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EXISTENCE AND UNIQUENESS OF
PERIODIC SOLUTIONS FOR A NONLINEAR
REACTION-DIFFUSION PROBLEM

MAURIZIO BADII

Abstract

‘We consider a class of degenerate reaction-diffusion equations on
a bounded domain with nonlinear flux on the boundary. These
problems arise in the mathematical modelling of flow through
porous media. We prove, under appropriate hypothesis, the exis-
tence and uniqueness of the nonnegative weak periodic solution.
To establish our result, we use the Schauder fixed point theorem
and some regularizing arguments.

1. Introduction

This paper deals with the existence and uniqueness of periodic solu-
tions for the following nonlinear reaction-diffusion problem

(1) up = div(Ve(u)) + c(z, t,u), inQ:=0Q xR
(2)  —Bp(u)/ov = g(p(u), on 90 x R
(3) u(z,t +w) = u(z,t) and u >0 in @

where Q is a bounded domain in RY with smooth boundary 92 and
v denotes the outward unit normal to 092. Equation (1) models the
filtration of a fluid in a homogenous, isotropic, rigid and unsaturated
porous medium, with the lower order term c(x,t,u) > 0in Q x R x R,
accounts for a reaction taking place in the medium. We consider the
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following assumptions on the data

e C([0,00)) N CEE*((0,00)), ©(0)=0 and ¢’(s) >0 for s>0

(H,) < and there exist 79 > 0, ap >0, a3 > 0,0 <my <my <1
such that agp(r)™ < ¢'(r) < ajp(r)™, for any r > r.

i)ce C(QAxRxRY), c(z,t+w,s) = clt, s),
cu € C(Q x R x Ry \{0})
ii) ¢, € L>®(Q x [-M, M]) for every M >0
i) e(z,t,7) < Cop(r)?, Co > 0, B € [0,1) and r > 7.

() a)ge C(Ry), g>0,g€ CYRy), |¢'(r)] < oo forallr >0
97| b) there exists dy >0 such that g(o(r))>dop(r) for all r > rq.

Remark. Hypotesis (H,) iii) is enough to have the global existence result
for the associated initial-boundary value problem (see [2]).

In problem (1)-(3), u denotes the moisture content in the soil repre-
sented by the domain €2, therefore we require the condition u > 0. As-
sumption (H,) includes the case of degenerate equation i.e. ¢'(0) = 0,
thus classical solution doesn’t exist and a concept of weak solution has
to be introduced; the weak solution is continuous but not smooth.

In this paper we prove the existence and uniqueness of the periodic
weak solution to (1)-(3) under the above assumptions.

To prove the existence of periodic weak solutions we use as a prelim-
inear step the Schauder fixed point theorem for the Poincaré map of a
nondegenerate initial-boundary value problem associated to (1)-(3).

To this purpose, we will consider a sequence of approximated nonde-
generate problems which can be solved in a classical sense.

The uniqueness of the periodic weak solution will be established using
an adaptation of the method of [4] and the assumption that g(¢(u)) =
dop(u).

Initial and Dirichlet’s boundary value problems have been studied to
equation (1) by many authors; we quote for example [6], [7], [12] and
[13].

Recently, [2] and [1] have studied the asymptotic behavior and the
blow-up in finite time of solutions for equations of type (1) with various
boundary conditions.
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To the knowledge of the author, it seems that the topic considered in
the present paper has not been discussed previously. We only are aware
of the paper [8] which treats the periodic case for (1)-(3) but for g = 0,
p(u) =u™, m > 1 and a zero order term which is linear w.r.t.u.

Our assumptions, allows to consider more general ¢ and zero order
terms.

2. Existence of periodic solutions

Since our equation (1) may degenerates, we make the following defi-
nition of periodic solution

Definition 1. A function v € C(I; L*(Q))NL>(Q;)
is said to be a periodic weak solution of (1)-(3) if fo
terval I = [to,11] € R, satisfies —0p(u (:U t))/0v =

u(z,t +w) =u(w,t), pu) € L2((to, t1); H(Q)) and

(Qr == Qx(to, 1))
any compact in-

E())onanI,

/t 1 /Q (uCs + () AC + (e £, u)C (x, 1)) da di

— /( (w,t1)C(w, 1) — u(z,to)C(w, to) dx

/ /aQ C(z,t)dxdt
i / | etwoct.vjovdod,

for any ¢, ¢, AC € L2(2 x (to,t1)), and 9C/Ov € L?(99Q x (to,t1)).

