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Qn Singular Cut-and-Pastes in tbe 3-Space
with Appl¡cations to Link Theory

FujitsuguHOSOKAWA and Shin’ichi SUZUKI

ABSTRACT. In the study of surfacesin 3-manifolds,the so-called “cut-
and-paste”of surfacesis frequently used. In this paper, we generalizethis
method,in asense,to singular-surfaces,andas an application,we prove that
two collectionsof singular-disksin the 3-spaceR3 which spanthe sametrivial
link are link-homotopic in the upper-half4-spaceR3[O, 00) keepingthe link

fixed.

Thx-oughautthe paper,we work in the piecewiselinear category,consist-
zngof simplicial complexesand piecewiselinear maps.

1. SINGULAR LOOPSIN A 2-CELL

We denoteby OX azul 9K, respectively,tite boundaryasidtite hite-
rior of amanifoldX. For asubcomplexP in acomplexM, by N(P; M)
we denotea regular neighborhood.of P in M, that is, we constructtIte
secondderivedof M and takethe closedstarof P, see [H], [RS].
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We sitaD say tItat a submanifaldX of a rnasiifold Y is properuf
XnOY=OX

By R”, D” asid 5”—1 we sItaD denotethe Euclideann-space,tIte
standardn-cell aud tIte standard(xi — 1)-sphere0ff’, respectively.

1.1. Dqfinitian. (1) Letf: D’—”Mandg: S’—*Mbe
novi-degeneratecontinuous maps ivito a vnanifold M. Thevi, tIte images

f(D1) = A avid y(S’) — .1 mill be calleda singular-are (ox’ simply arz
are) avid a singulax’-loop (ox’ simply a loop), respectively. lvi particular,
A avidJ mili be called a simpleare avid a simple loop, respectively,1ff
amig are embeddings.TIte bouvidary of ay are1(D1) = A la tIte image
f(OD’) of tIte boixndaryOD’, avid me devioteit by O”A.

(2) An are 4 in a mavizfold M is said to be px’oper 1ff AnOE= O”A.
A loopi ivi a manifoid M la said to be proper uf J c 0E.

(8) Leí 8 = B
1 U- - - U B,. be afinite union of properaresvid proper

loops iui a 2-manifoidE
2. A poivit p lvi 8 Ls said to be a singular-point

of x’nultiplicity k, 1ff the numberof t/ze preix’nagesofp la k with k> 2.

Weahalí say t/zat 8 is normal, 1ff

(1) 8 Itas only a finite viumberof singular-pointaof multiplicity 2,
avid

(u) at every singularpoivit of 8, 8 croasestx’ansversal¡y.

1.2. Lemma. Let3í = JnUUJlm(í) avidj
2 = J2iU~

be finite uvilovis of proper loops itt a simply conviected2-manifoidE
such t/zat Ji fl ¿4 = 0. T/zex’¿, t/zere exisis j E {1,- . . , rn(1)} ox’ k E
{1, - . - ,m(2)} so that A3 Ls contrnctible lvi E

2 —32 ox’ J2k 15 covitx’actible
inE2-3í.

Pmo!. We mayassumetitat ¿4 U 12 is polygonalasid norrnal.

Let 7? = {R
1,-..,R,.} be tIte set of regionsof E

2 — ON($;E2). It
will be noticedtitat Rí U -- - U 1?,. D 32.

If thereexist aíoap,say .12k, of 32, andasimply connectedreglan,
say Rh, of 7? with J2k CE 1?,, titen J

2,, is contractiblein Rh CE E
2 — ¿Ti,

andso tIte proof is complete.
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So, we rnay assurnetitat thereexist sornenon-sirnply connected
regions,sayQi,...,Q>,,offl,sothatQíU-..UQ>,D12. LetC1U---U

= OQi U - - - U OQ>, be tite disjaint uníanof sirnpleIoops on E
2, aud

let Ah be the 2-ceil on E2 with OAh = Ch(h = 1,-.. ,s). We cItoase
an innerrnast2-celí, say A

