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CLASSIFICATION OF DEGREE 2

POLYNOMIAL AUTOMORPHISMS OF ¢?

Abstract

JOHN ERIK FORNAESS AND HE WU

For the family of degree at most 2 polynomial self-maps of C3 with
nowhere vanishing Jacobian determinant, we give the following
classification: for any such map f, it is affinely conjugate to one
of the following maps:

(i) An affine automorphism;

(ii) An elementary polynomial autormorphism

where P and @ are polynomials with max{deg(P),deg(Q)} = 2
and abc # 0.

(iii)

Hi(z,y,2) = (P(x,2) + ay, Q(2) + x,cz + d)
Hy(z,y,2) = (P(y, 2) + az, Q(y) + bz,y)
Hs(z,y,2) = (P(z, 2) + ay, Q(z) + 2, x)
Hy(z,y,2) = (P(z,y) + az,Qy) + =,y)
Hs(z,y,2) = (P(2,y) + az, Q(z) + by, x)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2
and abc # 0.

1. Introduction

In this note, we will give a classification theorem for the family of
degree at most 2 polynomial self-maps of C? with nowhere vanishing
Jacobian determinant. Note that any polynomial automorphism has a
nowhere vanishing Jacobian determinant. Our Theorem 2.1 implies that
any degree at most 2 polynomial self-map of C? with nowhere vanishing
Jacobian determinant is a polynomial automorphism.
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Let G be the group of polynomial automorphisms of C2. Let A be the
group of affine automorphisms of C? and let £ be the group of elementary
polynomial automorphisms of C? such that each e € £ is of the form:

e(r,y) = (az + P(y),by + ¢)

where P is a polynomial and a, b # 0. Note that £ is the group of all
polynomial automorphisms that carry each line of the form y = con-
stant to a line of the form y = constant’. Then Jung’s Theorem [J]
asserts that G is generated by A and £. Applying Jung’s Theorem,
Friedland and Milnor [FM] classified the polynomial automorphisms of
C?: Any polynomial automorphism of C2 is affinely conjugate to one of
the following types of maps: (i) an affine automorphism; (i) an elemen-
tary polynomial automorphism; (iii) A finite composition of generalized
Hénon mappings. Fach generalized Hénon mapping is of the form

h(l’,y) = (P(:IJ) - ay,x)

where p is a polynomial of x of degree at least 2 and a # 0.

It seems to be difficult to extend Jung’s Theorem to C" for n > 3.
So we cannot follow Friedland and Milnor’s proof to classify polynomial
automorphisms in higher dimensions. But if we restrict to polynomials
of degree at most 2 in C2, it is not necessary to apply Jung’s Theorem for
the classification, see [HO] for a proof. In this paper, we give the clas-
sification of degree at most 2 polynomial self-maps of C3 with nowhere
vanishing Jacobian determinant up to affine conjugation. The organi-
zation of this paper is as follows: in Section 2, we give the statement
of our classification Theorem 2.1 and we also include some remarks on
the dynamical differences between the various classes in our theorem. In
Section 3, the proof of Theorem 2.1 is given and in Section 4, we briefly
give some discussions of some basic dynamical properties of these maps.

2. The statement of main theorem and some remarks

Theorem 2.1. If f : C> — C3 is a degree at most 2 polynomial self-
map with nowhere vanishing Jacobian determinant, then f is affinely
conjugate to one of the following maps:

(1) An affine automorphism;

(2) An elementary polynomial automorphism

E(z,y,2) = (P(y,2) + az, Q(z) + by, cz + d),
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where P is a polynomial of y, z of degree at most 2, Q is a polynomial of
z of degree at most 2 and abc # 0. Note that it maps every hyperplane
z = k to a hyperplane z = k' and maps every line y = k1, z = ko to a
liney =k, z=Fk;

(3)
Hy(z,y,2) = (P(z,2) + ay,Q(2) + z,cz + d)
Hy(z,y,2) = (P(y, ) + az, Q(y) + bz,y)
Hs(x,y,2) = (P(z,2) + ay, Q(z) + 2z, )
Hy(z,y,2) = (P(z,y) +az,Q(y) + z,y)

H5($,y, ) - (P(x’y) -I—CLZ,Q( )"_byax)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2 and
abe # 0.

Remark 2.2.