To show the existence of periodic weak solutions to (1)-(3), we begin
to show the existence of a periodic solution for the approximated problem

(4) et = div(Vee (ue)) + ce(x, t,ue), in Q
(5) —0¢pe(ue)/Ov = ge (e (ue)), on 98 x (0, c0)
(6) Ue(x,t +w) = us(z,t) and ue > 0, in @

where @, ¢ and g. are smooth approximations of ¢, ¢ and g, constructed
by convolutions with mollifiers functions.
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Construct ¢ (s), c.(x,t,s) and g(s) such that

Pe € Clzota([ovoo))a (PE(O) =0, 905(3) = 90<S>7 for s > 5/2
(Ho) < pl(s) > ¢, forall s >0,

e — ¢ uniformly on compact subsets of R .

ce € CHQp x Ry), ce(2,1,0) = 0, ce(2, ¢, 5) = c(a,,5),
(He.) « for all (z,t) € Qp and s > ¢/2,

c. — c uniformly on compact subsets of Q7 x R,

(H, ) a) ge € C*(Ry), g- — g uniformly on compact subsets of R,
gE

B) g=(0e(r)) > dowe(r) for all r > rg,
%) ge is uniformly Lipschitz continuous on Ry .

We shall show for (4)-(6) the existence of periodic weak solutions as fixed
points for the Poincaré map of a suitable initial-boundary value problem.
Hence, we need construct a closed, convex and nonempty set where to
find these fixed points for the following sequence of nondegenerate initial-
boundary value problems.

(7) ter = div(Vpe (ue)) + ce(x, tyue), in Qr, T > w
(8)  —0p:(uc)/0v = geipe(ue), on 99 x (0,T)
9) ue(,0) = uge(z), on Q

where (Ho.) ug. € C?(), such that 0 < wg.(x) for all z in Q and
satisfying the compatibility condition

—0¢c(uoe)/Ov = g=(pe(upe)) on OQ.

Problem (7)-(9) is an approximation of the following problem

(10) up = div(Vo(u)) + c(z, t,u), inQr,T>w
(11) —0p(u)/0v = g(e(u)), on 90 x (0,7)
(12) u(z,0) = uo(x), on {2

where

(13) ug € L®(Q), 0 <wp(z), ae. inQ, ||uoelloo < ||uo]]loo  and
Upe — UQ in L?(Q) as ¢ — 0F.
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Tt is well known that there exists a unique classical solution u. of (7)-(9)
(see [9]). Moreover, by a result of [2], the following estimates hold

(14) [[telloo < Crfluolloo)
T

(15) / / |V<,08(u5)|2 dzx dt < Co(||uglleo), for all e > 0.
0o Ja

In [2] is showed that the set of stationary solutions of (10)-(12) is bound-
ed in L>(Q) i.e. the solutions u(zx) of

(SP) div(Ve(w)) + Cop(m)’ =0 in Q
—0p(w)/0v = g(p(1)) on 99

satisfy ||u|lcc = M. It is easy to verify that € is a subsolution of (SP),
hence u(x) > € a.e. in ).
If ug. is chosen in such way that besides satisfies

e <wupe(z) <T(r) <M, ae in €

then w(z) is a supersolution and ¢ is a subsolution to (7)-(9). Thus we
have

(16) € <wue(z,t) <u(x) <M, forae (z,t)€Qr.

Applying the continuity result of [5], the following regularity property
for the solutions of (7)-(9) holds.

Proposition 1 ([5]). Since ug. is continuous on Q, the sequence {u.}
of the solutions to (7)-(9) is equicontinuous in Qp i.e. there exists wy :
Ry — Ry, wo(0) =0, continuous and nondecreasing such that

luc(x1,t1) — ue(z2,t2)| < wo(jzr — 22| + |t1 — t2|1/2)

for any (z1,t1), (w2,t2) € Q x [0,T]. The function s — wo(s), depends

on the essential bound of u. in Q.

If consider the Poincaré map associated to problem (7)-(9) and defined
by

Fuoe()) = ue(-,w)

where u. is the unique solution of (7)-(9) and introduce the closed, non-
empty, bounded and convex set

K.:={weCl):e<w(®) <M, forany z¢€Q}

then, by (16) and Proposition 1, we get
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1. i) F(K.) C K.. B
2. ii) F(K,) is relatively compact in C(Q).

Remains to prove that

1. iii) F | K. is continuous.
To this purpose, we show

Proposition 2. If ul., up. € K. and ul. — wug. uniformly in Q as
n — 00, then if ul and u. are solutions to (7)-(9) of initial data uf. and
uge respectively, we have that ul(-,t) converges to uc(-,t) uniformly as
n — oo, for any t € [0,T].

