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ERGODIC RESULTS FOR CERTAIN
CONTRACTIONS
ON ORLICZ SPACES WITH FIXED POINTS

DIEGO GALLARDO

Abstract

Let (X, M, p) be a o-finite measure space, Ly = L4(X, M, p) an Orlicz
space associated to an N-function ¢ and let T: Ly — Lg be a linear
operator with a fixed point h # 0 a.e., such that

[ sz siyeu < / () (f € Ly)
X

X

and it is either a || ||1-contraction in Ly M Ly or a || [Jeo-contraction in
L4y N Loo. The main result of this paper is that for a wide class of N-
functions ¢, the ergodic maximal operator associated to T is bounded in
Ly. Moreover, for every f € Ly we have the almost everywhere con-
vergence and the norm convergence of certain weighted averages which
include the Césaro averages.

1. Introduction and preliminaries

Let (X, M, ) be a o-finite measure space and Ly = Lg(X, M, ) and Orlicz
space associated to an N-function ¢ (L4 may be a complex Banach space). In
this paper we will consider linear operators T such that

D) fy 6T F)du < [y (£ i, f € L

ii) T has a fixed point h, h # 0 a.e.

iii) T is either a || ||1-contraction in Ly N Ly or a || ||co-contraction in
L¢ N Leo.

The main aim of this paper is to prove that, for a wide class of N-functions
¢, the ergodic mazimal operator Mt defined by

1n—l L
(1.1) Mrf = itgl; ;T £l
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is bounded in Ly (dominated ergodic theorem). Moreover, we shall prove that
if {bx} is a bounded Besicovitch sequence, then for every f € L, there exists
f* € Ly such that

n—oo n

n—1 n—1
1 . .1 .
L _kZ_ob"ka(”)':f (=) ae, nliff;o"zkz_o"kT'“f — flls = 0.

A sequence of complex numbers {by} is called a Besicovitch sequence if for
every € > 0 there exists a trigonometric polynomial o, such that

1 n—1
limsup= 5 |be — ae(k)| < e
im sup ~ ;_I p—ac(k) <e

As a special case we obtain the almost everywhere convergence (individual er-
godic theorem) and the norm convergence (mean ergodic theorem) of the Césiro-
averages n Y (f +Tf +-- -+ T"71f).

"~ In the real L,-case, with 1 < p < o0, and (X, M, i) a finite measure space
the corresponding dominated ergodic theorem is proved by A. de la Torre in
[10]. R. Sato proved in [9] that the de la Torre’s result may be extended to
the case (X, M, 1) o-finite and a complex L,-space. The ergodic result for an
operator which only satisfies conditions i) and iii) is an open problem even in
the Ly-case, 1 < p < 0.

The bounded Besicovitch sequences as weights in the averages were used by

~J.H. Olsen in [8].

In order to obtain the dominated ergodic theorem we first need some ez-
trapolation theorems which extend the ones given by M.A. Akcoglu and R.V.
Chacon in [1] and R. Sato in [9], for L,, 1 < p < co.

Now, we shall present the basic definitions and results concerning to N-
functions and Orlicz spaces which will be used in this paper. The proofs of
most of these results can be found in [5] or in II-13 of [T7].

An N-function 1s a continuous and convez function ¢: [0,00) — R such that
#(s)>0,5>0,s514(s) — 0 as s — 0 and s71¢(s) — 00 as s —» oo.

The function ¢ is an N-function if and only if it has the representation
é(s) = fos ® where ¢ {0,00) — R is continuous from the right, non decreasing
such that ¢(s) > 0, s > 0, ¢(0) = 0 and ¢(s) — oo as s— 0. More precisely
 is the right derivate of ¢ and will be called the density function of ¢.

Associated to ¢ we have the function p: [0,00) — R defined by p(t) =
sup{s: ¢(s) <t} which has the same aforementioned properties of ¢. We will
call p the generalized inverse of .