) = (v-@(Fe-a),
[ 1

Remark 2.3. If 7(z,y,2) = (y, 2,x), then Hy = Hyo7, Hy = HsoT,
H, = Hs o072

Remark 2.4. Some Generic Dynamical differences between the vari-
ous classes: Assume for simplicity that the constants |a|, |b], |¢| < 1.

First of all the elementary maps and the class H; distinguish them-
selves from the other classes by the fact that the maps fix a hypersurface
and the orbits of all points outside this hypersurface converge to it.
Hence the dynamics reduces to two dimensions. In the case of Hj, the
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maps reduces to a Hénon map on the fixed hypersurface z = a. In the
case of the elementary maps, the orbits in the fixed hypersurface z = «
converge to the fixed curve y = 3 on which the maps are automorphisms.
In fact both the elementary maps and the maps of class H; are semidi-
rect products over a mapping A(z) = ¢z + d, i.e. there is a function
2z — f.(z,y) € Aut(C?) such that F(z,y,2) = (f.(z,y), A(2)).

Hence we need only to find dynamical differences between the
classes Ho, H3, Hy, Hs.

First we can observe that it is natural to consider the maps Ho, Hj
together as opposed to the maps Hy, Hs. There is a dynamical dif-
ference in the asymptotic dynamics. For the maps Hs, Hs, the orbits
generically converge to one point at infinity. For example, for the map
Hs, if P(x,y) = Az + -+, Q(z) = Ba? + ---, then this is the point
[A: B:0:0] at infinity in projective coordinates. On the other hand, for
the maps H,4, H5 the generic orbit converges to a complex line at infinity.

It remains to distinguish dynamically the maps Hy and Hs as well as
to distinguish the maps Hy and Hs.

Comparing the maps Hs and Hjs, we observe that the map Hs is a
Hénon map in the last two coordinates, (y,z) — (Q(y) + bz,y). In other
words such a map F' is a semi-direct product over a mapping h(y, z) €
Aut(C?), i.e. there is an analytic function (y,z) — A, . € Aut(C) such
that F(z,y,2) = (A, .(x), h(y, z)). This sets Hy apart from Hj.

Comparing the maps H, and Hs we consider again their behaviour at
infinity. We see that there is a P! at infinity which is mapped to itself.
For H, this map is a second degree polynomial, while for H5 this map
is rational of degree 2, i.e. has a more complicated dynamics.

3. The Proof of Theorem 2.1

Let G be the family of degree at most 2 polynomial self-map of C?
with nowhere vanishing Jacobian determinant. For any f € G, we can
write f in the following form:

f(xvyvz) = (fl(l.vyaz)va(xava)a fB(xvyvz))'

Because the degree of f is at most 2, the Jacobian matrix of f is as
follows:

, wl(x7yaz) ’LUQ(.I‘,y,Z) UJ3(£C,y,Z)
f (x,y,z) = w4(a:,y,z) U)5(ZE,y,Z) wﬁ(xayvz)
w7(m7y,z) UIg(SC,y,Z) wg(x,y,z)

where w;(z,y,2) = ajz +bjy +c;z+d; for 1 <j <9.
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Since the determinant of the Jacobian matrix f’(z,y,z) is a nonzero
constant, all coefficients of the polynomial det(f’) must be zero except
the constant. In particular, the coefficients of 23, y® and 23 must be
Zero, i.e.,

(1) det(A) = det(B) = det(C) =0
where
ap a2 as by bz b3 €1 C2 C3
(2) A= as ay Qg 5 B = b4 b5 b6 s C = Cq4 C; Cg
ary ag Qg b7 bg bg Cy Cg Co

It is easy to see that both b; and as are the coefficient of zy in
fi(z,y, z), this implies that b; = as. By looking at the coefficients of xy,
yz, and zz in f = (f1, fo, f3), we obtain the following table:

by = ao c1 = a3 co = b3
b4:a5 Cq4 = Qg C5=b6
b7 = ag c7 = ag cg = by

Table (ABC)

By using the above table we can write our function f in the following
form:

(3) f($7y,2):(¢1($,y72)+L1($,y72),¢2($,y,2)
+L2(x,y,2),¢3(w,y,2) +L3(.’E,y,2))
where
1 2 1 2 1 2
b1(7,y,2) = g2 + 5bay® + Sesz + bizy + cayz + iz

1 1 1
po(x,y,2) = §CL4$2 + §b5y2 + 50622 + bywy + c5yz + caxz

1 1 1
o3(x,y,2) = 5067%2 + 5583/2 + 50922 + brry + cgyz + crrz

Li(z,y,z) =diz + doy + d3z + €1

Lo(z,y,2) = dyx + dsy + dgz + e

L3(z,y,2) = drx + dgy + doz + e3.
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Let’s introduce the following trivial lemma which is useful in our proof
of Theorem 2.1.

