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Sequence Spa ces Generated by Modulí
of Smoothness

J. MUSIELAK and A. WASZAK

ABSTRACT. Thereare definedsequeratialmoduli ira the rernainderferm
fer real sequences.Propertiesof sequencespacesgeneratedby xneansof the
aboyemoduli are investigated.

1. INTRODUCTION

Ira rraany problemsof mathematicalanalysis,eneof tire important
tools form moduli of ceratirauityand smootirraessaradvariatierasof afurac-
tiara. Tire modulusof coratirauity may be detraedira spacesof centirau-
ous furactierasarad ira L~-spaces. Ira [6] arad [7] we trarasferedtire rae-
tiara of modulusof coratirauity te spacesof sequeraces,by tire formula
ca(a:,r) = sup sup — t1¡, wirere a: = (t1)~0, r = 0,1,2 We

nOr :>nt
develepeda theory of medular spacesof sequencesgeneratedby tire
modulus(seealse [3]).
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Ira tire presentpaper we trarasfertire definition of L~-modulus te
tire sequentialcase,introducing tire remairaderform of tire sequential
modulus.Moreover,we replacetire powerp by asequenceof so-furactioras,
so = (soí)~i,(fer definition of so-furactienseefer instance[4], 1.9). Tirere
arearaalysedstructuralpropertiesof modularspacesgeneratedby mearas
of tire aboyenotioras. In asubsequentpaperwe sirail shew appllcatiora
teproblemsof twa medularcoravergenceof sequeraceswitir aid of moduli
of smeothraessand$-variatiensasid we siralí derivesemeiraequalities.

2. MODULUS OF SMOOTHNESS

We introducetire remairaderform of tire sequeratialmodulusira tire
spaceX of all real sequeraces.Let a: = (t1)~’20 E X, tiren we denote
(a:)5 = t~ aradwe write (r,,.xt = t~ fer 5 < m and (rmzt = ~m+i for
5 ira where m,j = 0,1,2 Tire sequeracermx = ((rmz)j)Za is
called tire m-traraslatieraof tire sequeracea: (see [6]). Let ~ = (soí)~i
be a sequeraceof so-furactioras. Tire remairaderferm of tire sequential
so-modulusof the sequencea: will be detraedas

=

ca~(z,r)= sup>3soí(¡(rma:)í— (x)1j), r = 0,1,2
m>r 1-1

Obviously, we irave

ca~(a:,r) = sup >3 soí(Itm+í —

tn>r.

For any two sequencesa: andy we irave

ca~(z + y,r) =ca,~(2a:,r)+w,~(2y,r).

Let ‘P beanonraegative,nondecreasingfuractianof u> O sucir tirat
‘¡‘(u) —. O as u .—* 0~, ‘¡‘(u) not vanishiragidenticaiiy, arad let (a,.) be
sequeraceof positivennmberswitir a = mf a,. > 0. We define tire set

r >0

XQIt) = {x EX: a,AI’(w<4Aa:,r)) --+0 as r —* ~ for a A >01.
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3. so-FUNCTIONS AND THEIR PROPERTIES

We sirall needtire following coraditierascoracerniragtire furactien ~p
andfuractieras ~¡, i = 1,2,...

Tire furactien ‘II is said te satisfy tire conditioras(A2) for smail u
(fer Mi u), if tirere are u0 > O aradK > O sucir tirat 1II(2u) =K’I’(u) for
Mi O < u =u0 (for Mi u> 0).

Tus implies tirat for every ni > O tirere exists K1 > O sucir that
‘P(2u) =K1’P(u) for a]] 0< u =u1.

Tire sequeraceso = (soí»¾will be saidte satisfy tire conditiora(A),
iffor every£ > O thereexistA> O anda> O sucir tirat fer alíO <u < A
fer Mii = 1,2,...

soí(au)=£soí(u).

The sequence~ = (soí)~
2i will be saidte satisfy the conditiera(A’),

if tirereexists an a > O sucir tirat for everyu =0, for aJí i = 1,2,...

2w~(au)=so1(u)

Let us remark tirat if tire furactioras S01 areMi s-coravexwitir a fixed
s 6 (0,1> thera ~i = (~)~2~ satisflesbatir conditieras(A) arad (A’), (for
definitien of s-coravexfuractianseee.g. [2], [4], [6]). A conversestatemerat
is not true. For example,taking

Ira u

for O < u < yo, witir yo sufficieratly smMi, we see easily tirat (A) is
satisfledbut so is not equivalentte an s-convexfuraction fer O < s < 1.