The N-function 1 defined by (1) = fotp is called the complementary N-
function of ¢. Thus, if ¢(s) = p~lsP, p > 1, then (t) = ¢~ 't? where

- Pg=p+tgq.
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Young’s inequality asserts that st < ¢(s) + ¢(t) for s,t > 0, equality holding
if and only if p(s—) <t < ¢(s) or else p(t—) < 3 < p(t) (See [3]).

If ¢1 and ¢ are N-functions with complementary N-functions given by 4
and 1, respectively, then, the inequality for complementary functions asserts
that if ¢1(s) < @2(s) for s > so, then ¥2(t) < ¢¥1(t) for t > @2(sp), where @3 is
the density function of ¢,.

An N-function ¢ is said to satisfy the Aj-condition in [sy,00), s¢ = 0, if
there exists a constant a such that ¢(2s) < a¢(s) for every s > sq.

If ¢ is the density function of ¢, then ¢ satisfies A, in [sg, 00) if and only if
there exists a constant @ > 1 such that s¢(s) < ad(s), s > so.

The Aj-condition for ¢ does not transfer necessarily to the complementary
N-function.

If (X,M,p) is a o-finite measure space we denote by M = M(X, M, )
the space of M-measurable and p-a.e. finite functions from X ro R or to
C. If ¢ is an N-function we consider the Orlicz spaces Ly = Ly(X, M, p)
and Lg* = Lg*(X, M, p) defined by Ly = {f € M: [, ¢(|f])dp < oo} and
Ly = {f e M: fg € Ly for all ¢ € Ly} where ¢ is the complementary
N-function of ¢. We have L, C Ly* and if ¢ satisfies A, then Ly = Ly™.

We have that Lg* is a linear space with the usual operations on which we
may define the norms ||fllg = sup{ [y |fgldu:g € Sy}, where Sy = {g €
Ly [y b(lodu < 1}, and |flls) = inf{A > 0: fy 6(A1|f])dp < 1) which
are called Orlicz norm and Luzemburg norm respectively. Both norms are
equivalent.

Holder’s inequality asserts that for every f € Ls* and every g € Ly,* we have
Ifglli £ W fllpllglly where ¢ and ¢ are complementary N-functions.

If §(s) = s” with p > 1 then Ly* = Ly = Ly, || fll(g) = || fllp and [|lglly = llgllg
where pg = p+4.

The convergence f, — f in [Ls*,|| ||¢] implies the mean convergence
limp—co [x(Ifn — fl)du = 0 but, in general, mean convergence only implies
norm convergence when ¢ satisfies A;. Then the set S of simple functions
(with support of finite measure) is dense in [Lg, || ||¢] if ¢ satisfies A,.

If ¢ verifies Az, then for every continuous linear functional F over [Lg, || [|(¢)]
there exists an unique function g € Ly* such that F(f) = [y fgdu, f € Ly,
and moreover || F||(4) = ||gl|y, where ¢ is the complementary N-function of ¢,
but if ¢ does not satisfy A, then there exist linear functionals on Ls* which
are not represented by functions of Ly*. :

If ¢ and ¢ satisfy Ay then [Lg, || [|(¢)] is reflezive.

In the following, we shall always assume that (X, M, ) is a o-finite measure
space and ¢, together with its complementary N-function 1, satisfy the As-
condition in [0,00). The A,-condition for ¢ is a very important condition that
plays fundamental roles in many questions and the best known Orlicz spaces
are associated to functions which satisfy A,. The A,-condition for ¢ may seem
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to be a restrictive assumption. Some know Orlicz spaces as, for example, the
Zygmund Orlicz space L Log L and the L Logk L spaces, k > 0, are associated
to N-functions which satisfy A, but their complementary N-functions do not;
but the above spaces do not satisfy our dominated ergodic result. In fact the
Ay-condition for the complementary N-function is necessary for such result.

Precisely, let ([0,1],B8, ) be the Lebesgue-space and let T an invertible -
measure preserving transformation from [0, 1] into itself. In [2] B. Bru and
H. Heinich characterize the Orlicz spaces, associated to Young’s functions, for
which the ergodic maximal operator associated to the operator T, defined by
Tf = for™!, is bounded in Ly (classical dominated ergodic theorem) (the
Young’s functions in {2] are our N-functions). The characterizing condition
given in [2] is the condition of comoderation on ¢.