1, in {Aí,. . . ,A,.}, i.e. thereis no otIter Ah
in A1. Since Aí is nat belangto 1? asid C1 = 0A1 is tIte one of the
boundarycurves8Q~ U - -. U OQ>,, it Itolds titat A1 o ¿T~ # 0, asid since
A1 daesnot contain any Qí,•••,Q>, asid .72 CE Ql U~” UQ>,, it Itolds
that A1 O ¿4 = 0. Now, any J15 of $ witIt J150A1 # 0 is contractible
in A1 CE E

2 — ¿T2, axid so tIte praafis complete. U

In tIte sameway as that Lemma1.2. we ItavetIte following:

1.3. Tbearem. Leí J¿ = Ji u u J¿m(¿) be a finute ixnion of
proper loops itt a sirnply coviviected~-manifoíd E2 fox’ i = 1,... ,p, auc/z
t/zat J¿ fl ¿7,, = 0 fox’ i ~ h. T/zen, there exiat j E {1, . .,pi} avid

E {1,. . - ,m(j)} so that ~ is contractible itt E2 — U ¿7..
‘ti

Prao!. We prove thís by induction on the numberji of tIte classes
J¿. TIte caseof ji = lis trivial, asid tIte caseji = 2 is Lernma 1.2. So,
we assurnethat ji =3 andTheoremis true far ji — 1. We may assume
that every J¿ is polygonal axid normal.

Let 1? = {Rí,..-,R,-} be tIte set of regionsof E2 — oN($;E2). It
willbenotedtItat R

1U”UR,- DJ2U’”UJ~.

II tItere exist a laop,say Ji,,, of 3, andasirnply cannectedregion,
say RA, ofl? with Ji,, CE Rh, tIten 37 = ¿floR,, (i = 2,..-,pi) isa
limite uníanof íoops in tIte simply cannectedregion R,, satisfyingtIte
conditionsof TItearem. By induction ItypotItesís,we Itave a íaop, say
.15,,,of 3’ CE ¿T~ sothat Ji,, is contractiblein RA — U JI CE E

2 — U ¿4,
¿$1,5 ¿$5

axid so tite proofis complete.

So, we rnay assumethat tItere exist some non-simply connected
regions,sayQí,...,Qqof7?,sothatQíU...UQq1) J

2U~--U3’~.
Now, the proof of tlds case,whích is amitted Itere,is tIte sameas that
of Lemma1.2. U

In general,we Itave the following:
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1.4. Theorem. LetA¿ = A11U...UA17~1> be a finite union of
px’oper ares itt a simply covinected2-rnanifold E fox’ i = 1,--., pi, ami
let ¿7, = J¿i U ... U Jó~.,y> be a finite uniora of proper loopa itt E

2, suciz
t/zat(Á¿UJ¿)O(.AhUJh)= Gfori# h. Then, there exLst 5 E {1,...,p}
avid k E {1, - . - ,rn(j)} so t/zat~ is contx’actible in E2 — U (~4¿ U .J¿).

¿$5

Proo!. We mayassumetItat everyA¿UJ¿is palygonalaudnormal.

Sinceeveryregionof E2 —“N(.~4¿; E2) is simplyconnected,tIte proof
of TIteoremis similar to that of TIteorern1.3, audso it is omittedItere.
U

2. SINGULAR SPHERES IN A 3-CELL

In this section~wewíll discusssingular 2-spIteresin a 3-celí and
prove similar theoremsto tItasein tIte previoussection.

First let usexpíanseveralwell-knownfactsto be usedin tIte sequel.

Ifa compact3-manifoldM is embeddablein tIte 3-spItere53, tIten
tItere is a 1-corúblex Q in 53 sucIt tItát tIte exterior 53 — 0N(Q;53) is
ItomeomorpItic to M by Fox [F].