Lemma 3.1. Let F = (f1,..., fn) be a polynomial self-map of C™ of
degree at most 2, with nowhere vanishing Jacobian. Let g and h be any
affine automorphisms of C™. We denote the degree 2 homogeneous part
of F by (é1,...,0n) and the degree 2 homogeneous part of go F o h by
(1, ... ,%y). Then the following statements are equivalent:

(i) There exist constants aq, ... , oy, with Z;L:1 laj| # O such that
> o =0,
(ii) There exist constants B; with 327, |B;] # 0 such that

>jo1 By =0.

Proof: Clear. R

Remark 3.2. For the map F' in above lemma, if we want to prove
that 2?21 oj¢; = 0, we can simplify Jp, the Jacobian matrix of F', by
composing constant invertible matrices in both sides of Jr. Note that
Jigoron) = Jg(F'(h))Jr(h)Jn = JgJr(h)Jn, ie., we have to use the new
variables for the Jacobian matrix of F', but this doesn’t matter because
Jp, is a constant matrix and therefore we may keep the original notation
as the new variables.

Let’s recall the following result from [HOJ:

Lemma 3.3. Let f(x,y) = (fl(xvy)a f2(zvy)) = (Pl(xay) + Al(xvy)v
Py(z,y) + As(x,y)) be a polynomial self-map of C? of degree at most 2,
with nowhere vanishing Jacobian, where Pj(x,y) is the corresponding
degree 2 homogeneous polynomial of f; and A; = f; — P;. Then the
homogeneous polynomials Py and P> are proportional.

Lemma 3.4. If for all constants o, § and vy with |a| + |B] + |v| # 0,
we have apy + Bpo + yo3 Z 0, then there exist affine automorphisms g
and h such that

(4) ¢1 = -T27 ¢2 =Ty, 1/}3 = y27
where (11,19, 13) is the degree 2 homogeneous part of the map go foh.

Proof: Let ¢ = [¢1:¢2:3] : P? — P2 Since the Jacobian de-
terminant of ¢ is 0, the rank of ¢ is at most 1. If ¢; = 0, then
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1¢1 + 0¢2 + 03 = 0. So WLOG, we may assume that ¢; # 0 for
ji=1,2,3.

(i) If the rank of ¢ is 0, i.e., ¢ is constant, then we may assume that
[@1: ¢p2: d3] = [1:0:0]. In this case, we have

061 + 1s + 0¢5 = 0.

(i) If rank of ¢ is 1, we may assume that ¢([1:0:0]) = [1:0:0] and
that ¢([z:0:1]) is non-constant.
Let

(01,02, 03)|[w0:1) = (a12° + b1z + €1, a22” + bz + €2, a32” + byx + c3).

Then since ¢([1:0:0]) = [1:0:0], a1 # 0, az = az = 0.
Hence

(61,02, 03)|[w0:1) = (a12” + bz + c1, baw + c2, b3 + ¢3).

Since ¢([z:0:1]) is non-constant, it follows that by or b3 # 0. By
Lemma 3.1 we may assume that by # 0 and by = b3 = 0.

Hence
(61,02, 03)|w0:1) = (a12” + ¢1,bow + 2, ¢3).

If ¢c3 = 0, then we have ¢3 = 0, so we have 0¢1 + 0¢2 + 1¢3 # 0, which
is impossible. Hence c3 # 0, so we may assume that

(¢17 ¢2a ¢3)|[z:0:1] = (.’L’27.’I}, 1)

Hence ¢(y = 0) = (XZ = Y?). Sice ¢ has rank 1, ¢(P?) C (XZ =
Y?), so

(5) ¢1 ¢3 = (ﬁ% .

(1) If ¢1 = cgo for a nonzero constant ¢, then ¢1 — ¢ 1o + 0¢p3 = 0.

