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Oscillation of Neutral Differential Equations
with “Maxima”

D. BAINOV, y. PETROV and V. PROICHEVA

AHSTRACT. In the paper ardinary neutral differential equatianswith
“maxima” are considered.Sufficient conditionsfor ascillatianof ah solutions
areohtained.

1. INTRODUCTION

In tIte papertIte following equationis considered

[x(t) + p(t)z(1 — ir)]’ + q(t) max x(s) = 0 (1)
[t—a,tJ

TItougIt differential equationswitIt maxima are often met in tIte ap-
plications, for instancein tIte tIteory of automaticcontrol [3], [4], tIte
qualitative tIteory of tIteseequationsis relatively little developed.TIte
existenceof periodic solutionsof tIte equationswitIt maxima is con-
sideredin [5] and [6]. TIte asymptoticstability of tIte solutionsof tItese
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equatiotasis investigatedita [7]. TIte only paperin wIticIt tIte osciilatory
prapertiesof equationswitIt maxirna areconsideredis [1].

TIte maingoalof tIte presentpaperis to obtainsufficient conditions
for oscillationof di solutionsof equation(1)

2. AUXILIARY ASSERTIONS

Definitian 1. Thefunctiovi f Ls saidlo evevituallyenjoy Ihe prop-
ex’ty K if Ihere ezisisto such thai for 1 =to ihe fixnction f evijoys tite
propertyK.

Define tIte functionz(í) as follows:

z(t) = x(t) + p(t)x(t — ir) (2)

Definition 2. TIte fixnctiovi x defines)fox’ ah sufficier¿tlylax’ge values
of 1 is said lo be att eventualsolutioviof (1) if fox’ ah t large enougha,

zs a, cotttirauousfuviction, z la a contittously differeviuiable futtctiora avid
a, satisfieseyentixahlyequation(1).

Remark 1. In the paperso]utiansfor wIticIt 41) 0 eventually
arenot considered.

Definition 3. Tite eventixalsolutionx(t) of (1) Ls said lo oscihlate
if Ihe setofits zex’os is uviboixttdedaboye. Otherwise,tite solution la said
lo be rzorzoscillating.

By Definition 3 tIte nonoscillatingsalutionsof (1) arecItaracterized
as being eventuallypositiveor eventuallynegative.

We sItaD saytItat conditions(H) aremet if tIte following canditions
Itold:

Hl. p(1) E C([lo,oo),IR)

112. q(1)e C([1
0, 00),(0,00))

113. ir,aEIR, ir>0, a>0

114. .í: q(t)dI = 00
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Lemma 1. ([2], p. 46) Eox’ tIte equation

x’(t) + p(t)x(t — ir) = 0,1 =
to

leí ihe following corzditions hold:

(1) p(1) E C(fro,oc),]R+)

(Ii) ir > o

(iii) lirninf f¿-rp(~OdS> 1

Titen tite followivig assertions are valid:

a) tIte inequality ~k(1)+ p(t)z(t — ir) = (1 hasno evetttuallypositive
solixtiora;

b) tIte iviequality z’(t) + p(t)x(t — ir) =O has no evetttixally negative
solullora.

Lemma 2. ([2], p. 46). Leí tIte conditioxis of Lemnia 1 hold.

TIten tIte follomiuíg assex’tiorasare valid:

a) tIte ineqixality z’(1) — p(t)x(t + ir) =O has no everatuallypositive
solution;

b) Ihe ineqixality x’(t) — p(1)a,(t + ir) =O itas no eventuallyriegative
solution;

c) tIte equationx’(1)—p(t)x(t+ir) = O /zasottly oscillating solutions.

Lemma 3. Leí condutioras(H) itoltí. Thett tIte following assex’tions
are valid:

(1) If p(1) = —1 arad z(t) Ls att evevituallypositivesolution of (1),
t/zerztIte fur¿ction z(t) is everatuallydecreasittgavid z(1) < O evetually.

(Ii) Ifp(t) =—1 attd x(t) 18 Uy eventixallyr¿egativesolution of (1),
titen z(t) is att evetttuallyincreasivigfunction antí z(t) > O eventually.

(iii) If —1 < p(t) < O and 41) > O eventualú,’, titen z(t) > O
eventually.

(iv) If —1 =p(t) =O axid 41) < O eventually, titen z(t) < O
eventual/y.
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Prao!.

