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Abstract

To investigate more reasonable fuzzy reasoning model in expert systems
as well as more effective logical circuit in fuzzy control, a (T, L, N) fuzzy logic
is proposed in this paper by using T-norm, 1-norm and pseudo-complement
N as the logical connectives. Two aspects are discussed: (1) some concepts of
(T,L, N) fuzzy logic are introduced and some properties of (T, L, N) fuzzy
logical formulae are discussed. (2) G-fuzzy truth (falsity) of (T, L, N) fuzzy
logical formulae are investigated and also the relation between the Boolean
truth (falsity) of L-normal forms (T-normal forms) and the G-fuzzy truth
(falsity) of them are analyzed.

Keywords: (T,.L,N) fuzzy logic, T-phrase, |-sentence, T(L)-normal form,
G-fuzzy truth (falsity)

1 Introduction

Fuzzy logical systems constituted by the logical operators triple (A, V,” ) have been
discussed by many researchers and also have been applied into uncertain reasoning
of expert systems as well as logical circuit designing of fuzzy control. However,
since “A” and “V” are defined as min and max operators respectively, and “~”
is defined as @ = 1 — a for any a € [0,1], these logical operators are so rough
that there exists much useful information being lost in the application. Hence, it is
necessary to investigate the fuzzy logical system constituted by more general logical
operators. As we knew that T-norm, 1-norm and pseudo-complement N are the
generalization of A, V and ~ respectively, so it is suitable to extend the (A,V,™)
fuzzy logical systems to (T, L, N) fuzzy logical systems. This paper will focus on
establishing a fuzzy logical system with T, 1, and IV as the logical connectives and
discussing its some fundamental properties.
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2 (T,L,N) Fuzzy Logical Formulae

In (A, V,”) fuzzy logical systems, the compositional fuzzy propositions [2, 17] by
formalizing them into the corresponding (A, Vv, ) fuzzy logical formulae were stud-
ied. Similarly, in (T, L, N) fuzzy logical system, the compositional fuzzy propo-
sitions by using the corresponding (T, 1, N) fuzzy logical formulae will be inves-
tigated. In the following, some basic concepts of (T, L, N) fuzzy logical formulae
are firstly introduced.

Definition 2.1 If the domain of definition of x is the closed interval [0,1], then x
s called a fuzzy variable.

In this paper, we take {z1,2z2,...,2,} as the set of fuzzy variables.
Definition 2.2 A mapping
F:[0,1]" —[0,1]

is called a (T, L, N) fuzzy logical formula, if F' is made up of {x1,z2,...,2,,0,1}
by using the finite T, L, N operators and the parentheses.

We write the set of all (T, L, N) fuzzy logical formulae as F*. From Definition
2.2, we have

(1) 0,1,2; (i=1,2,...,n) € F*

(2) If F,Fy, Fy € F*, then FITFQ,FlLFQ,N(F) € F*, where FiTEy, F{ LFy
and N(F) are called the T-conjunction, the | -disjunction of F; and Fy as well as
the N-complement of F' respectively.

Definition 2.3 Let A = (ay,aq,...,a,) € (0,1, F, Fy, Fy € F*. We define:

0(A) 20,1(A) 21, 2;(A) 2 a;(i = 1,2,...,n),

P TF,(A) 2 Fi(A)TF(A),
FiLFy(A) 2 F1(A) LEy(A),
(N(F))(A) = N(F(A4)).
Definition 2.4 Let Fy, Fy € F*.
FiL < F, YA€ [0,1]", Fi(A) < Fy(A);

FlegéFl SFQ annggFl.
Definition 2.5 Let F' € F*.

F is called G-fuzzy true SvAc [0,1]", F(A) > 0.5 &
F

F is called G-fuzzy false SvAc [0,1]", F(A) <0.5 P=
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Definition 2.6 The fuzzy variable x or its N-complement N(x) is called literal.
The T-conjunction P of finite literals is called a T-phrase, denoted by (T)P; The
L-disjunction C of finite literals is called a L-sentence, denoted by (L)C; x and
N(z) are called a complementary pair; If the mazimal number of times that the
same literals occur in (T)P 4s K, then it is called o K-time T-phrase; If the
mazimal number of times that the same literals occur in (L)C is K, then it is
called a K-time | -sentence.

