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On the Existence of Weak Solutions for
a Semilinear Singular Hyperbolic System

JOAO-PAULO DIAS and MARIO FIGUEIRA*

ABSTRACT. In this paper we prove the existence of a weak solution for the
semilinear singular real hyperbolic system

du  du  u-v 2442y, —
a1 +6r+ " +k@W+vH)u=0
,reR, teR,
v _ 9V L UYLy v=0
ot or ' r urvaov=

where k(r) is a smooth, bounded and positive function of the type r", n=3, in a
neighbourhood of zero. The initial data (u,, v,) belong to (H2(R,))? and verify

d d
4y (0) =y (0), 5= O)=— 3 (0), (rhp, rv) € (L*(R,))2.

1. INTRODUCTION

Let us consider the semilinear singular hyperbolic system

Ou_ ou u-v 24 2y =
ET + 6r+ p + k@t v)u=0
(1.1)
v v, u-v 20 L2y v —
o ¢9r+ " +k@@W+v)v=0
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in the domain D={(r, ))|reR,, e R}, where (4, v): D?—R2, k- R, — 31’1
keW!'-= (Ry) and k (r)<S Mr3  k’(r)< Mr?, re[O ry] for a certain M>0 and
r|>0

The linear part of system (1.1) is associated (for coniplex u and v) td a
simplified model for the linear Dirac system (cf.[2] and [3]).

In order to study the Cauchy problem for the system (1.1) we regularise
this system as follows:

.a_“ 24 4,2
+ + 6(u v)-l-k(u +v)u=0
(1.2)
v _ov 1 24 y2yy—
ar 8r+r 6(u-v)+k(u +f)v—0

where 0 <<8<1. Given the initial data (l‘f(‘)’), with a suitable smoo}hness, we
first study the Cauchy problem for (1.2) under the boundary condition

u(0,0)—v(0,71)=0, re R. (1.3)

Then we obtain some estimates on the solution, independent of §, and we
pass to the limit, when 6 —0, in order to obtain a weak solution for the
Cauchy problem for (1.1). More precisely, we prove the following theorem
(where Hg, (JO,R[)={ueH"'(J0, R[)|u(0)=0}):

Theorem 1.1: Let 1, vo€ H2(R,) be such that

ty (0)=v, (0), é(;uo 0)y=— 8_ (0) and ruy, rvy€L? (’R+)

Then, there exists (u, v) such that ru, rve*(R, L2(R})), rlu, rive
C-T. T2 00, RNLAT T HY, (0RD). 2L ST T,
L2(J0, R[)), for each R>0 and T>0, u(r,0)=uy(r), v(‘;, O)évo(r), reRy,
and (u, v) verifies (1.1) in (Z’ (R xR))2.

Our previous papers [2] and [3] are concerned with nonlocal nonlinear
complex pérturbations (nonlinear Dirac system) of the principal part of the
system (1.1). In this paper we deal with a local nonlinear perturbation which
is, as far as we know, the only one that can be analysed by this method.
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2. ESTIMATES FOR THE REGULARISED PROBLEM

As in [2] and [3], we consider the skew-adjoint operator in (L2(R,))2
defined by

D(A)={(})eH' (Ry))u-ve iRy},

We put S(t)=e1, t€R, and S(1) is defined by

i (B0
S(t)( ) (v(r_+_t) with v(_r):u(r) ,r>0

We have, in D (A) (with Lp =(Lr(R;))2, H™"=(H™(R,))?),
1S@) (G)e==Il GYl=2 1S @ Ya=1 E)llur, 1€ R,
Now, let be F: D(A) — D(A), D(A) with the H' norm, defined by
uy _ 24,y (U
F(4) =— r+6[ 1] — kG4 (4).
This map is locally Lipschitz continuous. Hence, for (“O)ED(A) there

exists 7>>0 and an umque( )EC([ T.T}; D(A))NC' ([T, T]; L?) such
that

(@) =5 (@) + [ sa—n F[E@]dr @

We have ||F( )HH1<((6)(1+I|( )|| x)||( )HHI and, for t€[—T, T],

d 24+ d 24 2 2 2,2 —
a1 us+ ar u +o (u-vyu+2k@+v)u2=0
Jd 5, d 2 22y en
oV ar Y + pararS w-v)v+2k (@2 +v)v2=0
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Hence, since (%)eC([~T, 7); D (A))NC! ([T, T];1?) and k=0,

BICENOI fS(z—T) +5(% 34) @ ]dreepo, 7,
1(4) Oll=<ell (450)ll =+ —fn (%) (Dlli=d7,1€[0, 7],

||(‘v‘§)(z)||LwSce<f/ﬁ>n 1€[0, T] .2)

From (2.1) and (2.2) we easily obtain an estimate for || (\"'f) |l for

t€[0, T] (and also for t€[—7,0]) and we conclude that (“) is a global
solution, that is

(¥) ECR; D(4))NC' (R;1?) and verifies (2.1) for teR.

