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Partía! Exact Con trollability of a Nonlinear
System

Alt NANDAKUMARAN and R.K. GEORGE

AHSTRACT. In this article, we prove the partial exact controllability of
a nonlinearsystem. We usesemigroupformulation togetherwith fixed paint
approachto studythe nonlinearsystem.

1. INTItODUCTION

Ita tItis sitort article, we studytIte partialexactcontrollability, wIticIt
we wiil rnakepreciselater, of anonlinearsystem. Let 9 be abaunded
openset in R’ witIt sufficiently smootIt (sayC2) boundaryr aud Q =

(0,2’) x 9)2 = (0,2’) x r. ConsidertIte coupledequatiotas:

uu—Au+f(O)=0 inQ, (1)

6~—A6+g(u)=0 inQ, (2)
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witIt initial conditions

u(0,z) = uo(sn), u~(0,z)= u1(z), (3)

6(0,x) = éo(x), (4)

andboundaryconditions

u(t,x)=v mE, (5)

6(t,z) = O in E. (6)

Mere u, 6 are tIte unknownsand y is tIte control function; f and g are
nonlinearterms.

Definition. (Partia] Exact Controllability): We say tIte systern
(1)-(6) is pax’lially exactly controllable if Itere ezisís2’ > O sixch lItat
fox’ aviy givera initial dala (no,uí, yo) ira a sixilable space, titex’e existsa
control fuvictiora y such thaI lIte correspottdixigsolixtion of lIte syslern
(1)-(6) satisfies

u(T,O=uí(T,-)=0 inf1.

In titis article we provetIte partialexactcontrollability of tIte aboye
systemwIten f andg are LipscItitz continuouswitIt tIte furtIter assump-
tion tItat eltIter tIte productof tIte Lipschitzconstantsof f andgis small
enougItor g is uniformly baundedon 7?.

We ItavetIte following main tIteorem.

Theorem1.1. AssurnethaI f andg are LipschilzconlinuouswitIt
constanísa, a~, x’espectively. Titen lite systern (1)-(6) is pax’tiallyj
éxactly conírollable if tIte prodixcí a a1 la sufficienlly srnall axid 2’ is
sufflciently large.

We discusstite smailnessof aa1at tIte endof tItis article.

TItere are enormausliterature in tIte field of exact controllability.
Mere we would like to mention few referenceswIticIt arereleventfor tItis
article. Ita [8] E. ZuazuaItas studied tIte exact controllability for tIte
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nonlinearwave equationUit — Aix + f(u) = 0, f LipscItitz, witIt initial
conditiansandboundarycontrol. HereIte doesnot assumeanysmailness
of tite LipscItitz constant.PossiblytIte sametecItniquecan be adapted
to our systemwiticIt we discussin tIte discussionsectionof tItis paper.

In anedimensionalsetting, E. Zuazua[9]-[10]Itas studiedtIte con-
trallability of tIte equationu1j — u + f(u) = O witIt super linear f
satisfyingtite ItypotItesishm ~ = O as ¡si —* 00. We Itope tItat aur
systemcasi also be tackledwitIt sucIt nonlinearitiesf andg satisfying
hm =0 andhm =0.

Far agoadsurvey in tIte field of exact controllability usinganew
tecItniqne,tIte socalled HUM metItodintroducedby Lions, onecanrefer
to Lians (6]-[7] asid tIte referencestIterein. LasieckaandTriggiani [3]-[5]
(morereferencescanbe seenin tIteir papers)usesemigroupformahismto
study tIte control problemwhicIt is morean algebraicmethodwItile tIte
HUM metItodusesonly PDE.EssentiallybotIt tIte approacItesreducetIte
controllability and/orreacItabilityproblemsto sorneenergyinequalities.
We usea fixed point approacItcombinedwitIt tIte tecItniqueof Lasiecka
audTriggianí for studyingtIte system(1)-(6). We will not go into tIte
detailsof tIte literatureandonecan seetIte aboyecited references.

2: FIXED POINT APPROACH

We usetite notationsof standardSabolevspaces.Let X —

Our control spaceis H,j(0,T,L2(r)). Let O be fixed in C([0,T],X).
AssumetItat f(6) is in C([0,T],X). We proceedas follows:

STEP 1: WitIt tIte known f(6), considertIte equation(1) witIt tIte
conditions (3) asid (5) wIticIt is aix exact controllability problemfor tIte
unknown u. SalvetIte problemto obtain tIte controlled solution ú and
a steeringcontrol y, wIticIt of caursedependsata 6. ObservetItat tItis
control can be cItasen in a uniquefasItion (seeequation(13) atad alsa
tIte Remark3.2) anddenoteby N tIte operatordelined as N(O) = ú.

