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AHSTRACT. Ji thispaperweestima-tethecrossungnurnberof afíat vertex
graph ji 3-spaceji termsof the reduceddegreeof its Yama-dapolynomia-1.

1. INTRODUCTION

Titrougbaut titis paper we work iii tite piecewiselinear ca-tegary.
Far agrapitO , we denotetite set ob al verticesabC by V(G) anO tite
setobáll edgesabCby E(O). A grapitO in tite 3-spaceR3 is calleOa-fiat
vertex grapit ib bar eacit vertex y ob 0, titereexists a- neiglibonritoadfi,,
abv a-íd asmallflat plane1% suchtita-t GOfi~ cP,,. A fiat deformation
ob Gis a-ii ambientisotopy h~ : —. I?~, 1 E (0,1], it

0 = idRa sucit
tbat h4G) is a fiat vertex grapit bar ea-cit t E [0,1].

AII graplisin titis papera-re fíat vertexgraphs.Twa graplisG~ and
02 a-re saidto be.equivalentib titere is a fíat debannationh~ : R

3 —*

snch tha-t hi(Gi) = 02. From naw on, we da nat distunguisha- grapit
a-nd its equivalenceclassso long as no confusianaccurs.
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Let ir : R3 —.* R2 be a projection delineO by ir(x,y,z) = (x,y). Ib
eacitmultiple paiít ab ir la is adauhiepaintabtwatransversaledgesabC,
then we sa-y tita-t tite image w(C) is a regular projeetion of O anO denote

jt by O. A daublepaint ab 0 18 taled a- erossingpoint. We denotetite
nuunherof crassingpoints iii O by e(O). Tite erossingnumbere(O) ab a
grapit O is delineOta be tite minimal numberof crassingpoints amang

a-II regularprojeetionsob O.

The crassungnumberobhnkshasbeenwell studiediii termsof Janes

pa]ynamiala-nO atberpalynamiáls[1] [2] [3] [4] [5] [6] [8] [9] [10] [11] [12]
[131 [14] [15] [16] [18].

Ii titis pa-per we study tite crossingnurnbeTob spatia-1grapits u
terrnsob tite reduceddegreeob Yama-da-polynomia-ldelineOiii [17].

Koba-yasiti [7] studiedthe rela-tianbetweentite crassungnumbera-nO
Ya-ma-da-palynamialbut the resultsiii [7] coticen sornespeciálcases.We
study jt ji a more generalsetting.

A regular projection O tagether witit oVer/underinbarma-tian at

ea-chcrossingpaint ob O is cahled a diagrara ab O anO we denoteit by
O. By tbe one point caripactifica-tionR2 U {00} — we cansidertbat

tite regularprojectiansanO tite dia-gramsarean tite 2-spitere,92•

A state 5’ of O is a plane grapit obtainedbrain O by replacing ea-ch

crossrngpoint abC by ane of tite ballawing spinsin Fig. 1.1.

ctj¿n~ ?uss~ minus spin Xpoint zero spin

Fig. 1.1

Ib5’ canta-msa- haapthen we a-dO a- vertex a-nO ma-keit a iaap. See
1.2.Fig.
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00
hoop Ioop

Fig. 1.2

Let S = 5(Ú) be tite set abahí sta-tesof (7. We ha-ve IS(01 = 30(0)

where ¡ ¡ mea-istite carOinálitya-nO e(O) =

Let p(S) (resp. ni(5’),z(S))be tite numberof plus (resp.
minus, zero) spins iii a sta-te .5. Let A be a- free variableand {G~S} =

11(5) = >j (l)0a<SF)(A —2— A’ )PI(SF) (11)

FCE(S)

where F Vanesayer a-li subsetsof E(S) a-nd .5 — F is a subgra-pit of 0
delineO by V(S— E) = V(5’) atid E(S— E) = E(S)— E, a-nO f3~ denotes
tite i-tit Betti nuriber.

Yama-dapolynomiál Ra(A)is a-ti elementin tite Laurentpolynamial
ring Z[A,A’] definedby

Ra(A) = Z{ÚI.9}H(5’) (1.2)
SES

wheretite sumrnatianis ta-icen ayer al] statesof 0.

Yama-daprovedu [17] titat if O a-nO O’ representequiválentgra-phs
then R6(A) = (—A)~Ra,(A)bar sorneintegern. Let rnaz(f(A)) (resp.
niun(f(A))) be tite maximal degree(resp.rnunimaldegree)aba La-urent
polynomia-lf(A). Let r(f(A)) = max(f(A))—niin(f(A))be thereduced
degreeob f(A). We usetite follawing convention:
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max(Ú) = max(R&(A)), mm(O) = rnun(R6(A)) anO r(O) =

r(R< (A)).

Then the reduceddegree«O) ob O is well-deflnedby r(G) = r(O).

We define a- grápit 1? = P(G) for a- regularprajectionO as boliows:

(1) The verticesob 1’ carrespandto tite regionsab 52 — 5.

(2) For ea-chcrassungpoint ± of O, titere a-te twa edgesof 1’ such
titat eacit abwhicit jounstite twa regionstitat a-re incident at x.

