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Nonllnear Evolution Equations

RADU CASCAVAL andlOAN 1. VRABIE

ABSTRACT. Tu the presentpaperweprove an existenceresultconcerning
T-periodic solutionsLo a classof nonlinearevolutionequationsof the form

u’(t) + Ai4l) i f(t,u(t)), 1 6

where A is an rn-accretiveoperatoracting lix a real llulbert space11 andsuch
that -A is the generatorof a campadsemigroup, while f: R x fi(A) —* H
is continuousand T-periodic with respectto tbe first argument.

1. INTRODUCTION

Qur goal in the presentpaperis to prove an existenceresnlt con-
cernungT-periodic sohutionsto aclassof nonhinearevohutionequations
of tite forta

u’(l) + Ai4t) 3 f(tzdt)), tE R (1.1)
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Iii ah titatfollows (H,<.,.>, II~lI) is areahHilbert space,B(O,r)isthe
closedbali witit raduusy > O and centeredat O,A: D(A) c 11 -..

2H ~

an m-accretiveoperatorandf: Rx fi(A) .-. 11 isa contunuousfunction
witicit is T-periodic with respectto its flrst argnment.Qur main result
is Titeoreta1.1 below.

Theorem 1.1. Asaurnethai A fi(A) (7 ~ 2H La en vi-

aceretive operator and —A gerteratesa cornpactsernjgroup. Asaurne fízr-
tIte,’ tItal f: Rx fi(A) — 11 is a contirtuousfunctiort which la T-periodic
mnith respect lo ita firsí aypuvient,and whicIt ¿a bounded on bonuded sub-
seis in R x fi(A). If there exista r > O such thai B(O,r) fl fi(A) la
nonevipíy, anelfor eachx E fi(A) iMite ¡¡x¡¡ = r, each y E Ax artel each
tE [0,T]

<x,y — f(t,x)> =0, (1.2)

tIten tIte prob¿ern(1.1) Itas al leasí oneT-periodic integral solution.

Results Qn titis kind of probletashave beenobtaunedpreviously
under variousassumptionson A and on f by many authors aud we
niention hereonly [4,6,10,13,16].For furtiter detalison tite subject

[16]. For Lite caseiii witicb f doesnot depeudon u see [1,9,11,1244].

• One of the most usual methodfor proving an existenceresult for
T-periodicso]utionsto (1.1) is to sliow titat tite correspondingPouncaré
map, i.e. tité map witicit assignsto eacit x E fi(A) tite values at T
of ah integral solutionsof (1.1) satisfyingt40) = x, itas at least one
fixed pount. Sincein our casethis mapis neititer single-valuednor even
convex-valued(we recail titat f is only continuolis) ibis metitod 18 no
longer applicabledirectly. la order to avoid this difficulty, iii a recent
paperby the secondauthor [16], tite existenceof T-periodic solutions
of (1.1) is obtainedby Iooking for fixed poinis for a suitably defined
mappingwiticit is aiways single-valuedaud contunuous.Tite approacit
introducedtherepermitsto provetite existenceof T-periodicsolutionsto
(1.1) without approximatingtite perturbingterm f by smootit functions
in order to guaranteetite uniquenessof tite integral sohutionsto tite
associatedCaucity problem.

Very recently,urano [10] improvesthe main result iii [16] (which
is vahAd in general Banacit spaces)iii the specific casein which A is
tite subdifferentia.Jof a 1.s.c. convex and properfunction actung on a
real Hilbert space11. More precisely,urano [10] showstitat if A is a
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subdifferentialand —Ageneratesacompactsemigroup,witile f: E. x
H -. II is a Caratitéodoryfunction, T-periodic with respectto its flrst
argumentand titere exist Mi,M2,a,b> O such titat

¡¡f(t,x)¡¡ =Al1 IIxH + Al2 (1.3)

for ah 1 E E. andx E 11, and

<x,y — f(x,t)> =a¡¡x¡¡~ — b (1.4)

for al] 1 E E., x E D(A) andy E Ax, titen tite problem(1.1) itas at least
one T-periodic integral (iii fact strong)solution.