Furthermore, since F: D(A)—D(A) is locally Lipschitz continuous and

D (A)is a Hilbert space (for the H' norm), we get (cf. [1])( )EC' R;D(A))
if

(gg)ep(m):{(”) e H?|u- veH' Ry), +—e H) (m)}
Hence, by (1.2), we obtain, in this case (u)EC(R; D(AY).

We need suplementary estimates for( ) For this purpose we assume that
ru 2
(rvg)eL , that is

Uoye (L2 (Ry))?2, where L2 (R)=L2(R,, r2dr).
Vo 7 '

We easily deduce from (1.2), since k=0,

a d
— @@+ v+ — WP —v)+ (u?—v?) =0,
ot : or

r+é

i( (r+96)? (2 +v?) +L ((rt+96)? (u?2—v?))=<0.
ot ar

By the integral of energy method we get, for R>0 , 0<¢: <R,
—t+R R
[ e+o7 @) (rndr<[ -+ 8 @i +vhdr < f (r+8)2 3+ v dr. -
0

0

Hence (r+ 8) (1, v) € L= (R, [?) and
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148 (#)leman=e (I 4 12+ 11 5 ) 23)
where ¢; does not depend on 6.

Now, let us consider the linear system in D:

du du 1

o oy T =0
dv dv 1 -

o o W0

L. Tartar has pointed out to us that if we put

(

w=ru,+ iu—iv
T2 2
' du
, where U=—3-"1
w=rv,+ —é—v—Lu
1=7Vy 2 2
\
aw aw
dt + ar 0
we obtain (formally):
dw,  dw;
at ar

Let us assume (4, vo) € D(A2)NL? and let (v, v)eC(R; D(4))NC'(R;
D(A))NI= (R; L?) be the solution of (1.2) for a fixed §€]0,1[ and with
initial data (x4, vy) (and boundary condition (1.3)). Let

3 1
w=(r+0)u,+ > u— 5 %
2.4)

w,=(r+9) v,+%v——%u
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We deduce, from (1.2), with 6 =k (12 + v?),

ow ow »
7+—‘9r—:—0u'—(r+6)0,u
(2.5)
aiw ow
%‘f—ai;:—ou-.—(rﬂ)o,v
and (w, w))=C(R; (H'(]0, R[)))N C'(R; (L2(]0, R[))?), for each
Re€]0,+oo], C
Furthermore, we have
%[(r+6)(u+v)]:w+w, _
(2.6)
(u—v)+j;—9r—[(r+6)(u—v)]:w—w,
and
%— [r+ 8 ul=(r+OHw+ %(r%—é) (utv)
2.7

a 1
7[(r+5)2v]:(r+6) w,+7(r+6) (ut+v)

By applying the Gagliardo-Nirenberg inequalities and the Sobolev
theorem to (r+6)(u+v)eH'(]J0, R[) and (r+6)? (u—v)2e Wi1]0, R]),
respectively, we can deduce from (2.6), (1.3) and (2.3) (cf.[3], §3):

, | I
: 2.8
n(r+6)<|u|+|vr)||l,xﬂ,,,,q)5c(R)[1+||wul-_2ﬂ()~,e[)+Ilwllliw,\k[,]( )

where ¢ (R) does not depend on 6.

From (2.5) we deduce

_a )| 2 .y __a 2w, |2y=
S w12 w2+ = (w2 — ) =

—20(w2+wh)=2(r+8)0, (uw+ vw,) (2.9)
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k
r+é

and 0, =k’ (u2+v) + 2k (uu, v v)=k'(u+v)+2 [uw+vw, —
— % (w2 +v)+uv].

Hence,

’:2 Yr2(ut+v3) (uw+vw)) —

—2(r+8) 0, (uw+vw ) =—=2(r+8)(
, k 3
— 4k (uw + vw|)~—47r3[——2—(u2+v3)+uv](uw+ vw).
Then we deduce, from (2.9) and from the properties of &,
8 2 2 a 2 2 ‘ 3 | 3 3
7(|w|—+ |W||~)+—ar—(|W|'- w1 <e(r+ 8 (lul*+ v} (Iw] + [w])

(2.10)

where ¢ does not depend on &.