SeeFig. 1.3.

r=r(Ó>

Fig. 1.3

Let s(G) = 13o(J2(G)) aid let s(O) be tite rnaxirnurn ob s(G) a-mang
al] regular prajectiotisob O. We will sitow in Praposition1.3 titat s(O)
aiwaysexists. We calI .s(C) tite splitting degreeof 0.
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Tite ballawungis tite ma-in titeorem ob titis paper.

Thearem 1.1. ¡Set O be a fiat vertezgrapit lvi R3,Oa
G aid O underlyingprojeetionóf O. Titen

r(Ú) =3c(O) — x(O) + s(Ú) + /3o(G) — 1

tohere ix(O) = fo(O) — Pi(O) ¿8 tite Euler citarneteristieof0.

Let u(O) be tite maadrnumab fio(é) amangal] regular projectiotis
ob O. Titen tite bollowing is an irnmediatecorollary.

Corollary 1.2.

e(O) =!{r(a) + x(O) — s(G) — u(O) + 11.

We will shawtite bollowing estimatianof s(O).

Proposition 1.3.

s(a)=/3~(O) + 1.

TitereforeCorol]ary 1.2 implies:

Corollary 1.4.

e(O)> 1—{r(0) + x(G) — /3í(G) — u(G)} =
—3

= ~-{r(G)— 2f3~(O) + Po(O)— u(G)}.

Since fo(O) =u(O) we ita-ve:

Corollary 1.5.

e(O) =~{r(O) — 2Pi(O»

diagramo!
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or equívolently,
r(O) =3c(G) + 2Pí(G).

Kaba-yasitipravediii [7] titat ib aplanargrapit a itas no cnt edges
a-nd adiagram O ob O is obtainedfrom a- diagra-mof O wititaut crossing
pountsby addingaltennatungknatdia-gra-msiocaily, titen «O) = 3c(O)+
2/3~ (O). Titereboretite inequalitiésin Coralla-ry 1.5 a-rebestpossible.

As a-ii examplewe cansiderKunositita’s titeta curve O represented
by adiagram O ob Fig. 1.4.

Fig. 1.4

Since Ra(A) = A9 — A8 — 2A7 + A6 — A5 + 2A3+ A2 + 2A+ A1
A3 + A4 + M5 — A6 + A7 + A5 we ita-ve r(O) = 17. Titen by
Corallary 1.5 we ita-ve e(O) =~(17 — 2 . 2) > 4. On tite atiter ita-nO
e(O) =e(O) = 5. Titus we cancludec(O) = 5.

We remark itere titat if the ma.ximum válenceob agrapit O is less
titan 4, titen the fíat debormatianequivalencecoincideswitit tite ambient
isatopyequivalence,see[17],titerebaree(O) is munimála-mongah regular
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prajectiotisof O up ta ambientisatopy. Iii general,titis is not tite case.
SeeFig. 1.5 bar a-ti example.

ambient ¡sotopy

fíatdeformation oc
Fig. 1.5

Titis pa-per is organizedas follows. In section 2 we prove Titeorem
1.1 anO Propasitian1.3. Iii sectian3 we define adequatediagranis as a
natural generahizatianof the adequatelunk dia-gra-msdehnediii [8] and
determinetite reduceddegreeof tite adequatediagrams.As acarallary,
wesitaw titat adequategrapitsita-ve nonzeracrassungnumbers.Iii sectian
4 we define alternatingdiagrarnsanO give an estimatianof tite crassung
numberab tite graphsthat ha-veadequatealternatungdiagrams. Iii sec-
tion 5 we give a-ti estimationabs(O) bar sornegra-phswiticit is sitarper
titan tha-t ob Propositian1.3 a-nO determinetiteir crassungnumbers.

AIí of tite autitors are very gratebulbar ProfessorShun’iclú Suzuki
bar his itelpful advicesandencauradgernent.

2. AN INEQUALITY

Let £~. = £40) be astate ab O characterizedby p(S+) = c(G)
atid £ = 540) cha-racterizedby ni(S-.) = e(O).
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Lemma 2.1.

max(O)=e(O) +Pí(.9+(Ofl,

xnin(Ú) =—c(O) — P~(.9—(O)).

Sublemma 2.2. For any flote 5’ of Ú, maz(H(S))=PíOS) a-nd
min(11(S))=—/3í(S).

Praof. By (1.1) it is enougit ta shawtita-t P1(.5 — E) =Pí(S’) bar
al] subsetE of E(S). Bit titis is clear. U

The bollowing sublemmais a Ya-ma-da palynomiál version of the
carrespandingresuit bar tite Janespalynarniaí[5]. Tite praabis also
similar.

Sublemma 2.3. For anystate 5 of Ú, niax({Ú¡5’}H(.9)) =c(O)+

/3’G~+) aid niin({O[5’}H(59) =—e(O) — ¡3í(S—). Moreover, ifm(5’) $
O titen niax({ÚI.S}H(S9)=c(O) + I3~(S~), avid ifp(5’) $ O titen
rnin({OIS}H(S)) > —c(O) — PíOS—).