Mis metitodof proofwhich itasits roots in tite calculusof variations
in essentiailybasedon conditions(1.3) asid (1.4), and restsiteavily on
tite fact titat A is asubdifferential. As we can easily see,our result is
applicableto astrictly broaderclassof problemsof tite form (1.1) mas-
unuch as we do not assumetitat A is asubdifferentiaiand tite conditions
(1.3) and (1.4) arereplacedby tite lessrestrictiveones: fis boundedon
boirndedsubsetsin R x D(A), aud respectivelyby (1.2). It is easyto
see titat if titereexist a,b,a > O sucit that

<x,y — f(t,x)> =aflx¡¡~ — b

for each t E E., z E fi(A) and y E Ax, titen (1.2) holds for every
r =(b/a)I/ú for whicb B(O,r)fl D(Aj is nonempty.

We concludetitis sectionby noticing titat the compactnessassump-
tioix on the semigroupgeneratedby —Ais essential.More precisely,it is
not possibleto obtain avariantof Theorem1.1 in tite casein which the
sernigroupgeneratedby —Ais not compact,evenif we assumethat 1 is
a compactoperatorsatisfying(1.2). Indeed,avery simple and instruc-
tive exampledue to Deimling [8, Exercise6, p. 85] shows that there
exists a compactmappingf: ¿2 —* ¿2 satisfying<x,f(x)> .c O for each
x E ¿2 witit ¡lxii = r, andsuchtitat tite problemu’(t) = f(u(t)), 1 E E.,
itas no T-periodic solution.
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2. PRELIMINARIES

Althougit we assume familiarity with tite titeary of nonlinearevol-
ution equationsgovernedby rn-accretiveoperators,we recail for easy
referencesornebasicconceptsandresultsin tite fleid whicit we sitaD use
frequentlyin tite sequel.For furtiter detalison tbis subjectsee[3,5,7,17].

An operatorA : D(A) § 2” is cailed rn-accretiveif for eacit
x~ E D(A), ¡ti E Ax1, i = 1,2,

<Xl — X2,!fl — ¡/2> =0,

and for each A > 0, 1 + AA is surjective.

Considerthe Cauchyproblem

u’(t) + Au(t) ~ g(t), O =1 < T (2.1)

u(O) = uo,

whereA is an m-accretiveoperator,no E fi(A), and gE L’cl[O,T];ff).
By an integral solution of (2.1) we mean a continuousfunction u
[O,T] —* D(A), witit u(O) = u0, andsatisfyung

¡¡u(t) — x112 =¡itt(s) — 2,112 + 2j<u(r) — x,gQr) — y>dr (2.2)

for eacit x E D(A), y E Az asid 0 <a <t <1.

It is known that for eacb(uo,g) E fi(A) x L’([0, T]; H) tite probleta
(2.1) has a uniqueintegral sohution u = ~(uo,g). Moreover, if u =

~(ua,g) and y = Z«vo,h),titen

— v(t)Ij =¡¡u(s) — «~)¡I + ¡Ig(r) — h(r)j¡dr (2.3)

for each o < a < 1 < T. See [3] or [5].

Let S(t) fi(A) -. fi(A), 1 =O be tite semigroup of nonexpansive
operatorsgeneratedby —A, i.e. S(t)uo = ~(u0, O)(t) for eachno E fi(A)
and 1> 0.
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Tite semigroupS(t) : fi(A) —. fi(A), t > O is caiJed cornpact if
S(t) is a compact operator bar eacit t > 0.

We tecali titat a famlly 0 ~ L1([O,T];H) is called uniforrnly ¿u-
tegrable ib for each £ > O titere exists ¿(e) > O such that for every
measurablesubsetE iii [0,T] witose Lebesguemeasureis lesstitan ¿(e)
we itave

¡E <e
uniformly for g E 0.

A remaricableproperty of compactsernigroupsis given below.

