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Shape Tbeory of Maps

Zvonko CERIN

ABSTRACT. We shalldescribeamodification of homotopytheory of maps
which wecali shapetheory of maps.This is accomplishedby constructingthe
shapecategoryof maps71Mb. The category71M5 is built usingmulti-valued
functions. Its objectsaremapsof topologicalspaceswhile it’s morphismsare
homotopy classesof collections of pairs of multi-valued functionswhich we
calI multi-binets.Various authorshavepreviously given otherdescriptionsof
shapecategoriesof maps. Our description is intrinsic in the sensethat we
do not useany outsideobjects. It is a version of the author’sextensionto
arbitrarytopologicalspacesof Sanjurjo’s approachto ahapetheory via small
multi-valuedfunctionsadaptedto maps.

1. INTRODUCTION

It is quite often lxi topology that•a concept that was introduced
for spacesis later alsoconsideredfor maps.An examplerelevantto this
paperis providedby the classicalhomotopycategory71 on the onehand
and the homotopycategoryof maps

7.jb from E. II. Spanier’sbook on
algebraictopology [10] on the other. The objectsof U are topological
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spacesandmorpbismsarehomotopyclassesof mapsbetweenthem while
the objects of 7.<b are maps of topological spacesand morphismsare
homotopy classesof map pairs betweenthem. In this way we can do
homotopytheoryof mapsand talk aboutcontractiblemaps,homotopy
typeof maps,axid othernotionsfrom homotopytheorytransferringthem
from spacesto maps.

The classicalhomotopy theoryhasbeenmodifled by the introduc-
tion of shapetheory. The modification was inventedby K. Borsuk [3]
with the desireto handlemore successfullyspaceswith bad local prop-
erties. The new improvedhomotopytheory that he namnedshapetheory
agreeswith the oíd on spaceswith nice local properties,for example
on the absoluteneighbourhoodretracts. The key ideain Borsuk’s ap-
proachwas to replacehomotopyclassesof mapswith homotopyclasses
of sequencesof mapsthat he calis fundamentalsequences.

Theaim of thispaperis to defineshapetheory for mapsof topologi-
cal spaces.In other words, we shall describea shapecategoryof maps
71Mb whoseobjectsaremapsof topologicalspacesaxid whosemorphisms
will be homotopytlassesof pairsof collectionsof mnlti-valuedfunctions
that.we cail multi-binets. Therefore,our approachcan be regardedas
a version for mapsof the author’s description[4] of the shapecategory
Sh which is an extensionof Sanjurjo’s method [9] from compactmetric
spacesto arbitrary topologicalspaces.

Oir constructionextendsshapetheory from spacesto maps be-
causethe fulí snbcategoryof 71Mb with mapsof topologicalspacesinto
a single-elementspaceas objectsis natura]ly isomorphic to the shape
categorySh [8].

The following featuresof our descriptionof shapecategoryof maps
deserveto be emphasized.It is intrinsic in the sensethat we do not use
any outsideobjects (like ANR’s, embeddings,resolutioxis, and expan-
sions). It is simpleandgeometricbetauseit is modelledon the original
Borsuk’s descriptionof shapetheoryof compactmetric spaces[3]. The
only difllcult part is in definingthe compositionof morphisms.

Thereare alreadytwo previousattemptsto define shapetheory of
mapsin the samegeneralityas ours. In [6], David EdwardsandPatricia
McAuley use both Cech aud Vietoris constructionsto approximatea
mapf: X —. Y by a tower of mapsbetweenCW-complexes.Eachmap
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gives in this way an object of asuitablepro-category.The studyof the
shapepropertiesof amap is thus reducedto thestudyof this associated
pro-object. This approachis usefulbecauseone tan apply homotopy
invariant functors (like homology, cohomology, axid homotopy groups
functors) to get various pro-groupswhich reflect the geometryof the
map.

The secondattempt is similar and is due to V.H. Baladze. In [2],
he exhibits an outline without any proofs of a shapetheory of maps
of arbitrary topologicalspacesfollowing the inverse llmit approachto
shapetheorybasedon the methodof ANR-resolutions,Le., resolutioxis
of spacesconsistingof absoluteneighbourhoodretracts. In this way a
greaterfiexibility is achievedbecausewe areno longer forced to useCech
axid Vietoris constructioxisthat are plaguedby certaininconvenientes.
However,it is extremelycomplicatedto fixid an ANR(Mm4ps)-expansion
for amap,which is aprerequisitefor astudyof shapepropertiesof the
map by this method. Hoth [6] and [2] belong to the so taled oxiter
shapetheoryin which shapeof spacesandmapsis investigatedwith the
helpof sorneoutsideobjectslike expansionsinto absoluteneighbourhood
retracts.

Ilie naturalquestionsof relationshipof our shapetheory of rnaps
with thosementionedaboyeare deferredto anotherpaper. As an illus-
tration of our method,we shall discnssthe problemof identifying maps
on which shapetheory of mapsandhomotopytheory of mapscoincide.
Sorneinterestingclassesof mapswldch we cail internaflymovable,inter-
nally calm, and calm provide an unexpectedsolution to this question.
We alsogive sorneapplicationsof our approachto identify eqnivalences
in the shapecategoryof mapsandmapswith trivial shape.

Here is abrief outline of our organization.The principalgoalof the
paperis to describewith al detailsthecategory71Mb. Homotopy theory
of mapswhich we shallbe improvixig is recalledfirst. Sinceour method
relieson the ideaof approximatingamapby ageneralizedsequence(net
over acofinite directed set)of multi-valued functions with smallerand
smailer imagesof points, we presentfacts on normal covers [1] which
we use as ameanof measuringsize of setsand from which oxiu setsof
indicesfor thesenetsarebulíd. Connectionbetweenixidexing setsof our
netsprovide increasingfunctionswhich are xiormally constructedby a
well-knownsimple Lemma1 (see[8, p. 9]).
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Thenwedefinemulti-valuedfunctionsandmulti-valueda-functions
(i.e. amulti-valued function of size less thananormal cover a of the
codomain).Oxir multi-valuedfunctionsmust satisfy only the condition
that they assotiateanon-emptysubsetof the todomainto every point
of the domain.

The next step is to define all of thesenotioxis for maps. This is
doneby consideringpairs and replacingexact commutativity with an
approximateform of it up to anormal coverin the codomain. Sincealí
conceptsdealing~.‘ithmapsnsuailyinvolve paliswetakethe convention
that they include prefix “bi” in their names. Ihus mapsthemselves
are also called bispatesaxid we define notions of bimap, multi-valued
bifunction, normal bicover, axid others. The multí-valueda-funttions
for maps(or multi-valueda-bifunctions)leadnaturally to therelationof
a-bihomotopy.The importantapproximatetransitivity of this relation
is establishedin Lemma2. Lxi tIte first readingone can skip it’s tedinus
proof with many casesprovided one is familiar with Dold’s powerful
lemma(see [5, p. 358]) on which our argumentdependsand whith is
usedlaterover and over again.

Álter thesepreliminaries,we follow closely Borsuk’s methodfrom
[3]. The role of fundamentalsequencesplay multi-binets,i.e., multi-nets
for maps.We definetherelationof bihomotopyfor mnlti-binetsaudtalce

objects of oxir category71Mb mapsaudas morphismsbihomotopy
classesof multi-binets. lii order to prove that this is indeeda tategory
wemustdescribehow onecomposesmorphismsaxid nnemustprovethat
this compositionis associative.This is done in Claims 1, 2, and 3 axid
Theorem1. TIte details are quite easy once the method of prooffor
relations(4) and (5) is understood.It would be unrealto expect that
in the completegeneraiitywhich we considerhereonetaxi get tIte shape
categoryof mapswithout any effort.

The restof thepaperpresentssorneapplicationsof our approachto
shapetheoryof maps. They areincludedwith intention to convincetIte
readerthat tIte new methodwill be useful for sorne kind of problems.
We intexid to undertakefurtherstudy of the category71M5. This paper
is only tIte beginningand it gives basic facts about this approachto
shapetheory for maps.
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2. HOMOTOPY THEORY OF MAPS

Sinte shapetheory is just a modification of homotopy theory,we
beginby recalhingsornenotioxis from homotopytheory of maps.

We follow the tonvention that a map is a sItort namefor a con-
tinuous single-valuedfunction. In order to get closer analogiesin our
constructioxis, we sItail also use bispaceas anothernazne for a map.
More formally, a bispaceis a triple (f, F’, E) consistingof topological
EpatesE’ andE and acontinuoussingle-valuedfunction f: E’ —> E.
Sincewe sItail scrupulouslyfollow thenotationthatamapis denotedby
a small letter, it’s domain and codomainwith tIte samecapital letter,
and aill domainshavein addition aprime,we sItail drop E’ audE from
our notation axid use f to denotea bispace(f, E’, E). However,more
importantfor our expositionwill be the fact tItat a presenceof apre-
lix “bi” andeither asuperscriptor asubscript “b” indicatessomething
referring to maps.Thus, x, Xb, andbispaceX are alí notatioxis for tIte
map (x,X’,X). With theseconventionenforcedconsistentlywe shall
see that most resultsfrom [4] carry over to maps.lii ah statementsand
proofs in [4] we must only put bi aud b at proper placesto get shape
theoryfor maps.