Proof. We will sitaw the inequafltiesa-baut tite maxhia-] degree.
We lirst tiatetitat maz({OjS’}11(fl) = maz{OI5’}+mazH(.9)=

ni(S) + niaxH(S’) =pUS) — m(S)+ Pi(S) and tita-t p(.%) — ni(S~) =

= e(O).

Let S,,5,,, atid Szbe a triple of sta-tesof O whicb differ anly a-t a-
crassingobOwitere thespinsareplus, munusa-nd zerorespectively.Titen
wehave$í(S~)—1=¡3íOS~)=¡3iG9~) andPi(S~)—1=/3íQSm) =fi~(S~)
by countungtite Euler cita-ra-cteristics. Hence we ita-ve ¡3í(Sm) — 1 <

Pi(S’p) =Pí(Sm) + 1. Qn tite otiter itand, p(.Sm) = p(.9z) = P(S’p) — 1
aid rn(5’~) = ni(.S~) = m(Sm)— 1. Titerebarewe can concludetbat

Pc§S’z) — ni(.S~)+,ti1(5’~) =P(Sp) — ni(S~)±PíOSp)

anO
p(.9m) — ni(.9m) + /

3í(S’m) < p(S,) — m(S~)+ PíGS~).
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Far any sta-te 5’ of O, titere is a sequenceof statesof O Sí =

5+, .%, Sa,...,S,, = 5 such titat S1.~1 is abtainedfrom .9~ by repia-cing
a- plus spin of $ to a munusor zera spun. Titerefareaboyea-rgument
ensuresthe conclusion. U

Tite proobob Lemma2.1 ballaws immedia-telybram Sublemma2.3.

Tite bollawing is a- grapit version ab tite dual statelemmabar iinks

Lemma 2.4. ¡Set 6 be a diagrarn of O andO underlyingprojection

of <3. Titen

Iií(S+) + fi’ OS—) =c(O) — ix(G) + 40) + ¡Jo(O)— 1.

Proaf. Ib O = Oí U ... U O,, sucit that eacit O, is connectedatid
oC~ = 0 bar 1$ j, titen s(O)= s(Oí)+•• ‘+s(O,,)—n+ 1. Titerebore

it is sufficient to sitow tita-t ¡3í(.5+) + fi,(.9) < c(G) — ixf O) + s(G) bar
a- cannectedprojectionO.

Since ix(&) = ix(O) — e(O), we ita-ve ¡Ji(O) = ¡Jo(O) — ix(O) =

1 — ixV3) + e(O).

By Alexanderduálity an 52, we ha-ve IV(F)I = ¡3í(0+ 1. Ihus we

Lave bigskip

jv(rfl = 2— ix(O) + e(O). (2.1)

Let 1% atid F... be the subgra-phsab l’ sucit tha-t V(I’~) = V(JiL) =

V(r), E(F~) u E(It) = E(F), E(I’+) o E(l’j = 0 a-nO F~. 0 S+ =

0, r O5’ = 0. See Fig. 21.
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S46)

Fig. 2.1

By tite Meyer-Vietorissequence

H0(v(ry) —~ 110(r.~)eH~(It) —* H0(r) —. 0

we ha-ve

¡3o(1’±)+ ¡3o(1’-.) =¡fio(F) -f- ¡V(F)¡. (2.2)

By Alexanderduálity we ha-ve fi’(>S+) = /SoOS
2 — .9+) — 1 and

= 13o(9 — .9 ) — 1. Frarn tite bact tha-t s2 — O is a unían
ab open2-disks,it fallaws titat r+ (resp. It) is a deborma-tionretract
of ~2 — 5’+ (resp. 52 — t). Titereborewe ita-ve

S46) _

r-(G)

¡J,(5’~) = ¡3o(14)—1, /3~(5’-.) = ¡%(r) — 1. (2.3)
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By (2.1), (2.2) a-ud (2.3) we ita-ve ,%(S+) + f3~(S—)= ¡Jo(1’+) +
¡JoQI%)—2=¡Jgr)+¡v(r)¡—2= c(O)—ix(G)+¡Jo(1’) = c(O)—ix(O)+
s(O). U

Proof of Theorem 1.1. Uy Lemma 2.1 we have r(G) =2c(G)+
¡J~ Q5+) + /3~(S-.).Thenby Lemma2,4 we ita-ve r(O) =3e(O)— ix(G) +
s(O)+.fio(O)—l. u

Praof of Pra2osition 1.3. We will shawtite fallawungclaim by
induction an e(a):

Claim. Ib <3 is aprajectianab a- grapit O, titen s(&) =¡Jí(G) + 1.

First suppasetita-t e(O) = 0. Titen s(O) = ¡Jo(F(G)) =

anO laequalte¡3~(C)+1by Mexanderdnality. Titus a(O) = ¡J~(G)+1=

¡~‘(0+ 1.

Next snpposetitat tite dalia is true witen e(O) = Iv. Let (3 be
a regular prajectianof O with e(O) = Iv + 1. We citoasean arbitra-ry
crossingpountx ab (7. Thenby srnoatitingat x in twa directians,we have
íewregularprojectionaGí anO02 abnewgrapits01 anO <32 respectively.
SeeFig. 2.2.