Theorem2.1. If —A_generales a compací aemigroup, tIten, br
each bourtded subselfi of fi(A) anel each urtiformly irtíegrablefavi¿¿yO
in L’([0,T]; 11), tIte set Z«B x 0) la relatively cornpact irt C([6,T]; 11)
for each 6 E (O,T). ¡f, in addition, B la relatively cornpact ¿u ff, tIten
Z«B >c 0) la relat¿ve¿y compací evert ¿u C([0,T]; H).

Tite proof of titis sligitt extensionof a result due to liaras [2] and
to Vrabie [15] is quite similar to titat of [17, Titeorem 2.3.2, p. 64] and
so we omit it.

3. PROOF OF THE MAIN RESULT

For tite sakeof convenienceandclarity we divide tite proof of Tite-
orem 1.1 into titree lemmas.

First, let us coixsider the Caucity problem

u’(t) + AuQ) a fQ,u(t)), 0 < t < T (3.1)

u(O) = u
0.

la tite next lemmaswe will assumethat f satisfiesasligittly stronger
condition Litan (1.2). Namely, we wiil assnmetitat

(C) titereexist r > O andp> O such that B(O,r) fl fi(A) is nonempty
ami for eachx E fi(A) with j¡x¡¡ = r, eacit yE Az aid t E [O,T]

<x,y — f(t,x)> =p.
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Lemma3.1. Aaaumethai —A generalesa cornpactsernigroupartel
f : [O,T] x fi(A) —* 11 la contjnuous,boundedon_baundedsubseta¿u
[O,T]xD(A) andsat¿sfies(C).Then,forcae/tuo E fi(A) w¿tIt¡¡uo¡¡ =r

,

tIte prob¿ern (3.1) Itas at leaat one ¿níegral solut¿ortu : [O,T] —* fi(A)
satlafying

¡¡u(t)¡¡ =r for alt te [0,T]. (3.2)

Lemma 3.2. Asaurnethai —A gerteratesa campad aern¿groupanel
f : [O,T] x fi(A) .-. 11 la cont¿nuaus, baundedart baundedsubsete
¿u [O,T]x fi(A) artel satisfies (C). Asaurne, ¿u add¿t¿ort, thai for each
no E B(O,r) O fi(A) 1/te probtern (3.1) Itas a urt¿que irttegral solut¿ort
u = ((un) definedart tIte mItote_[O,T]. TIten, tIte rnapp¿rtg u0 i—* ((u0)
ts cont¿rtuausfrornB(O,r)fl fi(A) Luto C([O,T];H).

Lemina 3.3. Assumet/tat —A generalesa cornpactsern¿groupanel
f : [0,T] x fi(A) —* H la continuona, baundedart baundedsubsets
¿u [O,T] x fi(A) audsatisflea (C). Asaurne,in adelition, thai for each
uo E B(O,r) o fi(A) t/te problern (3.1) /tas a urt¿que ¿rttegral solut¿art
u = ((u0) definedon tIte inhale [O,T]. TIten, 1/te pro bler»

<(1) + Au(t) 3 1(1, u(t)), O < 1 <T (3.3)

u(O) = u(T)

Itas al ¿casi one integázlsolution.

Froofof Lemma 3.1. Tite fact titat for eacitun E fi(A) tite prob-
lem (3.1) itas atleast onenoncontinuableintegralsohutionu: [O,T!iz
fi(A) foflows from [17, Titeorem 3.8.2, p.180]. Titen, let uo E fi(A)
witit Juo¡¡ =. r arnd Iet u : [0,2’,,,) —* fi(A) be sucit a noncontinu-
able integral solution of (3.1). For eacit £ > O let f~ : (0,2’».) : 11
be aC’-function witicit approximates1 s—* 1(1,u(t)) nniformly on corn-
pact subsetsin [0,2’».), andlet u<,~ E fi(A) satisfyung I¡uoeII =r, and

fluo — uo~¡¡ =e. We note titat sucit an elementuo~ alwaysexists since
B(O,r) o fi(A) 18 nonempty and fi(A) is convex - see [3, Proposition
2.6, p.77].
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Now, let us considertite approximateproblern

i4(t) + Au~(t) ~ ft(t), O =1 < 2’,,, (3.4)

u~(O) =

lix view of [5, Proposition_3.3,p.68] titis problemitas auniquestrong
sountion u~ : [0,2’».) —* fi(A) satisfyingu4t) E fi(A) for eacit 1 E
[0,Fn.) and sucit titat u~ is differentiablefrom tite rigitt at eacit 1 E
[0,2’».).

