tite Rolle properlyfor tite pal/ts
ira X, diere ezisía raumberb<> E N (dependingoraI~, o» M, X,Y,,. . . , Y,,)
such titat tite raurviber of coraraeciedcoraporaenísof X fl Vi O ... n 14 Ls
smaller 1/tan bo.

ProaL (cf. [M-R 1]).
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1(a) =

Figure 5.

Figure 6.
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Theorem 2. Leí M be an opera serniaraalyiic sel ira R» arad SI
a firaile family of araalytic dzffereratial 1-forms ira a raeigitbourhoodof a
poirat c E M. Leí {Ev} be a fraile family of semiaraalyticseis of R”.
(i)Titere ezistsa basisB of raeig/tbouritoodsof c sucit litat for eac/t U E
8 itere ezisí a síratificaliora Al of U adaptedlo M, {Ev}, SI arad each
SI’ c fi, i.e., slroragly adapied. -

(ii)Moreover, if WC considera fraile family of Ffaffiara hypersurfaces:

cae,M)}~6n~ whicit itave tite Rolle properlyfor anal¡¡tic pathscon-
taiñed ira Y E Al, tite» for a basis SI’~ = {ca11,. . .,cai,,} for SI’ alorag Y,

flw1Eo>(Vi OY) Ls a uraiora of coraraecled comporaerais of
05E~(V

5 fl Y).

Proof. (i) Titis is aspecialcaseof theorem11.2.2.4.
(u) It is proved ira [M-R 1] (seelemma1).

3. ELEMENTS OF SEMIPFAFFIAN GEOMETRY

3.1 Proposition. Leí Al be a stralzficaliora of a raeigitbouritood U
of e E R”, slrongly adapled to tite fraile family of Pfaffiara hypersur-
facesU = {(Vi,ca1,M1)1~1eo(i.e. strongly adaptedlo {M1} arad SI).
Leí Y be a leaf of Al sucit thaI lite family 1-1 has tite Rolle properiy
for 1/te patits ira Y. Titen lite coranectedcomponenísof tite collection
{flw1eo.(ViflY)}wco form afraile farnilyK of araalytic submaraifoldsof
Y u,ilit normal crossingsira Y.

Proof. lEus propositiora comesdirectly from tIteorems1 arad 2.

Let usdenoteKy tite setof all tite elementsr of K witit tite property

titat c E r.
3.1.1 Remark. Let us observetitat uf, ira addition,Al is compatible

witit {c}, titen e c t\r witen Y ~ {c}.

3.2 Definition. For k = 0,1,. ..,p = dimY we define1/te skelelora
varielies L,, = UN1,N1 E Ky,dimN~ =k. Tite filiration Y = L,, E)

E) L0 givesa fraile síralificatiora {Y0} ofY ira analylic submaraifolds,
tiñere {YJ} is a family of coranecledcomporaenísof Lle \ Lkl (k =

1, ... , p). Tite siratificatiora aboyeis calledsiratificalion inducedira Y by
tite family ICy.
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3.3 Definhion. Ara analyiic subrnaraifold r ira a raeighbouritood U
of e is a semipfafflara leaf if Itere ezisí a síralificatiora Al of U arad a
fraile farnily 2-1 of Pfaffiara Izypersurfacessucit thaI r is ara elemeníof
lite síratificatiora inducedira sorneY E Al. If r E Ky for some Y E Al,
it is calledPfaffiara leaf.

3.4 Definition. A subselE G R” Ls a semipfaffianset (resp. basic
semipfaffiaraset) iffor eacit e E R” 1/tere exist

1) a normal raeighbour/toodU of e,
2) a fraile family of Pfaffiara itypersurfaces1-1 givera by 1-formsde-

fined ira a raeighbouritoodof c,
3) a síralificatiora Al of U slrongly adaptedto 21 suc/t thai me itave

lite followirag equalily of germs(E fl U» = (Ui,vl’t)c, mitere {F9 is a
fraile collectiora of semipfafflaraleaves(resp. Pfaffian leaves).

3.4.1 Corollary. Tite families of basic semipfaffianseIs arad semipfaf-
fian seisare closedon local/y Imite unioras arad iraterseclioras.