Y
G Gi G2

Fig. Z2

We will shawthatat lea-stoneab¡Ji(Oí)and¡J’(<32) daesnat exceed
¡Jí(O). Since ix(O) = ix(O2) = ¿«O), ¡J1(6~~) > ¡J(G) ib andanly ib
/
30(Oi) > ¡Jo(a), 1 = 1,2.
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Suppasetha-t ¡J0(01) > ¡J(O), 1 = 1,2. Titen tite pair ob smaathed
arcs ji O~ lies iii different campanentsof O~, i = 1,2. But titen tite
preimagesab x he in djfferent componentsiii O. Titerebare¡Ji(O) =

¡JúlOí) = 191(02), a contra-diction. Titus we ma-y suppasewithaut lass
of generalitytitat ¡Jí(O~) =¡Jí(a).

It is ea-sy ta see tita-t ¡Jo(1’(G))=¡J0(r(Ú1)). SeeFig. 2.3.

‘1

>—--\J t

Fig. 2.3

By the itypotitesis ab inductian, s(Oí) = ¡J0(r(01))=¡J~(OÚ + 1.
Therefores(G) = ¡Jo(r(O)) =¡J0(r(51)) =¡Jdú + 1 =¡J~(G) + 1.
u

3.

We untendto define adequatediagramsso that r(O) = 2e(O)+
¡-A(S+(G)) + fií(S40)) far a-ti adequatediagram<3.

An edgee abagra-pit5’ is called a- cnt edgeif¡36(S—{e})= 13o(.9)+1.
We denotetite set of a]] cut edgesabSby (7E(5’).

Praposition 3.1. ¡Set 5’ be a state. ff5’ has a cnt edge, titen
11(5’) = 0. If 5’ itas no cnt edges, titen max(H(5’)) = ¡J~(5’) <¡vid
min(H(.9)) = —¡Ji(S) and botit of tite coeffieientsof Mt(S) and A—~’~

8~
¡vi H(.S) are ( l)Oo(S)-l-!3«S) — ( i)X(S)
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Aboye propasitianin knawn u [17] anO [7]. Titereforewe give a
sketch proabitere.

Prnof. Suppase tita-t a- sta-te 5’ itas a cut edge e. We divide tite
summationu (1.1) by witether or not F canta-mse. titen titey cancel
eacit otiter a-nO we ita-ve H(5’) = 0.

Next suppasethat 5 itas no cut edges. 11 E is nat empty, titen
— E) <¡Ji OS). Titereboretite contributianbar the maximal degree

a-id the mínima] degreeby the term ab E = 0 daesnat disa-ppear. U

Let S5 =

íl]ustratedín Fíg

)
54}G) (resp. SL = SL(O)) be a subdivisionof 5+ =

= S...(Ú)) abtainedby a-ddingverticesa-t ea-ch spin as
3.1.

( &
Fig. 3.1

Let 14 = 14(0) (resp. Ib = Ib(O)) be agra-phwitit V(F~) (resp.
V(F...)) carrespondingto tite connectedcompanentsob 5$. — CE(5’f1.)
(resp. .SL — (7E(5’L)) a-íd E(F~) = (7E(.9$.)(resp. E(F...) = (7E(5’L))
with anatura] incidenceinducedbrom titat ab 5$. (resp. 5”). We note
tha-t ¡J1(P~)= ¡Jí(Fb)= 0.

Let x be a- crossingpauntob O. Let S+,~ (resp. .9.,~) be tite sta-te
abtaitiedbrom .5+ (resp. 5’) by replacingthe Plus (resp. minus) spin
a-t x to tite zera 5pm. A crassingpoint x is called plus essential(resp.
rninus essevitial)ib¡J1(S+,~) = ¡JOS+)+ 1 (resp. ¡JíOS—,r) = i3dS—)+1).

We ma-y supposetitat ea-ch plus (resp. minus) essentia-lcrossing
paint jaitis twa vertices (that ma-y be tite sa-me vertex) ab F+ (resp.
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Ib). Let J+ = J-~-V~) (resp. .L = J...(O)) be a- grapit obtaunedbrom
F+ (resp. Ib) by addung tite edgestitat carrespondta tite plus (resp.
mmnus) essentia.1crassungpaints ab<3. SeeFig. 3.2.

ee

Fig. 3.2

Let pk (resp. pi,~) be tite numberob subgrapitsK+ (resp. Kt ab
J+ (resp. t) with tite bollowungpraperties:

(1) 1=47) 14 (resp. K D Ib).

(2) K~ (resp. K.) hasno cut edges.

(3) ¡Jí(K~) = Iv (resp. ¡Jí(K...) = Iv).

Definition 3.2. A díagrarn O is plus adequate(resp. mivius <¡de-
quate) tf S~(I)kp& # O (re~p. ~~0(~1)kpi~ $ O).

A diagramO is <¡dequate if 0 is plus adequate<¡vid minus<¡dequate.
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The diagramO ob Fig. 1.4 is an exampleof adequatediagra-m.