Definition 2.7 Let (T)P;(i = 1,2,...,m) be T-phrases. The (T, L, N) fuzzy log-
ical formula in the form

L =(MPL(T)PyL--- L(T)Pp

is called a L-normal form. Let (L)Ci;(i = 1,2,...,m) be L-sentences. The
(T, L, N) fuzzy logical formula in the form

Fp = (L)CiT(L)CT - T(L)Cm
is called a T-normal form.

Definition 2.8 (1) The pseudo-complement N is called regular é) N(0.5) =0.5;
(2) L is called regular P= Va,b € [0,1),alb<1;
(3) T is called regular & Ya,b € (0,1],aTb > 0.

Corollary 2.1 (1) L is reqular < ifa,b € [0,1] andalb=1, thena=1 orb=1;
(2) T is reqular < if a,b€[0,1] and a Tb=0, then a =0 or b=0;

Proof. (1) («) obviously. (=) If a,b € [0,1], @ # 1 and b # 1, then alb < 1,
which is a contradiction. (2) can be proved in the same way.

Obviously, the following properties hold:
(a) The special pseudo-complement “~” is regular.

(b) Va,b € [0,1], let
aTob=aAbaTib=ab,aT™b=ab/[A+ (1— N (a+b—ab)](A>0).

Then To, T1, T are all regular T-norms.

(c) Ya,b € ]0,1], let
alob=aAb,alib=a+b—ab,al™Mb=[a+b+ (\—2)ab]/[1+ (\—1)ab](\ > 0).
Then Lo, L1, L™ are all regular L-norms.

Definition 2.9 Set (T)F! as the set of all 1-time T-phrases together with 1.

(T)YPLV(T)P, £ (T)Ps(e (T)FY),
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(T)YPLA(T)Py £ (T)Pu(e (T)FY),

for any (T)P1,(T)Py € (T)F', where, the set of literals occurring in Py is L1,
the set of literals occurring in Po is Lo. (T)Ps is a T-phrase constituted from the
literals in Ly N Lo by using T, (T)Py is a T-phrase constituted from the literals in
L1 ULs by using T.

Stipulation: If L = ), then the T-phrase corresponding to L is defined as 1.
Definition 2.10 Set (L)F! as the set of all 1-time | -sentences together with 0.

(1)Cy L (1)Cy 2 (1)Cs(e (1)FY,

(L)C1 M (L)Ch £ (L)Ca(e (L)FY),

for any (L)C1,(L)Cy € (L)F!, where, the set of literals occurring in Cy and Co
are L1 and Lo respectively. (1)Cs is a L-sentence constituted from the literals in
Ly U Ly by using L, (1)Cy is a L-sentence constituted from the literals in Ly N Lo
by using L.

Stipulation: If . = J, then the |-sentence corresponding to L is defined as 0.

3 Properties of (T, L, N) fuzzy logical formulae
Theorem 3.1 Let F,F, € F*. Then

RThR <P ANFR <P VF2<F.1F
Proof. It follows from the Definition 2.3 and Definition 2.4.

Theorem 3.2 Let F, Fy, Fo, F3 € F*. Then

(1) FlTFQ = FQTFl,FlLFQ = FQLFI,'

(2) FlL(FQLF3) = (FlLFz)LF3,F1T(F2TF3) = (FlTFQ)TFg,,

(3) N(N(F)) = F,

(4) IfF S Fl,FQ S F3, then FJ_FQ S F1J_F3,FTF2 S FlTFg;

(5) N(FlJ_FQ) < N(Fl) AN N(FQ), N(FlTFQ) > N(Fl) \Y N(FQ),

(6) N(FiLFy) = N(F1)TN(Fy) & N(Fi TFy) = N(F1)LN(F);
(7) N(Fy V F5) = N(F)) AN(Fy) & N(Fy A Fy) = N(Fy) V N(Fy);
(8) If L s a L-norm [15] induced by T, N is “~ 7 then

N(F1L1F,) = N(F1)TN(F,), N(FiTF,) = N(Fi)LN(F2)

Proof. (1), (2), (3) and (4) follow from the definition of T and L. (7) follows
from Theorem 2.1.7 in [10] and Definition 2.3 in Section 2. (5) can be proved from
Theorem 3.1, the definition of N and (7). (8) follows from Theorem 2.3.3 in [10]
and Definition 2.3 in Section 2. As for (6), we only prove (=), i.e.,

N(FLF) = N(N(N(F1))TN(N(I))) = N(N(N(F1) TN(F))) = N(F1) LN(F).