(2) If ¢3 = cgo for a nonzero constant ¢, then we have 0¢; + ¢ 1y —
(bg =0.

(3) Hence ¢1 # c1¢2 and ¢3 # cad for any constants ¢; and co. Then
¢2 must be a product of two nonproportional linear factors, ¢ = LiLs.
This implies that ¢ = clL% and ¢3 = 63L§ or vice versa. Setting L; = x
and Lo = y and scaling we finish the proof of the lemma. B
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Lemma 3.5. There exist constants a,  and v such that |a| + |5] +
17l # 0 and
ag1 + Bo2 + vp3 = 0.

Proof: If for all constants «, 8 and v with |a| + |8 + |v| # 0, agr +
Bpo +~v¢3 #Z 0, then by Lemma 3.1 and Lemma 3.4 we may assume that
wl = 1‘2, ¢2 =Yy, ¢3 = y2'

In this case, the Jacobian matrix of f is as follows:

2z +d; do d3
fllay,2)=| y+di x+ds ds
d7 2y + dg dg

Since the Jacobian determinant is a nonzero constant, then

2x + dy do ds diy do ds
det | y+ds x+ds dg | =det| dy ds dg | = const. #0.
dr 2y +ds dy d7 dg dg

But
2x + d1 dQ d3

det | y+ds x+ds do | =2doa® —4dewy + 2dsy® + - -
dr 2y+ds dy

This implies that ds = dg = dg = 0, i.e.,

di do ds
det d4 d5 dG =0.
d7 dg dyg

This is a contradiction. B

Proof of the Theorem 2.1: If deg(f) = 1, then it is easy to see that f
is an affine automorphism.

If deg(f) = 2, then by Lemma 3.5 we can assume that there exist
constants k1 and ko such that

¢3 = k11 + kado.
Then

(6) f=(¢1+ L1,¢2 + Lo, k11 + kagpa + L3).
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Let gl(x7yaz) = (m,y,z - k'1$ - ka)a then gl_l(xayaz) = (xaywz +
kix + koy). Then

Fi(z,y,2) i =g10 fogy ' (z,y,2)
=g10 f(z,y, 2+ k1x + kay)
= (¢a(z,y,2) + La(z,y, 2), ¢5(2,y, 2)
+ Ls(,y,2), Le(,y, 2))

(7)

where ¢; are degree 2 homogeneous polynomial and L;(z,y, z) are de-
gree 1 polynomial and written as L;(x,y, 2) := oz + By + 72+ p;. In
particular, |ag| + |8s| + 76| # 0.

We will classify Lg into the following 3 cases:

Case (i): ag # 0.
Let go(w,y,2) = (asx + Bey + Y62z + ps,Y,2), then ggl(m7y,z) =
QLG(@" — B6Y — V6% — P6): Y, Z) Then

Fy(z,y,2) s =gao Frogy ' (z,y,2)

(8) = (¢7($, Y, Z) + L7($7ya Z>7 ¢8(ma Y, Z) + Lg(.’L‘,y, Z),J?)

where ¢; are degree 2 homogeneous polynomials and L;(z,y, z) are de-
gree 1 polynomials and written as L;(x,y, 2) := ajx + By + vz + p;.
Then the Jacobian matrix of F» has the following form:

(¢7+ L7), (¢7+Lr)y, (¢7+ Lr).
(9) Fy(x,y,2) = | (¢s +Ls), (¢s+Ls)y (#s+ Ls).
1 0 0

Then since det(Fy(z,y, z)) is a nonzero constant,

dot ((¢7 +L7)y,  (¢7+ L7).

= a nonzero constant.
(¢s + Ls)y, (¢s + Ls). >

Then for any fixed x, we may consider

Fo(y,2) = (¢7 + L7, 93 + Lg)

as a degree 2 polynomial self-map of C? with nowhere vanishing Jacobian
determinant.

We can write
¢7 + L7 = aza® + byy” + 72 + dryz + erwy + fraz + -
¢s + Ls = asz® + bsy® + cs2® + dgyz + eszy + fszz + -
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By Lemma 3.3 it follows that the homogeneous polynomials b;y? -+
cr2? 4+ d7yz and bgy? + cgz? + dgyz are proportional. Moreover we make
the following claim:

Claim. The homogeneous polynomials byy®+cr2%+dryz+erxy+ fraz
and bgy? + cgz? + dgyz + esxy + fsxz are also proportional.