Ib 6 is alink dia-gram,titen 5$. (resp. SL) hasno cnt edges.Titere-
bare F+ (resp. Ib) has no edgesand a-II edgesob J+ (resp. Jj are
loops. Suppasetitat J+ (resp. 1..) itas n ioaps. Titen it is clearthat

Pk = (~) (res~. pi,~ = (y)). By tite binamial titearemwe ita-ve

o = O’ = (1 + (—1))~ = Z~
0(~l)k (). Titerebarewe ha-ve that O

is plus (resp. minus)adequateib andonly ib n = O. Sincevi = O meatis
tita-t 6 itas no plus (resp. minus) essentiálcrassings,O is plus (resp.
minus) adequateib and only ib 6 18 a- Plus (resp. minus) adequatelink
Oiagrarn u tite seiseof [8].

Theorem 3.3.

(1) ¡SetO be a plus adequatediagrarn. Titevi

maz(O)= e(O) + /ií(S+(G))

and tite coefficievit of Amax(a) lvi R<~(A) la (~1)4G)

(2) ¡Set O be a mninus adequatediagrarn. Then

mm(O) = —e(O)— ¡Jí(5’..(G))

and tite coefficievit ofAmmnV~) lvi R0(A) la (....l)X(G) ~~%(~1)kpi~.

(3) Let O be arz adequatediagrarn. Thevi

r(G) = 2c(Ú) + ¡3~(5’+(O)) + ¡J~(S...(6)).

Proof. We will prave(1). Let a1(f(A)) denotethe caefficient ab
A’ iru aLaurentpalynamial1(A). By Lemma2.1 it is sufficient to sitow
that

00

= (~1)X(O) Z(~~1)kpk.
k=O
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By Sublemma2.3 and Propasition3.1, it is sufficient to consider
tite stateswithaut minusspunsatid cut edges.Moreover,ifa-sta-te5 itas
a- zera spin at a crossingwhicit is nat plus essentiál,titen we can shaw
tha-t max({Ú¡.9}H(5’)) < ¡Jí(S+) + 46) by tite a-rgumentiii tite praof
ab Sublemma2.3.

Let 5’ be a- sta-teab O wititaut minusspinsa-nO cut edgessucit that
eacitzerospin of 5 accursat a- Plus essentiálcrossingpaint of (7. Titen
it is easy to see tha-t ¡Ji(S) = ¡Jí(S+) + z(S). Titerebarep(S)— ni(S) +
¡Ji(S) = p(5’) + ¡Jí(5’) = p(S)+ Iií(S+) + z(S)= e(6) + ¡Jí(S+).

Titen by Proposition3.1 we ita-ve tita-t

rnax({615}H(S)) = max{6¡S}+ max(H(5’)) =

= p(S) + ¡Ji(s) = e(O) +¡Ji(5’+)

atid
= ( l)X(S) —

Let K+(5’) be a- subgraphab J+ witich is obta-inedbrom 14 by
a-ddung tite edgestitat correspatidta tite zero spinsab 5. Titen K+(S)
hasno cnt edgesanO !31(K+(5’)) = 45’). By titis carrespondence,we
ha-vetitat titere a-re ,o~ sta-tesof (3 wititaut munusspinsandcut edgesanO
with k zerospinsa-t plus essentialcrossungpaiu~ts.Titeir contributionto

is (~1)X(G)+kpk. Titereborewe ita-ve

00 00

= Z(—1)X(0±kp& = ( l)X(G> Z(~1)kpk.
k=0 k=0

u
Tite ballawing result carrespandsto tite result in lunk titeary tita-t

adequatelinks arenantrivial [8].

Corollary 3.4. If a grapit (7 has arz adequatediagrarn 6 witit
e(O) > 0, thevi e(O) >. O Le. <3 canviot be deforraedivito a plane R

2 in
R3 by aviy fiat deformation.
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Proof. Let O be tite underlyungprajectionobú. Ib /31(6) =¡J~(G),
titen we ea-sIIy ita-ve tita-t a-II statesab 6 hascnt edges. Titen (2 is nat
adequate.Titerebarewe ita-ve tita-t ¡J~ (O) > ¡Ji(O). Homalogically,O is
obtaunedbrom .S~(O)(resp. .9...(O))by addunge(O) edges.Titereforewe
ita-ve /Jí(5’+(6))+ e(O) =¡J~(G) a-nd ¡Jí(S4Ú))+e(6) =¡J«o)~ There-
bore, by Titeareni3.3 (3) we ha-ve r(G) = r(0) = 2e((3)+ ¡Jí(5’-,-(G)) +

¡Jí(5’—(6)) =2¡J«O)> 2¡Jí(G). Suppasetita-t O itas a- diagra-mwititout
crossungpaunts.Titen we ita-ve y(O) =2¡Jí(O) by Carallary1.5. Titis 15
a- contradictian. U

Examplesof a-deq~ua-tedia-gramsaregiven iii section 5.

4. ALTERNATING DIAGRAMS

Definition 4.1. A diagrara O of a grapit a Is weaklyalternatingif
over emssivigand uvider crossivigappear alterviately toitenevertoe trace
tite imageof arz edgeofO frorn ite evid to its aviotiter evid.

