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On Weak Monomorphisms and Weak
Epimorphisms in the Category of
Pro-Groups

I. Popr

ABSTRACT. In this paper we characterize weak monomorphisms and weak
epimorphisms in the category of pro-groups. Also we define the notion of weakly
exact sequence and we study this notion in the category of pro-groups.

1. INTRODUCTION

If & is a category with zero-objects, then a morphism f: 4 — B of ¥ is a
weak monomorphism if fo u=0 implies u=0. A morphism f: 4 — B is called
a weak epimorphism if u- f=0 implies u=0.

Weakened versions of the categorical notions of monomorphism and
epimorphism have proved to be of some interest in pointed homotopy theory.
In 1967, T. Ganea [1] utilized extensive homotopy-theoretic calculations to
exhibit examples, in the pointed homotopy category, of weak monomorphism
which are not monomorphism. In 1986 J. Roitberg [7] used the properties of
a remarkable group discovered by G. Higman [3] to exhibit examples, again
in the pointed homotopy category, of weak epimorphisms which are not
epimorphisms.

In this paper we intend to study weak monomorphisms and weak
epimorphisms in the shape theory. In this first part we examine weak
monomorphisms and weak epimorphisms in the category of pro-groups. Also
we define the notion of weakly exact sequence and we study this notion in the
category of pro-groups.
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2. WEAK MONOMORPHISMS IN THE CATEGORY
OF PRO-GROUPS

We consider the category pro-Grp of which objects are inverse systems of
groups with homomorphisms as bonding morphisms. The notions and
properties of pro-groups which are used in this paper are those from the book
of S. Mardesi¢ and J. Segal [4].

The category pro-Grp is a category with zero-objects. The tr1v1al group 0
is a zero-object of the category Grp of groups and the rudimentary system 0
is a zero-object of the category pro-Grp.

Theorem 1. A morphism f: G — H of pro-Grp is a monomorphism if and
only if  is a weak monomorphism.

Proof. The necessity is obvious.

To prove the converse implication, first we consider the case when the
pro-groups G=(G,, p\»» A) and H=(H,, g\r, A) are indexed by the same
index set and the morphism f is given by a level morphism of systems
(f\): G— H. Hence for every A€ A, f, is a morphism f, : G, — H,.

For A€ A, let N, =Ker f,. Since M’= X implies f, py- = g r fr» it follows
P (Ny)C N, so that N=(N,, px| Ny, A) is a pro-group. The inclusion
maps i) : Ny — G, define a morphism of pro-Grp i: N— G. Let e\: N\, — G,
the zero-morphism, for every A€ A. Then we obtain the zero-morphism
e=(e\): N— G of pro-Grp. For every A€ A, we have f,i,=f, e\, which
implies foi= foe=0. Since fis a weak monomorphism, the equality £, i=0
implies i=0. This means that for every A€ A there exists N =\ -such that
i paw=0. If xeKer fy, then fy(x)=#* and if we put p\x(x)=y€ N, then:
* =1\ pyv(x) =1\ (y) =y, which implies x € Ker p, . In this way we proved the
inclusion Ker f,, C Ker p,y. Applying Theorem 1 of {4, p. 107], we conclude
that fis a monomorphism.

Suppose now that fis a morphism of pro-Grp between arbitrary pro-
groups: G (G)\’p)\)\aA) H ( quM) .[—(fp,‘p) G H With‘p M_’A
and with the morphisms of groups Ju: ‘p(“)—— H,. By the reindexing theorem
[4, p. 12] there exist pro-groups G'=(G,, p,, N) H =(H,, q,,,N) over the
same index set N, and a morphism of pro-Grp, f": G'— H’, given by a level
morphism of systems (f;): G’'— H’ and there exist isomorphisms of pro-

groups i:G—G’, j: H—H’, such that the following diagram commutes:

G
1
v

~
[—|Q
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Suppose that f’ou=0. Then, if #:G’—~ G is the inverse of i, we have
Jofe>u=0 and since j is an isomorphism, we deduce that Jfei’ou=0 and,
by hypothesis, i’o u=0, which implies #=0. This proves that /" is a weak
monomorphism. By the first part of this proof, we conclude that fisa
monomorphism of pro-Grp. For this reason and by using the above
commutative diagram, we deduce that f is a monomorphism of pro-Grp.
This completes the proof of Theorem 1.

3. WEAK EPIMORPHISMS IN THE CATEGORY OF PRO-GROUPS

The following intrinsic characterization of weak epimorphism in the
category Grp is stated in [6] (see also [5], [7]):

Lemma 1. [6] In the category Grp, a morphism f:G— G is a weak
epimorphism of groups if and only if the normal subgroup of G’ generated by
Im fis all of G'.

Proof. Suppose that fis a weak epimorphism and let (Imf){. be the
normal subgroup of G’ generated by Im f.

Let H’ be a normal subgroup of G’ which Imf.