We sirail saythat tire functiora ‘P satisfiesthe cenditiora(13), if tirere
exists a y > O sucir tirat for every 6 > O tirere is an 77 > O satisfyingtire
iraequality ‘P(~u) =6’I’(n) for any O =u < y.

Tire sequenceso = (soí)~’2i of so-furactioraswill be said te satisfy tire
condition (C), if for every i> > O thereexists an £ > O sucir tirat for a]]
u> O asid Mi indicesi, tire iraequality so¿(u) <£ impiles u < >.
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Let us remark tirat (C) implies tirat soí(it) > O if it > 0.

4. SPACE X(’I’)

We give new sorneciraracteristicof tire spaceX(4!) detraedira 2,
aradwe iravestigatetire vector structureera

Theorem1. Let ussupposetirat ‘1! .satisfiestire coradition (A2) for
smalE u arad let tire furactioras ~i1 satisfy (A2) for ah u witir a corastarat
K>0 iradeperaderatoíl. Tireraz E XeI’) ifaradoralyifa0P(caq,(Ax,r))
O asr —* oc for every A > 0.

Tire easyproof will be omitted.

Remark 1. It is easyte verify that if ,o¿ satisfy (A2) for smail u
witir K arad u0 iradependeratcfi arad tire sequeracea: is beuraded,tiren
tire tiresis of Tireorem1 is true.

Theorem2. Let orze of tire fohlowirag twa coraditioras iroid:

1~. 4’ satisfies(A2) for smalEu,

20. ~osatisfies (A’).

Tirera X(’P) is a vectorspaee.

Proof. Supposiraga:,y E X(4!) aradapplyiragtire iraequality so(it +
y) =so(2u)e so(

2v),we ebtairafor a: = (t¿), y = (si)

00

ca~(a: + y,r) =sup 3[~í(2¡tí+m — ti) + soí(218í+m— s~¡)] =
m>r-

— tm

=w.~(2x,r) + w
4,(2y,r)

for every r > O. New, by tire defiraition of X(4!) tirere exists a .X > O
sucir tirat a,.4!(ca,~(Ax,r)) -4 0 arad a,.1P(ca~,(Ay,r)) —* O as r —* oc. We
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have

a,.4!(ca4.QA(a:+ y),i.)) =a,.4![ca~,,(Az,r) +ca,e(Ay,r)] =

=a,.4’(2w.~(Az,r))+ ar4!(2w4,(Ay,r)),

by rnonotoraicityof tire furaction 4!.

New, let ussuppose1~. By assumptions,tirere arecenstantsM,b>
o sucir that O < 4’(u) =6 implies u < M. Siracea,.4!(ca<~(Ax,r)) —* O
as r .-. oc anda = mt a,. >0, we irave 4!(ca4.(Ax,r)) --+0 as i’ oc.

Hence tirere exists an r1 > O sucir tirat 4!(ca4.(Ax,r)) =6 for r > r1.
Corasequeratly,ca4.(Az,r)=M for y ~ ri. Similarly ca4,(Ay,r) =M for
r =r2 witir somer2 > O, aradwe may suppose~2 = ~I- Taking u1 =

by l~ tirere is a K1 >0 sucir tirat W(2ca,4,(Az,r))=Kí’P(w.~4Ax,r)) arad
4!(2w4.(Ay,r)) =Ki4!(ca4.(Ay,r)) for r =~x• Heracefor r =r1 we ebtaira

a,AP (ca4. (~x(z + y),9) =K1 [a,.4’(ca4.(Aa:,r)) + a,.4!(ca4.(Ay,r))] —* O

as y —* oo. Heracea: + y E X(4!).

Next, let us suppose20. Tiren

00

ca4.(aAx,r) = sup >3 sot(aAItt+m — t1¡) =
vn>,..

= vn

1 00

—sup Y’ (pi(AIii+m — t1¡) = ~ca4.(Aa:,r)
2 no’r ttm

aradsimilarly

ca4.(aAy,r) =~ca4.(Ay,r)

for y > O, A > O.
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Tirus

a~.4!(ca4.QAa(a: + y),r)) =a,AIt(2ca4.(Aaz,r))+ a,.4!(2ca~{\ay,r))=

=a,.4!(ca4.(Az,r))+a,.4’(ca4.(Ay,r)) —>0

as r --* oc fer sufficiently smail~ >0. Heracex+y E X(4!).
tire tireorem.