The function ¢ is said to be comoderated if there exist sg, a and b > 1
such that ¢(as) > by(s) for s > sy, where ¢ is the density function of ¢ or,
equivalently, if there exzist sg, a and b > 1 such that ¢(as) > abg(s) for s > sq
(in [2] a function continuous from the left is taken as density function of ¢
whereas our density function is right continuous).

The paper [2] does not establisch the equivalence between the comoderation
of ¢ and the moderation (A;-condition in some [tg,00)) of the complementary
N-function 1 unless  be continuous. However, we observe that the comode-
ration of ¢ is equivalent to the moderation of 1. At the same time, we shall
prove another characterization of the moderation of 3, which is used in this
paper, and which appear in [2], [5] and in the rest of the literature with more
restrictive hypothesis. Exactly:

Proposition 1.2. Let ¢ be an N-function and ¥ the complementary N-
function of ¢. The following conditions are equivalent:
a) ¢ is comoderated.
b) ¢ is moderated.
¢) There exist so and B > 1 such that Bd(s) < sp(s) for s > sp.

Proof: a) =>b). If ¢ is comoderated then ¢(s) < ¢1(s) for s > sy where ¢,
is the N-function given by ¢;(s) = (ab)~!¢(as). The complementary function
of ¢y is given by #;(t) = (ab)~1¢(dt). Taking into account the inequality for
complementary N-functions we obtain that ¢(bt) < abi(t) for t > to = ¢1(s0),
where b > 1, which equivales to condition A, of ¢ for t > t,.

b) = ¢). Let p be the generalized-inverse of ¢. Since v is moderated there
exist tp and o > 1 such that ¢p(t) < ay(t) for every t > t3. On the other

hand, it follows from the equality cases in Young’s inequality that tp(t) =
é(p(t)) + ¥(t) and therefore

$(p(t)) < a7l a—1)tp(t), ¢t

~ Then, since p(¢(s)) > s and the function u — u~¢(u) increases for u > 0 we
obtain

sT10(s) < Bplp()))/ple(s)) < a Yo — 1)p(s), s> p(to)
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and thus we obtain c¢) with sg = p(¢p) and 8 = a(a —1)"! > 1.

¢) = a). Condition c¢) implies that there exist sg and 8 > 1 such that the
function s — s 7P ¢(s) increases for s > s¢ (or for s > sq if s = 0). Then, if
a > 1 is such that a®~! > 2 we have ¢(as) > aP¢(s) > 2a¢(s) for s > s and
thus we obtain the comoderation of ¢.

Note. Since ¢(0) = p(0) = 0, if some of the conditions of Proposition 1.2
is satisfied for every s > 0, then the others two conditions are also valids for
every s > 0.

In this way, the moderation of i is necessary for the classical dominated
ergodic result and, therefore, for our dominated ergodic result since that the
operator T, defined by T'f = for~! satisfies conditions i), ii) and iii), whatever
the N-function ¢ may be. On the other hand, the space ([0, 1], B, A) is of finite
measure and our spaces can be of infinite measure. For this reason we shall
assume the A,-condition in [0, 00), but un the case p(X) < oo the argument
which we shall use can be adapted if only we suppose the A,-condition in some
[30, OO)

Our results are valid, for example, for the known LP Log* L spaces, with
p>1land k > 0, since the N-functions of the form ¢(s) = s? log*(1 + s) satisfy
that 1 < p < ¢(s)/s¢(s) < p+ b for every s > 0 and certain constant b.

2. Extrapolation Theorems

We first observe that the convexity theorem for positive operators given by
M.A. Akcoglu and R.V. Chacon in [1] can be easily extended to Orlicz spaces,
following the same type of arguments, as follows

Proposition 2.1. Let ¢ be an N-function strictly convez in some interval
and let T be a conservative positive contraction in.Ly such that

22) /X (1T 1)dp < /X (1fdi, (f € LN Ly).

Then, |Tflloo < [|flloo for every f € L1 N Loo.