J ( Z) _ 207y +d7z +erx + k1 2c7z+ dry + fre + ko
F\Y,2) = 205y + dgz + esx + k3 2cgz + dsy + fsx + ky

and det Jg, (y, z) = a nonzero constant independent on z.

(1) Since byy? + c72% + dyyz and bgy? + cg2? + dgyz are proportional,
we may compose an invertible constant matrix, say M, to the left of the
matrix of Jg, (y, z) to kill the y, z terms in the first row or second row.
WLOG, we may assume that we killed the y, z terms in the first row.
Now our Jacobian matrix becomes

erx + kq frx + ko )

MlJFm (y7 Z) - (ngy +dsz +esx + ks 2cgz + dgy + fsx + Ky

Note that e7, k1, f7, ko are different from the original values, for simplic-
ity we still use the same notation. The following discussion will follow
the same rule.

(2) If e = f7 = 0, then we are done.

(3) If e # 0, fr # 0, then we may compose an invertible constant
matrix to the right of the matrix M;Jg, to kill f;. Now the matrix
becomes

erx + k1 ka
2bsy + dgz + esx + k3 2cgz +dgy + fsx + kg )

Since the determinant of this matrix is a nonzero constant, we have
cg =dg = fs = 0. If eg # 0, we will use the fact e; # 0 to kill eg. So

now the matrix ix
erx + ki ko
208y + ks k4 )

The determinant of this matrix is ezkqx — 2bgyks + k1ks — koks which
is a nonzero constant. This implies that ezky = 0, bgks = 0. e7 # 0
implies that k4 = 0. ko cannot be 0 otherwise the determinant is 0, so

bs = 0.
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Now our matrix is pretty simple:

erx + ki ko
ks 0 )"
It is easy to see that our claim is true for the map F,, with above matrix

as its Jacobian matrix. By Lemma 3.1 and Remark 3.2, we proved our
claim.

(4) If one of {e7, f7} is 0 and the other is different from 0, then go to
the case (3). B

By the above claim we can write

¢7 + L7 - CL7.’IJ2 + 1/’7(% Y, Z) + L7($7 Y, Z)
qu + LS - 0485[;2 + ws(% Y, Z) + Lg((IJ, Y, Z)
where 7 (z,y, 2) = bry? + c722 + dryz + erzy + frrz and Yg(x,y, 2) =

bsy? + cgz? + dgyz + esxy + fsrz are proportional. This implies that
either (i-a) ¢s = k7 for some constant k; or (i-b) ¢¥7 = 0.

Case (i-a): s = k7 for some constant k.
Let g3(z,y,2) = (¢,y — kx, 2), then g3 (2,y,2) = (z,y + ka, 2),

Fg(.fC,y,Z) P =93 OF2 093_1(137%2)
= (a72® + ¢Yr(x,y + kx, 2) + Lr(x, y + kz, 2), aga®
+ LIS(J:’ y’ Z)’ x)
= (pl(x) + 1/’(3% Y, Z) + l7(y7 z)7p2($) + 18(y7 Z)a 33)
where aj is the new coefficient of 2 after the compositions, L§ is the
new linear function, py, p2 are the polynomial of = of the corresponding
coordinates, l7, g are linear functions of y, z of the corresponding co-
ordinates, ¥(x,y, z) is the degree 2 homogeneous polynomial except the
22 term in aza? + Y7 (z,y + kx, 2) + Ly(x,y + kz, 2).
Now we assume that the linear function Ilg(y,z) = agy + fsz with

|as| + |Bs| # 0.
If ag # 0, let g4(z,y, 2) = (z, a8y + Psz, z), then

H3(:c,y,z) : :g4OF3 og;l(x,y,z)

= <p1(:C) + 1 (% ais(y — Bsz), Z>

+l7 (ais(y - 582)72) ;as(pa(z) +y) + ﬁsfc,w) :
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Since the Jacobian determinant is a nonzero constant, %(pl(x)Jr
¥ (z, O%S(y — Bs2),2) + l7(6%8(y — B82),2)) = nonzero constant. So we
may rewrite Hs in the following form:

(10) H3($,y, Z) = (P(l‘,y) +az, Q(JZ) + by,x)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2 and
a #0.