We remark itere tita-t titis propertyis nat topalogical.SeeFig. 4.1.

00
not weakly alernat¡ng weakly altemat¡ng

Fig. 4.1

¡SetO be a regular projeetioviof a grapit a. if toe forget tite position
of (3 in 1?~ and considera as an abstmctgrapit, titen 0 is called a
drawivig of <7. For a drawing O, titere are 20(0) diagrarns titat itave
O as titeir eornrnovi uviderlyingprojection. We deviotetite set of titese
díagrarns by D(O).

A drawing & is said to be alterviatable if D(O) eovitainsarz weakly
alterviatívig diagrarn.
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A grapit O le caíd to be Enlerían if O itas no odd-valevicevertices.

Theorem 4.2. A drawingO of a grapit <3 le alternatablezf <¡vid
only if toe can obtaívi a drawing O’ of an EnJeríangrapit (2’ frarn O by
adding edgesto O wititout íntrodueingviern crossingpoínts<¡vid vertices.

Praof. II O’ is a drawung ab a-ii Enlerian gra-ph <3’, titen it is easy
to see titat O’ a-dmits a citeckerbaa-rdcalorungby twa caiors, say black
andwhite. Wegive over/underunfarmatianat eacit crossingpauntob (3’
as illustrated iii Fig. 4.2.

A

Fig. 4.2

Titen tite resulta-ntdiagram6’ is weakly a-lternating.TiterebareO’
is áltennata-bleand titerefore O is a-isaalterna-ta-ble.

Next wewilI sitowtite converse.Suppasetitat we cannatabtauna-ny
drawingob an Euleriangrapitbrom O wititout introdncungnew crassings
anO vertices. Let O’ be a- dra-wingob agra-pit (3’ abtaunedbramO wititout
intraducungnew crossungsa-ud vertices sucit titat tite numberab add-
yalenceverticesab 0’ is minimal amongahí sucitdrawings.

tet vbe an add-valencevertexob O’ and let 14, be tite component
of (5’2 —6’)u V(&’) tita-t canta-msy. Ib R~ conta-unsanotiteradd-valence
vertex to, tite we choasea- simplepatit brom y ta tu iii 14,. Titis pa-thcan
be realizedby sorneedgestbat area-ttaehedto 5’. Titis eontradictsto
tbe minimálity ab tite numberof odd-va-lenceverticesob O’. Titerebare
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we ita-ve that & canta-msno other odd-va-lencevertices.Tbe baunda-ry
cicuits of R,, canta-msbaurtypes ab crassingsas illustra-tedin Fig. 4.3.

Av
A

type ¡

XRv

type II

XAv

type III

Av~Rv

type IV

Fig. 4.3

By the ba-ndsitáldnglemma-abgrapit titeory we ita-ve that tite num-
ber ab typeII crossungpointsis odd. Titen it baIIawspasilytita-t a-t least
aneof tbe baunda-rycircuits of R1, cannata-dmit alternatungaver/under
crossinginborma-tian.Titerebare(3’ and (7 a-renat altennata-ble. U

An exampleab nan-altenna-tabledra-wingis illustra-tedu Fig. 4.4.

Fig. 4.4
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A diagra-in6 is sa-id to be conneetedib its underlyingprajectianis
connected.

Let o(O) be the numberab adO-va-lenceverticesob a- graph O. We
rema-rk itere titat o(a) is álwa-yseven.

Definition 4.3. A conviecteddiagram O of a grapit (3 le alternat-
¿ng íf titere 1$ a diagrarn 6’ of <¡vi Enjerían grapit O’ obtainedfrora 6
by addívig o(G) edgesu,ítitout introducívig viern erossíngpoints avid ver-
ticessueit titat tite over/undercrossíviginformation of O comesfrorn a
citeckerboardcoloring of 6’ as in Fig. 4.2.

A díagram 6 13 altennating if eacit connectedcornponentof 0 13
alternativig.

Tite diagra-m O abFig. 1.4 is an exampleab alterna-tingdiagram.

Theorem 4.4. ¡Set6 be <¡vi altennativig diagram of a grapit (3 <¡vid
O ita underlyivigprojection. Ihen

¡J~(5’+(O))+ ¡Jí(5’—(O)) > e(O) + 2¡J~(C) — ix(G) —

2

Proof. It is snfllcient to shaw

¡J~(5’+(Ú)) + ¡J~(5’—(6)) =e(O) + 2— ix((7) — o(O

)

2

bor a- catinectedalternatingdiagram6 ob agra-pit O.