A 1-complex 0 in 53 is said to be split, uf tItere exists a 2-sphere
5 CE 53 — 0, sucIt tItat bathcomponentsof 53 — 5 containpoints of 0.
If a 1-cornplexQ CE S~ is not split, tIten tIte exterior S3 — 919(0;S3) is
aspIterical,i.e. tIte secondItomotapy graup ir

2(5
3 — 0N(Q; S3)) = {O},

by Papalcyrialcopoulos[P]. In particular, if O CE 53 is a connected1-
complex, tIten 53~ óN(Q; 53) is aspIterical.

We will cahl acompact3-manifoldM an asp/zex’ical region, uf M is
ernbeddablein 53 axid aspIterical.

It Itolds tIte following:

2.1. Praposition. (1) If a compact8-manifoidM is emnbeddable
in S~ andOM Ls conviected,titen M Ls ay asphericalregior¿.

(2) Let M be ay asp/zex’ical region mith connectedboundary 8M
and leí E CE <‘M be a closedconnected2-rrzar¿ifold. T/zen, ihereexistaan
aspiterical region R itt M mit/z OR= E. U

TIte following correspondsto Definition 1.1.
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2.2. Definitian. (1) Leí f : E2 —* M be a novi-degeviex’ate
corztinixous mnap of a cornpact 2-rnanifold E2 mio a maviifold M. Titen,
tIte irnage f(E2) = E mill be called a singulax’-surface. Itt particixíar,
singixíar-surfacesf(D2) — D and g(52) — 5 mill be called a singixlax’-
diskarzd singular-sphere,respeciively.

The boixnciax’y of a singular-sux’facef(E2) — E Ls ihe irnage f(0E2),
arad me devioteit by 8”E.

(2) A singular-surfaceE itt a inanifoid M Ls said lo be proper uf
EOOM=O”F.

(3) Let E be a proper sivigulax’-sux’face itt a 3-manifoid M. A poirzí p
ira E is a singulax’-poirzt of rnultiplicity k, uf tite rzixx’nbex’ of the px’eimages
of p 18k mith k> 2.

We sItalí say t/zat E la normal, 1ff

(1) E has only sir¿gular-poinis of multiplicity 2 attd 3,

(II) tIte set of sivigulax’-points of rnultiplieity 2 is a finite viumber of
polygovial curves, thai is, singular-ares and sivigular-loops, mhich mill be
called double-lirzes,

(iii) t/ze set of singulax’-poinis of rnultiplicity 3 consisis of a firzite
rnnnbex’ of poivits which are irztex’sectiott poittts of ihe double-lirzes,m/zich
mill be called iriple-poinis, arzd

(iv) at eyery sirzgulax’-point of x’nultipliciiy 2, E crosses ira vzsversally.

In fact, every síngular-pointp of E Itas oxie of tIte neighborhood
describedin Figure 1, asid it is well known tItat every singular-surface
rnay be c-approxirnatedby such anormal one.
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regularpoint daublepoint triple point branchpoint

Figure 1

2.3. Lemma. LetS1= 511U- . ~J51 <1) and82= 521W . US2m(2)
be firzite uviions of proper sivigular-spheresir¿ ay aspherical x’egiorz M
mith coravieciedboundax’yOM such thai S~ 0 8~ = 0. Then, t/zere exisis
j E {1,~ . . , m(1)} ox’ k e {1, - - - , rn(2)} so thai S15 is covitx’aciible itt
M ~S2 or S2~ la coniractible itt M — Sí.

Prao!. We may assumetitat Sí U 82 is normal. TIte proofof 1Itis
Lemniais similar to that of Lernrna1.2.

Let 1? = {Rí,. - - ,R,.} be tIte set of regionsof M — “N(8í;M). It
will be notedthat R1 U--- U R,. D 82-

II tIter~ exist a singular-spItere,say
52k, of 82 ami an aspIterical

region, say Rh, of 7? witit 52k CE Rh, titen Sn is contractiblein Rh CE
M — Sí, and we arelinisIted.