Consider the canonical epimorphism u: G’— G’/ H'. Then u- f=0 and,
by hypothesis, it follows ¥ =0, what means H’= G”, so that (Im NE=¢a"

Conversely, suppose that (Imf)},= G’ and let u: G’—~ G” be a morphism
for which u. f=0. It follows that Im f C Ker u and because Ker « is a normal
subgroup of G’, we deduce that Ker u= G’, so that =0 and therefore f'is a
weak epimorphism.

Iff:G—+Hisan eplmorphlsm of pro-groups, then it is evident that fis a
weak epimorphism. But, since a weak epimorphism of groups is not
necessarily an epimorphism, it is obvious that there exist morphisms of pro-
groups which are weak epimorphism but which are not epimorphism.

Theorem 2. Let G=(G\, p\,A) and H=(H\,q\\,A) pro-groups

indexed by the same index set and let {: G— H be a morphism given by a level

morphism of systems =) If fis a weak epimorphism then the following
condition is satisfied:

(WE) For every A€ A, there is a A=\, such that
Im(g\y) Q(Imf)\);l"'\
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where (Im f)\)N denotes the normal subgroup of H\ generated by
Imf,.
Conversely, if the morphism [ satisfies the condition

(WE) and if, supplementary, for every pair (A, N)EAx A with N=\, the
bonding morphism p,, is a weak epimorphism of groups then f is a weak
epimorphism of pro-Grp.

Proof. Suppose that fis a weak epimorphism. For AEA let N, be a
normal subgroup of the group H, containing Imf,. We consider the
rudimentary system K= (H,/N,) and the morphism of pro-groups u: H— K
defined by the inclusion ¢:{A}— A and by the canonical epimorphism
u: Hy,— H,/ N,. Then we have u- f=(uf,), with uf, : G\ — H, — H,/ N,. Since
Im f,CN,, it follows uf\, =0 and therefore u~ f=0. From this and because f

is a weak epimorphism, it follows z=0. This means that there exists A"€ A,
N =\, such that ug,, =0, which proves the inclusion Im g,, C Ker u, that is
the mclusmn Im g, C N,. Since N, is arbitrary, it follows Im g,,- g(lmf,\)"’)\

Conversely, suppose that p,,:G, — G, are weak epimorphisms of
groups, for any A, "€ A, with A’= A, and that the condition (WE) is satisfied
also.

Let u: H— K be a morphism of pro-groups, for K=(K,,, r,,-, N), with
u= (uy,l,[;), for a function §:N— A and for some morphisms of groups
u,: Hy,)— K, such that uo f=0.

This means that for every v € N there is A= s (v) such that:

(D u, fw(v) Pw(u))\_—‘o

This relation implies Im (fy(,, Pyn) CKer u,, that is fy) (Im pyon) C
Ker u,. Then, since py)r: Gy — Gy is a weak epimorphism, we have (Im
p*ﬁ(v)’\)c = Gy, (Lemma 1). On the other hand, since Ker u, is a normal
subgroup of Hy, and since Im py )\ C fw o (Ker u,), we deduce the inclu-
sion (Im p"’(")")Gw(y) gfw) (Ker u,) and this induces Gd,(y,gfd, o (Ker u,),

which can be written
2 Im f,,)C Ker u,
But, since Ker u, is a normal subgroup of H,,), the inclusion (2) implies

(3) (Imfw(v))f[\]/w(y)gKer u,.
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Then, by hypothesis, it follows that there exists A= s (v) such that
4) Im qw(mE(IMf.p(y)),’jw)QKer U,.

By this, we have
&) U, Gy =0, for N=4 (v),

and this means that ¥ =0 what proves that fis a weak epimorphism.

Example 1. If the pro-group G has the Mittag-Leffler property [4,
p. 165] and if for the morphism f: G — H of pro-groups, given by a level
system (f}), the morphisms f, : G, — H, are weak eplmorphlsms then fis a
weak epimorphism of pro-groups. This results by Theorem 2 using Theorem
7 of [4, p. 166].

Theorem 3. Let G=(G,, par-,A) and H=(H,,q,, , M) two arbitrary
pro-groups and f: G— H a morphism of systems (f,,¢): G— H.

If fis a weak epimorphism of pro-groups then the following condition is
satisfied:

(WE)" For any admissible pair (N, u)€ Ax M for (f,, ¢), i.e. having the
property A= ¢ (u), there exists an admissible pair (X', u’) for (f,.,¢),
with (N, W)= (N, p), i.e. M=\ and u’ = p, such that
I (@) C (M, P,

Conversely, if the morphism [ satisfies the condition (WE) and if,
supplementary, for every pair (A, N\)EAx M, with X=X\, the bonding
morphism p,,: G\ — G\ is a weak epimorphism, then f is a weak
epimorphism.

Proof. Suppose that fis a weak epimorphism and we refer to the pro-
groups G’, H" and the morphlsm 1’1 G’— H’' considered in the proof of
Theorem 1. By hypothesis, it follows that f is a weak epimorphism and
therefore for this morphism the condition (WE) is satisfied. Then, by the
proof of the reindexing theorem [4, p. 12] we have p’, =p,,, if v=(A, p) <
<\, w)=7". So, p,, is a weak epimorphism for any pair (A, N)€ Ax A, with
NZ= A, if and only if p,, is a weak epimorphism for any pair (v,v)e Nx N,
with v = .