Following [10, p. 414], we now considertIte category
5b whose

objectsare bispaces(i.e.,mapsf: E’ .-. E betweentopologicalspa¿es)
and whosemorphismswill be cahledbimaps. Let E andG be bispaces.
By a bimap from E into G we meanapalr (a’, a) of mapsa’: E’ —> O’
and a: E .-.~ O such that go a’ = a of. Lxi otherwords we require tItat
tIte following diagramcommutes.

a’

It tu

a

Just as with bispaces,we shall also simplify our notation for bimaps.
Thus “... bimap a : E .-. O.. .“ meanstItat we Itave a bimap (d,a)
betweenbispacesE audO. The compositionof bimaps(a’, a) and(b’, b)
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is a bimap (b’ o a’, b o a) and tIte identity bimap 1x on abispaceX is
abimap (lx’,lx), where1x is the identity map on tIte spaceX..

The definition of bihomotopy involves tIte bicylinder E x 1 of a
bispaceE. Let 1 denotethe unit closedsegmentand let 1 denotealso
the bispace(li,1,1), wItere Li 1 —> 1 is tIte identity map. TIte
bicylinder is aspecialcaseof tIte biproductdefinedfor bispacesE and
G to be the bispace(f x g, E’ x G’, E>< O).

Let p and q be bimapsbetweenbispacesX andY. We sItail say
that p andq are bihomotopíc andwrite p ~b q providedthereis abimap
m : X x 1 —* Y called bihomotopysuch tItat m’(a’,O) = p’(a’) axid
m’(a’,1) = q’(a’) for every a’ E X’ and m(a,O) = p(a) andm(a,1) =

q(a) for every a E X. TIte relation of bihomotopy is an equivalente
relationandwe denotetIte biItomotopy classof abimapp by [p]~.Since
tIte bihomotopyrelation ~b is also compatiblewith tIte compositionof
bimaps,onecandefinetIte compositionof bihomotopyclassesof bimaps
by composingrepresentatives,i.e., [p]~o [4, = ~po q]5. In this way
oneobtainstIte bihomotopycategory

71b, whoseobjectsare topological
bispacesandwhosemorphismsarebihomotopyclassesof bimaps.There
is abihomotopyfunctor ffb from 5b to 71b which keepstIte objectsfixed
andtakesabimap p into it’s bihomotopyclass[p]b.

3. NORMAL COVERS AND MULTI-VALUED FUNCTIONS

lxi this section we sItail introduce notioxis and resultson normal
coversaud multi-valuedfunctionsthat are requiredfor our tIteory.

Let Cov(Y) denotethe collection of all normal covers of a topo-
logical spacey [1]. With respectto tIte refinementrelation > the set
Cov(Y) is a directedset. Two normal coversa and r of Y are equiv-
alent provideda > r aid ir > a. In order to simplify our notation we
denotea normal cover and it’s equivalenteclass by the sanesymbol.
Consequently,Cov(Y) also standsfor tIte associatedquotient set.

If a is a normal cover of aspaceY, let a~ be the collection of ah
normalcoversof Y which refinea while a~ denotestIte setof ahí normal
covers ir of Y such tItat tIte starst(r) of ir refines a. Similarly, for a
naturalnumber xi, aa” denotesthe set of alí normal coversir of Y sucIt
that tIte n-tIt starst”(r) of ir refinesa.
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Let Inc(Y) denotethe tollection of ah limite subsetsc of Cov(Y)
which have a unique (with respect to the refinementrelation) maxi-
mal elementwhich we denoteby [c]. TIte notation Ine(Y) comesfrom
“indices of covers”. The set Inc(Y) will be used as ixidexixig set for
multi-nets into Y. We consider Inc(Y) orderedby the inclusion reía-
tion audregardCov(Y) asasubsetof single-elementsubsetsof Cov(Y).
Notice that Inc(Y) is a cofinite directedset.

We sItalí repeatedlyusethe following lemma(see[8, p. 9]). Let us
agreethat an increasing function f: P —* P of apartially orderedset
(P,=)into itself is a fuxiction wItich satisliesz < 1(x) for every x E P
and x < y in P implies 1(x) < f(y). Lxi the casewhen the domain
and the codomainof a function f are different, the first requirementis
dropped.

Lemma 1. La {f’,. . . , t} befunctionsfrorna cofinite directedset
(M, =)irdo a directed set(L, ~). Then there is an increasingfuxiction
y: M .-.*L such thatg(x) =f,(x),...,f~(x)foreveryx EM.

Let X and Y be topological spaces. By a multi-vahxed function
E: X —> Y we meana rule which associatesanon-emptysubsetE(x)
of Y to every point x of X.

For our approachto shapetheory the following notion of size for
multi-valued functionswill play the most important role.

Let E : X —* Y be a multi-valued function and let a E Cov(X)
axid a E Cov(Y). We shall say tItat E is a rnxilti-vahxed (a,a)-function
provided for every A E a there is an SA e a with E(A) C SA• Qn
tIte other haud,E is a rnulti-vahuedo--functionprovidedthereis an a E
Cov(X) such that E is amulti-valued (a,a)-function.

Also important will be the following conceptof closenessfor two
multi-valued functions.

Let E, G : X —. y be multi-valued functions, Iet a E Cov(Y),
axid let a e Cov(X). We shall say that E and G are (a,a)-closeand

we write E G provided for every A in a thereis an 5A E a with
E(A) u G(A) C SA
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4. NORMAL BICOVERS AND MULTI-VALUED BIFUNC-
TIONS

In this section we shall define versionsfor maps of sornenotions
from tIte previonssection.

By a normal bicover of abispaceX we meanapair (a’,a), wItere
a’ is a normal cover of the spaceX’ and a is a normal cover of tIte
spaceX such that a’ refines the cover x’(a). We sItail againmakea
simplification of our notation by droppinga’ so that normal bicovers
are denotedby small Greek letterswhich namea normal cover of tIte
codomainwhile tIte part in tIte domainspacehasthe prime.

Let Covb(Y) denotetIte collectionof alí normalbicoversof abispace
Y. We order Cov5(Y) by tIte refinementrelation > definedby a > ir

if axid only if a > ir asid a’ > ir’ for normal bicovers a asid ir of Y.
With respectto tIte relation > tIte set Covb(Y) is adirectedset. Two
normal bicovers a axid ir of abispaceY are equivalentprovided a > ir

axid ir> a. In order to simplify oir notationwe denoteanormalbicover
and it’s equivalenteclassby tIte sasnesymbol. Consequently,Covb(Y)
alsostandsfor the associatedquotient set.

If a is anormal bicoverof abispaceY, let a+ be tIte collection of
ah normal bicovers of Y which refine a while a* denotestIte set of all
normal bicovers ir of Y such that tIte star si(ir) of ir refines a. Here,
we define tIte starst(a) of anormalbicover (a’,a) a.s anormal bicover
(st(a’),st(a)). Similarly, for anaturalnumbern,a*fl denotestIte set of
ah normalbicovers ir of Y such that the n-th starst”(ir) of ir refinesa.

Let Y be abispace.Let Incb(Y) denotetIte collection of ah limite
subsetseof Covb(Y) whichItaveaunique(witIt respecttotIte relinement
relation)maximalelementwhich wedenoteby [e]. We considerIncb(Y)
orderedby theinclusionrelationaudregardCovb(Y) as asubsetasingle-
elementsubsetsof Covb(Y). Notice that Incb(Y) is acofinite directed
set.

For our approacIt to shapetheory of maps tIte following classof
multi-valued bifunctionswill play the mostimportantrole.

Let X andY be bispaces.By a multi-valuedbift¿nctionfrom X into
Y we meanapair (A’, A) of multi-valued functions A’ : X’ —* Y’ and
A : X —* Y. We shahl drop A’ anduse A to denotetIte multi-valued
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bifunction (A’, A). Of course, we sItail utilize tIte functional notation
A : X —* Y to indicate tItat A is a mnlti-va.lued bifunction between
bispaces X and Y. TIte multí-valued bifunctions A and B are composed
bythernleBoA = (B’o A’, BoA) axid multipiled by the rule AxB=
(A’ x B’, A x B).

Let X asid Y be bispaces. Let a asid/Y be normal bicovers of X and
Y. By a multi-vahued (a, I3)-bifixnction from X into Y we mean a multi-
valued bifunction A : X —* Y such that A’ is a multi-valued (a’, /3’)-
function, A isa mnlti-valued (a,fi)-function axid tIte compositiona yoA’
and Aox are (a’,fl)-close.

On the otIter hand,A is a rnulti-vahued/3-bifunctionprovidedthere
is a normalbicover a E Covb(X) such that A is a multi-vaiued (a,/3)-
bifunction.

5. THE RELATION OF a-BIHOMOTOPY

Now we a ready to introduce an important notion of a-bihomotopy
for multí-valued bifunctions ofbispaces. We sItalí also prove in Lemma
2 a useful teclinical result.

lLet E axid O be multi-valued bifunctions between bispaces X and
Y and let a be a normal bicover of Y. We sItahl say that E aud G
are a-bihomotopic asid write E =b O provided there is amulti-va.lued
a-bifunction H from tIte bicylinder X x 1 into Ysuch that E’(a’) =

H’(a’,O) and G’(a’) = H’(a’,1) for every a’ E X’ and E(a) = H(a,O)
and O(a) = H(a,1) for every a E X. We sItalí say that H is a a-
bihomotopy that joixis E axid O or tItat it realizes tIte relation (or a-

bihomotopy) E ~b O.