Furthermore, we have, by (2.3) and (2.8),

[ 67 (= (v (wl + 1w ]) (0 dr=e (R Il 2q0 50+

112 2.11
+ vl 1.2(]0.R[)] ( )

where ¢ (R) does not depend on 6.

Now, if we take T>>0 we easily obtain, by applying the integral of energy

method to (2.10), and since |w1|2(0,r)—|w|2(0,r):26(ai|u|2)(0,r)
(cf.[2], §3), !

—1 2T
[ (wl+ 1w (0 dr < (D), for all 1€[0, 7).

4]

Hence, if Q,={(r,)lre[0,—t+2T[,1€]0, T[},
we deduce

fnl(|w|2+|w||z) (r,0) dr dt<c(T) (2.12)
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where ¢ (T) does not depend on 8. A similar estimate holds for 7<0. Now,
for every T>0 and R>0, we deduce from (2.12), (2.7) and (2.3),

Il (r+8Y ull 27 7m0, Ry < (R, T)

(2.13)
Il (r+8 vl rnrgo. Ry =<c(R, T)
Hence, by (2.3), (2.13) and (1.2), we obtain
Il ("‘*‘5)2 ||L2( T.7:1200, RN =C¢(R, T)
(2.14)
I (r+ 5)2 ||L2( .20, RH=C(R, T)

where ¢ (R, T) does not depend on §.
Now, let

W(R T)={u€l2(~ T, T; H}, (10, RD)| 5 €L2(~T, T; 12(10, D))

with its natural norm, where H{, (10, R[)={ueH'(]0, R[){u(0)=0}. We
have (cf.[4]).

W(R T) & C([— T, TI;L2(10, RD)) (2.15)
and, by Aubin’s compactness theorem (cf. [4])
W(R, T) G L2(— T, T;L2(]0, R[)), with compact injection (2.16)

Furthermore the map u— u(0) from W(R, T) into L2(]0, R[) is continuous
by (2.15).

Let, for each 6€]0, I[, be (15, vs) the corresponding solution of (1.2) for
the initial data (1, vy) (and boundary condition (1.3)). We have, by (2.3).
(2.13) and (2.14),

IIr? u&”wm n= =c(RT)

Ir2vsll W(R, r)S ¢(R,T)

2.17)

where ¢ (R, T) does not depend on §.
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3. EXISTENCE OF A WEAK SOLUTION

Let us assume (4, v;) € D (42) N L2 With the same notation of the last part
of §2 for the couple (15, vs), solution of the regularised problem, there exists,
by (2.3), a sequence 8 —0 and (u, v)€ L= (R, L?) such that

(us, vs) — (u, v) in I (R, L?) weak *
5—0

and
1@ VI o1 = ¢ (Il (40, vo)ll L2+ 1l (g, Vo)l L,)-

By (2.17), (2.16) and (2.15) there exists, for each (R, T), a sub-sequence
(u5,v5), 6—0, such that

(rPus, r’vg)—(riu,rrv) weakly in (W(R 1)), strongly in

(L2(—T, T;L?(]0, R[)))? and a.e. in |0, R[x] — T, T[, and (u, v) (0) = (1, vp)
a.e. in R,. Furthermore, for each 7>>0, and by a diagonalisation method, we
can assume (by (2.16) and (2.17)) that '

(145, Va)g’(% v) ae. in Ry x]-T, TT.

In particular, for fixed 7>>0, we have, for each R>0,

k(u3+v}) us—k@?+v?)u, ae. in ]0, R[x]—T, TT.
6—0

Otherwise, by (2.12) and (2.8), we have
||k((u§+ v3) usl| L2(J0, R[X]— T, mScllr3((u§+ u%) usl| L2(J0,R[X]—T. 7[)S ¢(R 1),
where ¢ (R, T) does not depend on 4. |
Hence, by lemma 1.3 in chap. 1 of [4],

k(24 v}) us— k(w2 +v?)u, weakly in L2(]0, R[x]—T, T[),
6—0

and similar conclusion for k (u+v3) vs. -

Now, take ¢ Z(D(R, 1)), D(R T)={(r.0)|r€]0,R[,t€]—T, T[}. we
have, by (1.2),

+4
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e ; B
[[757 ot 50 o+ 55t otk + D use |drdr=0

By the previous considerations we can pass to the limit, when &—0
(subsequence) and we obtain, since R and T are arbitrary,

du | du u—v 512 .,
2 - o
o1 + or + p +k(2+v)u=0in (D).
The same technique applies to the second equation, and so theorem 1.1 is
proved.
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