Proof: Multiplying (7) by sgn(ul — u.) and integrating on (); one has

/ (2, 1) — e ()| di < / il (2) — e ()| dz
Q Q
t
—I—L/ /|ug’(x,t)—u€(x,t)|dxdt,
0 Q

because of the local Lipschitz continuity of c.(x, ¢, -) with Lipschitz con-
stant L. Applying Gronwall’s lemma, it is easy to see that u?(z,t) con-
verges to u.(x,t) strongly in L'(2) as n goes to infinity. Consequently,
for a subsequence, we have that u?(z,t) converges to uc(x,t) for a.e.
x € Q. Since u”(x,t) < M, by the Lebesgue theorem, we conclude
that u2(z,t) — wuc(x,t) in LP(Q?) for any 1 < p < oco. Since uZ(,t),
uc(-,t) € C(Q) the uniform convergence holds.

Thus, by the Schauder fixed point theorem it follows that there exists
a fixed point for the Poincaré map, which is a periodic solution to (4)-(6).
From (16) we get, for a subsequence if necessary, that

(17) ue —u, in L*Q).
Since the set of . (u.) is relatively compact in L?(Qr), we have that
ue strongly converges to u in L?(Qr). In fact set v. = (u.), v. is

bounded in L2(0,T; H*(Q)) C L*(0,T;W2(Q2)), 0 < s < 1. If we
suppose that

(18) ¢! is Holder continuous of order 6 € (0,1)
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for a classical result (see [3]) one has

1/6
e (O 270 < l0=(®)]

wr 2@ 16 e
that integrate with respect to t, gives
e 2500 2vterzrogayy < 10l 220, min 2@ 6™ ot
Moreover, (see [3])
wo2/0(Q) c L*(Q)
with compact injection. Then,

(19) u. —u, in L*(Qr) andae. .

From (18) and the Lebesgue theorem one has

(20) pe(us) = @(u), in L*(Qr)
thus, we get by (15) and (20) that Vi, (u.) — Ve(u), in L2(Qr) and
(21) elue) = o(u), in H'Y(Q).

Theorem 3.4.5 of [11] states that if (21) holds, then ¢, (u.) converges
to ¢(u) in L?(0,T; L'(952)). Now, by the uniform convergence of g. on
compact set of Ry and its uniformly Lipschitz continuity, it is easy to
see that

9e (= (ue)) — g(p(u)) in L2(03T§ L2(aQ))
In fact

T
[ [ 1aetoetue) - ot do
0 [219)

gL(/OT/mme)—w(u>|2dodt

# [ o) - st doat) =0 as o

Finally, in [2] is proven that u € C ([0, T]; L*(2)), p(u) € L*(0,T; H(2))
thus, u is a periodic weak solution to (1)-(3). O
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3. Uniqueness

To get the uniqueness result, suppose that u. and v are periodic so-
lutions of (4)-(6) with boundary data g., respectively, g such that

e < max{uc(z,t),v(z,t)} <M

then
T
/O / (e — 0)Cot ((us) — (W) AC + (elz b ue) — ola, t,u))(] de dt
:/Q(us(x,T)fv(:n,T))C(x,T)dx
2) - / (ue(,0) — v(x, 0))C(x, 0) da
+ / /d (9292 ) = g0)))Gla 1) dord

+/0 /(m(cp(ua) — ()¢ (z,t)/0vdo dt

for any ¢ € L?(Qr) such that ¢;, AC € L?(Qr) and 9¢/0v € L?(9Q x
(0,7)).
Proceeding as in [4], define

1
O (z,t) := /0 wu(Bus(x,t) + (1 — O)v(x,t)) do

and
Cu(z,t) = /01 culst, Bue (2,1) + (1 — B)v(, 1)) do
then
(ue = v)Pe(z,t) = P(ue) — ¢(v)
and

(ue —v)Ce(z,t) = ez, t,u.) — c(x, t,v).
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Hence,
[ [0 wn s e e
0o Ja
= /Q(us(x,T) —v(z,T))((z,T) dx
(23) — [ et 0) = o 0))¢(,0) o

" /0 /BQ(QE(@E(UE)) — 9(p(v)))C(z,t) do dt

T
—|—/ / (p(ue) — @(v))9¢(z,t)/Ov do dt.
o Joo
From [7], there exist some positive constants a;, as depending only on
e and M, such that
ai(e) < @ (z,t) < ax(M), for any (z,t) € Qp
|Ce(z,t)] < Ly(M), for any (z,t) € Q7.