TIte following lemma is crucial becauseit provides an adequate

substitute for tIte transitivity of the relation of a-bihomotopy.

Lemma 2. Leí E, O, aud H be mixlti-vahixedbifunctionsbetween
bispacesX ami Y. Let a be a normal bicoverof Y ami Jet ir E a. If

o
Es¾GandGc~&H,thenEsM8H.

Proof. By assumptionthereare normal bicoversa and /3 of tIte
bicylinder X x 1, a multi-valued (a, ir)-bifunction K : X x 1 —~ Y,
and a multi-valued (/3,ir)-bifnnction L : X xl—. Kso that E’(a’) =
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A”.(a’,O), G’(a’) = K’(a’, 1) = L’(a~;O), and H’(a’) = L’(a’,1), for
every a’ E X’, and E(a) = K(a,0), G(a) K(a,1), G(a) = L(a,0),
andL(a, 1) = fi(a) for every a E X. Let a normal bicover ‘y of X x 1
be a conunon refinement of a and /3. Observe first tItat K and L are
both multi-valued (‘y, ir)-bifunctions. Define a multi-valued bifuxiction
M: Xx 1—*Y by tIte rule{ K’(a’,21), a’ EX’ 0<1=1/2

L’(a’,21 —1), a’ EX’, 1/2=1 < 1

and { K(a,21), a EX, 0=1=1/2
M(a,t) =

L(a,21—1), aEX, 1/2=1<1

SinceE’(a’) = M’(a’,0) axid H’(a’) = M’(a’,1) for every a’ e
and E(a)= M(a,O) asid fi(a) = M(a,1) for everya EX, it remainsto
see that Mis amnlti-valueda-bifunction.

By [5, p. 358], thereare normal covers 6’ axid 6 of X’ aud X and
functions r’ 6’ —* {243, 4,.. 4 andr : 6 —. {2, 3,4, ... } such that tIte
set D’ x D is containedin amemberCj~ of ‘y’ for every D’ E 6’ and
every 1 = U.~., r’D’ —1, whereg = [,tJ, 4.tJ] (1— 1 r’D’ —1)
and tIte set 1) x D, i~ contained in a member CDI of ‘y for every D E 6

We can assumethat 6’ refines C’(6). TIten for every D’ E 6’
there is a D(D’) E 6 such that D’ is a subsetof r~’(D(D’)). Let
.sD’ = (r’D’)(rD(D’)) for every D’ E 6’ and let

1=0,

2rD’ j~ i=4rD—2,
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andsimilarly

TIte collections

e’ ={D’xE 1 D’E 6’, i=O,...,4sD’—2}

axid
e={DxE1¡D66, i=0,1,...,4rD—2}

are normal covers of X’ x 1 asid X x 1. Moreover,we claim that tIte
pair (e’,e) is a normal bicover of tIte bicylinder X x 1.

Indeed, let 2’ = D’ x E be a member of e’. Since tIte set R =

D x E, where D = D(D’) axid E = E1, is a member of e for every
j = 0,1,...4rE — 2, the preimage (x x 1i)

1(R) is a set r’(D) x E,
and D’ G x1(D), it suifices to show that thereexists an index j such
that E~ c E~.

WIten 1 = O, tIten we can take j = O because

= [o,2’D’) = [o,2r’DID(D’)) c [o,~~!»)= E
0.

Por asimilar reason,when 1 = 4sD’ —2, tIten we can take j = 4rD — 2.
Finally, when 1 6 {1, . . . ,4sD’ — 3}, tIte required incínsion will hold
provided ~ = —L aud ~ .< ~ TItus, the index j must satisfy

4rD 4sD’ 4rD
conditions .4-2 — 2<j< —~-b~• But, if we write i = r’D’m + it, for

r’ D’ _ rintegers m aud u witli O < xi < r’D’, tIten these conditions become

j =m— 2+ t.tJ, and j =m+ 4~.. It is clear that j = m always
satisfles them. Another possibility is j = m — 1 in sornesituatioxis.
Therefore, E~ c Em axid our claim Itas been verilied.
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In order to prove that M is amulti-valued a-bifunction, we shall
show that it is amulti-valued(e,oj-bifunction. In otherwords, we sItalí
prove that

(1) M’ is amulti-valuéd(e’, a’)-function,

(2) M is a rnulti-valued(e,a)-function,and

(3) tIte compositioxisy o(M’) asid Mo (x x u) are (e’, a)-close.

Add (1). The argumentfor (1) is similar to the argumentfor (2)
given below. Of course, tIte case (2) is notationally simpler because there
are no primes.

Add (2). Let E = D >< E~ be a member of e. We must fixid an
5E E o’ such that M(E) C

Case1 (i = 2k forO < k < rD — 1). TIten E~ = £2,, is below 1/2 so
that we get M(E) = K(D x 2E~) = K(D x D¡<) c K(CD,k) CE 2’ C SE,
wheretIte openset 2’ is amemberof ir whicIt we obtain with respectto
CD,,, from the fact that K is amultí-valued (‘y, r)-functionand 5E is a
memberof a wItich contaixis2’.

CaseII (i = 2k for rD < k < 2rD — 1). TIten E
1 = £2,, is aboye

1/2 50 that we get M(E) = L(D x (2E~ — 1)) c L(D x Dk...rD) CE
L(CD,k..rD) c 2’ CE

5E, where the openset 2’ is amemberof ir which
we obtain with respect to CD,k..rD from the fact that L is amulti-valued
(‘y, r)-function,and5E is amemberof a which contaixis tIte setT.

CaseIII (i = 2k+ 1 for O < k=iD —2). TIten E~ = E2,,+1 is below
1/2 sothat we get

M(E) = I<}D >< 2E1) c K(D x (D,, u Dk+í))
c 1< (CD,k) u K(CD,,,+í) CE T~ u T

2 CE
5E,

wherethe sets2’, andT2 aremembersof ir which we obtainwith respect
to CD,,, andCD,,,+í frorn tIte fact thatK is a (‘y, ir)-function, asidS~ is a
memberof o’ which containstIte union T

1UT2. SucItan Sp. existsbecause
D x {k/rD} CE CDJ. fl CDJC+1 so that 0 # K(D x {k/rD}) CE T1 fl T2.

CaseIV (1 = 2k + 1 for iD < k < 2rD — 1). TItis caseis ana.logous
to the caseIII. TItis time E1 is aboye1/2 and we must useL insteadof
K.
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Case y (i = 2k + 1 and k = iD —1). TIten E~ = E’ U E~, where
= (

2~DEl, }] asid£4- = [., 2;Dtl) so tItat we get

M(E) = K(D >< 2Efl U L(D>< (2E4- — 1)) CE K(CDrD.1) U L(CDl)

CE ~‘1 U T2,

where Tí and T2 are membersof ir which we obtain with respectto
CD,rD...i and CD,1 fram tIte fact that K and L are multi-valued (‘y, ir)-

functions.

Observethat K(D x {1}) = G(D) CE T~ axid L(D x {O}) = G(D) CE
T2. We concludethat Tj fl T~ $ 0 50 that tItere is a member5E of o’

which containsboth T~ asidT
2. It follows tItat M(E) CE Sg.

Add (3). Let E’ = D’ x fl be a memberof e’. We must find a
memberS~. of o’ sucIt tItat both Mo (x x li)(E’) andyo (M’)(E’) are
containedin tIte set Sg..

Onceagain we sItalí distinguishfive casesconsideredaboye.

Case1(1 = 2k for 0< k < r’D’— 1). Let A’ be arnemberofa’
which containstIte set Ch.,,. SinceKo(z xli) axid yo(K’) are (a’,ir)-
close, thereis a member2’ of ir wItich containsboth 1< o (x x 1¡)(A’)
and yo (K’)(A’). Since ir is asta.r-refinementof o’, thereis an Sg E o’

with 2’ CE Sg. Qur choicesimply

yo (M’)(E’) CE y o (K’)(CS.,,,) CE y o (K’)(A’)

axid

Mo (x x 1,j(E’) CE M(x(D’) x 14) = K(x(D’)>< 214)

CE Ko (z x 1i)(D’ x D<) CE Ho (a, x 1.r)(A’)

becauseE’ CE Ch.,, CE A’. It follows tItat M o (a, x lí)(E’) asid y o
(M’)(E’) arebotIt snbsetsof Sg..

CaseII (i = 2k for r’D’ < k < 2r’D’ — 1). TItis is asimilar to tIte
previouscase.We haveto dealwitIt L insteadof with 1<.

CaseIII (i = 2k + 1 for O < k < r’D’ — 2). TIte set yo (M’)(E’) is
now asubsetof tIte union of setsyo(K’)(C~,,,) and
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Let-4AI, áiidgA~~?be members of a’ wItich contain Ch.,, and Ch.,,.4.1,
respectively.Since’K o (a~ x u) andyo (K’) are (a’, ir)-close, there are
membersT1 asid 7’2 of ir such that T1 contains K o (a, x 1r)(A) ami

while T2 contaixis Ko (x xlj)(A) andy o (K’)(A). The
sets

Tí and T2 ÉotIt contain the set y o (K’)(D’ >< {,.4,, }). It follows
that sornemember S~. of o’ containstheir union. This is tIte required
openset.
eJ 1 >9’fS”I (II¡AJ i

(~1 , Ca~e.,iy.
1 T~is is similar to the previouscase.