Proof: The operator T is said to be conservative when u(D) = 0, where D
is the dissipative part of X with respect to T

First assume that p(X) < oo. It is enough to prove that Tc < ¢ almost
everywhere for some constant ¢ # 0.

We have that ¢ increases strictly in some interval I, where ¢ is the density
function of ¢. Let ¢ € I with ¢ # 0. Then, we get that

(2.3) #lc+3) > ¢(c) +sp(c) (0#£s>—c).

Since T is conservative we have [, Tfdu = [, fdu for every f € L;.
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Let Tc(z) = c + g(z); then [, gdu = 0 and therefore if u{z € X:
g(z) > 0} > 0 we have

/X S(ITcl)dys > /X 8()dn,

which contradicts (2.2). This proves that Tc < c.

The general case follows from the preceding by a method similar to the one
given in [1] using the following result:

Lemma 2.4. Let ¢ be an N-function and T a positive contraction in L,
satisfing (2.2). Then, for every A € M there ezists a linear operator

Ta: L1(A) — L1(A) such that
a) T4 is a positive contraction in Ly(A) and

/ (| Taf)du < / 8(1f ), (f € La(4) N Ly(A)).
X X

b) For every f € LiT(A) and every n > 1

n

Eka(x) < ZT,’{f(:z:) a.e. in A
k=0

k=0

The proof of Lemma 2.4 can be obtained easily following the arguments of
(1).
Remarks.

1. The conservative condition of T cannot be eliminated from the hypot-
hesis of Proposition 2.1 since in R with Lebesgue-measure if Tf(z) = /2f (22)
then T is a positive contraction in Ly, an isometry in L, but ||Tf]lec =
V2| flloo- :

2. There exist N-function which are strictly convex over no interval. An
example is the following. We consider the dyadic intervals I,, = [2"~!,2") and
Jn = [27",27"*1) where n is a positive integer and let ¢ : [0,00) — [0, 00) be
defined by ¢(0) =0, (t) =27"if t € J, and (t) = 2" 1 if t € I,. Then ¢
defined by ¢(s) = J; ¢ is an N-function. Since $(2s) = 44(s) we have that ¢,
as well as its complementary N-function, satisfy the Aj-condition. However ¢
is not strictly convex over any interval. Furthemore there is no constant ¢ # 0
_ such that (2.3) holds.

However most of N-functions are strictly convex in some interval.

In the following results the operators are not necessarily positive but they
have a fixed point h with h £ 0 a.e.
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Theorem 2.5. Let ¢ be an N-function, strictly convez in some interval and
let T: Ly —> Ly be a linear operator such that
i) f ST du < [y #(1f)du, (F € Lo).
@) |ITflls <N fllis  (f € LiN Ly).
#1) There exists h € Ly, h # 0 a.e., such that Th = h.
Then, |Tflloo < |Iflleo for every f € Ly N Lo, and consequently for every
f€LyNLe.

Proof: In this proof we follows the idea given by Sato in [9].

Let k be such that ¢(s) < s for 0 < s < k. Given f € Ly N Ly let
B = {z € X: |f(z)] > k}; then pu(B) < oo and therefore [, ¢(|f|)dp <
1£llx + #(B)S(lI fII) < oo. Consequently Ly N Lo, C Lg.

Let T': Ly — L, be the linear extension of T': [L; N Ly, || 1] — Ly and
P the linear modulus of T. (See Theorem 4.1.1 in [6]). We shall prove that
P satisfies the hypotheses of Proposition 2.1 and therefore ||Pfllc < [|fllco
f € Ly N Loo; in this way, since |T'f| < P|f|, f € L1, and L1 N Loo C L1 N Ly
we obtain that ||Tfl|lcc < |[fllecs f € L1 N Lo, and consequently for every
f € Ly N Ly since Ly N L is dense in Ly N Lo with the Loo-norm.