Tris preves

5. MODULAR STRUCTURE ON X(Q)

For every a: E X we define the furactienal

00

<(a:) = supa~4!(ca4.(z,r))= supa,.4’ [sup E <pi(Itj+m —

r>O — — tm

Theorem 3. Let so = (soí»~i arad 4! satisfy orae of tire followirag
tino coraditioras:

1~ 4! is coracave,

20 furactiorasso~ are coravez.

Tiren X(4!) is a vectorspacearad < is a pseudomodularira X.

Proof. If 4’ is concavearad 4’(O) = O tiren 4’ satisfiestire ceraditiera
(A2) for all u > O, because4!(2u)=24’(u). Herace,by Tireerem2, X(W)
is a vector space. Mereever,if z,y E X, a: = (t1), y = (se), a,fi =
0, a+ fi = 1, tiren

<(az + ¡3y) =supar4! [sup~ soí(a Ití+m — t1j + fi ¡sj+,,, — s~I)] =
vn>,..

— 1=?»

< <(a:) + <(y).

Consequeratly,c is apseudomedular.
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New, let us supposeso¿ te be convex for i = 1,2 Tiren so =

(soOr1 satisfies (A’) arad so, by Tireorem 2, X(’P) is a vector space.
Moreover,witir tire sameraetatienas aboye,we irave

<(ca: + ¡
3y) =supa,.4’ [sup

r>O vn>,.

00

E so~(a ¡ti+m
t= vn

=supa,.W[sup
r>O m>r

00

>3 ví(¡tí+m —

5= vn

00

+ supa,.4! [sup >3 soí(¡sí+m
vn>,..

—sil)] =

Herace<is apseudomodularira X.

As well-kraowra, tire pseudomodular< definesara F-pseudoraorm

Izk=iraf{u>0: i:) =u}

ira tire medularspace

X~= {a:EX: c(Az)—.OasA—*0+}

(compare[5], [8]).

We siralí iravestigate< ira casewiren 4! is s-ceravexwitir O < s < 1.

Remark2. Let 4! be s-coravexwitir O < .s < 1 andlet so~ be caravex
fer i = 1,2 Thera c is ara s-coravexpseudomedular,i.e.

<(ca: + fiy) =a<(x) + fi5«y)

ifa,/3=O,a+fi’<1.

For proof, let lis remarktirat by Tireorem3, c is apseudomodular.
Mereover,takirag a: = (t

1), y = (se), a,fi =0, a + fi’ =1, we irave
a + fi =1 andse
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00

<(aa:+ fiy) S supar4![a sup > soi(Iti+m —

r>O vn>,..
vn

00

+ ~ sup >Z soí(lsí±m— síl)] =aYa:) + fi8c(v).

Theorem4. Let tire furactiora 4! be iracreasirag, coratirauous arad s-
coravea: arad let tire furactioras pj be coravea:, 1 = 1,2,..., wirere O < s < 1.
Tirera Me s-iromogeraeouspsendoraorrn

u
satisfiestire folEowirag inequahities:

10 ifa: E X
9, ¡¡z¡¡~ < 1, tirera

¡¡a:j¡~ =~

20 ifa: EX9, j¡a:¡¡~ > 1, tirera

jja:jj~ =sup

inirere
4’i Ls tire iraverse to 4!.

Proof. Sirace,by Remark2, < is s-convex,se ¡¡ ¡¡~ is an hemoge-
necuspsendenorm.Let j¡xlI~ < it < 1, tiren

É soj(¡tj+m — t$l =1
ul/S vn>,. 1=m

fer Mi r > 0. Hence

00

sup >3 soí(¡tí.s-vn— ti) < ul/s4!..i(1/a,.)
vn>,.

— ,vn
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¡.e.

ca4.(x,r) =nr/sIP (1/a )
wirich gives tire iraequaiity 1~, wiren we take u —* 11x11+
New, if IIxIl~ > u> 1, tiren we irave

supa,.4![—+--ca4.(x,r)1 > 1

aradwe obtain tire iraequality 20 easily.

Corollary. By tire assnmptiorasof Tireorem4, if

w4.(z,r)

tiren ¡¡z¡¡~ = 1.