Casey. TIte set y o (M’)(E’) is a subsetof the union of setsy o

(ffC)(9h’;rD?’~.i) asid y o (L’)(CS,1). Let Al be amemberof a’ andlet
B~be a’ membex~of/3’sucIt thatA contaixisCh> rD—l audB~ contains
Ch.1. SinceKo(zxlúis(a’,r)-closetoyo(K’) andLo(xxli)is (/3f,ir)-
closeto yo (L’), therearemembers

Tí and 22 of ir suchtItat T1 contains
ká\2ÁItY(4) andyo(K’)(A~) wItile T2 containsLo(x x 1j)(B~) and

1/~(Z’)(B&y. )flilttÁhe sets
Tí and T2 both contain tIte non-emptyset

.ybo(K9(D~x {1}) = yo (G’)(D’) = yo (L’)(D’ ><

‘o tú tqdrnq,n n
soythat some,niember5E’ of a contaisis their unlon. It follows that
M¡uoj(xjX<1.j)(E5) axid yo (M’)(E’) are both subsetsof 5s’- •

~ Si~i&# Mi~II be using[5, p. 358] quite often, for aspaceY anda

normal covera of the productY x 1, we let D(Y, a) denoteall normal
covers /3 of Y sucIt tItat sornestackednormal cover over /3 refinesa.

.4 Ny
6. MULTI-BINETS

TIte following two delinitions correspoxidto Borsuk’s definitions of
fundamentalsequenceand Itomotopy for fundamentalsequences[3].

Let X andY be bispaces.By a rnulti-binet from X into Y we sItalí
mear~t t!oliettiSh so = {Ec ¡ c E Incb(Y)} of multi-valued bifunctions

X —~ Y snch that for every o E Covb(Y) thereis a c c Incb(Y)
&thh )for every d> c. We usefunctionalnotation so’ X —* Y
to indicatethat so is amulti-binet from X into Y. Let Mb(X, Y) denote
all tmulti,binéts;so: X —* Y from X into Y.

Multi-bin~s ¿p = {E~} and 4~ = {GJ betweenbispacesX asid Y
até‘~aid ltd be bihomotopic and we write so ~b ib provided for every
ó ECo\~=(tY)~thereisa c E Ixicb(Y) suchthat 1% ~b Cd for everyd>
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It follows from Lemma 2 that tIte relation of biItomotop5’ iran
equivalencerelation on the set Mb(X,Y). TIte bihomotopydassof a
multi-binet so is denotedby [so]band tIte set of ail bihomotopy classes
by ‘NMb(X,Y).

7. COMPOSITION OF BIHOMOTOPY CLASSES OF
MULTI-BINETS

Our principal goal now is to define a compositionfor bihomotapy
classesof multi-binets asid to establishit’s associativity. TItis is tIte
only tricky part in setting up the category71Mb. Qur idea is to as-
sociateto every multi-binet so X .-* Y two increasingfunctions

Incb(Y) .~. 1nc~(Y) and ? : Incb(Y) Inúfi(X). The first
function associatesto an index e E Incb(Y) of the farnily p =

rnuch larger index so(c) in Incb(Y) such that Ed andE0 arejoiied by
amulti-valued (so(c,d, e), [c])-bihomotopy for a suitable normal bicover

so(c,d,e)of tIte bicylinder X x 1 whenever d,e =so(e). Thesecond
function associatesto a e E Incb(Y) an element so*(c) of Incb(jjX) such
that tIte normal bicover[so(c)]refinessornenormalbicover of X which
we get from the normal bicover so(c,so(c),so(c)) by [5, p. 358]. This
is a rougIt descriptionof thesefunctionsand now we prdceedwith tIte
detalís.

Let X andY be bispaces. Let ~ = {Ee}celncbcy) : X -~ Y be a
multi-binet. Let so: Incb(Y) —* Incb(Y) be aix increasing function such
that for every e E Incb(Y) tIte relation d e > so(c) implies tIte rélation

fe]
Ed ~b E~, wItere [c] denotes tIte unique maximal element of e.

Let Cx., = {(c,d,e)¡ c E Incb(Y),d,e=so(c)}. Then4 is a su1~set
of

Incb(Y) x Incb(Y) x Ixicb(Y)

that becomesa cofinite directed set whexi we define tItat (e,d, e) =
(c’,d’,e’) if and only if e > e’ d > d’, and e > e’ for (e,d,e) and

We sItahl usetIte samenotation so for an increasingfunction so
—* Covb(Xx 1) such tItat Ed and E~ are joined by amulti-valued

(so(c,d,e),[c])-bihomotopy wItenever (c,d,e) E 4,. -
Let cp : 4, —* Incb(X) be aix increasingfunction such tItat the

normal cover [(~(c, d, e))’] belongsto tIte set D(X, (so(c,d, e))’) asid tIte
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normal cover [@(c,d,e)] belongsto tIte set D(X,so(c,d,e))for every
(c,d,e) E C9,.

Claim 1. Thereis ay ivicreasivigfunction so*: Incb(Y) Ixicb(X)
such thai

(1) so*(c) =@(c,so(c),so(c)) for everycE Ixicb(Y), avid
(2) so* is cofivial ¿vi ~, :.e., for every (c,d,e) E (Y4, lAcre is ay

m E Ivicb(Y) uñíA so*(m)=cXc,d,e).

Proof. Let V = {~(c,d,e) ¡ (c,d,e)E 4,}.

If Inc
6(Y) is a limite set, then1) is a limite collection of elements

of Inc6(X). Let a E Inc6(X) be greatertItan all membersof V. Let

so* : Ivic6(Y) —. Ixic6(X) be aconstantfunction into a.

If Inc6(Y) is aix infinite set,tIten tIte cardinalityof 2) doesnot ex-
ceedtIte cardinalityof Ixic(Y). 1-lence, thereis asurjectiony : Inc6(Y)

2). Let so*: Ixicb(Y) Ivicb(X) be aix increasingfuxiction suchtItat
so*fr) =g(c), @(c,so(c),so(c)) for everycE Ivic6(Y). U

TIte aboye discussionshows that every multi-binet ~o: X —* Y
determinestwo increasingfnnctionsso : Ivic6(Y) ~ Iné(Y) and so
Ivic”(Y) -~ Incb(X). WitIt tIte Itelp of tItesefunctionswe sItalí define
the compositionof bihomotopyclassesof multi-binets as follows.

Let X,Y, asid Z be bispacesasid let so = {E
0} : X —* Y axid

ib = {GS} Y --. Z be multi-binets. Let x = {H8}, where115 =
G«s) o E9,(~..(s» for every e E Ivic

6(Z). Observethat each fi
8 is a

multi-valued bifunction becausetIte compositionof twa multi-valued
bifunctions is amulti-valued bifunction.

Claim 2. The collection x is a rnulti-binet frorn X ¿vito Z.

Proof. Let o E Cov
6(Z). We must find au E Incb(Z) suchthat

o

H,, ~b 11,., for every y> u. (3)

Let ir E a*2 asid~ E -rt Let u = {¿} E Ivic6(Z).
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Consideraix índex y > u. We sItail find an index e E Inc6(Y) so
tItat

H
1, ~b Gq o E~, (4)

0q o E~ ~b 0p o E~, (5)

and
r

O,, o E~ ~b H~, (6)

where p = ib(u), q = ibb-’)~ a = ib(u), b = ib*(v), c = so(a), and
d = so(b). Repeateduse of Lemma2 will give (3) from the relatioxis
(4)-(6).

Add (4). Since (v,q,q) E ~ we see tItat thereis a multi-valued
(a,¿)-biItomotopyK : Y x 1 —. Z such that a = ib(v,y,y), 14 —

c;, K{= G;, Ko=Gq,andKi=Gq. Lets = 4’(v,q,q) axid ir = [s].
Observethat ir’ E D(Y’,a’) axid ir E D(Y,a). We claim that 0q is a
multí-valued (ir,fl-bifunction from Y into Z. In other words, we must
showtItat

(a) 0~q is a multí-valued(ir’,4’)-function,

(b) Gq is amulti-valued (ir, fl-function,

(c) tIte compositions=00’>, and0>, o y are (w’,4)-close.

Add (a). Let P’ be a memberof ir’. TIten tItere is a 1 > O such
tItat tIte product1” x [0,1) lies in a memberA’ of a’. SinceK’ is
(a’,Q)-function, there is a 2” E ¿‘ sucIt that K’(A’) CE 2”. It follows
that0,(P’) = 14(P’) = K’(P’ x {0}) CE K’(A’) CE 2” which provesthat
0’ is a

>, (ir’,¿’)-function.
Add (b). TIte proof of (b) is analogousto the proof for (a) given

aboye.

Add (c). SincetIte compositionsKo(yx u) asidzo(K’) are
closeso that their restrictionsKo (y x lijly.x{o} and za(K’)jy.x<o}
on Y’ x {0} will be (a’Iy.x{o},E)-close. But, if we identify the spaceY’
witIt Y’ x {0} in Y’ x 1 we see that tIte normal cover ir’ refinesa’ ¡y’,

andthat the restrictioxisaboyearey o 0>, andzoG~,. Hence,z oC~, and
y o are (ir’, E)-close.

Oncewe know that 0>, is a multi-valued (ir,fl-bifunction, we see
that it suifices to take e > d becausethen Ed asid E, arejoined by
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a2niultkváiued4e,(b])-bihomotopyL : X x 1 —* Y, for sornenormal
bicover £ of X x 1, 50 that 0>, o L is a multi-valued (e, ir)-bihomotopy
wItich realizestIte relation (4).