STEP 2: Now take tIte equation(2) wItere u is replacedby tIte
knawn solution 12 obtainedin Step 1 atadsalvefar O witIt tIte conditiotas
(4), (6) and tItis operatoris denotedby K, Le., K(ú) = 6.

STEP3: IftIteoperatorKN : C([0,T],X) -~ C([0,T],X) witIt K
andN as aboye,Itas a fixed point, tIten tIte system(1)-(6) is partially
exactly controllable.
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First we prave tIte Step 1, wItere we employ tIte tecitniqueof La-
sieckaandTriggiani to get tIte exact contrallabillty.

Lemma 2.1. Let O e CUO,T],X) be fixed, tIten tIte systern

u~~—Au= —f(O) in Q,

u(0,z) = uoQn), u~(0,x)= u1(x) in 9, (7)

u(t,x)=v itaS,

mith tIte irautial conditiorasno E L
2(ffl, uí E H1(O), is exactly coxitrol-

lable mith control y E L2(0,T; r). Eurthex’, if f is Lipsc/zitzcoratirauous
milIt constavila tIten tIte operatox’N defined itt Step2 is Lipschilzcon-
tinuousfrorn C([0, 2’]; X) irala itself.

Pron!: LetA: V(A) CE L
2(fl) —. L2(Q) be tIte positiveselfadjaint

operatordelinedby

Ah = —Ah, 23(A) — H
2(Q) n HJ(fl).

TIten —A generatesastronglycontinuouscosmeaperatarC(t) on
witIt tIte sineoperator5(1) = f~ CdIir)dir. DefinetIte DiricItlet mapD as
follows:

Dg=h<=>Ah=0 inO,h=g atar. (8)

TIten D : Há(~) ~-4 HS+4(%, .s > O is continuaus.TIten (7) casi be
written asasystemof first arderequtionsas:

~[z]= [SA ~][:1+ [A~v1+ [>~j.. (9)

Titen
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generatesaunitary stronglycontinuousgroup

At.ÁC 5(t)
«t) = e () S( 1 ata H1(fl) x

Fox’ agiven y, a rnild salutionof (7) can be written as

—.45(1) C(t) tú

QQ) 5(1) ][ no]

fi [ C(t — ir) S(t —x’)][ o ] ~
—.45(1— ir) C(t —r)][—f(6)] ir

Naw define amappingLr: H¿(0,T,L2(1’)) —* L2(9) x H’(Q) by

L~v = ¡ [%~.¿j g~§1flÁ%~] dr

(10)

= .4 fJS(T—ir)DvQr) 1[.4 f¿” C(T — r)Dv(ir) J

Titen as a cansequenceof traceregnlarity far Ityperbollc systems
(see[2], [5]) La, is cantinuousfrom H¿(0,T;L2(r)) —-. HJ%Z) >c

So tIte questionof controllability of (7) reducesta tIte surjectivity
of tite rnappingLT whicIt can be obtainedfrorn Lasieckaatad Triggíani

[5]. So,fox’ agiven 6, we Itave tIte cantrollability for tIte solution (u,uj)
atatite space~ (1?)x L2(9) witItin tite classof cantralsH¿(0,2’; L2(r)),
provided2’ is largeenaugItor equivalentlyon tIte space12(9)x
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witIt controls in L2(0,T;L2(r)) (See[5]). TIte operatarN is given by

NO = u atadput U = [it], wItere

U(t) = «t)Uo + j «1 — ir)E(6)dir + J b(t — ir)Bvdir, (11)

witIt

Uo = [~] [É&)], Bv = [A~v]

Let U
1, U2 be, respectively,tIte controlledsolutiatascorrespandingta Oí

atad 62 tIten

U1(t)—U2(t) = Lt «t—ir)[E(óí)—E(ó
2)]dr+j «t—ir>B(ví —v2)dir.

(12)
Sincefis LipscItitz, tIte first termatatIte rigIttItand sidecanbeestimated
as

2 ft

1, ~ — ir)[E(Ó2) — E(61)]dir <Cta
2] ¡¡Oi — Ó

2¡¡~dir.
x o

Naw we estimatetIte secondterrn as fallaws: TIte operator

LT : H¿(0,T;L
2(F)) —* H¿(9) x

definedby

S(T—ir) fi O

= «2’ — ir)Bv(r)dir,
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is baunded,linear audantaatadits adjoitat L. is given by

(L’z)(1) = B”~b”(T — 1)z.