So, we may assurnetItat tItere exist sornespIterical regions, say
Qi,-,Qq,inlZ,sotItatQiU--UQ>,9S

2.LetEiU”-UFs
0Q1U UOQq be tIte disjoint union of closedconnected2-manifolds,and
let Mh be tIte aspherícalregíanin M witIt 3M,, = E,, for h = 1
see Proposition2.1 (2). We choaseaix innermost regían, say M1, in
theseaspiterícalregions,tItat is, tItere areno other M,, in Mí. TIten,
by tIte sarneway as tIte proof of Lemma 1.2, it is easily checkedthat
M1 03í!=0and Mí 082 = 0. Now, any Sí~ of31 with Sí~ oMí !=0
is contractiblein M1 CE M — 82, audcompletingtIte praof. U
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Tite fallowing tIteorems correspondto Theorerns1.3 and 1.4, re-
spectively.

2.4. Theorem. Let8¿ = S¿íU- - -USñ,.~¿> be afinite urziora ofpropex’
sivigixlax’-spheresira att asp/zex’icalregiora M mii/z connectedboundaryOM
fon = 1,-•~,pi, suc/z t/zatS¿flSh Ofox’i # h. T/zen, there ezisíj E
{1,-..,p} andk E {1,---,m(j)} so thaiS5,,Ls covitiactible mM—U SI.

¿$5

Proa!. TIte proofis sirnílar to tItat of Lernrna2.3, andis word for
word titat of Theorern1.3. u

2.5. Theorem. Leí M be ay aspherical region miih conviecied
boundary 3M. Leí V¿ D¿1 U U DI,gI> ar¿d 8, = S¿í U --- U S¿m(¿)
be finite uniovis of px’oper singular-disksandpropex’ sirzgular-sp/zeresitt
M, respeciively,fox’ i = 1,--- ,pi, suc/z t/zai (y1 u S¿)fl (Vh U S~.) = 0 fox’
i ~ h. TIten, ihere exisí j E {1,--~ ,pi} andk E {1,-- -,m(j)}, so t/zai

Ss,, is covitractible itt M — U (V¿ U S¿).

¿$5
Proa!. We rnay assumetItat every V¿ U 8¿ is normal. Sinceevery

reglanR of M — “N(V,; M) is an aspItericalregion, tite proof of tItis
Theoremis sirnilar to tItat of TIteorem2.4, andis word for word tItat of
Theorern1.4. U

3. SINGULAR CUT-AND-PASTES

3.1. Definition. Leí M
3 be a 3-rnanzfold, ami leí £2 be a compací

2-manifold itt OJ~J3 - Leí f: E2 —* M3 be a tton-deger¿ex’ate cotttittuous
rnap of a campad 2-manifoid E2 irala M3 sucit thai

(i) f(E2) = E is a viox’rnal singulan-surface,

(u) E iratensecis with £2 trarzsversally, avid

(iii) vio iniple-poiní «vid vio bx’arach poiral of E lic on £2

Therí, tIte ivitersectiora E fl £2 consisisof a finute rrnx’nbex’ of ares
and loops. Leí .1 be a loop ¿vi En £2, avid leí .1” be tIte preimageof
.1 itt E2 : .1” is a simple loop. We sixppose thai .1” Ls 2-sided ora E2,
atad leí E’2 be tIte 2-manifoid obtair&ed fi-orn E2 by attaching a 2-handie
alorzgJ”. lvi fact, me define E’2 as folloms: We lake a homeomox’p/zism
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3D2 x —> N(Jt E2) mith h2(8D2 >< O) = .1”, and leí E’2 —

(E2 — “N(J; E2)) U h2(D2 x ¿3D1).