(¿% Indeed, by construction,the normal bicover [b] refines ir (i.e., [b]’
refines ir’ axid [b] refines ir) so that 0’>, o L’ is a multi-valued (e’,¿’)-
functionaud G>,o L is amulti-valued (e, fl-function. On tIte otherItand,
&ih~ce tIte compositionsy o (L’) and L o (a, x u) are (e’,[b])-close,tIte
funcgpp>tQq:istarnulti-valued(ir, E)-bifunction, and tIte normal cover [b]
refiwe~sq~,At~fai1owstItatG>,oyo(L’)andG>,oLo(xx1~are(e’,fl-
close. Rut, tIte compositioxis0>, o y axid zao; are(ir’Á)-close, L’ is a
multi-valued (e’, [b]’)-bifunction, and tIte normal cover [b]’ refines ir’ so
iil?$§GL0’W £{) ándzo 0’>, o (L’) are (e’, E)-close. SincetIte coverst(a)

tIte cover ir, concludethat tIte compositioxiszao; ~(L’) axid
OQo LI) ~56i~) are (e’, ir)-close.
ti ~[ .0 Jhfb

s~~mAdd.(~).,Since(u,p,q) E C,p, it follows that Gp axid O>, are joined
by a multi-valued (a, fllbihomotopy K : Y >< 1 —* Z, wherea denotes
tIte normal bicover ib(u,p,q) of Y x 1. Choosenormal covers /3’ of Y’
and/3ofYandfunctionsr’: /3’ —* {2,3,4,...} andr: /3 —~ {2,3,4,...}
suchtItat setsB’ x [~f~

1r,,~YB’¡] andB x [i,.;% ~ wItere B’ E/Y’, BE
/3, i=1,...,r’B’—1,andj=1,...,rB—larecontainedinamember
A~,

1 of a’ ~ííd in a member AD~ of a, respectively. We can assume
that /3’ refines~1(/3). It follows that apair (/3’,/3)is anormal bicover
of~the’bispate:Y. Let k = {/3} ande = so(k). Since (k,e,e) E C9,, the
functión’JE~’is amulti-valued (ir, /Y)-bifunction from X into Y br sorne
noímal.’bicovetir of X. It follows that for every P’ E ir’, every P E ir,
andevery B’ 6 /3’ thereis a B,, from /3’ and a [B’], a Bp., anda Bp
in /3 snch tItat B’ CE f

1([B’]), E~(P’) CE B~,,, FC(P) CE Bp, axid Bp’
~ E~(P’) andE~ o x(P’).

-i For every P’ E ir’ andevery P E ir, let s’P’ = r’B,,rflp.r[B,4,
o> 311 k A>

o

• cmriji ‘II

Q ~r));,

j71}” U{(~$p’ i5t~) =
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axid •

vp={[a,±)(~BP 21] } L~ o

U{(jQj~) i

Put e’ = {P’ x N’ ¡ P’ e ir’, N’ E z4} aude = {P x N ¡ P E ir, N E
up}. Observethat p’ and e are normal coversof X’ x 1 axid X x 1,
respectively.Let w be anormal bicoverof X x 1 such that the normal
cover w’ refines ~>‘ and tIte normal cover w refines e We claim tItat
tIte composition11 = .1< o (E~ x u) is amulti-valued (w, ir)-bihomotopy
whicIt joins Q o F~ and O>, o E~. TItus, we must show that

(a) fi’ is amnlti-valued (w’,ir’)-function,

(b) fi is a inultí-valued (w, ir)-function, and

(c) tIte compositionszoff’ andHo (x x u) are(w’,ir’)-dose.

Add (a). Let 5’ be amemberof w’. Pick amember11’ = P’xN!
of e’ which contains5’, whereP’ E ir’ and N’ E 4. TItén

- H’(S’) CE H’(R’) = K’(E~(P’) x N’) c K(Bk. x N’) CE K’(A~r 4

wItere j is such that N’ lies is tIte interior of tIte segment~

SucIt an index casi surelybe foundbecausethe lenghtof N’ is lesstItan
1

p-~r—. Sixice K’ is amulti-valued(a’,~’)-Itornotopy, we obtaiñ that the

last set in tIte chain of inclusions aboyeis asubsetof a m~AiWei-’ ¿f¿‘.
Hence, fi’ is amulti-valued (w’, ir’)-function.

Add (b). The proofof (b) is asialogousto tIte proofof (a).

Add (c). Let 5’ be a memberof w’. Choosesets P’,N’, asid R’
as aboye. Observethat tIte setsyo E~(P’) andE~ o z(P’) both ile in
a memberBp. of /3. Since tIte length of the segmentN’ is less than

1
rBp.’ tIte product Bp. x /V’ lles in a member AB~>,J of a, for sorne
j E ji,... ,rBpá — 1}. This implies that sornememberT~ of E contains
setsA = K(yoE~(P’) x N’) andB = K(E~ ox(P’) x N’) becauseK isa
mutti-valued(a,E)-fuxiction. Notice that B = Ko(E~xl,) o(x x
On the other haxid, the inclusionsE~(P’) CE B~,, and B~,. CE
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imply that yoE~(P’) x N’ CE [B,,] x N’ and thereforethatA isa subset
of the set D = K([B,,] x N’). Moreover, since tIte lengtIt of N’ is
less tItan r[~’~,J’ the productL = [B,,] x N’ lles in a member

of a for sornek E {1,.. . ,r[B~,,.] — 1}. Hence, sorne memberT2 of ¿
containstIte set K(L). TIte inclusion y(B~,,) CE [B~.1 now gives that
J = K o (y x 1i)(B0> x N’) is a subsetof K(L). Once again, since
tIte length of N’ is less tItan —

tr--, tIte set B
1, x N’ lies in amember

PS

E’ = A~~m of a’ for sornemE {1,. . . , r’B~,.}. We cancludethat Jis

asubsetof K o (y x lj)(E’): Now we usethe assumptionthat z o (K’)
andKo (y x u) are(a’, tfl-doseto fixid amemberT~ of ~ which contains
tIte setsK o(y x 1¡)(E’) and za (K’)(E’). It remainsto observethat
tIte inclusion E(P’) CE B,. implies

z o (K’) o (E~ x 1i)(R’) = 2 0 (K’)(E~(P’) ,< N’) CE

z o (K’)(B. x N’) CE 2 0 (K’)(E’).

Finally, it follows that tIte starof T2 witIt respectto E, asid tIterefore
also somememberof ir, containssetsz o(K’) o (E~ >c li)(S’) andK o

(E~ x Li) o (a, x

Add (6). TIte proof of (6) is analogousto tIte proofof (4). u
We now define tIte composition of bihomotopy classesof multi-

binetsby tIte rule [{G,}] o [{E0}] = [{G«S) o

CIa¡m 3. The composition of bihornotopy classesof rnulti-biviets is
melí-defivied.

Prao!. Let n = {K0} asid A = {LJ be multi-binetsbihornotapicto
so asid ib, respectively,asid let pi = {M,}, whereM~ = LA(S) o
for every .s E Inc

6(Z). We must show that multi-binets x aud ji are
bihomotopic. In other words, that for every o’ E Cov6(Z) there is an
s E Incb(Z)sucIt tlíat

Ht ~bM, for every 1 > s. (7)
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Let a E Covb(Z). Let ir E c?~ and ¿ E ir. Let s = {¿} E Ixic6(Z).
lxi order to prove (7), we sItalí argue tItat for every 1 =s we can fixid
indices e E Inc6(Y) audu E Incb(Z) suchthat

(8)

GPoP
0ábGt~oEC, (9)

GUoE~ábL oF (10)u e,

LUoK~~6L>,oK~, (12)

ro K~ ~6 M,, (13)

where we put p = ib(1), a = ib(t), b = so(a), q = A(1), c = >.*(t), axid
d = ¡c(c). FromtIte relations(8)-(13)with tIte helpof Lemma2 weshall
get (7).

Weshallnow describeItow big e andu must be cItosenfor relatioxis
(8), (9), (10), and (11) to hold separately.TIte relations(12) and(13) are
analogousto relations(9) axid (8), respectively.We leaveto tIte reader
tIte taskof makinga cumulativecItoicefor e audu which accornplisItes
our goal. It is important to notice that u is selectedlirst wItile e is
selectedonly onceu is alreadyknown.

Add (8). We know from tIte proof of Clairn 2 tItat 0,, is amulti-
valued (r,¿)-bifunctionfrom tIte bispaceY into tIte bispaceZ, where
ir = [s] axid s = ib(t,p,p). Sincea> s by the property (1) of Claim 1, it
suificesto take e> b.

Add (9). If u =p, then0,, and 0,, arejoined by a rnulti-valued
(a,fl-bihomotopyK: YxI —* Z, wIterea = «u, m,m) andm = ib(u).
Ornasenormal covers /3’ of Y’ and /3 of Y ami functions r’ 4’ —.

{2,3,4,.. .} and r : /3 —~ {2,3,4,.. 4 suchthat tIte setsB’ x [k~I~ 1±2.]

and B x ~ where B’ E /3’, B E /3, i = 1,...,r’B’ —1, and
j = 1,... ,rB — 1, are containedin a member A~,1 of a’ and in a
memberAn,~ of a, respectively. We casi assume that /3’ refines f’(/3)
so that tIte pair (/3’,/3) is a normal bicover of Y. Let k = {/3} axid
e =‘p(k). Just as in tIte proof of (5) we can seethat K o (E~ x u) is
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a multí-valued ir-bihomotopy joining the left and tIte right sideof the
relation (9).