Now, we show that P satisfies the conditions of Proposition 2.1. The A,-
- condition implies that Ly N Ly is dense in {Lg, || |i(4)]. On the other hand, it
follows from i) that ||Tfll(4) < || fll¢g)» f € Lg, and consequently given € > 0
there is f. € Ly N Ly such that for every n > 1

1 n-—1
(2.6) b~ D Trfelloy S ef2.
k=0

If T is a power bounded linear operator in a reflexive Banach space V, that is,
the powers T* , k > 0, are uniformly bounded in V, then the Césaro-averages.

n—1
1 k
Rof==) T'f
k=0
converge in norm to a T-invariant limit for all f € V (See Theorem 2.1.2 in
[6])-

Lef f.* be the limit in [Lg, || [l(4)] of Rnfe. It follows from (2.6) that for
0 <& <1 we have ||h — f|(4) < € and consequently

27) /X o(lh — f*)du < e.

On the other hand, f.*(z) = 0 for a.e. z € D, where D is the dissipative
part of X with respect to P, since (Theorem 3.1.6 in [6]) 3,5, P¥f(z) < o0
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on D for all f € L;™. Since ¢(Jk|) > 0 a.e. (2.7) shows that u(D) = 0 and thus
P is conservative.

Now, in order to prove that P satisfies condition (2.2) we consider the Akcoglu
and Brunel’s theorem related with the structure of 7' on the conservative part
C of X with respect to P (see Theorem 4.1.10 in [6]). Let F be the family of
P-absorbing subsets of C; there exists a set I' € 7 and a function s € L,(T),
with |s| = 1 on T, such that Tf = 5P(sf) for any f € L;(T), where 5 is the
complex conjugate of s, and if A = C' —T then (I =T)L;(A) is dense in L;(A).

We have that suppT(xrh) C T’ and suppT(xah) C A; therefore Tg = ¢
where ¢ = xah. Carryng out a similar reasoning to the used for h we have
that for every ¢ > 0 there exist f. € Li(A) N Ly(A) and f.* € Ly(A) such
that |lg — fe"|l(¢) < € and limp_oo [|Rnfe — fe*|l(s) = 0.

Given n > 0 there is u, € Li(A) such that ||uy — Tuy — fels < 1/2 and
therefore for every n > 1 we have ||[n™}(u, — T™u,) — Rpfell1 = | Rty —
Tu, — fo)lli < n/2, which proves that lim, . [|Rafells = 0 and so f.*(z) =
0 a.e. This shows that ||gl(sy = 0 and consequently p(A) = 0. Then, we
have Tf = 5P(sf) for every f € L; and therefore it follows from i) that
ISP = [ 9SG < [ (£ )ds for every f € Ly 11 Ly and
this finishes the proof. W .

Now, our aim is to prove that the roles of L; and L, in Theorem 2.5 can be
interchanged. For this we shall considerer the adjoint operator of T.

Let T: Ly — Ly be a bounded linear operator; more precisely, we suppose
that there is a constant C such that |Tf||(4) < C||fll(s), f € Lg. Then, if
g € Ly*, where ¢ is the complementary N-function of ¢, the linear functional
Fover [Ly, ||ll(4)] defined by F(f) = [, gT fdu is continuous since by Holder’s
inequality we have |F(f)| < C|lglly||fll(4) and therefore, since ¢ satisfies A,,
there exists an unique function g* € Ly* such that [, ¢Tfdu = [, fg*du, f €
Lg4. Then, we can define the bounded linear operator T*: Ly* — Ly*, g —
T*g, where T™*g is the function in Ly" such that

/9deu= /XfT*gdu, f €Ly

We shall call T* the adjoint operator of T. T™ satisfies ||T*glly < C|lg|ly. In
our case we have

Lemma 2.8. Let T: Ly —» Ly be a linear operator such that

/ S(ITf)dy < / s(If)de (f € Ly).
X X

Then, its adjoint operator T* satisfies

(29) | /X $(T*gl)dp < /X $(gDds (9 € Ly)
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and moreover, if T admits an invariant function h with h # 0 a.e., then there
exists g € Ly with g # 0 a.e., such that T*g = g.