More detailson tItose operatorsL7, L~ etc. can be faund ita [5]. TIte
fallowing control y1 E N(LT)’ definedby

ví(t) = B~”(T—í)(LTL~,4’ [—«T)UO—J
T «T—ir)E(ñí)di-]~ (13)

steerstIte systernto zerostate.Retace

f «t — ir)(Bví — Rv
2)di-= ¡ «t — ir)BB4~”(T —

[¡2’ — s)(E(62)— E(Oíflds]dir.

ObservetItat tIte exactcontrollability of tite linear systemsimphies
tIte existenceo! (L2’L.fl’. Naw it is easy ta see tItat (for suitable
cItoicesof constantsC andk)

2

— ir)B(ví — v2)dir1
1-y’ 2

<C ]#(T — ir)(E(62) — E(6í))dr
x

<Ca
2 j IOí — 6

2¡¡~dir.
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Hence,

¡(NOí)(t) — (N82)(t)¡¡< =k
2a2 ¡¡Ó~ — %¡¡~<dr. (14)

TIterefore,

¡¡NO
1 — NO2IIc<¡o,xj;x> =Che1—

0211C([O,71;X)

TItis provestitat tite aperatorN is Lipscititz continuous.TItis completes
tIte proafof tIte lemnia.

Lemma 2.2. SupposethaI g is Lipschilz contittuous. Thevi ihe
operalor K definedira StepE la melí defiraed arad Lipschitzcotttirauous
arad cornpact.

Proa!. Tite aperator1< is given by Kii¿ = O, wItere 6 is tIte solution
of

— AV = —g(12) ita <2,

6(a,z) = 6~(z) ita 9, (15)

6(t,x) = O itaS.

Define A sucIt tItat Ah = —Ah witIt 23(A) = H2(9) fl II¿%fl. Theta A
is self adjoitat andit generatesacompactsemígronpT(t), 1 > O, given
by (see[1])

T(t)x =
2eAnt2 < z,¿,bnj > ~ns,

,t=1 j=1

wItere {,b,2j} is tite systemof compl’ete ortItonormaleigenfunctionsfor
A witIt DiricItlet dataaud{A,.} is tIte carrespondingsetof elgenvalues,
witIt multiplicity r,,. HencetIte sólution of (15) casi be representedas

6(1) = T(t)Oo —]‘ T(t — ir)g(ii)dr.
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1f01=Kii1, 62=K122, titen

IIKñí — K122IIc(¡o T]-X) < kíaí¡¡iií — ?L211C([O,fl;X),

wItere k1 > O is sornecanstant,a1 being tIte LipscItítz constantof g.
Hence1< is LipscItitz cantinuous.

Since tIte semigroupgeneratedby .4 is campact,it is taot Itard ta
verify tItat tIte operatorK is compact. TItis completestIte proof of
Lemrna2.2.

3. PROOF OF THEOREM 1.1

We prove tItat undertIte ItypotItesisof tIte tIteorern,tIte operator

KN C([O,T];X) —* CffO,T];X),

definedby KNO— O wItere O is given by

6(1) = T(t)Oo — jT(t — ir)g(NG)dir,

is acantraction,wIticIt in turta impliespartialexact controllability of tIte
system(1)-(6). Far

6í,62 E C([O,T];X), we Itave

(KNOi — KNO
2)(t) =]‘ T(t — ir)[g(ATÓ2) — g(N#í)]dir.

Now

¡¡g(NGí) — g(N82)¡¡?~ =a~¡¡N6í — N82¡¡5< Vt E [0,2V]

116’ — 6211%dir, (16)
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so tItat

¡¡KNOí — KN62II5~ =Ca%4¡¡g(NOi) —

(17)

<CTa
2c4¡¡Ñí — 62IlC((071;X>.

Titerefare

IIKNÓí — KNO
2IIC([o,T];x> =Caaí¡¡Oí —

92110([0,T!;X»

HenceKN is acantractionif aa
1 18 sufficiently smallenougItaudtItus

KN itas a fixed paint. TItis provestIte tIteorem.