Let (., denotes the solution of the backward linear parabolic problem
with smooth coefficients

(24) Ca,mt + (I)a,mA(:E,m + Ce,mCa,m = f7 in Qr
(25) Cem(z,T) = 0(x), in Q
(26) 0Ce.m(x,t)/Ov = —doCem, on 902 x (0,T)

with @, Cem, f € C®(Q7), P — Pey Ccpn, — Ce uniformly in Q.

as m goes to infinity and 6 € C§°(€2), 0 < 6(z) < 1. Also for @, ,, and
C¢,m holds

041(5) < q)s,m(x,t) < QQ(M)v for any (:L'at) € @T
|Cem (z,t)| < L1(M), for any (z,t) € Q.

The existence, uniqueness and regularity of (. ,,(x,t) is proven in [8].
The following esimates will be need

Lemma 3 ([7]). Let ((x,t) := (cm(z,t) be the solution to (24)-(26).
Then,

T T
2 . 2
(27) /O /Q|VC(x,t)| dzdt < ky; /0 /Q\Ag“(x,tﬂ drdt < k.
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If f <0 we have
(28) 0<((x,t) <kg, forany (x,t)€ Qr,
where ki :=k1(e, L1, || fll2), k2 := k2(]| f]loo)-

The main result of this section is the following

Theorem 4. For any f € C*°(Qr) and any 0 € C(Q), 0 < 0(z) <
we get

T
/ /(ug(x,T) ~ oz, T)0(@) do
0 Q
—/ /(ug(x,t)—v(x,t))f(x,t) dx dt
0 Q
(29) < k2 /Q |uec(x,0) —v(z,0)|dx
+ / /a (922 0) = 9((0) o 0) dr d

fdo/ / o(ue) — ¢(z,t) do dt.
a0

Proof: Substituting ¢(z,t) in (23) this yields

/0 /Q(ue(a:,t) o, 0)) (e (2, £) — B (2, £))AC dar
/ / (e (2, ) Col ) = Com(e))C(, t) dardi
+/O L(us(x,t)—v(x,t))f(x,t) du dt
(30) :/Q(ug(x7T)—v(:v,T))9(x) de

—/(ua(a:,()) = o(z,0))¢(, 0) do
Q

+ / /8 (0:(pe(2)) — (et dr

- do/ / o(ue) (z,t) do dt.
aQ
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By Lemma 3, one concludes

/(us(x,T) —v(z,T))0(z) dx
Q
T
_A /Q(ug(ac,t) —v(z,t)) f(x,t) dodt
< ko /Q luc(z,0) — v(x,0)| dz

T
By / /8 (ge(pe(02) = 9o ()< 1) o

+ max |ue (z,t) — v(z, t)|[max | P (z,t) — @g’m(x,t)|(T\Q|k1)1/2

T QT

+ max |CE(1', t) - Csﬂn(a:7 t)|k2T‘QH

Qr
T
o [ (o)~ et do
0 Joo
Going to the limit as m — oo in (31), we obtain the desired result. O

Corollary 5. Let v and u be any periodic weak solutions of (1)-(3).
Then, we have

/OT /Q|“(x’t) —v(z,t)|* dr dt

< ko /Q lu(z,0) — v(zx,0)| dx
T
" /0 /E,Q(g(‘P(“)) — 9(p(v)))((x,t) do dt

T
~dy / /8 (o(u) = ()1 dodt

Proof: If in (29) we choose §(x) = 0 and f = fr € C®(Qr), fr —
—(ue —v) in L?(Q7) when k goes to infinity, one has
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/OT /QWE(QC’ t) —v(z,t)|? d dt

< kQ/Q luc(z,0) — v(z,0)| dx
T
+/O /E)Q(ge(sﬁe(ua))*9(¢(U)))C(m,t)dad:c

T
— do / /a () = (@) 1) dorat

Letting ¢ — 07, since g. (. (u.)) converges to g(¢(u)) in L2(0, T'; L?(99))
one obtains (32). O

Corollary 6. Problem (1)-(3) with g(¢(u)) = dop(u), has a unique pe-
riodic weak solution.

Proof: Choosing T' = nw in (32) because of the periodicity of u and v,
we get

n/ / lu(z,t) — v(z,t)]* dedt < k’g/ |u(z,0) — v(x,0)| dx < ks,
0o Ja Q

for any n € N, hence u = v. O
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