If ag = 0, then fBg # 0. In this case, following a similar discussion as
above, we may rewrite our map Fj3 as the following form:

(11) Fy(x,y,2) = (p(x, 2) + ¢y, q(x) + Psz, @)

where p(z, z) is a degree at most 2 polynomial of z and z.
Let g(x,y,2) = (Bsx,y,B832) and let H; = go F3 0 g1, then H; has
the following form:

(12) Hs(z,y,2) = (P(z,2) + ay, Q(z) + 2, x)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2 and
a # 0.

Case (i-b): 7 = 0.

In this case, Fy(z,y,2) = (p1(x) + l7(y, 2), agx® + s + Lg, ) where
p1(x) is polynomial of z and l7(z,y) = azy + Grz.

If ay # 0, let g(z,y,2) = (x,a7y + Prz, 2z), since the Jacobian deter-
minant of g o F5 o g~! is a nonzero constant, it is easy to check that
go F5 0 g~! has the following form:

(13) Ga(z,y, 2) = (q(v) + y,p(z,y) + az, z)

where P and @) are polynomials with max{deg(P),deg(Q)} = 2 and
a # 0.

If ar = 0, then 87 # 0. In this case, Fy = (p1(x) + Brz,asw? + g +
Lg, x). Using the fact that the Jacobian determinant of Fy is a nonzero
constant, we have that a%(ang + 13 + Lg) = nonzero constant. So we
can rewrite Fy in the following form:

(14) G4(£177y,2’) - (Q(I) + bZ,p(CC,Z) + ay,z:)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2 and
ab # 0.
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Let g(x,y, 2) = (y,z,2), then

(15) Hy:=goGyog ' = (P(z,y)+az,Q(y) + =,y)
(16) H2 5:90G40971 = (P(y,z)+aa:,Q(y)+bz,y)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2 and
ab # 0.

Therefore, in the case (i) the map F» is affinely conjugate to one of
the maps Ho, Hs, Hy, Hs.

Case (ii): ag =0 and G # 0.
In this case, we construct the following affine map gs:

95(x7y72) = (33756:(/ +’76'Z + P672)~

Then g5 ' (2,9, 2) = (2, g-(y — %62 — po), ).

Fy(2,y,2) 1 = gs 0 Fy o g5 (2,9, 2)

17
( ) :(¢9—|—L97¢10+L107y)7

where ¢; are degree 2 homogeneous polynomials and L;(z,y, z) are de-
gree 1 polynomials and written as L;(x,y, 2) := ajx + By + vz + p;.
Then the Jacobian matrix of F5 has the following form:

(po+Lo)y (P9 +Lo),  (¢o+ Lo).
(18)  Fi(z,y,2) = | (#10+ L10)s (610 + Lio)y,  (d10 + Lio)L
0 1 0

The property that det(F:(z,y, z)) = a nonzero constant implies that

det (((¢9 +Lo),  (¢o + Lo),

= a nonzero constant.
b10 + L1o)y, (P10 + L1o)'z)

Then following the same arguments in the proof of case (i), we can
prove that Fy is conjugate to one of the following maps:

Hy(z,y,2) = (P(y,2) + az, Q(y) + bz, y)
Hy(z,y,2) = (P(z,y) + az, Q(y) + z,y)
Gs(r,y,2) = (q(y) + 2,p(y, 2) + az,y)
Gs(z,y,2) = (q(y) + bz, p(z,y) + az,y)
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where P and @) are polynomials with max{deg(P),deg(Q)} = 2 and
ab # 0.

But G; is conjugate to H; by the affine map g(z,y, z) = (y,z, z) for
j =3,5. So Fj is affinely conjugate to one of the maps Ho, Hs, Hy, Hs.

Case (iii): If ag = B = 0.

In this case, 76 # 0. Then we have

Fi(z,y,2) = (¢a + L4, 5 + Ls,v62 + ps).

Then the Jacobian matrix of Fj has the following form:

(pa+ La)y  (¢a+La)y (da+ La),
(19)  Fi(z,y,2) = | (¢5s+Ls), (¢5+Ls), (¢5+ Ls),
0 0 Y6

The fact det(Fy(x,y,z)) = a nonzero contant implies that

det ( (¢a+ La)y (1 + La)y,
(¢5 + L)y (¢5+ Ls),

Then the same arguments as in the proof of case (i) implies that F} is
conjugate to one of the following maps:

(20) Hi(2,y,2) = (P(z,2) + ay, Q(z) + x, cz + d)
(21) E(x,y,2) = (P(y,2) + ax,Q(2) + by, cz + d)

where P and @ are polynomials with max{deg(P),deg(Q)} = 2 and
abe # 0.