Since him~jo ft(t) = f(t, u(t)) uniformly on compactsubsetsun
[0,2’».) and 1un~jo un~ = uo, frorn (2.3) it fohlows titat

himu~Q) = u(t) (3.5)
ej0

uniformly on cornpactsubsetsiii [0,2’».).

At titis pount let usobservetitat eititer titereexistsEn > O sucit titat
for eacit c E (O,eo) andeacit1 E [0,2’».)we itave

iu~(OII =y, (3.6)

or titereexistasequence(c,,)flEN convergingtaOandasequence(4,),,EN

lix [0,2’».) - denotedfor sirnplicity by (e) and (te) - sucit titat IIu~(t~)II >
7.

If (3.6) itolds, titen by (3.5) we easily concludetitat

¡ ¡uQ)¡ ¡ < r (3.7)

for each t E [0,2’».), and titus, in view of [17, Titeorem 3.8.2, p.180],
u can be continuedto tite right of 2’». if 2’». < 2’. Hence,iii titÉ case
T_ — 2’, u is defined on [0,2’] and tite proof of Lemma3.1 is complete.

Titerefore,let us assumetitat (3.6) doesnot itoid. Clearly, for eacit
¿ E (e) titereexist a~ E [0,2’».) and .\~ > O sucit titat [a~,a~+ .V) ~
[0,2’».),

tluds)II =r for a E [0,a,] (3.8)
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and

¡Iuds)lI >r fors E (a,,s, + A,). (3.9)

If Hm sup,10a, = 2’,,,, frorn (3.5) aud (3.8) we deduce(3.7) and titis
completestite proof. So, let us assumeby contradictiontitat
Hin sup,10 a, < 2’».. Titen, titere exists T~ E [0,2’».)sucit titat s, E [O,To]
for eacit e E (e).

• Now, taking tite unner prodnct in botit sides of (3.4) by u,(t) for
t = a,, we get

1 d~
~y-IIudst)ll

2+ (u,(s,),v,(s,) — f,(s,)> = O,

witere v,(.s,) E Au,(a,). A simplecomputationalong witit (C) yields

1 Ú
~.~—iIu~(a~)Il2< —p + lluds,)lI ¡¡JGS,,tt,GS)) —

for eache E (e). Recaflungtitat hm,
10f41) = f(t, u(t)) and

hm,10u,(t) = u(t) uniformly on [0,To] and titat a, E [0,T~]for e E (e),
from tite Iast ineqnality,we concludetitat for asufficiently smalle E (e)
we itave

1 d~

Hencetitereexists4 > O sudE tital [a,,s, + 4) C [0,2’».)and

¡¡uda)¡¡ < r for .~ E (a,,s, + 6,),

relation witicit obviously contradicts(3.9). Titus, tite supposition tbat
lim sup,10a, <2’». is false, and titis completestite proofof Lemma3.1.
u

Praof of Lemnia 3.2. LeL (uo,,),,ENbe asequenceiii B(0, y) rl
fi(A) witit liii ~ no,, = u0. Let us denoteby un tite uniqueintegral
solution of (3.1) witb initial datumu0,,. Froin (3.2) we deducetitat tite
sequence(u,,),,EN is boundedin C([0,T];H). Consequently,tite family
{f(.,u14.));u e N} is bouixded iii C([O,T]; 11) and titerefore uniformly
iixtegrable iii L