Reníark3.1 Ita fact, we neednot Itave to apply control ataah of E.
Onecanpartitionl= E0uS1,wItereS0= (O,T)xr0, Sí = (O,T)x 1’1
andr = r0ur1 witit 1’~ = {z E r : (z—xo).vQn) > O},wItere

= r \ r0, z
0 E 7?”. llere ¿‘Qn) is tIte unit normal to tIte boundaryat

a,. TIten wecanobtain tIte canclusiansof aur main tItearemsby applying
controlsonly on tIte part 5o ([6]).

Remark 3.2 TIte control given by (13) can also be uniquely ob-
tainedby using HUM metItod. We casi write tIte cantrolledsolutianu
of (7) as u = u1 + u2, wItere u1 is tIte uniquesalutionof ‘tIte follawing
prablem:

4—Aix1 = —f(6) ita <2,

u1(O,x)= O, í4(0,z) = O in 9,

u’(t,x)=O ataS.
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Sinceweareinterestedin finding tIte control y satisfyingu(T) = u~(T) =

o ita fi, u2 sItould satisfy tIte reacItability problem

4—Au2=O inQ,

u2(O,z)= uo(x),í4(O,x) = uí(z) ita 9,

u2(t,x)=v ataS.

witIt tIte reacItability conditiotas u2(T) = u1(T), u~(T) = —u1(T).
TItis control can be defined ita a uniquefashionas the minimizatian of
f~v2dS,amangall possibleadmissiblecontrols.

Remark3.3 TIte restrictianmadein TItearem1.1 atatIte LipscItitz
constantsof f atad g can be relaxedif we assumetItat g is uníformly
baunded,(tItat is, tItere existsapasitivecanstantk sucIttItat ¡gQn)¡ < k
fox’ all a, E 7?), as we seein tIte follawing tIteorem.

Theorem3.1 SupposethaI f arzd g are Lipschitzconlinuousand
g is uviiforrnly bouvided, lIten tIte systernis pax’tially ezactlycontx’ollable.

Prao!. Let N atad K be operatarsdefinedas in Lemma2.1 atad
Lemnia 2.2. Note titat N atad K are continnausaperators. Follawing
tite proof of TItearem 1.1, it suificesta sItow tItat tIte operatorKN
C([O,T],X) —* C([O,T],X) definedby KN(O) = O, wItere Gis given by

6(1) = T(t)Go — TQ —

Itas a fixed paint. It fallows tItat KN is a cantinuousand compact
aperatar.TIte unifarm boundednessof g implies tItat tItereexists r > O
sucIt tItat j¡KNO¡¡ =r for alí O ita C([O,T],X). Let Br be aclosedbah
in C([O,T],X) witIt centerO asid radiusr. TItus KN mapsBr inta B~
atad Itetaceby ScItauder’sfixed point tItearemtItere exists a O sucIt tItat
KNG = 6, atadItencetIte system(1)-(6) is partialiy exactlycontrallable.
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Remark 3.4 Of caurse,onecan reversetIte Itypatitesesata f atad
g in Theorem3.1. TItat is, insteadof y being baunded,tite uníform
boundednessof f is snfficíentto concludetite sameresult. On tIte otIter
Itand, tIte ItypatItesistitat y is uniformly baundedcanbe relaxedto y is
asymptaticallylinear, (refer E. Zuazua[11]).

Ita titis sItort noteweonly sItawedtItat we can acitievepartial exact
contrallability using tIte classical metItod togetIter witIt a fixed paint
appraacIt.Of caurseit may be possibleta abtaintIte sameresult using
tite HUM metItod introducedby Liotas.

4. DISCUSSION

Here we discussata tIte assurnptiontItat tIte product aaí of tIte
LipscItitz constantsis smaUenougIt. Of caurseit would be interestingta
know tIte sanieresnlt wititaut tIte aboyeassumption.We indicatesorne
possibledirectiotasonecan go about it. Recail tite proof of LipscItitz
(Lemnia 2.1) continuity of N. We Itave provedtItat (see(14))

T
¡¡(NOí — N62)(t)¡¡3< =Ca

2 ¡¡Oí — 6
21¡3<dir.

lix tite estimationof tIte aboye inequahitywe Itad to estímatetwa
temison tite rigItt itand sideof (12) atad we abtainedtItat tIte first ten,
namely,

2

110 «t — ir)[E(Oí) — E(Ó2)]dir <Cta
2] IIÓí — 6

2¡¡%dir.x o

ObservetItat tIte ]imit of integration op rigIttItasid side is from O to t.
Snpposewe could prove tIte secatadterm is also baundedby tIte similar
estimate(NotetItat weitaveonly proved ¡ f~ «t—ir)(Bví — Bv2)drI¡~ =