We finish the proof of Theorem 2.1. B

) = @ nonzero constant.

4. Some dynamical properties of H;

Remark 4.1. For an elementary map E(z,y,2) = (P(y, z) + ax, by +
Q(z),cz + d), E has at most 1 isolated fixed point, in fact, it is easy to
check the following facts:

(i) Ifc#1,a#1,b+#1, then E has only one isolated fixed point;

(ii) If c=1, d # 0, then E has no fixed point;

(iii) If ¢ = 1, d = 0, then E has a fixed z-plane for any given z and
the set of fixed points of map F, Fix(E), has only the following
possibilities:

(1) Empty (for example: b =1, Q(z) = 1);
(2) Entire-curves;

(3) 2-dimensional complex surfaces.
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Remark 4.2. For the map Hy(z,y, z) = (P(z, 2)+ay, 2+ Q(2), cz+d),
if P(x, z) doesn’t depend on z, then H? is a special case of our elementary
map E. So the discussion of its dynamics goes to the study of elementary
maps. If c=1,d=0and P(x,z) = kx?+--- with k # 0, then this map
is essentially an Hénon map of C? for any fixed z. Therefore in general
we believe that H; has interesting dynamics if P(x,z) = kx? 4 --- with
k #£ 0.

Remark 4.3. For the map Hy(z,y,2) = (Py, 2) + ax,z + Q(y), y), if
a =1 and P(y,z) = 0, then the map Hs is essentially an Hénon map
of C? for any fixed z. So if Q is a degree 2 polynomial, we believe that
the map H, has interesting dynamics. Otherwise we have some trivial
examples like this: Hy(w,y, 2) = (y?> —x? + 1,5, 2). It is easy to see that
H2 is an identity map.

Remark 4.4. For H3(z,y,z) = (P(z, z) + ay, z + Q(z), ), we have
the following facts about its fixed points:

(i) If P(z,z) + aQ(z) = 0, then we have 2 possibilities:
(i.a) If a =1, then Fix(Hj) is a entire curve;
(i.b) If a # 1, then Hj has only one fixed point (0, Q(0),0).
(ii) If P(z,z) + aQ(x) # 0 and
(ii.a) The degree of the polynomial P(z,z) + aQ(z) < 1, then it

is easy to see that the Fix(Hjs) could be an empty set, one
point or an entire curve;

(ii.b) The degree of the polynomial P(z,x) + a@Q(z) = 2, then it
is easy to see that the Hjz has exactly 2 isolated fixed points
counted with multiplicity. We believe that the H; in this
case has rich dynamics.

Example 4.5. There are some interesting examples of H3 in the case
of P(z,2) +aQ(x) = 0 and a = 1 with Hj is an identity map. For
example, H3(x,y,2) = (22 +y,2 — 22, 7).

Remark 4.6. Follow the same discussion as in Remark 3.6, we know
that Hy(z,y,2) = (P(z,y) + az,z + Q(y),y) has 2 isolated fixed points
counted multiplicity if P(y — Q(v),y) + Q(y) + (a — 1)y is a degree 2
polynomial of y. We also believe that Hy has rich dynamics in this case.

Remark 4.7. For the map Hs(z,y,z) = (P(z,y) + az, by + Q(x), x),
if b=1 and Q(z) = 0, then the map Hj is essentially an Hénon map of
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C? for any fixed y. If P and Q are degree 2 polynomials, we believe that
the map Hy has interesting dynamics and different from the dynamics
of Hénon map in C2.

There are also some uninteresting examples like this: Hs(z,y,2) =
(2x2,2y — 2%, x). It is easy to check this map has only one periodic point
which is the fixed point at the origin.

Remark 4.8. For every map of H; and E, the degree of its inverse
polynomial could be 3 or 4 if the deg(P) = deg(Q) = 2. But it must be
2 if either deg(P) <1 or deg(Q) < 1.

Remark 4.9. The detailed discussion of the dynamical properties of
our maps H; and F will appear in our forthcoming papers.
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