(i) From tIte definition of z(t) tItere foilows tIte equality

z’(1) + q(t) max x(s) = 0 (3)

Since z(t) > O eventually, tIten z’(t) < O aud z(t) is an eventually
decreasingfunction. SupposetItat z(t) > O eventually.

Frorjí (2) tItere follow tIte inequahities

z(t) > —p(t)z(t — ir) =z(t — ir)

FromtIte inequaflty x(t) > 41—ir) atadtIte fact tItat41) is an eventually
positivefutaction it follows tItat tItere exists aconstantm> O sucIt tItat
z(t) > m eventuallyand max 4s) > m eventually. From(3) we obtain

tIte estimate
z’(t) = —q(t) max z(s)< —rnq(t)

Integratetite last inequafltyfrom tí to 1, wheretí is asufficiently large
numbe4andobtain

z(1) < z(tí) — mj~(s)ds (4)

Passingta tIte Iimit in (4), from condition 114 it follows tItat hm z(t) =
t—.oo

—00 witicIt contradictstIte assumptionthat z(1) > O eventually.

(II) From(3) and tIte inequahity41) < O eventuallyit foilows tItat
z’(1) is an eventuallypositivefunctionandz(t) is an eventuallyincreas-
ing function. SupposetItat z(t) < O eventually.From (2) and from tIte
condition p(1) < —1 we deducetIte inequality z(t) < z(t — ir). Hence
tItere exists a negatíveconstantm sucIt that 41) < m eventuailyand
max x(s) < m eventually.From (3) it foilows tItat z’(1) =—q(t)rn.

[t—a,tJ
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FurtIter on, as in tIte proof of (i) it is sItown tItat lim z(1) = 00
i—.oo

wIticit contradictstIte assumptiontItat z(t) <O eventually. Hencez(1) >
O eventuaily.

(iii) SupposetItat z(t) .c O eventually. TIten from (2) asidfrom tIte
condition —1 =p(t) =O weobtain tIte inequality

x(í) < 4í — ir) (5)

Since 41) > O eventually, tIten from tIte aboye inequality it follows
tItat x(t) isa baundedfunction fortE [10,00),Itence z(1) is abounded
funetiontao. It is immediatelyverified tItat z’(t) < O eventuailyandz(t)
is an eventuallydecreasingnegativefunction. Since2(t) is abaunded
futaction, tIten tItere exists tite limite limit hm z(t) = 1 (1 < O). Let

t—.oo
e = liminf z(t). SupposetItat e> O. EventuailytIte inequality x(1) =~

t—.oo
is vahid, Itence max 4s) =~Éeventually. TIten as in (1) it is proved

[t—a,tJ

tItat Bm 2(1) = —00 wIticIt contradictstIte fact tItat z(t) is abaunded
t-.oo

futaction.

TItus we proved tItat liminfz(1) = O. TItere exists a sequence

{t,.}~ sucIt tItat llm 1,. = 00 and llm 41,, — ir) = O. From (5)
fl400 fl-*00

it follows tItat hm x(1,.) = O. PassingtotIte llmit in tIte equality
fl 00

z(t,,) = x(t,.)+p(1,.)z(t,.— ir) as xi—. 00, weobtaintItat lim z(t,.) = O,
n—*00

wIticIt contradictstIte fact tItat 1 = Urnz(t) < O. Hence z(1) > O even-

tually.

TIte proof of (iv) is analogausto tIte proofof (iii). U

Remark2. We sItail empItasizetItat equation(1) is nonlinearand
in general tIte fact tItat 41) is a solution of (1) doesnot imply tItat
—41) Ls alsoa solution of (1). TItat is wIty in tIte proof of Lemrna 3
(asid Itencein tIte proof of tIte main theorerns)tIte casesx(1) > O and
x(t) <O eventuaDyareconsideredseparately.
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3. MAIN RESULTS

Theorem1. Leí conditiovis (fi) haití avid p(t) 1.

TIten eachsolutiovi of equation (1) oscillates.

Titeorern1 is an imniediatecorallary of Lemma3.

Theorem 2. Leí coraditiovis (fi) hoid, p(t) =—1 arad ir > o’.
Moreover, leí tIte following coradutiora itoid

•ff q(s) tís>! (6)

max {—p(u+r)} etEla—os]

TItera eacItsolixtion of equation(1) oscillates.