Add (10). Sincemuiti-binets ib aixd A arebihomotopic,tItere is a
u e Inc6(Z), a normal bicovera of Y x 1, and a multi-valued (a,fl-
biItomotopy 5 : Y x 1 —. Z joining 0,, and L,,. CItoose anormal
bicover/3 and aix index e as aboye. TIten So(E. x ir) is a rnulti-valued
ir-biItomotopy joining compositionswhich appearin (10).

Add (11). Let u > q. TIten L,. is amulti-valued (a,fl-bifunction
from Y into Z, where a = [s], s = A(*x,w,w), and tu = A(u). Since
multi-binets so axid k are bihomotopic,tItere is an index e E Incb(Y) so
that E

6 and K6 arejoined by amulti-vaiueda-biItomotopy2’: X x1 —*

Y. TIte composition L~, o 2’ realizesthe relation(11). u

Theorem 1. Thecompositionof bihomotopyclassesof rnulti-binets
is assodative.

ProaL Let so = {E0}, ib = {GJ, and x = {H~J be mnlti-binets
from X into Y, from Y into Z, andfrom Z into W, respectively.Let ji =

u = ‘c = {K,}, andA = {L,}, whereM~ =

foreverysE Ivic
6(Z) andN~= HX(p>oGg,(x.cP)), K~ ~Hx(p)oM~(r(p)),

andL,, = N~fr) o E
9,(11a(~)),for every p E Inc

6(W). We must showtItat
multi-binets ic asidA arebihomotopic,Le., thatbr everynormalbicover
ir E Cov~(W) thereis an index p E Ivic6(W) such that

K>, s4
6 L>, for everyq > p. (14)

Let ir E Cov
6(W). Let g E ir~4, ¿ E g, axid 17 E ¿. Let p {x9 E

Incb(W). lxi order to prove (14), we sItahl show that for every q =p we
canfind indices e E Inc6(Y)ands E Inc6(Z)such that

Kq~I
6HmoGnOFe, (15)

HmoGnoEei6HmoGs~a E6, (16)

HmOGSOEe4ÓHkO0sOEe, (17)
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o
HieOGsOEe~bN¡OEe, (18)

and
o

NL o E0 ~b L>,, (19)

wItere m = ~(q),i~ = ~(ji(~*(q))), k = x(v(q)), axid 1 = v(q). Repeated
useof Lemma2 will give (14) from the relations(15)-(19).

The metItod of proof is similar to the proof of Claim 3. We sItalí
only describefor eachof the relations(15)-(19) how largetIte indices u

e must be in order that this multí-valued~-biItornotopyholds. An
easyexerciseof putting togetIteral theseselectionsis onceagainleft to
tIte reader. Since relations (18) aud(19) are analagouswitIt relations
(16) and(15), respectively,it suificesto consideronly relatioxis(15)-(17).

Add (15). Observethat Hm is a multi-valued (6,v~)-bifunction,
where O = [a], a = ~(q,m,m). Let i = ~*(q), j = g(i), h = ib(j), d =

~(j,vi,n), c = ib(i)~ audw = [d]. TIten 0,-. is a multí-valued (w,[j])-
bifunction from Y into Z. Since j =i and i =a by the property (1)
from Claim 1, we obtain that U] refines6. Let b = so(c). 11 e > b tIten
E~ asid E6 arejoined by amulti-valued [c]-biItornotopyP. Rut e> ci so
that [c] refinesw. Hence,Hm o 0,. o P is a multi-valued e-bihomotopy
betweenK>, and

11m o 0n o F~.

Add (16). As aboye, Hm is amnlti-valued (6,~)-bifunction from Z
into W. If we take s > vi tIten (j,vi,s) E C,p so that 0,. axid G~ are
joined by a multi-valued (ajj])-biItomotopy Q : A’ x 1 —* Z, where
a = i~(j,n,s). Rut, since1> a we seethat [vi] refines6. Choosenqrmal
covers /3’ of Y’ and /3 of Y and fuxictioxis r’ : /3’ —* {2,3,4,. . .} axid

/3-4 {2,3,4,...,}suchthatsetsB’x[~,, $~\] axid Bx[~, ~j,
whereB’E/Y’, BE/Y, i=1,...,r’B’—1,andj=1,...,rB—1,
are containedin a member4,¿ of a’ and in a rnemberAB,~ of a,
respectively. We can assumethat /3’ refines y1(/3) so that tIte pair
(/Y’,/3)is anormalbicoverfor the bispaceY. Let g = {/3} and e =
Justas in the proofs of (5) and (9), we can seetItat Hm o Q o (Ee >< u)
realizesthe relation (16).

Add (17). Sincev(r) =r for every r E Inc6(W),we getk =m so
that (q,m,k) E C,< and Hm and H~ arejoined by amulti-valued (a, 77)-

bihomotopy2’: Z>< 1 —* W, wherea = x(q,m,k). Let y = V(k) and
let s > ib(v). TIten 0, is amulti-valued ([t], [v])-bifunction from Y into
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Z, where1 = «s,ib(s),ib(s)). Let u = ib*(1) axid take e =so(tO. TIte
composition 2’ o ((Q9 o E0) x ir) realizes tIte relation (17). U

8. THE SEAPE CATEGORY OF MAPS HM
6

For a topologicalbispaceX, let 0’ — {I }: X —* X be tIte identity
rnulti-binet definedby la = 1x for everya E Ivic6(X). It is easy to sItow
that mr every mnlti-binet ~: X — Y, tIte following relatioxishoid:

o [jX],, = [sok= [ifl
6o [soN.

We can surnmarizetIte aboye with the following theorernwItich is
tIte rnain result of this paper.

Theorem 2. TIte lopological bispacesas objects togethermitA dic
bihomoiopyclassesof mulii-binets asmorphismsavidihe compositioviof
bihomotop¡i clañsesforrn tIte categoryHM

6.

Therearesomenaturalfunctorsinto tIte category71Mb. First of alí,
tItereis a fuxictor S6 : 86 71M6 from tIte category86 of bispacesand
bimapswhich leavesthe objectsunchangedandassociatesto abimap
1 X —* Y betweenbispacesX and Y the bihornotopyclass[so]~~of
tIte multi-binet so = {E

0} : X —. Y generatedby tIte birnap f, where
Fc = f for every c E Inc

6(Y). TIten, tItere is an analogousfunctor
716 ~ HM6 from tIte category ~6 of bispacesasid biItomotopy

classesof birnaps. Finally,thereisafnnctorM6: 71M —* HM6 from tIte
autItor’s sItapecategory[4] of spacesand Itomotopyclassesof multi-nets
whichassociatesto atopologicalspaceX’ abispacex : X’ -~ X, wItere
X is a fixed single-elernent space, and whicIt associates to a Itomotapy
class[so’]of a mnlti-net 49 : X’ —* Y’ betweentopologicalspaces
andY’ tIte bihomotopyclass [so]6of tIte multi-binet so: X —~ Y whose
dornainspart is tIte rnulti-net so’- TIte functor M6 is a fulí ernbedding.
Since in [4] tIte author provedthat tIte categoryHM is isomorpItic to
tIte shapecategory.Sh,we get thefollowing corollary.

Corollary 1. Topological spacesX avid Y have ihe sameshape
if avid only if ihe vnaps of X arzd Y iao a .single-elementspaee are
equivalentlvi tIte category71Mb.
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9. SPECIAL MULTI-BINETS

Iii this section we sItalí be looking for conditioxis under whicIt a
given bihomotopyclassof rnulti-binetsItas arepresentativeof aspecial
kind. As a corollary of theseresultswe identify aclassof bispacesan
which bisItapetIteory audbihomotopytheory coincide.

A bispaceX is internally movableprovidedfor every o’ E Cov6(X)
there is a ir E Cov”(X) sucIt tItat every multi-valued ir-bifunction into
X is a-bihornotopicto abimap.

A bispaceX is internally calm provided tItere is a a E Cov6(X)
such tItat bimapsinto X whicIt areo-biItomotopic arebihomotopic.

A bispaceX is calrn provided thereis a a E Cov6(X) such that
for every ir in Cov6(X) thereis a e in Cov6(X) with tIte property tItat
multi-valued ~-bifunctions into X whicIt areo’-bihomotopic arealso ir-

bihomotopic.

A rnulti-binet so = {Ee}
061,.0b(y)frorn abispaceX into abispace

Y is regular providedeachbifunction E0 is abimap. It is cahledsimple
when thereis abimap f suchthat f = E0 for every c E Inc

6(Y).

Theorem3. Ifa bispaceY is intervially rnovable, tIten evenjmullí-
binel so from a bispaceX mio Y is bíhomotopiclo a regular rnulti-binet.

Froof. SinceY is internally movable,for everyc E Inc6(Y) thereis
ax(c) E [e]4-such tItat every multi-vaiued x(c)-bifunction into Y is [cj-
biItomotopic to abimap. Let a~ E x(ct. Let S: Inc6(Y) —* Inc6(Y)be
an increasingfuxiction such that A(c) =so({ac}) for every c E Inc6(Y).
TIten E,<c) is a multi-valued x(c)-bifunction so tItat we can select a

[cl
bimap Yc X —* Y with g~, ~ EÁ(C), for everyc E Ine6(Y).