Noin, me suppose that .1 is contractible ora £2. Titen, me have a
viora-degevieratecoratinuoixs map, say9, of D2 frito £2 CE M3 sixc/z thai
g(0D2) = .1. Usivig tIte producí strixcture N(E2;M3) ~ £2 x D1, me
definea viorz-degenex’atecontinuousrnap f’ : E’2 —> M3 asfolloms:

f’¡E’2 — h2(D2 x 0D1) = f¡E2 — h2(0D2 x

f’(h2(D2 x 3D1)) = g(D2) x ¿3D1 CE £2 x D1.

We say thai E’ = f’(E’2) la obtained fx’ox’n E = f(E2) by a cuí-
and-paste alor¿gJ CE £2, and me denotesimply by E —* E’.

It will be noticedthat E’ 11 £2 — En£2~J andtItat E’2 = D2 ~52
(a disjoint union) provided that E2 — D2 aud E’2 = 52 II 52 provided
tItat E2 — 52

3.2. Theorem. Leí O¿ = O¿~ U --- U Oó«¿> be a trivial link itt ihe
3-sphex’e5~ (ox’ tIte 3-spaceR3)fox’ i = 1,--.,pi, sucit iitat O~ U-- - U O~,
is also a trivial lirak. Leí V

1 = D¿í U ... U D¿,.c¿> be a finute uviiott of
normalsingulax’-dLsks ira 53 fox’ i = 1,-..,pi, such thai O”D15 = O,, fox’
i=1,---,pavidj=l,---,n(i),andV¿flVh=Ofori/h.

Let V~’ = D~ U ... U D,.(I) be x’nuuually disjoint 2-celís in 53 (ox’
R

3) fór i = 1,---,pi, such thai ODt = O¿j fox’ i = 1,---,pi and j =

We supposethai V
1 U ... U V,~ irítersectswith V~ U ... U V~ ti-axis-

vex’sally, arad any iriple-poivil aríd aviy bravich-poivit of V1 U . -- U V~ tío
nol he oviVrU---UV.

Then, ihere exisisa finite sequenceof cul-arid-pastes

(t2>

—4V1 U 4..~*Viw>U...UV(w>

along(VíU.--UV~)h(VU..-UV9CEVU.--UV sucit thai
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(.1) ~ u--- U ~ U im(í)’ inhere D~y> LsV(u) — D ~ 5$~j> u - - u

a sirzgular-dLsk mith 8”DY’~ = 015 arad <u) is a singular-sphere,fox’u ~‘is
= 1,-- -,ji; j = 1,-- -,ra(i); u = 1,---,w; a = 1,-- -,m(i),

(3) V~ W)fl2)~ = Ofox’i ~ h, arídVt>flV — (D~r~U- - .UDQO¿.) )nvt
consistsof a finute numberof pioper aresin 2)7.

Prao!. Fromour ItypotItesis, D15 fl D~,, consistsof properloopsin
Dg,, provided that i !=It, and Dli fl D,, consistsof proper loops axid
properarcsin D,, for every i,j, k. Therefore,by tIte inductionon tIte
numberxi = i41) + - - - + xi(pi) of 2-cells in ~ru - - - U V$ it suifices to
sItowthat thereexistsalimite sequenceof cut-and-pastesof Pí U... UV~

alongproperloaps (V1 U - - - U V~) fl D{1 CE D~1 sothat Vi”> U... U
satisliestIte conditioxis (1), (2) aud

(3) V~W>nDrí =Oasid74w>flDfl =V1flD~ fori=2,-•-,tand

j = 2,-. - , ~«i), andv?”~ n Dh consistsof a limite numberof praper

in Dh axid VUD) fl D~ =VíflDfl forj=2,--.,ra(1).
1 15

We coxisider Pí U - - - U 2),. andDh. Let Aí = A11 u - - - u Alad)
be tIte collection of proper arcs in Vi fl Dr1 on D~1, and let ..4~ = 0
be tIte collection of properarcsin V,fl Dh for i = 2,--- ,pi. Let .J¿ =
~11 U ... U J¿6~y> be a collectianof properloops in 2)¿ fl D~1 on D~1 for
i = 1,--. ,pi. TIten, .A~ U .71 satisflestIte assurnptionsin TItearem 1.4,
andsotItere exists aloop Ji,, of some.7~ suchtItat .fl,, is contractiblein
Dr1 — U (Á¿u ¿4). We itave anon-degeneratecontinuousmapy:

