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Abstract

The concept of s-basis operators over intuitionistic fuzzy sets is introduced
and all 2-, 3-, 4- basis operators are listed.
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Let a set E be fixed. An Intuitionistic Fuzzy Set (IFS) A* on F is an object of
the following form ([1], see [4,5]):

A" ={{x, pa(z),va(x))|x € EY,

where the functions ps : £ — [0,1] and vy : E — [0,1] define the degree of
membership and the degree of non-membership of the element z € F, respectively,
and for every x € E:

0<pa(z)+valz) <1

For simplicity below we shall write A instead of A*.

Several relations, operations and operators are defined for every two IFSs A
and B (see [1-3]). Here we shall introduce only these of them, which are related to
the present research:

A=B iff (Vze E)(pua(z)=pp(z)&va(z)=vp(z));

A = {{z,va(2), pa(z))|z € EL;

AnB = {(z;min(pa(z), pp(z)), maz(va(z),ve(z)))|z € EL;
AUB = {{z,maz(pa(z), pp(x)), min(va(z),ve(z)))|z € E};

Initially, following [1] we shall introduce two operators over IFSs which will
transform every IFS into a fuzzy set (i.e. a particular case of an IFS). These two
operators are similar to the operators “necessity” and “possibility” defined in some
modal logics. Let for every IFS A:

0A = {(z,pa(®),1 — paz))|z € E};
GA = {{x,1 —va(z),va(z))|x € E}.
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Obviously, if A is an ordinary fuzzy set, then:

OA=A=30A.

These equalities show that these operators have no sense in the case of the
ordinary fuzzy set.

Let a, 3 € [0,1] be a fixed numbers. The following operators are defined and
their properties are studied in [1-3]:

Do(4) = {{z,pa(z) + amwa(z),va(z) + (1 — a).ma(z))|z € E},
Fop(A) = {{z,pa(z) + ara(z),va(z) + Bra(z))|z € £},
Gap(A) ={{z,a.pa(x),Bra(z))|z € E}

Hop(A) ={{z,a.pa(z),valz) + B.malz))|z € E},

H; 5(4) = {{z,a.pa(z),valz) + B.(1 — a.pa(z) —valz)))|z € E}
Jop(4) = {(z,pa(z) + a.ma(z), Bra(z))|z € E},

apld)  ={{z palz) + (1l — palz) — Bra(z)), Bra(z))|z € E},

where for the operator F oo+ 3 < 1.

We must note that the operator D represents simultaneously the operators O

and <{q because O = Dy and { = D;. It has no analogues in the ordinary modal
logics, but the author hopes that the search of its analogues in the modal logics
will be interesting.

On the other hand, for every oo € [0,1]: Do = Fo 1—a-

Let s > 2 be a fixed natural number. The s-tuple (Xi,...,Xs), where
X,...,.X; € 8§ = {Da,Fa,g,Gaﬁ,Hayg,H;ﬂ,Jayg,J;ﬂ} we shall call a basic
s-tuple of operators from §' if every one of the operators of S can be represented
by the operators of the s-tuple, using the above operations and the ” composition”
operation over operators.

On Fig. 1 - 7 the geometrical interpretations of the elements of S are shown.

Theorem. (D,G),(F,G),(H,J),(H,J*),(H*,J) and (H*,J*) are the only basic
2-tuples of operators.

Proof: The Theorem will be proved in two steps.

First we shall show that every one of the operators can be represented by every
one of the above 2-tuples. To this end we shall construct equalities, connecting
every one of the operators with the operators of the particular 2-tuples.

Let us assume that A is a fixed IFS over the universe I and let the real numbers
a, B €0, 1] be fixed.
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fGa,s(A)(x)

Fig. 3.
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For the tuple (D, G) we have (let for the first equality below it is valid that
at+ < 1)

04
THa 5(4) ($)-W
fa(z

Fig. 4.
fa(z) //// Foal)
fJa,,s(lA)(ﬂ?)
Fig. 5.

fre ) (@)

Fig. 6.
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Fo, p(A)

(5, pal) +ama(z), vale) + Bra(e))le € B}

( because pa(z) + ama(z) < palz) + (1 — B).ra(x))

{{z, palz)+ amwa(z), 0)|z € E}

N{{z, pa(z)+ (1= P)ma(z), valz) + fralz))|e € E}

G1, o({{z, pa(@) +ama(z), va(z)+ (1 —a)ma(z))le € E})
N{{z, pa(@) + (1= B).7ma(x), valz) + Bralx))le € E}