In order to verify tItat ib = {YC}cEI,.cb(Y> is a multi-binet from X
into Y, let a a E Cov6(Y) be given. Let pi E o’~ andput c = {4}. For -

«e) o
every d > c we haveg~¿ ~b EÁ(d) ~b EÁ(

0) ~b Yo- Hence,g~j ~6 Yo for
every d> e.

It remainsto checkthat multi-binetsso ami ib arebihomotopic.Let
anormal bicovera E Coy

6(Y) be given. Let ji E o”’. Choosean index

co E Inc6(Y) such that F¿ ~t E
0 for ah d,e > eo. Let e =eo, {ji}.



146 2. Cerin

For every d =e, we get Yd S~b EÁ(d) by construction,while Es(a) ~6 Ed
o

becauseA(d) =d =e0. llence,Yd ~6 Ed for every ci =e. U

Theorem 4. If a bispaceY is both internally movableami caía,
titen everymulti-binet so mio Y Ls bihornotopielo a simplemulti-binet.

Prao!. Sirice Y is calm, tbereis a normal bicover ‘y E Cov
6(Y)

such that for every a E Coy6 (Y) there is a ir E Coy6 (Y) with tIte
property that -y-biItomotopic multi-valued ir-bifunctions into Y are in
fact a-biItomotopic.

Let 8 E $. Since tite bispaceY is alsointernally mavable,itere is
an i~ E 64- suchthat multi-valued 17-bifunctionsinto Y are6-bihomotopic
to. bimaps. Let e = #{‘ñ). TIten E

0 is amulti-valued 77-bifuxiction so
tItat it is 6-bihomotopicto abimap g. Let ib denotetIte simple multi-
binet determinedby tIte bimap g.

lix order to checkthat so and~ arebihornotopic,let anormalbicover
a of Y be given. CItoose a ir E Cov

6(Y)as aboye. Since so is amulti-
binet, tItereis an index ci> e snchtItat E

0 is amulti-valuedr-bifunction
‘1

br every e =ci. Titus, br every e =ci we get F0 ~ I’~ ~ g. Menee,
-y o

E0s~bgsotItatEe~bg. U

Thearem 5. Leí Y be a intervial¿y caira bispaceand leí so = {f}
and ib = {g} be simplemúlti-binetsmio Y. If so and ib are bihomotopic,
ihen ihe bimapsf avid y are bihomotopie.

Prao!. Since the bispace Y is internally calm, there is a a E
Cov

6(Y) sucIt that a-bihomotopicbimaps into Y are in fact bihomo-
topic. But, tIte assumptionthai tIte rnulti-binets so and ib are bihomo-
topic gives f =~g. llexice, tIte bimapsf andy arebihomotopic. U

TIte last threetheoremsimply thattite functor S~is anisomorphism

of categorieswhenwerestrictto bispacesthatItavetIte aboyeproperties.
Let .4 denotetIte collectionof ah bispacestItat areat tIte sametime

internally movable,internally calm, andcalm.

Let 71~ be tIte fuil subcategoryof 1-i6 with objectsprecisely tIte
membersof tite collection A. Tite categoryUM~ la definedsimilarly.
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LetT~: 71~ —* HM~be tIte restriction of tIte functor S~ to tIte category

71~4.

Theorem 6. TIte functor T,~ is ay isornorphism of categories.

Prao!. We sItail construct a functor K~ : HM~ —* H~ wItich
satisfies tIte relations ~ko = íd asid fl o T,~ = Id. TIte functor K~
leavestIte objectsunchangedand on morpItismsit is definedas follows.
Let C be a bihomotopy class of mnlti-binets between two mernbers X
and Y of .4. Let so be a representative of C aud let g : X —* Y be a
bimapsuchthatthe simplemulti-binetib determinedby g is bihomotopic
to so~ TIte functor K~ associates to C tIte biItomotopy class of tIte bimap
g. It follows from tite aboyeresults that this definition is correct and
tItat Kt Itas tIte reqniredproperties. U

Carollary 2. Qn bispacesmhich are al tIte sametime iviternally
raot’able, calm, avid internally calm, the bihomotopytheory avid tIte bi-
shapetheory coincide.

10. CHARACTERIZATION OF BISHAPE EQUIVALENCES

1n this section we sItalí useclassesof internally movableand inter-
nally calm bispacesto obtainan analoguefor bimapsof Q. Kozlowski’s
characterizationof shapeequivalencesin terms of inducedfunctionsof
Itomotopy classes.

For bispaces X and Y, let [X,Y]j, denote tIte set of ah bihomotopy
classesof bimaps from X into Y. Every bimap f: X —* Y inducesfor
every bispaceZ a set function 4 : [Y, Z]1, —* [X, Z]1, definedby tIte
rule 4([a]6) = [ao f]b, for every bimap a: Y —* Z.

Recail that amorphismso of tIte bishape category HM
6 is bishape

left invertible provided thereis anotIter bisItapemorpItism ib with the
composition ib o so equal to tIte identity morphisrn. TIte bishape right
invertible ,-norphisms(or sItortly bis/zape dominations)are defined símí-
larly. A bishapemorphismis abishapeequivalenceuf it is both bisItape
left invertible audbisItaperight invertible. Whenappliedto bimapsthis
notioxis meanthat tIte bisItapemorpItisrn determinedby this bimapItas
tItem.
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The following foxir theorems are similar to tIte citaracterization of
sItapeequivalencesfrom [7]. We get informationon conditioxis wIticIt
imply that functions4 inducedby abimap f: X —* Y aud a bispace
Z are surjectiona and injections and we getan informationon what kind
of bispaces Z one can use.

Theorem 7. If a bimap f X —~ Y betweentopological bispaces
is bis/zape left inyertible, tIten for everybispaceZ mhich is al the sorne
time iviternally movableami internally calm tIte ividucedfunctiovi f4 is
a surjection.

Prao!. Let It : X —* Z be a bimap. TIte assumption about tIte
bispaceZ imply tIte existenceof norrnal bicoverso’ E Cov6(Z), ir E o”’,
axid ji E r~ sucIt that a-bihornotopicbimapsinto Z arebihomotopicaud
every rnulti-valuedji-bifunction into Z is ir-biItomotopic to abimap. Let
o = M’(g). ObservetItat eis anormalbicoverof X. Sincefis bisItape
left invertible, thereis amulti-binet ib: Y —* X witIt ib of bihomotopic
to tIte identity rnulti-binet on X. Lix particular,thereis an index a ={~}
in Inc~(X) sucIt that Q~ of 46 1X, where p = ib(a). Let d = ib”(a).

TIte bifunction 0,, is a rnulti-valued ([ci], e)-bifunction so that there
isa birnap k: Y —# Z wItich is ir-biItomotopic to the composition ho0,,.
It follows tItat kof and It area-biItomotopicand tItereforebihórnotopic.
In otIter words, 4([k]

6) = [It]6. U

Thearem 8. If a bimap f : X —* Y betweentopological bispaces
is bis/zaperight inyertible, tIten fox’ everij internally calm bispace Z tIte
inducedfuviction4 Ls an injection.

Proa!. Let h,k : Y —> Z be bimapsasid assurnethat 4([h]6) =

4([k]6), i.e., tItat It o f and k o f are joined by a bihomotopy
X x Y —* Z. Since Z is internally calm, tItere is a a E Cov

6(Z) such
that a-bihornotopicbimapsinto Z are bihomotopic. Let ji E a”. Let
e be a commonrefinementof hP’(pi) audk1(ji). Let w E e”~ Since
f is a bishapedomination, tItere is a multi-binet ib : Y —* X with
tIte compositionf o ib biItomotopic to tIte identity multi-binet on Y.
Hence,tbereis a multi-valued ir-biItomotopic joining ly and f o Gp,
whereA — f1(ir), xi = {AJ, andp = ib(xi).
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Let a E Cov6(X) be such that a’ E D(X’,(rn’)1(p’)) aud a E
D(X,rn’(p)). Pick an índex q =p sucIt that 0>, is a multi-valued

A
a-bifunction. TIten Q>, ~ 0,, 50 that

fo Q>, ~b fo Gp ~b 1~.

It follows that hofoQ>, 46 It aud similarly kofoQ>, 46 k. Qn tIte otIter
Itand rn o (Q>, < u) is a multi-valued ji-bihornotopy joining It o f o 0>,

andk ofoQ>,. llence, It s~
6 k and thereforeIt ~6 k. U

In order to formulate a partial converse to theorern 7 and for sorne
other resultsbelowwe sItail needtite following notion.

Let 7’ be a classof bi~paces.By a7’-expositionof abispaceX we
meana family {Xj0~r,.Cb(x) of membersof 7’, a farnily {14 ¡ a,b E
Inc

6(X), a =b} of birnaps14 X
6 —* X4, afarnily {pO ¡ a E Ivic

6(X)}
ofbirnapsp4: X —-. X

4, asidafamily {J4 ja E Inc
6(X)} of rnulti-valued

[a]-bifunctions sucIt that

(1) Tite relation a < b in Ixic6(X) implies p4 ~6 1409,

[a]
(2) For every a E Ine6(X), weItave 10 op’ ~b 1x, and

[a]
(3) Tite relation a < b in Inc6(X) implies J6 ~b 14 o14

Theorem 9. Let 7’ be a elass a bispaces. If a bispaceX has a
7’-ezpositiovi avid a birnap f: X —-. Y is sixchthat the inducedfunction
f~ is a bijection fox’ every Z E 7’, tIten f is bis/zape left invertible.