¿$5
D{\ sucit that g(D

2) fl (A¿ U ¿Ti) = 0 for i ~ j. Using this g, weperform
tIte first cut-and-pastefor V~ CE V

1U- - -UD,. = VflU. - -uit~ audobtain

vru- --U V$Y. Let tu be tIte numberof loopsin (Vi U-- -UV,.)flDh.
By tIte repetitionof tIte praceduretu times, we can get rid of ahl loaps
in (Ví U ... UD,.) n D\, asidit is easily cIteckedtItat ~ U --- U
satisfiestite requiedconditiotasfox~ u. = ~ ,w, atad we complete tIte
proof of Theorem. U

3.3. Remarks. (1) From tIte proof of TIteorem 3.2, we know
tItat tu is tIte numberof loops in (V1 U .. - U y,.) fl (~ U ... U V~)
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and tu = m(1)+ - . - + rn(pi), wIticIt is tIte nurnberof singular-spheresin
.pto)UU vv.

(2) Let D asid D” be a normalsingular-diskasid a2-ceil, respect-
iVely, in 53 (or R3) sncIt titat O”D = ¿3D” = O (a trivial knot). Let
A be a proper arc of D n D” in D” asid let a be a simple arc in O
witIt ¿3a = ¿3”A. SinceA U a is cantractiblein D”, we can formulate a
cut-and-pasteof D alongA U a CE D” as tIte sanieway as Definition 3.1
exceptfor obviausmodifications, so that D —* D’ — D’

1 U S~, whereS~
is a singulaz--spitereandD is asingular-diskwith ¿3”D~ = O.

Now, in tite notation and assnmptionsof TIteorem3.2, we suppose
titat D15 fl D,, does not cantainproper arcs on D,, for i = 1,--- ,pi

and j $ k. Titen,.wecan removeproperarcs of p~w) fl V7 by a limite

sequenceof tIte modifiedcut-and-pastes.

4. APPLICATIONS TO LINK THEORY

A continuousirnageof the ¿-ceil D
3 will be cailed a sivigulax’-ball.

TIte bouvidary of a singular-baDB is tIte irnageof ¿3D3, asid we denote
it by ¿3”B.

We useItere tite sanenotation as tItat af Section O in [1<55].

Tite following is agenerahizationof Horibe-Yasiagawa’sLernrna
[1<55,Lernrna1.6] in asense.

4.1. Theorem. Ira tIte viotation and assumptiorzsof TIteox’ern £2,
leí E

1 = E11 —--- U E¿,«¿>be a finute urzion of singulax’-spheresitt R
3[O, 1]

defivíedby
E

15 = D15[O] u O~s x [0,1] u D~[1]

fox’ i = 1,--- ,pi arad j 1,-. -,ra(i). Theuí,me cari fintí afiríite uvijora of
siragixlar-balls 8, = B11 U ---U BI,«I> itt R

3[O, 00) fox’ i = 1,--- ,ji, suc/z
that ¿3”B

15 = 1J¿s fox’ evex’y i antí j, arad 5, ri
8h = 0 for i !=It.

Proa!. Tite proof is sirnilar to tItat of [1<55,Lemrna 1.6]. We
sItalí constructtIte requiredsingular-baUs81 U... U8,. by specifyingtIte
cross-sectionsB