1([O,T]; 11). Using Titeorem 2.1 we deducetitat {u,,;u E
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N} is relatively compact in C([O,T]; H). Titerefore, to conchudetite
proof, it suifices to sitow titat tite only limit point of (u,,),,EN is tite
nniqneintegral solution u of (3.1) correspondung to tite unitial
datuun uo. To tbk alio let us considera subsequenceof (un)neN -

deixotedfor simplicity alsoby (u,,),,EN - witicit convergesin C([O,T]; 11)
to sounefunction u. Since,for eacit u E N, u, satisfies(2.2), it follows
Lhat u satisfies (2.2) too, and titus it is an integral solution of (3.1)
correspondungto tite initial datumu0. Sincetitis solution is uniqile, tite
proof of Lemma3.2 is complete. U

Proof of Lemma 3.3. Let BÁ(O, r) = B(O, y) n D(A) - witich is
ixonempty, closed, bounded and convex - aoci let Q : BÁ(0,r) —* ff be
tite Pouncaréunap, i.e. Q(uo) = u(T) for eachno E BÁ(O,r), witere u is
the unique integral sohution of tite probleta (3.1) corresponding to tite
unitial datum uo. Obvious]y, Lemuna3.1 sitows titat Q rnapsBA(O,r)
jixto itself, wbile Titeorem 2.1 implies titat Q itas a relatively compact
range in H. Since by Lemma3.2 Q is continuousfrom ..BA(0,7) into
itself, Q satisfies tite itypothesesof Scitauder’s Fixed Point Titeorem,
and titus it itas at leastonefixed point u0 E BÁ(0, r). Now it is clear
that tite integralsolution of (3.1) with tite initial datumun is in fact an
integral sohutionof tite problem (3.3), and titis completestite proof of
Le,ntaa3.3. U

Proof of Theorem1.1. Since f: E. x D(A) -~ 11 is continuous,
for eachi ¿ > O titereexists a locally Lipscititz function f~ : E.>< D(A) -~

H snch titat
J¡f(t,u) — e.u — f~(t,u)¡¡ < (E. r)/2 (3.10)

br each(t,u) c E. x D(A). See[8, Titeoreun7.2, pA4 aoci Exercice6,
p. 53].

We may easily verify that, for eacit£ > 0, fi satisfles (C) with tite
1 doesandwith p = (e .72)12.

Now let usconsidertite probleta(3.3) with 1 replacedwitit ft. Frota
Leunma 3.3 we know titat for eacit e > O tite problem(3.3) itas at least
oneintegral solutionu4 [0,2’] —* D(A). Iii view of Lemma3.1 we itave

11u(flIl < r for eacit t E [0,2’]. Titis inequality along witit (3.10) sitows
that {f4(.,u4(.));e > 0> is bonndedin C([O,T];11). From Titeorem 2.1
we titeix deducetitat {u~;e > 0> is relatively cotapactun C([6,T];11)
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for eacit 6 E (0,2’). Inasmucit as u~(O) = u~(2’), and {u~(T);e > 0> 18
relatively compactin H, we concludetitat {u~(0); E > O> is relatively
cotapacttoo. Using onceagainTiteorem 2.1 we deducethat {u~;e > O>
is relatively compactin C([0,T]; 11). Titus, for eacit sequencee ~ O, at
leaston asubsequence,(ut)t>o convergesto afunctionu whicit obviously
is an integral solution of (3.3). Since f 18 2’-periodic witit respectté
its flrst argumenttitÉ sohution can be continuedon tite witole E. as a
T-periodic integral solution of (1.1), and titis completestite proof of
Titeorenu1.1. U

4. AN EXAMPLE

Tite aim of titis section18 to illustrate tite effectivenessof tite ab-
stract existenceresult we itave provedby sitowing how titis applies to
nonlinearpartiai differentia] equationsof parabolictype. Titus, let 118

considertite nonuunearheatequation

—A,u=g(t,z,u) for(t,x)EE.xfl

u=O for(t,x) E RxOQ (4.1)

u(t,x) = u(t+T,x) for (t,x) E E.xfl

witere fl is a bonndeddotaaunin R’~ witit smootit boundary81?, p =
2, g : R x 1? x R —* E. is a continucusfunction aud A~ is tite pseudo-
Laplaceoperator,í.e. 8 ¡ Bu ~28u

zX,u =Z~á-¿: (. 82¾)

Our aun itere is to sitow titat, under sorneratiter generalassump-
tions Qn g, tite probleta (4.1) can be rewritten as an abstractevolutior¡
eqixation of tite foro (1.1) satisfyingtite itypothesesof Titeorem 1.1.