Proof: We write sig z for z/|z| and by @ we denote the complex conjugate of
u. For g € L¢+ we have

(2.10) /X fIT gl = | /X F(sigT9)T" gdp| < /X \T(f sigT79)llgld <

< /X 8(f)dy + /x (gl

Let ¢ be the density function of ¢ and p the generalized inverse of . Since ¥
satisfies A, there exists & > 1 such that sp(s) < a(s) and therefore ¢(p(s)) =
sp(s) — ¥(s) < (@ — 1)y(s). Therefore, for every g € Ly, the function p(|T*g|)
belongs to Ly and so (2.9) follows from (2.10) for f = p(|T*g|).

Now, let us assume that Th = h with h # 0 a.e. If ¢ is not continuous
then there exists an at most countable set of positive reals sy, s, ..., s, where
¢ is not continuous; in this situation, since h € Lg, it is easy to see that
{¢ > 0: u{z € X:|s;7 h(z)| = ¢} > 0} is at most countable and therefore
there exists A > 0 such that for every s; we have

(2.11) pl{z € X: A" h(z)| = s} = 0.

In the case ¢ continuous (2.11) holds trivially with A = 1.

Let u = A~'h and g = ¢(|u|)sigi. We have that g # 0 a.e. and g € L since
¢ satisfies A,. It follows from (2.9) that

12) [ ubolludn = | [ uT"gdu < [ tullrold < [ ()t

X X X X

+ [ w(rabdn < [ ettubau+ [ weu)dn = [ ulo(luan

X X X X
and therefore
J i gld = [ (61ul) + $(1T" gl
X X

Then, Young’s inequality shows that
(2.13) [uT*g| = ¢([u]) + ¥(IT"g]) a.e.
It follows from (2.11) and (2.13) that |T*g| = ¢(|u[) a.e. On the other hand we

obtain from (2.12) that (sig ) sig T*u = 1 and therefore T*¢ = g which finishes
the proof of the Lemma.

Theorem 2.5 and Lemma 2.8 imply easy
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Theorem 2.14. Let ¢ be an N-function whose complementary N -function
is strictly convez in some interval and let T:Ly — Ly be a linear operator
such that

1) [x 6(TfNdp < [ (1fD)dp , (f € Ly).
#) [Tfllo <N fllc > (f € Lo N Ly).
its) There exists h € Ly, h # 0 a.e., such that Th = h,

Then, || Tf|lx < |fllx for every f € Ly N Ly.

Proof: Let 1) be the complementary N-function of ¢ , T* the adjoint operator
of T and let {A,} be an increasing sequence of measurable sets with u(4,) < oo
and X = UA,,. Then, for every g € L N Ly we have

/X |T*gldp = lim | /X 9T (x4, sigT*g)dp| < llglh.

Consequently, ||T*glloc < ||glloo for every g € Ly N Lo and therefore for any
f€LinNLsandn > 1 we get |fX FT*(xa, sigTf)du| < ||flli and thus
IT £l < [l

3. Ergodic results

Theorem 3.1. (Dominated, individual and mean weighted ergodic theorem).
Let ¢ and T satisfy the hypotheses of the extrapolation theorem 2.5 or 2.14.
Then '

a) The ergodic mazimal operator My-defined by (1.1) is bounded in

(Lo Il o)l
b) If {bx} is @ bounded Besicovitch sequence, then for every f € Ly there

exists f* € Ly such that
1n—1 ln—-l
im =~ *fz) = f* e, lm =) BTHf ~ f*|lg) = 0.
Jom LT = 1) e, Fm 10D BT~ £l =0

Proof: Since Ly N Ly C Ly it follows from Theorem 2.5 or 2.14 that T': L1 N
Ly — L; admits an unique extension T:L; — L, which is a Dunford-
Schwartz operator, that is, ||’.f‘f||1 < \fllh, f € Ly, and ||ff’f||°° < || flloos
f € Ly N Loo. Therefore the linear modulus P of T' is also a Dunfort-Schwartz
operator.