15 fl R
3[t] for ah i audj.
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Under tIte notation of Titeorern3.2, we also useTIteorem 3.2. Let
g~: D2 —* V~U-~ U ~ (u = 1,---, tu) be anon-degeneratecontinuous
mapsuch tItat we perforrn tIte u-tIt cnt-asid-paste

p<ul) u--- u -¿$u--i) ~

in TIteorern32 alangtIte loop g~(¿3D2)under g~. We extendYu ta a
continuotasrnap

gt: h2(D2 xD1)—*N(VU...UV”R3)~’(VU...UV)xD1

of tIte 3-ceil h2(D2 x D’) naturally, and we denotetIte singular-bali

xD’)) by H~. WedividetIte íntervai[0,1]into tIte subintervais

Let

(B~ u.--uB,.)nR3[1í] = (V
1u-.-uV,.uH1)[t1],

(Bí u. - - u 8,.) fl R
3[t] = (V~í) U - - - U V~í))[t] far 1~ < t < 1~,

(8~ u - -. u 8,.) n R3[í] = (p~Uí) ~ . . . U 2)~~1>)[1]fort~.í<t<t~,

(Si u u 8,.) n R3[t~] = (p~U—í) u... u p(u—í) U H~)[t~],

(B~ u~-~u 8,.) n R3U] = (y4U) U - -. U V~7>)[íj far í~ < 1 < ~

(S~ u~-~u 8,.)n R3[t~] — (p(tfli) U - -. u V~wí) u H~)[í~],

Titus, we constructed(Sí U u 8,.) fl R3[0, 1] wIticIt consistsof
xi = vi(1)+-.-+vi(pi) singular-ballswitIt tu = rn(1)+-- -+m(ji) singular-
balísrernoved.
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Let
5Q”) — V<w>UD~. betIte singnlar-spiterefor i = 1,-.-, pi asidj =

ti u ‘1

rn(i)+1, - -. ;rn(i)+xi(i), asidlet SI — Dk>uV” — S(w)u.-

wIticIt consistsof rn(i) + n(i) singular-spIteresin R
3. From TIteorem

3.2(2) and (3), it is easyto see tItat 8, fl 8,. = 0 for i ~ It, wIticIt is tite
assumptionof Theorem2.4.

We divide tIte interval [1,2] into tIte u+ m-i- 1 subintervals[i,sí],
[sj>,s

2],.i. ~ wItere s~ = 1+v/(xi+w+1), y =

1,--- ,ra+w. From now on, we construct(B1U - - -uB,.)flR
3[1,2] so tItat

(Sí U ... Y B,~) fl R3[O, 2] forms tIte requiredsingnlar-balls.By TIteorem
2.4; tItere exist j É {1~.. - ,pi} and k E {1,---,rn(j) + n(j)} so tItat
5(111> is contractiblein R3 — U 5.. Let g~ : —~ R3 — U S~ be a

¿$5 i$5
éontinuoúsmap sucIt tItat gí(¿3D3) = 5(W), and we denote

91(D
3) by

5k

Eí. We sét
5Q) — — ~ and ~<1) —5 for j ~ j. TIten, we define

(B~ U--- UB,.)0R
3[1,sí) as follows:

(BíU---UB,.)0R3[1]=(Síu-.-U84[t]forl=tcsí,

(Síu -~US~¿1flR3[sí] = (Síu ---US,.U£í)[sí],

(Sí U - - - U 5,.) fl R3[1l — (8<’> U--- U 8f
1

1))[t] for sí < 1 < ~

By TIteorem2.4. tItereexistj’ E {1,- - ,p} audk’ E {1, - -. ,

xi(j’)} so tItat S~¡,,. is contractiblein R3 — ~j ~Í’~Letg
2 :

¿$5

— U 41) be acontinuousmapwitIt 92(0D
3) = S~’w, andwe denote

g
2(D

3) by £2. We set ~<2) — ~<í> — 5<~~ andS<2>=SWfori!=j’.We3 5’k’
define (B~ U-- - u 84 fl R3[s

2,s3) as follows:

(13, U - - - U 1%.) r) R
3[s

2J = (sf1) u - - - u

(S~ u - --u5,.) n R3[t] — (8(2> u--- u 5~2))[í] for ~2 < t < 93.