Let 3 be tire spaceof Mi sequeracesa: = (Ií)’
2~ sucir tirat t¿ =

for 1 = 1,2 Tirere heldstire follewing

Remark3. Let us remark tirat if 4!(u) > O for u > 0, tiren a: E 3
if and oraly if ¡a:k = O.

6. COMPLETENESS

Takingtire assumptiorasof Tireorem2, we mayconsidertire quotierat
spaces:st

9 = X9/3arad .Ñ(4!) = X(4!)/3, witir elements~, . . - (see[1]).
Tire F-pseudenermsresp. s-convexpseuderaermsmay be detraed by

= ¡a:¡~, ¡¡~¡¡~ = ¡¡x¡¡~, wherea: E ~,respectively.

Theorem 5. Let 4! be iracreasirag, coratiranous arad satisfyirag tire
coraditiora (B,). Let ~ = (soi)~~i satisfycoraditioras (A) arad (C). Moreover,
let at least orae of tire fohlowirag twa coraditioras hoEd:

1~ 4’ is coracave,

20 so¿ are coravex.

Tirera X9 is a Fr¿ciret spacewith respeetto tire F-raorm j{.

Proof. Let (i,,) be a Cauciry sequeraceira X9, a:,, 6 i,,, a:,, =

(t?)~20. Witirout loss of generality, we may supposetirat t~ = O for
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it = 1,2 We denoteby ~»¾the iraversefuraction te 4». Sincea =
iraf a,. > 0, for every £ > O enecan firad an N sucir tirat ¡a:, — a:q¡9 <
>0

a4!(£) for p,q > dV. By tire defiraition of [¡~,tirere exists it~ sucir tirat
O < n~ c a4’(e) and<(~j~) =n~ for p,q> dV. Consequeratly,

forp,q> dV arad r >0 wirerace

ca4.(xv—a:~r) = = <e

fer p, q> dV, r> 0. By tire defiraitioraof ~ we ebtairaira particular

(1)5 vn

for p,q > dV, s > m and 1 > m > r > 0. B.y coraditiora (C), fer every
~ > O enecara tirad ara £ > O sucir tirat

— _ ~

í+vn i+vn : fl<q (2)

fer p,q,> dV, 1> m>O. Hence

Itt±m— ~t+m¡ < ¡t~~ — 4¡ + qu~ c ¡t’ — Éfl + ija4’(c)

ferp,q> dV, 1> m >0. Siracet?= Oferit = 1,2,...,tire aboyeiraequal-
ities imply (tfl~.1 te be Cauciry sequeracesfor 1 = 1,2 Hencetirese
sequencesarecoravergerat.Let uswrite t1 = Hm t~ fer 1 = 1,2,..., to =

fl *00

O, a: = (t1)~%. Taicing q .—* oc ira (1), weobtain

= vn
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forp>N s>m>r>0. Agaira,takings—>oc,weget

Éso.Ct~m—ti
1~

—

2 vn
<4’ a,.)it

ferp>N m>r>0.Thus,

ca4.( XP a: r) si\
—“~~ ( a,.)

ferp>dV r>O Herace

a:~— a:r)) =nc
(3)

for p> dV asid r> 0.

We are geirag te prove tirat a:~ — a: E X9 fer largep, i.e. <(A(a:~ —

a:)) —.0 as A —* 0+. Let £ > O be fixed and let dV be ciroseraas aboye.
Let p> dV. We iravefer A > O

ca4.(A(a:,,— x),r) = ca4.

Taking ej —* oc ira (2) we obtaira

— ~i+m —

a:~—a:,.) =

= supE so~ (Au~
¡t~’A<m —ti1~ — ti

—ti¡ <11

nc
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for 1> m > 0. We applytire coraditiera(A) witir tira placeof£ A <a/u4,
aradwe ciroese27 = A. Tiren for u = ¿ ~ — — 4+t1¡ weget

I4+~ — —4 + tí¡) =~ ({¡4+m — t1+,~ —~ +soí

for p> dV, 1 =m> 0. Hence

00

caÁA(a:~ — a:),r) =tsup >3 4~ ¡tj~fl% — ~i+m 4 +
vn>,’. ‘3k

n = ~1¡)=

Heracefer O < A =a/it4 we irave

— a:)) = supa,.4!(ca4.(A(a:~— a:),r)) =supa,.’P(t4!1 (Hs))
r>O r>O

New, we apply the coraditiora (13) witir y = 4»—iQ~’-) it = 4» _

Ciroesiragfi > O arbitrarily and takirag t = ~,we olitain

Cerasequeratly,

c(A(x~—a:))=supa,.6~=6u4 forO.cA=a/u~.
~>o a,.