Proa!. By assumptiontIte bispaceX Itas a P-exposition formed by
bispacesX

0 from 7’, bimaps14 axid p
0, and multi-valued [a]-bifunctions

¿. We sitail define a rnulti-binet ib : Y —* X sucIt that ib o f is
bihomotopicto tite identity multi-binet bn X.

Let a E Inc6(X). Since tIte function f~ is a surjection, there
isamapr4: Y—*X

0witItp
4~

6r
0of. PutO

4 =J0or«aud
ib = {Ga}oeIncb<X).
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¡si order to verify that ib is a rnulti-binet, let anormalbicovera E
Cov6(X) be giren. Let ir E u” asid put a= {ir}. For every b > a we
have

r~of~
6p~ú~6pop

6r...
6~or6of

Since4 is also an injection, we obtain ~‘ ~b 14 o r
6. It follows that

and thereforeG~, 4,, 0,,.

We shahl now cIteck tItat ib o f.is biItomotopic to 0’, i.e., that for
a

everyo’ e Cov6(X) thereis an a E Inc6 (X) sucIt tItat Qg,¿
6) of ~b lx

for every b =a.

Let o’ E Cov
6(X) and ir E a”. Put a= {ir}. For every b =a, we

r
get ib(b) =ib(a) =a so that 0«,,> ~b G4i(a)~ Hence,

~«~) of ~,, Qv/(
5)of = ~g«~)O r~’(”> of ~b J,~<~> o pV/(a> ~,, l~.

o
TItus,0«,,)of~&,1x. U

Theorem 10. Let 7’ avid 7? be classesof bispacessuc/z that each
memberof 1? is bot/z internallyinovableand internally caira. Ifa bispace
X Itas a P-exposition, a bispaceY Itas an iZ-exposition,and a birnap
f : X —> Y is sixch that tIte fuviction4 Ls a bijection fox’ gvery,Z E 7’
and an ivijectionfox’ everyZ E 7?, tItenf Ls a bis/zapeequivalence.

Pmo!. First we sItalí sItow tItat Sor every a E Cov’>(Y) there is

a ir E Cm.,
6(Y) sucIt that the relation U o f ~j,V o f Sor multi-valued

ir-bifunctions U, V: Y —* Y implies tIte relation U 4,, V.

Let aa E Coé(Y) be giren. Let ji e a” asid ~ E É. Put c = {.9.
By assnmptiontIte bispaceY has an R.-expositionformed by bispaces
Yd from 7?, bimapsq~ andqd, andmulti-valued [d]-bifunctions Kd.

Since tIte bispaceYc is internally calm, tItere is a normal bicover
a of Y

0 such tItat a-bihomotopicbimapslito Y0 are bihomotopic. Let
/3 E a” be such that K0 : Y0 —* Y is amulti-valued (/3,fl-bifunction.
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Since Y0 is also internally movable, tItere is a normal bicover ‘y e /3+
of Y0 witli tIte property that every rnulti-valued ‘y-bifunction into Y0 is
/3-bihomotopicto abimap. Let ir = (qO)í(’y).

Let U, V: Y —~ Y be rnxilti-valued ir-bifunctions and assurne that

U o f 4~, V o f. TIten q
0 o U and q0 o V are multí-valued ‘y-bifunctions

p
so that titereare bimapsa and b from Y into Y

0 with a ~b o U and
A

3
b ~6 q0 o y. Our cItoicesirnply tIte following chainof relations:

aof~
6q

0 o Uof~?
6q0oVof

4
6bof.

It follows that a o f ~ b o f axid thereforea ~ b becausef~ is an
injection. Now, we Itave

U
4

6K0oqOoU
4

6K0oa
4

6K0ob
4

6K0oqcoV
4

6V.

o
Hence,U ~6 V.

Now we are ready to prove tIte theorem. Let ib be a multi-binet
constructedin tIte proof of Theorern 9. We sItaIl show that f o ib is
biItomotopic to 0<, i.e., that for every a E Cov

6(Y) tItere is an index
o

a E Incb(Y)suchtItat fOQv/(4,e(6)) ~b ly for everyb =a. Sincewe can

take so”(b) = {f1([b])}, we must prove that fo QA(b> ~b ly for every
_ a whereA(b) = ib({f1([bl)}).

Let aa E Coy6(Y) be given. Chooseanormal bicover ir of Y with
the property describedaboye. Let e E ir” axid put a = {e}- For every
b > a f o QA(b) and ir are multi-valued ir-bifunctions of Y into itself
axid

f O G.?«b) 0 f = f o o x’<> ~ 1 ~b f o o ~Mb)~b 1 = o f.

It foilows that fo CMb) ~b ly. U
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11. APPROXIMATE CONTRACTIBILITY OF MAPS AND
TRIVIAL BISHAPE

As an illustration of tIte new insight offered in shapetheory of
mapsby approacItvia multi-binetswe will characterizebispacesof trivial
bishapeas approximatelycontractiblebispaces.

Let usagreethatabispace2’ is trivial provided botIt tIte codomain
and tite domain of 2’ aresingle-elementspaces.A bispaceX has trivial
bis/zape providedit is equivalentin the bishapecategoryHM6 to atrivial
bispace.

As we sItalí see shortly, bispacesof trivial bisitape coincide with
approidmatelycontractiblebispaceswIticIt we definenext. A bispaceX
18 cahledapprozimatelycovitractibleprovidedfor every normalbicover a
of X thereis anormalbicover ir of X such that everytwo rnulti-valued
r-bifunctionsinto X areo’-bihomotopic.

Theorem 11. A bispaceX Ls approzimately contractibie if and
only if X Itas trivial bLsItape.

Pron!. (=~). Let 2’ be a trivial bispace and let c: X —~ 2’ be the
obviousbimap. Let a E X and a’ E z1(a). Defineabirnap g: 2’ —. X
byg(T)=aandg’(T’)=a’. Let’y: X—#Tandib: T—*Xbe
simple rnulti-binets determinedby bimapsc aud y, respectively. TIten
‘y o ib — iT In order to see that X asid 2’ are bishapeequivalent,it

a
remainsto cIteck that iboy ~b ~ i.e., thatgocs~

6
1x for every normal

bicovero’ of X.

Let aa E Cov6(X) be given. SinceX is approxirnatelycontractible,
titere is a ir E Cov6(X) sucIt that multi-valued ir-bifunctionsinto X are
a-bihornotopic. But, y o c and 1x are both multi-valued r-bifunctions

a
of X into itself. Hence, go e =~blx.

(~=~). It suffices to observetItat every trivial bispace2’ is approx-
imately ¿ontractibleand that approxirnatecontractibility is preserved
under bisItapedominatioxisandbisItapeequivalence. U

Let us cali abirnap f: X —* Y constantprovidedboth f’(X’) and
f(X) aresinglepoints (i.e., mapsf’ axid f areconstant).The following
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notion is aversionof patIt-connectednessbr maps.A bispaceX is pat/z-
connectedprovidedevery twa constautbimapsinto X arebihomotopic.

Theorem 12. If a bispaceX has trivial bishape,t/zevi every tmo
bimnaps frorn X ivito a path-connectedbispacewhic/z Ls bot/z ivitervially
movable and iviternally cali-ii are bihornotopic.

Proa!. Let Z be apatIt-connectedbispacewIticIt is both internally
movableand internally calm. Let a,b X —-. Z be bimaps. Let 2’
be a trivial bispace. SinceX Itas trivial bishape,tIte obvious bimap
e : X —* 2’ is abishapeequivalexice. It follows from Theorem7 that
titerearebimapsf,g: 2’—> Z with a c±6f ocasidb ~ yac. Rut, f andg
areconstantbimapsinto Z sothat f S4 g becanseZ is path-connected.
llence, a ~b b. U

Theorem 13. Let 7’ be a class of path-connectedbispaces. If a
bispaceX Itas a 7’-exposition avid every tino bimaps of X into a rnennber
of 7’ are bihornotopic, t/zevi X has trivial bis/zape.

Prao!. Let e: X —* 2’ be tite obviousbimap from X into a trivial
bispace2V. We shahJshow that e is bisItape left invertible. TIten X
will be bishapedominatedby tIte approximatelycontractiblebispace2’
andwill thereforehavetrivial bisItapeby Theorem 11. According to
TIteorem 9, we must in fact check that tIte inducedfunction 4 is a
bijection for every Z E 7’.

lxi arder to see that 4 is a surjectionfor every Z E 7’, let Z be
from7’andletf: X—*Zbeabimap. Letg: 2’—.Zbeaconstasit
birnap. TIten f andy o e are twa bimapsof X inta Z. By assumption,
they are bihomotopicsothat [1]¿~= 4([g]j,) aud ct is onto.

Finaily, in arderto see tItat c~ is aix injection for every Z E 7’,
z

let Z be frorn 7’ axid let 1,g : 2’ —> Z be birnaps asid asaurnethat
4([f]b) — e#(~g]6),1-e., tItat foc ~b goc. Rut, tIte bimapsf and9 are
constantbirnapsinto Z. Since Z is patIt-connected,we obtain 1 ~6 Y
sothat 4 is indeedone-to-one. U
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