Y

Fpr R3[-ss,s
4), - - .;RS[5~+~..l,S,.+~),Ra [s,.+~,2), we repeattItís
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process. It sitould be noticedtItat 8~”4-””’~ u ... u 8$P+w1> consists

of a single singular-sphereatad S~~4-~> u --- u — O Titerefore,
(Sí U - - - U 5,.) fl R3[s,.+~] consistsof asingular-baliE,.+4s,.±~],and

TItus, we obtain aunion of singular-balís5, = B
11 U - - - u B¿,«¿> in

R
3[O, ca) for i = 1,--- ,pi sucit tItat 8”B

15 = £15. Fromour construction,
it is easily cIteckedtItat 5, fl S~ = 0 for i / h, and tItis completestIte
proof of TItearem4.1. U

Tite relationof llnk-Itomotopy was introducedin classícallink tIte-
ory by Mimar [M], aud studied itigiter dimensionallinks by Massey-
Rolfsen [MR] andKoscItorke[1<],etc. We recordacoroilary to TIteorem
44 atallnk-Itomotopy.

42. Definition. LetP1,---,P,. be polyhedx’a, arad let7’ = Pi 11
--- II 1’,. be their disjoivit uniora, ami leí X be a manifold. A contiviixous
rnap f: 7’—* X is said lo be a littk-map, ifff(FI)flf(Ph) = Ofox’i !=h.
Tino link-mnapsfo arad fi of? hito X mill be called livik-hornotopic, aif
there ezistsa /zornotopy{rn}tEr : 7’ —* X such that ‘~o = fo, ~ií = fi,
ami 17,(P1) fl nt(Ph) = O for i~ It arad eachtel = [0,11.

4.3. Theorem. Leí O~ 011 u... uOI,.<I> be a trivial link itt tIte 3-
spaceR

3 — R3[0] CE R3[0,ca) (ox’ 53 CE ¿3D4) for 1 = 1,--- ,ji, such thai
o

1u- - -LX),. is also a trivial lirak. Let P, = D%ll- - -llD~,,<I> be the disjoint
ixviioraofxi(i)2-cellsfori=1,---,pi,andweset7’=FiII---IIP,.. Leí
f arad e be vion-degeviex’atelivik-maps of 7’ mio R

3 (ox’ 53) such thai
f(OD~

5) = O,, = e(8D~) fon = 1,---,pi arid j = 1,-- -,n(i).

Tit era, f ami e are lir¡k-/zornotopic itt R
3[0, 00) (ox’ D4) keepivigO~ u

--- u O,. fixed.

Prao!. Letf(Dfl=DqandV, = D
1íu-..uD1,,<0fori= 1,---,pi

audy= 1,-.-,n(i). Letg: 7’—> R
3 beanembedding,andletg(D~,)—

atad2)7 = D7~ u. - -UD,.<I). lix titis natation,it snfficesta sItawtItat

f atad y arelink-Itomotopic ita R3[0, 00) keepingO~ u - - - u O,..

Ita tIte notation of TIteorern4.1, we Itave a limite uníanof singular-
baUsSíU. - -UB,., 5, = B

1íU- - .UBI,«I) in R
3[O, 00) suchthatB

1n5~, = O

for 1 It and8”B15 = E¿~. Let b15 : D
2 xl—* R3[0, oc) be acontinuous
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mapof tIte 3-ceil D2 x 1 sucIt tItat bq(D2 x 1) = B
13. We rnay assume

titat b11¡D
2 x O — f ¡D~> audb

15¡D
2 x 1 = g¡D~. TIten, associatingwitIt

tIteseb
15, we itave alink-itomotopy {nt}eeI 7’--. R

3[0,00) definedby

ndDt) = b
1~(D

2 x 1)

for every 1 E 1. Frorn tIte condition of tIte singular-baUsS~ u ... u 8,.
in Titeorern41, it is easily citeckedtItat titis Itomatopy {%}tEI between
f andy satisfiesaur requiredcondition, axid completing the proal of
TIteorem4.3. U
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