G1, o(Da(A)) N D1_p(A);

Ha, 5(A)

{(z, awpa(z), valz) + Bralz))|e € B},

{{z, a.pa(z), Bva(x))|z e E}
Nz, pa@) +(1— B)male), va(e) + fra@))e € B}
Ga, s(A) N D1_p(A);

1%, 5(A)
(2, apua(e), va(e) + 8.1 — apa(e) — va(@))le € B})

{{z, min(agia(e) + (1— A1 apa(z) — va(x)), aua(x),
max(va(z) + 68.(1 — a.pa(z) —va(x)), valz)))|z € E})

Hz, apa(z) + (1= B).(1 — a.ppa(z) — va(z)),

va(z) + B.(1 — a.pa(z) — va(z)))|z € E})

N{{(z, a.pa(z), valz))|lz € E}

D1 p({{z, a.pa(z), va(z))|lz € E}) N {(z, a.palz), valz))|e € B}
D1_p(Ga, 1(A4)) N Ga, 1(A);

Ja, p(A)

{{z, a.pa(z), valz) + B.malz))lz € B}

{{z, a.pa(z), Bva(z))|z € E}

N{{z, pa(@) + (1 - B)ma(x), va(z) + Bra(z))|r € E}
Ga, p(A) N D1_p(A);
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T5 a(A)
({2, pa(e)+ ol - pale) - Bua(a)),
({2, pale)+ ol — pale) — Buwa(a)),
Ba(@) + (1 — ).(1 - pale) — Bva(@)le € E}
(e, pale), Boa)le € B}

Da({{z, pale), Bwa@)le € B) U {{z, palz), Bva(@)z € E}
Da(Gh, 5(A)) UG, 5(A).

Bvalz))|z € E}

~— —

For the tuple (F, G) we have that (let everywhere below a + 8 < 1):
Da(A) — Gl, I(Fa, lfa);

Ha, 5(A)

({3, qupia(2), va(@) + Barale))|s € B}

{{z, min(pa(z), a.pa(r)), max(valz) + S.w(z), va(z)))|e € E}
@, pa(z), va(z) + Bra(z))e € B}y 0 {{z, a.pa(z), va(z))le € B}
FO, ﬂ(A) N Ga, I(A)7

Ja, (4)

{(z, pa(z) + ara(z), Bra(z))|z € E}

Uz, pa(@) + aralz), va(z))z € B} U {(z, pa(z), Bra(z))|z € E}
Fo, 0(A) UGy, g(A);

H;, 5(4)
({2, apa(@), vale) + B.(1 - apua(@) — va(@))le € B}
Fo, 5({{z, aua(a), va(@))la € E})

Fo. 5(Ga, 1(A));

I, 5(4)

{{z, pa(z) +a.(1 = pa(z) — Bra(x)), Bralz))|x € B}
Fo o({{z, pa(z), Bva(z))|z e E})

Fo, 0(G1, g(A)).

For the tuple (H, J) we have (let for the second equality below o+ 8 < 1):

Dq(A)

{{z, pa(z) + amwa(z), valz)+ (1 —a)ma(z))|z € E}

{e 1 va(e) — (1 a)ma(e), va(e)+ (1 - a)male))lz € B}
Ji, 1({(z, 0, va(z) + (1 — a).ma(z))|z € EY})

J1, 1(Ho, 1—a(A4));

Fa, p(4)

({5, pa(z) + 0ma(z), va(e) + Boma(e))z € B}
{{z, min{pa(z)+ arwa(z), 1 —va(z) — Bralz)),
max(va(z) + B.wa(z), val(z)))|z € E}

{z, 1 —va(z) — B.walx), valz)+ B.ralz))|z € E}
N{{z, pa(z)+ ama(x), valz))|z € E}

Ji, 1({{z, 0, va(z) + B.ra(z))|z € E}) N Ja, 1(4)
Ji, 1(Ho, 5(A)) N Ja, 1(A4);
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Ga, (4)
{(z, a.pa(z), Bva(z))|z € E})
co({{z, pa(z), Bva(z))z € EY})
a, 0(Jo, p(A));
H; 5(A)
{{z, a.pa(z), valz) + B.(1 — a.pal(r) — va(z)))|z € E})
({{z, a.pa(z), va(z))|e € E})
, 8(Ha, o({{z, pa(z), va(z))lz € E}))
(Ha, 0(Jo, 1(A)));