(«<=) can be proved in the same way.
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Theorem 3.3 IfVF, Fy, F3 € F*, N(F\ L Fy) = N(F,)TN(Fy). Then the follow-
ing statements are equivalent:

(1) BT (FpLE3) = (F1TEy) L(F1TF3), Fi L(FyTF;) = (F1 LER) T(F1 LEF3);
(2) F1TF = Fi, F1 LF) = Fy;

(3) FlL(FlTFQ) = Fl,FlT(FlLFz) = Fl,'

)T =ANand L=V.

Proof. It follows from Theorem 2.3.5 in [10].
Theorem 3.4 (1) In (T, L, N) fuzzy logic, we have
(TYPV(T)PoV- - V(T) Py < (TYPLL(T)PoL -+ L(T) P < (A)PLL(A)PyL -+ L(A) Pr;
(L)CIA(L)CoA - A(L)Co > (L)CT(L)C T -+ T(L)Cm > (VICL T(V)Co T -+ T(V)Co.
(2) In Boolean logic, we have
(T)PLV (T)Py V-V (T) Py = (T)PLL(T)PoL -+ L(T)Pp,
= (NPLL(AN) P L L(N) Py,
— (NPLV (AP V- -V (A) P
(L)CL A (L)Cs A A(L)Crm = (L)CLT(L)Co T+ T(L)Crm
= (V)C1T(V)Co T - T(V)Cpy
— (V)L A(V)Cy A+ A (V)Cr.

Proof. (1) It follows from Theorem 3.1. (2) It follows from the fact that Va,b €
{0,1},aTb=aAband alb=aVb.

Theorem 3.5 (1) If T is reqular and (T)Py,(T)P, € (T)F!, then
(T)P1 <(T)P2 < Ly C Ly,

where L1 and Lo are the literal set of Py and Py respectively.
(2) If L is regular and (L)Cq, (L)Cy € (L)F?, then

(J_)Cl < (J_)CQ p= L1 - L2,

where L1 and Lo are the literal set of Cv and Cs respectively.

(3) If T and L are regular, (T)P;,(1)C; are the T-phrases constituted from the
literals in L; by using T and the |-sentences constituted from the literals in L; by
using L respectively (i =1,2), then

(TP, < (T)Py & (L)Cs < (L)C.

(4) Let De-Morgan law holds in (T, L, N) fuzzy logic, L; be the literal set. Set

N(L;) ={N(y);y € L},
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and suppose (T)P;, (1)C; are the T-phrases constituted from the literals in L; by
using T and the | -sentences constituted from the literals in L; by using 1 respec-
tively (i = 1,2), then

(TP < (T)P = (L)C2 < (L)Ch.

Proof. (1) («<) Note that (T)Py,(T)P, are l-time T-phrases. (=) If y €
Lo,yELq, then A = {a1,a2,...,a,} € [0,1]" such that

0, if y =z,
a; = 1a lfy:N(mz)v
0.5, otherwise.

So (T)Pe(A) = 0. Note that N(1) = 0, N(0) = 1, hence N(0.5) # 0 and N(0.5) # 1
(in fact, if N(0.5) # 0, then 0.5 = N(N(0.5)) = N(0) = 1, which is a contradiction;
If N(0.5) =1, then 0.5 = N(N(0.5)) = N(1) = 0, which is also a contradiction).
Therefore, it follows from the regularity of T that (T)P;(A) > 0, which is contradict
to (T)Py < (T)P,. Consequently, Ly C Lj.

(2) can be proved in the same way as (1).

(3) follows from (1) and (2).

Now we will prove (4):

(=) (LG =NV (L)(Cs)) = N((T)P2) < N((T)P) = (L)C1.

(<) (TP = N(N(T)(P1)) = N(L)C1) < N(L)C2) = (T) P.
Theorem 3.6 ((T)F',<7,A) is a lattice.
Proof. (1) It follows from the definition of 57 and A that they are closed.

(2) Tt follows from the communicative law and associative law of N and U in set
that <7 and A also satisfy these two laws.
(3) Let (T) Py, (T)Py € (T)F. We will prove
(NP (MPLA(T)P) = (T) P (3.1)
(MPLA(T)PLv (T)P2) = (T)P (3.2)
As for Eq. (3.1), we suppose that the literal set of P; and P, are L; and Lo

respectively. Set
(MPLA(T)Py = (T)P.

Then the literal set of P is Ly U Ly. Hence, the corresponding literal set of (T)P; 7
(T)Pg is L1 N (L1 U Lz) = Ll. So

(MPLv (TP =(T)Prv (T)PL A(T)P2) = (T)Pr.
Similarly, Eq.(3.2) can be proved. Consequently, the proof completes from (1), (2)
and (3).