Similarly, q;,-=q,,-and f;=f, p.- Using these notations, the condition
(WE) for 7" is even the condition (WE)" for f, what finishes the proof of
Theorem
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Example 2. With the notations of Theorem 3, if f, are weak
‘epimorphisms of groups and if the pro-group G has the Mittag-Leffler
property, then f is a weak epimorphism of pro-groups.

4. WEAKLY EXACT SEQUENCES OF PRO-GROUPS

First, we recall that if & is a category with zero-objects then a kernel of
a morphism f: X — Y is defined as a morphism i: N— X, with the following
properties:

@ f-i=0,

(i) whenever g: Z— X is a morphism with fg=0, then there is a unique
morphism h: Z— N such that ih=g

N——1>X—f>Y

‘\

s Tg

ho
Z

The kernels of f are unique up to natural isomorphism.

It is proved [4, p. 117] that the category of pro-Grp is a category with
kernels.

Definition. Let & be a category with zero-objects and kernels and

f oo f

let X'—2> X—2 X" be a sequence consisting of two morphisms in .

This sequence is said to be weakly exact (at X) provided the
Sfollowing holds:

@ =0,
(ii) Let i:N— X be the kernel of f and let h: X'— N be the unique
morphism with ih=f".

Then h is a weak epimorphism.

X’ ——»f X—»f X"

AN
AN
S -
\\ T l
AN
h Y
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Example 3. A sequence X’—-—f-;X — 0 is weakly exact if and only if f” is
a weak epimorphism.

Example 4. Let K be the fundamental group of the Klein bottle, that is
the group with two generators g, b, satisfying the relation bab=a. Consider
the following subgroups of K: K| | ,=(ab, b?) and K; , =(ab). Then K| , , is.
a normal subgroup of K and (X, ,)N K, If i:K; ;— K is the inclusion
morphism and if 7: K— K/K; ; , is the canonical eplmorphlsm then the

sequence K| 1—>K—>K/K,,,_2 is weakly exact.

S o f

Lemma 2. If the sequence of groups G'—= G——G" is weakly exact,
then (Im f")¥=Ker f.

Conversely, if (Im f)X=Ker f and if any chain normal groups HC
: )

Ker fC G of G is invariant, then the sequence G'—> G— G” is weakly
exact. ;

Proof. Suppose that the sequence G’-f; G—f> G” is weakly exact.
The equality ff"=0 implies the inclusion Imf”C Ker f. Then, if we consider
the diagram

G”

\T

Ker f

we have (Im h)¥ = Ker f(by the definition of weakly exact sequences and by
Kerf

Lemma 1). If H is a normal subgroup of G containing Im f”, then by the
equality f”=ih and since i is an inclusion, we obtain mhC H and by this
Im fCHNKer fso that HNKer f=Ker f and finally Ker fC H. As H is
arbitrary, we conclude that (Imf)¥=Ker f.

Conversely, suppose (Imf)Y=Ker f. Then, the inclusion Im fCKer f
implies ff’=0. Further, if His a normal subgroup of Ker fsuch that InhC H
then, by the hypothes1s H is a normal subgroup of G. By this and since
Im fC H (Im f'=1Im h) we conclude that H=XKer f. Hence
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(Im h)Y. =Ker f, that is h is a weak epimorphism and therefore the given
sequence is weakly exact.

Theorem 4. Let G'=(Gy, piv,A), G=(G\,pan, A) and G"=(GY,
Py, A), be pro-groups over the same index set A andletf’:G'—~ G, [: G— G”
be morphisms of pro-groups given by level morphisms of systems (f}): G'— G
and (f,) : G — G” respectively. If the sequence of groups

I I
(6) Gi— G\—=GY

is weakly exact for every A€ A and if for every pair (A, N)EAx A, with
N =\, the bonding morphism p,,. is a weak epimorphism of groups, then the
sequence of pro-groups.

(7 oL 6L g

is also weakly exact.

Proof. By (6), f, fA=0 for A€ A, which implies ff'=0. If N, =/£"(*),
=P Ny : Ny— Ny, and iy: Ny— G, is the inclusion homomorphism,
then i: N=(N,, n\,-, A)— G, given by (i), 1,), is the kernel of f14,p.177].
There are unique morphisms A, : G} — N, such that f, =i, h, and they
determine a unique morphism A: G’ — N such that i- h=f". Since, by (6),
every h, is a weak epimorphism, it follows the equality (/m hk)ﬁ)‘:N)\ and

therefore Im(n,,) C N\=(m hx)]’\‘,’)\. This inclusion and the condition about

the bonding morphisms p,,- of G’ show that we can apply Theorem 2 and we
can conclude that A: G— N is a weak epimorphism. So we have satisfied the
conditions which shows that (7) is a weakly exact sequence of pro-groups.
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