We begin by recallungLhat aix equivaientnorin Qn W<}’~%?) is given
by tite LP(fl)-norm of tite gradient. Titerefore titere existse > O sucit
titat

~(ji ~ u(x)¡’dx + 4 Iu(x)lPdz) =fi ~‘ u(xfl’dx (4.2)
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for everyu E

We arenow preparedto prove:

Theorem4.1. Assurne1/tal g : Si x E. —* E. la contirtuous,
T-periodic witIt respecílo jis firsí argurnentanel there existaa > O anel
5 > O such thai

¡g(t,x,u)¡ =aju¡+bfor ah (t,x,u) E Rxflx E.. (4.3)

Aasumein addition thaI there exlat a E (O, e) (mItere e > O saliafies
(4.2)) <md /3> 0 such thaI

u .g(t,x,u) =a¡u¡’ + fi for ah (t,x,u) ER x Si >c E.. (4.4)

TIten there exista at ¿casi one solulion u : E. —. L2(fl) of tIte
problem (4.1) aatlafying

u E C([O,T]; L2(1?)) rl L00([O, 2’]; W¿’~(fl)) (4.5)

bu
E L2([O,T];L2(fl)). (4.6)

Praof. Take 11 — L2(fl) witit tite usual inner productasid let us
define tite operatorA : fi(A) C 11 —* H by

Au =

for eachu E fi(A), witere fi(A) = {u E W¿’~(fl);Apu E L2(%}, and
f: E.xIi—#Iiby

f(t,u)(x) = g(t,x,u(z))

br eacit u E L2%O, t E E. and a.e. for x E Si.

Now it is clear that (4.1) canbe rewritten as aproblemof tite form
(1.1) wiLit A and 1 as before. It is known titat —Ageneratesacompact
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semigroup[17, Proposition2.3.2, p.59] and, iii view of (4.3), titat 1 is
everywiteredefined, contunuonsand2’-periodic witit respectto its flrst
argiiment. Titas, in order to appealto Theorem 1.1, we haveto show
titaL A and f verify (1.2). To titis aim let us denoteby ¡fi tite Lebesgue
measureof Si, choose

1” > /31/P(c —

aud leL us observeLitat, in view of (4.4), (4.2) andof tite citoice of r, it
follows

<Att — f(t, u),u> = fU y u(x)¡~ — 9(1,x,u(x))u(x))dx

=jo y u(at)¡P — aIu(x)l~ — /3)dx

=cj¡vu(x)¡Pdx+(c—a)jIu(x)lPdx—0.¡Si¡

/ •~ p/2
> ej¡ y u(x)¡~dx+ (e — ~)¡Si¡(2.P)/2 k] ¡u(x)I2dx) — /3~ ¡Sil.

Conseqnently,if u E D(A) and

(4 Iu(xWdx)1/2

we itave

<Att — f(t,u),u> =cfi y u(x)¡Pdx > 0.

Thns A and f satisfy ah the hypothesesof Tbeorem1.1. Sunce(4.5)
and (4.6) follows from [3, Proposition2.4, p.204], tite proof of Titeorem
4.1 is complete. U
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E.emark4.1. Witit sorneobviousmodiflcationstite proofof Tite-
orem 4.1 cao be addaptedto itandie tite caseiii witich (4.3) and (4.4)
hoid for sornebe L00([O,T];L2(Si)) and fi E L00([O,T]; L’(fl)).
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