Sirace n~ is fixed, this implies <(A(a:~ — a:)) .—* O as A -4 0+. Hence
— xc 3<9 for p> dV. But X~ isavector space;tirus, a: E X~.
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By (3), we havefor arbitrarye> O,

(a:~— a:) =n~

fer p > dV. Tirus, ¡a:~ — a:¡< < it~ < a4»(£) for p > dV, arad we get
¡a:,, — a:¡9 —* O as 7> —~ oc. Tus prevestire cempleteraessof tire space3<9.

Theorem 6. Let tire furactiora 4» arad tire sequeraceso satisfy tire
assumptiorasof Tireorems 1 arad 5. Tire 1(4’) fl 3<9 is a Fréciret spaee
muir respeelte tire F-narm ¡19.

ProaL It is sufficierat te sirow tirat X(4!) fl 1. is aclosed subspace
of 3<9 witir respectte tire F-raorm ¡.j~. Let ~,, E X(4») fl st9, ¾.—~ ~ ira
3<9. Let a:~ E h~ a: E ~. By tire assumptien,we irave for everyA > O

a,-4!(ca4.(A(x — a:,,),r)) —* O as p —* oc

uraiformly ritir respect te r. By a property of ca4., arad tire cenditiora
(A2) fer soí, we irave

ca4.(Aa:,r)=ca4.(2A(x— a:,,),r) +ca4.(2Aa:,,,r)=

=K[ca4.(A(a: — a:,,), r) + ca4.(Aa:,,,r)].

By propertiesof 4! we irave tirat tirere exist M > 0, 6 > O sucir tirat fer
every it satisfyingtire ceraditienO < 4!(u) =fi tirere irolds tire inequaflty
u < M. Taking A > O fixed we may tirad api sucir tirat 4’[ca4.(A(a: —

z,,),r)] < fi for p =p~, arad ira corasequeracewe ebtaira tirat ca4.(A(x —

a:,,),r)=Mforp=pí,witiraraM>0. LetmbesucirtiratK<2
m.

Applyirag tire iraequaiity 4’(n + y) =4»(2u)+ 4!(2v) aradceradition(A
2)

for small u witir aconstantK1 > 0, we tirus obtain

4!(ca4.(Ax,r)) =4![2Kca4.(A(a: — a:,,),r)] + 4’[2Kca4.(Aa:,,,r)] =

=Kr~’[4’(ca4.(A(a: — z~),r)) + 4»(ca4.(Aa:p,r))]
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for p> p’. Let us cireesean arbitrarye > 0. Tiren tirereexistsapo =Pi
sucir tirat

a,.W[ca4.ff«a: — x~<,),rfl <

But a:~<, E X(4’) aradso,by Tireorem 1, we have

a,.4![ca4.(Aa:~0,r)] —* O as r —* oc

Heracetirereexists an ~osucir that

a,AP(ca(Aa:p6,r))< ~ Kf”’ fer r> ro

Corasequently,

arW(ca(Aa:,r))< —+—£ ferr=ro
22

Tus sirows tirat a: 6 X(4!). By Tireerem5, a: 6 X9~ Herace a: E X(4’) fl
3<9, arad so ~ E 1(4’) fl 3<9.

Let us remark tirat Theerems5 arad6 may be expressedalse ira a
ferm replacingF-raermceravergeraceby mearasof modularconvergence
with respectte tire modular«~) = iraf{<(y): y E :~}.

Let us recail tirat a sequence(t~) of elementsof 3<9 is said te be
~-Cauchy,if tirere exists a 1v > O sucir tirat for every£ > O tirereis an dV
sucir tirat «k(t, — ~q)) < £ for Mi p,q > dV. Tire spaceX9is called <-

complete,if anysz~Caucirysequeraceis stcoravergentte an elemerat~ E 3<9.

There bah) tire foUawing theorems,proofs of whicb are analogous
te tiroseof Tireerems5 arad6:

Theorem7. Urader tire assumptionsof Tireorem5, tire space3<9

u .~-complete.

Thenrem 8. Urader tire assumptiorasof Tireorem 6, tire space
X(~) fl 1< la .~-complete.

The authersare indebted te tire Refereefer tus remarks which
irelped to improvetire paper.
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