Cta
2 j

0T IIOí — 82¡¡3<dir, wItere tIte limit of integrationsis from O to 2’),

titen it follows tlíat

¡¡NGi — N62¡¡3< =Ca
2 LeliA’ — 6

2¡¡3~dir. (18)
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Ita titis case,witItout tIte assurnptionaa1 is srnahl, we can prove tItat
KN hasa fixed point. Ita fact, we prove titat (KN)” is acontraction
lar sornevi> 1 atad tItis canbe seenas follows.

RecaDtIte operatorKNO = 6, definedita Section2, wItex’e 6 is given
by

0(t) = T(t)6o — LC T(t — ir)g(NO)dir.

WitIt tIte assumption

jj(N&í — N82)(t)iI% =Cta2LC Il~i — 621ix,

we get,

¡¡g(N8í) — g(N82flf3< =Cta
2a~ Il~i — 02 lix,

atadwe casi shawtitat

j¡(KNO
1 — KN&2)(tfl¡~ =ka~a

2Lt (~[ ¡i~~ — &2uQciir
(19)

wherek is sorneconstantwhícIt is fixed now onwards.

By a repeatedapplicationof (19) it canbe seentItat

Il(KNY’Oí — (KNY’021¡c

—1)!) (Lt u&~ — ó
2II%)dir~
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¡¡(KN)”6í — (KN)”82II~;«Ion;X)

_ 3(kTcxia) (<>~ 1)!) II~í — 6211C([oTI;X).

So as vi —* 00, we can make tIte constanton tIte rigItt Itaud side of
tIte aboyeinequality, less tItan 1 for vi large enougIt aud (KN)” is a
cantradictionfar sornevi and Itence KN Itasa fixed point.

Naw we presenta different approacItadaptingtIte tecItniqueof E.
Zuazua[8]. Ita [8] Ite ItasstudiedtIte nanlinearwaveequationuce— Au+
f(u) = 0, f LipscItitz, witItinitial conditionsandbaundarycontrol. He
Itas pravedthat tIte aboyeequationis exactly controllable ita suitable
spacesunder tIte assumptiantItat f is globaily LipscItitz continuous.
Adapting tIte sametecItniqueto aur presentsystem,one is lead to tIte
studyof tite unifarmexact controllability of tIte fallowíng linear system

uee—Au+WíO=hí inQ,

Ge—AO+W2u=h2 inQ,

witIt canditiotasas ita (3)-(6). Here h1,h2E L
2(Q) and1V

1 = Wí(x,t),
= W2Qn,t)arepotentialswIticIt are ita L00(<2).

11 tIte aboyesystemis unifarmly exactlycontrallable(uniform witIt
respectto tIte potentialsWí,W2,see E. Zuazua[8]), tIten it is possible
to abtainexactcantrallability of tIte system(1)-(6) for globaDyLipscItitz
continuousfutactiotasf andg.

A brief descriptianof tIte metItodis as follows. Fix (ú,6) E 12(Q) x

12(Q) anddefineWí = f<8>—f(O> W — g(ú>g(O) asidIt1 = —f(0), =o ‘ ti

—g(0). Obviausly, Wí,W2 E L
00(<2) becausef and y are LipscItitz

cantinuaus. Naw using tIte nniform exact contrallabihityof tIte aboye
linear systernwith potentials W

1 atad TV2 defined as aboye, one can
sItow that tIte controlled salutian(u,G) satislies lI(~,

6)IIL~(q)xL~(Q) =

C, wItere tIte cansta.ntC is independentof (12,6). WitIt tItis estimateita
mmd,anecan define amappingE: 12tQ) x 12(Q) —* 12(Q) x L2(Q)
by E(12,G) = (u,G) witIt satisfies¡¡E(12,6)¡¡ < C uniformly. Alsa, it is
not difficult to sItawthat tIte mappingE is campact.Now armecanapply
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tIte Schauder’sfixed point tIteoremto get tIte desiredresult ita suitable
spaces. So tIte controllability problemfor aur system (1)-(6) reduces
to tIte uniforrn controllability problemof tite aboyelinear systemwitIt
boutadedpotentialsW1 asid W2 atad tIte ntaiform controllability of tIte
linear systemseemsto be an openproblem.
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