Let 6’ be a dia-gra-m ob a-ti Enleriati grapit O’ obtaunedfrom 6 by
adding <><~~ edgessucit tita-t tite over/undercrossinginborrnationab 6’
(ano hence6) comes from a- clieckerbaardcoloring ab O’. Titen it is
clear that ¡J~(S+(6’)) (resp. ¡JiGS...(O)))is greatertitan ar equalto tite
nurnberob witite (resp. bla-ck) regians.It is easyta seetitat tite number
of regiotis ob (52,61) is equalto e(O’) — ¿«O’)+ 2. Sincec(Ó’) = e(O)
and ix(O’) = ix(O) — o(O) we ha-ve

o(O

)

¡Jí (.5+(0’)) + !3~(5’46’)) =e(O) + 2— ¿«O)+ 2
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It is clear that ¡JíOS+(6)) =¡J~(S+(O’)) — a-nO f3~(S — (O)) =

¡Ji(S — (O’)) — ~ Titereboreweita-ve tite conciusian. •

Ib O = O abFig. 1.4, titen weita-ve f3~(S~(Ó))= 4 anO ¡Ji(S...(6))=
3. Titereboretite inequálity ab Theorern4.4 is best possible.

Tite fallowung coraila-ry bollaws immediateiybrarn Titearem3.3(3)
anO Theorem4.4.

Corollary 4.5. ¡Set (3 be an adequate<¡¡terna tivig
grapit O and (7 its underlyivigprojeetion. Titen

dio yrarn of a

r(G) =3c(6) — ix((3) + 2¡Jo(G) o(O)
2

Corollary 4.6. ¡Set 6 be arz adequate<¡¡terna ting
grapit O avid O its uvider¡yingprojection. Titen

diagram of a

e(O) — e(O) =~{s((3) + u(O) + o(a) — 219o(O) — 1}.

Proof. By Caralla-ry4.5 anO CaraIIa-ry1.2, we ita-ve

3e(Ú)—x(O) +2/3o(O)— =r(G) =3c(G) —ix(G)+ .s(O)+u(O)—1.
2

Tbereborewe ha-ve tite result. u

Corollary 4.7. If O le an adequatea¡ternativig díagram of a non-
sp¡ittabte grapit <7, titen

e(O) — «O) =~{s(<7)+ o(O) — 2}.

Titerefore if s(G) =4— O(O) titevi c(Ú) = e(O).
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Remark. It is well lcnown tita-t a- reducedáltennatunglunk Oiagra-m
is adequate.But titere a-re many non-adequateáltenna-tungdia-grams.
See Fig. 4.5 bar sucit a-ii exampie.

Fig. 4.5

5. EXAMPLES

Jn titis section we shawsorneexamplesob diagrarnswitb minirnal
numberof crossungs.

Sornemoregeneralsta-ternentscanbe abta-inedby the sa-memetitad
u titis section.But we anly cansidersornerestrictedcasesbar tite sim-
plicity.

It seemsto tite a-u thars thataneof tite difficulties of decidungcross-
hg numbersof spatialgraphsis tite difficulty ab tite estimationof tite
splittung degrees(<7).

Propasition 5.1. ¡Set O be a link wítit ¡40) = n. Titens(<7)
n+ 1.

Proof. Ib O is a- cannected link projectian, titen we easily ita-ve
s(O)= ¡Jo(INO)) = 2 becauseO admitsaciteckerboardcaiaring. Titere-
bore we ita-ve tite result. U
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Corollary 5.2. [10](12][6j

If O le a reducedalternativig titile diagram of a link O, titen «6) =

e(O).

Proof. Let O be tite underlyung projectian ob O. Let u(O) = u anO
¡Ja(O) = m. Titen m < ti. Suppasetita-t m < ti. Titen titereis a- dia-gram
6’ of O such tha-t c(O’) =c(Ú) — 2(n — m) a-nd ¡Jo(O’) = u where O’ is
tite underlyingporjectionof O’. A reducedaltennatinglink dia-gra-m is
adequate.Titerefareby CaraIIa-ry4.5 we ha-ve r(O) =3e(G)+ 2m. Qn
tite atiter ita-nO, byTiteorem 1.1 and Propositian5.1 we ita-ve «O) =
3c(6’) + 2n =3c(O) — 4n + 6m. Titereborewe ha-ve ni > u. Titus we
ita-ve ni = ti.

Titen by Coralla-ry 4.6 a-nO Proposition5.1 we ita-ve

e(Ú) — e(O) =~{n + 1 + ti + 0— 2n — fi = 0.

u

A theta curve O in R3 is sa-id to be globally kviotted ib <7 is nat
abtaunedfrom a-ti unknattedthetacurve 0~ (2 1V (2 1V by local sum ob
knots.

Propositian 5.3. ¡Set O be a globafly knotted titeta curve. Titen
s(O) is less titan or equalto two.

Proof. We use tite ba-ct tita-t if a projection 02 is abtained from a-
projectian (71 by smaathingacrossingpaint of <7k, titen s(O~)=s(02),
cf. Fig. 2.3.

Let O be a- projection ab <7. Titen O necessa-rilyita-ve a- crossing
point abdifferentedges.We wiII abta-in the projection<7o ob Fig. 5.1 by
a- seríesob srnaatitingabC. Titen we ita-ve s(&) =s(&o) = 2.
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Fig. 5.1

We can elimina-teby smoothing
edge.SeeFig. 5.2.

sil crassingsea-chabwhicit 18 abone

x
Fig. 5.2

Titus we rna-y suppasetha-t ea-chcrassingpoint abO = E~ U~2 U~a are
of ~ and~j bar sorneí $ j, where~j is tite ima-geab a-ii edgee~ ob <7. Let
V(C) = {v1,v2} anO ?~ the imageof v~. We ma-y snppasewititont loss
abgeneralitytita-t ?~ has crossingpoints a-nd tite first crassingpoint e0
witicit we encaunterwiten we trace4 brom ~ is ab4 a-nO 4. Titen tite
a-rcsbram4 ta e0 baundsa- disk 6 on 5’2~ By smoatitinga-ndrenurnbering

Go
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abedgesib necessa-ry,we ma-y suppasetita-t g3 runsawaybrom 6 a-t ~ as
illustra-ted iii Fig. 5.3.