In the following, we set

L= P($1,$2, . .,l’n,N(l’l),N(l’g), s 7N(‘/'UTL))
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Theorem 3.7 ((T)F!, </, A) = (L£,N,U).

Proof. Let
Y ('I')]-'1 — L,

(T)YP— L,

where L is the literal set of P. Obviously, ¢ is a bijection. We need to prove:
e((T) P17 (T)P) = o((T)P1) N e((

e((T)PL A(T)P) = ((T)P1) Ugp

hold V(T)P,(T)P, € (T)FL As for Eq.(3.3), we suppose that the literal set
of P and P, are L1 and Ly respectively. Then the corresponding literal set of
(TYPL A (T)Py is Ly N Ly. Hence

-
F

(3.3)
(3.4)

3
F

e((T)PL v (T)PR) = L1 N Ly = o((T)P1) Np((T) P2).

Eq.(3.4) can be proved in the same way.
Remarks: In Theorem 3.7, 7 corresponds to N and A\ corresponds to U.

Similar to Theorem 3.6 and 3.7, we have

Theorem 3.8 ((L)F,1,M) is a lattice.
Theorem 3.9 ((L)F, 1,1 = (L£,U,N).

Remarks: In Theorem 3.9, LI corresponds to U and I corresponds to N.

Corollary 3.1 ((T)F!,\7,A) is anti-isomorphic to ((L)F!, Li,1).

4 G-Fuzzy truth (falsity) of (T, L, N) fuzzy logical
formulae

Theorem 4.1 Let N be regular, F € F*. Then
(1) FLN(F) > 0.5;
(2) FTN(F) <0.5.

Proof. (1) VA€ [0,1]",FLN(F)(A) = F(A)LN(F)(A) > F(A) vV N(F)(A). If
F(A) <0.5, then N(F)(A) > 0.5. Hence, F1LN(F)(A) > 0.5.

Corollary 4.1 Let N be reqular. Then
(1) (1 LN (1)) A(ze LN (z2)) A+ Aan LN(z,)) > 0.5

(2) (&1 TN(21)) V(22 TN (z2)) V-V (2, TN (z,)) < 0.5.

Theorem 4.2 Let N be regular. Then
(1) L-sentence (L)C > 0.5 < There exists the complementary pair in C.
(2) T-phrase (L)P < 0.5 < There exists the complementary pair in P.
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Proof. (1) (<) Let z; and N(z;) occur in P. Then it follows from Theorem 3.10
in [15] that

(=) If C does not contain any complementary pair, then 34 = {aq,aq,...,a,} €
[0, 1]™ such that

1, if N(x;) occurs in C,
a; = . . . .
t 0, if x; occurs in C or,neither x; nor N(z;) occurs in C.

And note that N(1) = 0, hence 0.5 < ((L)C)(A) = 0, which is a contradiction.
(2) can be proved in the same way.

Theorem 4.3 (1) Suppose F = (T)PyL(T)PyL--- 1L(T)Py, is a L-normal form.
Then

a. F<05= (T)P, <05 (i =1,2,...,m),
b. AP, (T)P; > 0.5 = F > 0.5.
(2) Suppose F = (1L)C1T(L)CoT ---T(L)Cy, is a T-normal form. Then
a. F>05= (1)C;>05 (i =1,2,...,m),
b. (L)Cs, (L)C; < 0.5 = F < 0.5.

Proof. (1) It can be easy to see from F > (T)P;(i = 1,2,...,m). (2) It can be
easy to see from F < ()C;(i =1,2,...,m).

Theorem 4.4 Let N be regular.

(1) Set
F=(L)CiA(L)CyN---AN(L)Cpp.
Then
F>05e F> (@ LN(@))A(@eLN(z2)) A A(2n LN (25)).
(2) Set
F=(MPV(T)PV---V(T)Py,.
Then

F<05e F<(x1TN(x1))V(xz2TN(z2)) V-V (2o, TN (zp)).

Proof. (1) (<) It follows from Corollary 4.1(1). (=) F > 0.5 (from Theorem

4.3(2))
= (1)C; > 05 =1,2,...,m) (from Theorem 4.2(1)) = C; contains the comple-
mentary pair (¢ = 1,2,...,m). Moreover, suppose that there exists the comple-

mentary pair z;; and N(z;) in C;(i = 1,2,...,m). Then

Hence
F=(L)CAL)Cy A A(L)C
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> (xlkJ_N(xlk)) AN (ZEQkJ_N(QTQk)) VAIERIVAN (:Eka_N(ZEmk))

> (21 LN(z1)) A (B2 LN (22)) A- - A(an LN (2p)).
(2) can be proved similarly.