Proof. Locafly in eacit point c E R” we can take a stratiflcatiora
Al of aneigitbouritoodQc stronglyadaptedto al] Pfaffian itypersurfaces
deflrairagtite setsat e. Corasideriragthe quasi-stratiflcationof Q~ iraduced
by tite families K~ for Y E Al we caracoracludeas ira Sectiora1.2.2.1.

3.5 Definition. A Pfaffiara set is a basic semipfaffianset of type
14 <1 ... fl V,. fl X diere ji/iI> are Pfaffiara hypersurfacesarad X c R» Ls
semianalylic.

3.6 Remark. Ira SemianalyticGeometry,semianalyticsets aredefined
as locaily descTibedby analyticfnnctionsandthey arecharacterizedby
means of tite normal stratiflcations. Every semianalytic set is semipfaf-
flan. Stratiflcationsstronglyadaptedto Pfaffiara itypersurfacesare used
to define semipfaffiara sets. Let us observe titat our definition of semip-
faifiara aradbasicsemipfafflarasetsimplies titat locafly tItey Itavefiraitely
maray conraectedcomponentsarad titerefore we itave tite foliowing topo-
logical consequence(cf. [L 1) CitapterB, Section1, Proposition).

3.6.1 Corollary. Tite family of connectedcomporaeraisof a sernipfaf-
fa» (resp. basic semipfaffiara) set is local/y fraile orad each coraraected
tomponeral is sernipfaffiara (resp. basic semipfaffiara).
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3.7 Remark. Tite principal obstiuction to build a self-containedtiteory
of semipfafllarasetsis tite lack of a titeoremon tite closureof asemip-
faifiara set (cf. [C-Li-M], [Li]). We close tite titeory witIt tite Taragerat
Mapping TIteoremwitich is usefnlira SubfaffianGeometry(cf. [II 1], [H

Tangent Mapping Theorem. Leí Y be a serniaraalyíic leaf ira R”,
z.e. ara araalyíic subrnaraifold witich is a/so a semiaraalylic set. Leí SI =

{wí, ... , ca,,I> be a fraile family of araalylic differeraiial 1-fornís whicit are
def raed ira tite raeigitbouritood of Y arad transversal lo Y. Leí dim Y =

k +p arad r = (Ví O ... 0V,,) nY witere {(Vi,w1,M~)} is a forní/y of
Pfaffian itypersurfacestnhicit itave tite Rolle properiy ira Y. Titera

(1) tite graph of tite tarageral map‘r = {(z, 2(j) E r x G«R”)} Ls
a Pfaffian subselof R” >c Gk(R”).
(2) For eacit semialgebraicset E tE G4R”), lite iraverse image
c
1(E) by tite map:

r :Y 3 z i—~ Ker caí(z)fl.,n Ker ca,,(x)flT~(Y)E GdR”)

zs sernianalyiicira R”.
(3) For eacit semialgebraic set E c G,.(R») 1/te iraverse image
r[’(E) isa Ffaffian set ira It”.

Proof. First let us recali two auxilary facts from semialgebraic
geometry(cf. [L-Z], Sectiora10).

(1) Tite mappirag

T : (R”5)~ \ E ~ (vi,..., ti,,) —* flt~ Ker y
1 E G»,,(R”)

(witere E = {v E (R?I*)P : ti1 A ... A v~ = 0I>) Itas semialgebraicgrapit in
x

(II) Tile mappirag

S : G»...,,(R”) x Gk].p(R ) \ A 3 (U, V) ~- un y c Gk(R)
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(witere A = {(U,V) U + V # R»}) Itas semialgebraicgraph ira

XGk+,,(R”) x

Tite foliowing mappingitas (Rn*)P x G,.(R») - semialgebraicgrapIt
over R» (cf. [R])

O : Y 3 x —. (wí(x),. . .,ca,,(z),T~Y)E (Rn*)P x

TIten tite composition

So (T x ida5+,(R.))oC =

itas G,.(R») - semialgebraicgrapIt over R” arad titis implies (2).

~n (r x G,.(R»)) = ir, sowe itave (1).

Tite formula: rf’(E) — r n c
1(E) implies (3).
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