Fig. 5.3

By a- seriesob smaotitingsof Fig. 5.4 a-nO tite innermosta-rgument,
weha-ve titat 86 itas no crassungpaintsexcepte6.

e2 e2

Fig. 5.4

One of tite twa srnootitingsa-t a- crossungpoint preservestita-t <7 is
a projectianof a theta- curve. Titereforewe can elimina-teal] tite otiter
crossungpaints anO obtaunCo~ U

e2
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Let 6 be a- dia-gramof a- theta- curve (3 a-nd O its underlyungpro-
jection.

Definition 5.4. A projectíoviO of a titeta curve le redueedífO itas
vio crossíngsof tite types illustrated in flg. 5.5 toitere T, le <¡ny tangte
possiblywitit verticeslvi it.

A díagramO of a titeta curve le reducedif its utiderlying projeetion
le reduced.

(a) (b)

Fig. 5.5

Ib 6 is áltenna-tung,titen tite verticesab <7 líe an tite bannda-ryab a-
regian ob 52 —

Theorem 5.5. ¡Set O be a reducedalternativig diagmnrn of a theta
curve <7 lvi 1?~. ¡f O itas tite ¿oea!pafl íflustrated in Fig. 5.6, titen 6 is
<¡dequateavid e(O) = e(O).
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Fig. 5.6

Praaf. We first sitaw tita-t 6 is plus adequate.

Let y1,y2 a-nO e1,e2 be tite verticesa-nd crossingpountsas illustra-ted
u Fig. 5.7 (a). Let e1 be tite edge ob S~(6) iIIustra-tedji Fig. 5.7 (b).

(a) (b)

Vi

Fig. 5.7
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We note titat S+(6)—{eí} isa disjountunianabcircles.Ibe1 is not
a- cut edgeob S+(<7), titen y1 a-nd ‘v2 belongsto a- circie ob S+(6) — {eí}.
Titen we easily ha-ve tha-t eí is a crassungab tite type Fig. 5.5 (a).
Titereforee1 is aoit edgeof S+(6).

SixnuIa-rly, ib e2 is a- plus essentia-lcrossingpoint, titen e2 is a- crassing
ab Fig. 5.5 (b). Titerefarewe ita-ve tha-t 14(0) is a gra-pit with oneedge
witicit is nat a íoop anO sorne vertices,a-nd ahí plus essentia-lcrossing
points join tite vertices tita-t are tite endsof tite edge. Supposetitat
titereare ti such plus essentialcrossingpaints. By the bunomial titeorem

we ita-ve 2~1(~i)k (~) = —1 as u section 3. Titerebore6 is plus

adequate.

By tite sarneargumentwe ita-ve tita-t 6 is munusadequate.Titen by
Coraliary 4.7 and Propasition1.3 we ita-ve e(Ú) = e(O). u

Let O (ti, t2, t3) be a- thetacurverepresentedby tite diagra-m
O(tí,t2,t3) ab Fig. 5.8 witere t1,t2 and ta are non zero integersa-nO tite
box ab t~ represents¡tj¡ rigitt (resp. left) itandedfulí twists witen t1 > O
(resp. t¿ < 0).

Fig. 5.8
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Ib ahí t~ 18 positive ar nega-tive, thenwe can debarmO(t1 , t2 , t3) as
iIIustra-ted iii Fig. 5.9.

Fig. 5.9

Titen we casi apply Titeorern5.5 anO cancludethate(O(tz,t2,t3))=
e(O(tz,t2,ts))— 1.

Ib not ahí t~ is pasitive tiar nega-tive,titen we ca-ti easily citeck by a-
calcula-tiontitat O(t1,t2,t3) is adequatea-nO

¡J1(5+(6(tí,t2,ta))) + ¡J1(.5(6(t1,t2,t3))) = 2ItíI + 21t21 + 21t31 + 1.

By CoraIIary 3.4, O(tz,t2,ta) is nantrivial. But al] tite constituent
knats ab O(tí,t2,ta) are unknotted. TitereboreO(t1,t2,t3) is grabally
knotted a-id .s(O(tí,t2,ta))=2 by Propasitian5.3.

Titenby substitutingtite equálítyob Titearem3.3 (3) ta tite unequal-

ity of CaroUary 1.2 we ita-ve

e(0Q1,t2,ta))> ~{6Ití ¡ + 6ItiI + 6¡taj — 2]>
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Titerebore we ita-ve

e(O(ti,t2,ts)) = 21t11 + 2[t2j + 2jt3[ = e(8(ti,t2,ta)).
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