From Theorem 3.4, Theorem 4.2 in this paper as well as Theorem 5.2.3 in [2], we
have

Theorem 4.5 Let N be regular. Then

1) (TP L(T)Pyl --- 1(T)Py, is a Boolean tautology < (AP V (AP V -V
) (TP L(T)PyL--- L(T)Py, is Boolean inconsistent < (A)PLV (A)PaV -+ V
) (L)E’lT(L)C’QT -« T(L)Cp, 1s @ Boolean tautology < (V)C1 A (V)Co A -+ A

)Cm > 0.5
4) (L)C1T(L)CQT -+ T(L)Cy, is Boolean inconsistent < (V)Cy A (V)Ca A--- A

Theorem 4.6 Let N be regular.

(1) Set
L = (AP LN Py L -+ L(A)Py,.
Then
Fy is a Boolean tautology < F1 > 0.5.
(2) Set
Fo = (L)YC1 A(L)Co A--- A (L)
Then
F;, is a Boolean tautology < Fy > 0.5.
(3) Set
F3s=(MPV(T)PyV -V (T)Pp.
Then
F3 is Boolean inconsistent < F3 < 0.5.
(4) Set
Fy = (V)CiT(VCT - - T(V)Cip.
Then

Fy is Boolean inconsistent < Fy < 0.5.
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Proof. (1) («) Obviously. (=) It follows from Theorem 4.5(1) that
(AN)PLV(N) PV ---V (NP, > 0.5.

Moreover, it follows from Theorem 3.4(1) that Fy; > 0.5. (2),(3) and (4) can be
proved similarly.

Corollary 4.2 Let N be reqular. Then

(1) (NPL LN Pyl -+ L(A)Py, > 0.5 & (AP V(AP V- -V (A) Py is a Boolean
tautology
< Y(Yy1,Y2, .-, Uk) € Lin X Lig X + -+ X Ly, there exist the complementary pairs in

Y1, Y25+« Yk, where,
(/\)Pﬂ vV (/\)P@Q VeV (/\)Pl

is @ A-phrase without the complementary pairs in (A)Pr L(A)PaL - L(A)Py, Lsj is
the literal set of Pi; (j =1,2,...,k), and (N)P;; £ (N) Py (,t=1,2,...,k,j #1).

(2) ((\/)OlT(\/)OQT e T(\/)Om S 0.5 & (\/)Oil A (\/)Ciz JARERWA (\/)Ozk is Boolean
inconsistent
< Y(Yy1,Y2, .-, Uk) € Lyt X Lig X + -+ X Ly, there exist the complementary pairs in

Y, 925 -« - s Yk where,
(M)Cia A(V)Cia A -+ AN (V)T

is V-sentence without the complementary pairs in (V)C1T(V)CoT -« T(V)Chy, Lij
is the literal set of Ci; (7 =1,2,...,k), and (V)Ciy; £ V)Cq (J,t=1,2,...,k,j #
t).

Proof. (1) (NP L(AN)Pal--- L(A)Ppn 205 < (MPLV (AN)PaV---V (AP, is a
Boolean tautology. Note that

(AN Pi1 V (AP V- -V (AP,

= \/ (Y1 Vy2 Ve V)
(Y1,Y2,-yk)ELi1 X Lz X+, X Ly,

Hence, (A)Pi1 V (A)Pia V -+ V (A) Py is a Boolean tautology < V(y1,v2,--.,Yk) €
Liy X Lijg X -+ X Lig,y1 Vya V- - - V y, is a Boolean tautology < V(y1,¥2,...,Yk) €
L;1 X Ljg x -+ X Ly, there exist the complementary pairs in y1,¥2,...,¥x. (2) can
be proved similarly.

5 Conclusion

In this paper, some elementary concepts and properties of (T, L, N') fuzzy logic were
discussed in details. As for the simplification of (T, 1, N) fuzzy logical formulae,
(T, L, N) fuzzy logical circuit, (T, L, N') fuzzy reasoning etc., further investigations
will be carried on in the near future. Moreover, first-order (T, L, N) fuzzy logic
and the soundness and completeness of (T, L, N) fuzzy logic such that (T, L, N)
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fuzzy logic become a complete logical system will be discussed.
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