Proa!. SupposetItat equation(1) has a nonoscillating salution
4t). Let z(t) < O eventuaUy.FromLemrna3 (u) it follows tItat z(t) > O
eventually.From (2) therefoilow tIte inequahities

z(t) < p(t)x(t — ir)

zQ + ir

)

41) < p(t + ir) (7)

max 4s) =max z(s+ ir

)

p(s ir)

Since z(t) is an eventuaDyincreasingfunction, tIten for sufficiently
larget tIte following estimateis valid

z(t+r—o’)=z(s+ir), .SE[t—a,t]

TIten

max =(í+ ‘ — > ~< 4’ + ir

)

[¿—oc! p(s + ir) — (t—a4] p(s + ir)

—z(t+ir—o’) ______

max {—p(s + ir)} ~ [2t~í p(s+ ir)
[t—o,t]
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From tIte last inequality aud frorn (7) we deducetIte inequallty

max z(s)= —z(1+r—o’

)

[t—o,t! max {—p(s + ir» (8)
[t—a,tj

From(3) andfrom (8) it follows tItat tIte eventnallypositivefunction
z(1) satisfiestIte inequallty

q(t)max{—p(s+ir)} z(t+(r—a)) =0 (9)

ft—o,t)

But from (6) atad frorn Lemma2 it follows tItat inequality (9) Itas no
eventuaUypositive solutions. TIte contradictionobtainedsItows tItat
equation(1) Itas no eventuallynegativesolutions. We sItail sItow tItat
it Itas no eventuallypositivesolutianseitIter. SupposetItat tItis is nat
true. Let 41) > 0 eventuaily.FromLernma3 (i) it follows tItat z(t) <0
eventually.As aboye, we obtain tIte estimate

max 4s) = —zQ+(ir—o’)) (10)
[t—a,tJ max {—p(s + r)}

[t—a,tj

Frorn (3) atadfrom (10) it follows tItat tIte eventuallynegativefunc-
tion z(t) satisfiestIte inequaiity

z’(t) — q(t) z(t+(ir—a))=0 (11)
max{—p(.s+r)}

fi—aL]

But from (6) and from Lenima 2 it follows tItat inequality (11) Itas
no eventuallynegativesolutions. Hence (1) Itas no eventuailypositive
solutions. Since in view of wItat was provedaboyeit Itasno eventually
negativesolutions,tIten eacIt solution of equation(1) oscillates. U
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Theorem3. Leí conditions(fi) hoId, —1 =p(t) < O o’ > 1 avid
leí

f t 1
llminf ¡ q(s) max {—p(u)}ds> — (12)

t—*oo Jt—r ls—o,.! e

TIten eachsolution4t) of equation (1) oscillates.

Prao!. SupposetItat (1) Itas anonoscillatingsolution 41) and let
4i)> O eventnally.From Lemma3 it follows tItat z(t) is aix eventually
decreasingposítivefunction. TIten

z(i) < x(t) and max z(s)< max x(s)

From (3) asidfrom tIte last inequality we obtain tItat

z’(t) + q(t) [t—o,tj z(s) < ~

Since 2(1) is an eventuallydecreasingfunction, tIten

max z(s)= z(t — a)
It—oit]

Consequently,tIte eventuallypositive function2(1) satisfiestIte inequal-
ity

1(t) + q(t)z(t — o’) < 0 (13)
Since ma.x {—p(u)} =1, tIten from (12) and from Lenima 1 it foilows

[t—a,tj

tItat inequahity(13) Itasno eventuallypositivesolutions. TIte contradic-
tion obtainedsItows tItat equatian(1) Itas no eventuallypositive solu-
tions.

We sItaD sItow tItat it Itas no eveuttuailynegativesolutionseitIter.
SupposetItat this is not true. Let 41) < O eventuahly. From Lemnia3
it follows tItat z(t) is an eventuallynegativeincreasingfunction. Frorn
tIte inequahity2(1) < O eventuallyand from tIte definition of z(t) tItere
foilow tIte inequaflties
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max 4s) < rnax{—p(s)z(s— ir)} S rnax{—p(s)}41 — ir)

Frorn (3) aud fram tIte last inequality we obtain tItat tIte eventually

negativefunctian z(t) satisfiestIte inequality

z’(t) + q(t) max {—p(s)}z(~t— ir) > 0 (14)
[t—a,t]

Fram(12) andfrom Lemma1 it follows tItat inequaiity (14) Itasno event-
ually negativesolutiotas.Hence (1) Itas no eventuailynegativesolutions
atad since in view of wItat was proved aboyetIte equation(1) Itas no
eventuallypositivesolutionseitIter, tIten eacIt solution of (1) oscillates.
U
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