Consequently, for every f € Ly and A > 0 we have (see Theorem 2.3.2 in [4])

e € X: Mpf(z) > A} < A~ /X \fldu,

where Mp is the maximal operator associated to P. Moreover, trivially,

”MPf”oo < ”f”oo for f € L1 N L.
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For f € Ly N Ly set fn = fxan) and f* = f— f» where AQ) = {z € X:
|f(2)] > A/2}. We have fr € L, f* € L1 N Lo and therefore

(3.2) /X S(Mp f)du = / " o(Vufe € X: Mpf(a) > A}dA <

sz/ooo /\_lw(/\)v(/xlf,\ldu)d)\:zfx|f(z)|(/02|f(z)l AT di(a)

where ¢ is the density function of ¢.
Integrating by parts, we obtain

(3.3) /0 TAlo(M)dA = s~1a(s) + /0 A2, (s> 0).

Since the N-function complementary of ¢ satisfies A, there exists a constant
B > 1 such that 8¢(s) < sp(s),s > 0; then, if 0 < A < 1 we have that
A726(A) < #(1)A#~2 and therefore f(o J A72¢(A)d) < oco. Then, (3.3) shows
that

/08 Ao < B(B=1)Ts7 e(s), (s> 0).

Hence, it follows from (3.2) that

(3.4) /X $(Mp f)dp < aB(B — 1)~ /X s(1f)di (f € Lan Ly),

where « is a constant in the A,-condition for ¢.

Since |T'f| < P|f| for f € L;, (3.4) shows that there exists a constant
Ci > 0 such that [, ¢(Mrf)dp < C1 [y ¢(|f1)dp, f € L1 N Ly, which proves
that ||Mrfll(s) < Cllfll(¢), f € L1N Ly, where C = max(1,C). Since L1 N Ly
is a dense linear subspace of [Lg, || (4] it follows that || Mz f||(g) < Clfll(¢)
for every f € Lg, which proves a).

Now, let {bx} be a bounded Besicovitch sequence; then a) and the Banach
principle show that for almost everywhere convergence it is enough to prove
that the weighted averages

1 n-—1
Tof= =) bT'f
k=0

converges a.e. for all f in a dense subset of [Ly, || |/(¢)]-

Let m € N and S: Ly — Ly defined by Sf = ¢™Tf. Since Ly is reflexive
and the powers S¥, k > 0, are uniformly bounded, exactly [|S* fl(s) < || fll(#)
for every f € Ly and k > 0, then , the Césaro averages R,.f =n~'(f + Sf +
...S™1) converge in norm for every f € Ly. Therefore Ly is the closure of
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the direct sum of the set of fixed points of S and the space (I — S)Lg (see 2.1
in [6]).

On the other hand, given § > 1 such that 8¢(s) < sp(s), s > 0, the function
s— s7P¢(s) increases for s > 0 and consequently ¢(st) < sP@(t)for 0 < s <1
and ¢t > 0. Therefore, if g € Ly we have

J; 2 ¢n'S"ldu < ) | d15"gbau <

oo _ﬁ'
</ llaDdu S n~? < oo

Hence n~1S8"%g(z) — 0 a.e. as n — co and thus R, f — 0 a.e. if f = g — Sg.
Since the maximal operator Ms is bounded in {Lg, || |/(4)] we obtain that,

for any f € Ly, n? EZ;; e€™FTkf converges a.e. and therefore for every
trigonometric polynomial « and f.€ Ly we have that

n—1
lim % 3 a(k)T*f(z)
k=0

exists and is finite a.e.

Then, for every f € LyN Lo, T f converges a.e. since for every € > 0 there
exists a trigonometric polynomial a. such that

n—1
1
limsup = " [bk — ae (k)| < ¢

n
n-—o0o0 P

and consequently
1 n—1
limsup [T, f(z) ~ 3" a (BT F(@)] <elflloe ne.

In this way, since Ly N Lo, is dense in Ly, we conclude that T, f converges
almost everywhere for every f € L.

Finally, let f*(z) = lim,_.co Tnf(z). It follows from a) that f* € Ly and
#(|Tnf — f*|) is dominated by ¢(Mrf) € L;; thus, taking into account the
Lebesgue’s dominated theorem, we get that limp_.co f5 ¢(|Tnf — f*)du = 0
which proves that lim, .o || T f — f*||() = 0.
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