[
B

{(@, pa(@) + o.(1 — pa(z) - Bra(z)), Bra(z))|zc E}
Jo, 1({{z, pa(z), Bva(z))|z € E})

(H, o{{z, pa(z), Bva(z))|z € E}))
Ja 1(H1 O(JO ﬂ(A)))
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For the tuple (H, J*) we have (let for the second equality below it is valid that

a+3<1):

D, (A)

Uz, palz) + ara(@), valz)+ (1 - a)ma(z))|z € E}

{{z, 1 —va(z) — (1 —a)ma(z), va(z)+ (1l —a)ma(z))zc E}
Ji 1 ({{z, 0, va(z) + (1 — a).ma(z))|z € E})

Ji 1(Ho, 1-a(A));

Fo, s(A)
= {(z, pa(z) + ama(z), vale) + Bra(z))|e € B}
= {{z, 1 —valz) — Bra(x), va(z) + B.malz))lz € E}
N(z, palz) +ama(z), va(z))|z € B}
= Ji1({{=, 0, va(z) + Bma(x))|z € E}) N T 1(4)
= Ji 1(Ho, p(A) N J% 1(A);

Ga, g(A)

{{x, a.pa(z), Bva(x))|zq € E})

Ha o({{z, pa(z), Bva(z))|z € E})

= Ha, o(Jg, g(4));

H; 5(4)

{{z, ccpa(z), va(z) + B.(1 — caupa(z) —va(z)))|z € E})
Hy pg({(z, a.pa(z), va(z))|z € E})

Hy, g(Ha, o({{z, pa(z), va(z))lz € E}))

Hy, g(Ha, o(J5, 1(A)));

Ja, (4)

{{z, pa(z) + a.(1 = pa(z) —va(z)), Bra(z))|e € E}
{{z, pa(@) +a.(1 — pa(z) —va(x)), va(z))|z € E}
U{{z, a.pa(z), Bra(z))le € EY})

Ji 1(A)UH,, o({(z, pa(z), Bva(z))|z € E})

Ja 1(A)U Ha, o(Jg 5(A)).

a, 1

For the tuple (H*, .J) we have (let for the second equality below oo+ 5 < 1):
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Da(4)

{(z, pa(z) +ama(z), vale) + (1 —a)ma(z))le € E}

{(z, 1—va(z) — (1 —a)ma(x), va(x)) + (1 - a)wa(z))|x € E}
Ji,1({{z, 0, va(z) + (1 - a).ma(z))|z € E})

Ji, ({2, pale), va(e) + (1 —a)ma(z)|z € B}

\_/

A
N{{z, 0, (1 - a).va(z))|z € E})

Ju, 1(HY 1o (A) N HG o({{zs pa(z), (1—a)va(z))|z € E}))
Ji, 1(HT 1o (A) N HG (Jo, 1-a(4)))

Fa, p(4)

{{z, pa(z) + ara(z), va(z) + B.ma(z))|z € E}

{{z, 1 —va(z) — Bra(z)), val(z) + Bra(z))|z € E}

ﬁ{@ pa(z) + a.(1 —va(®)), v

— pa(w) Alx))|x € B}
Ji,1({(z, 0, va(@) + B.(1 — pa(a) —valx)))|lz € E} N J5 1(A)
Ji, 1({(, palz), va(@) + B.(1 = palx) —va(z)))le € E}
N{{z, 0, Bva(z))lz € E})N Ja, 1(4)
Ji, 1(HY 5(A) N Hg o({(2, palx), Bra(z))le € E})) N Ja, 1(4)
Ji, 1(HY 5(A) N Hg o(Jo, 5(A))) N Ja, 1(A);

Ga, p(4)
{(z, awpa(z), Bva(z))lz € E})
Hy o({(z, pa(z), Bva(z))|x € EY})
H; o(Jo, p(A));

Ha, g(A)

{{z, a.pa(z), va(z)+
(=, pa(z), valz) + 8.

Uz, pa(@) + o.(1 — pa(z) — Bralz)), Bralz))lz € B}
1({{z, pa(z), Bra(z))|z € E})
1(HY o({(z, palz), Ba(z))z € E}))

Ja, 1(HT, o(Jo, 5(4)))-

Finally, for the tuple (H*, J*) we have (let for the second equality below o+ <

D, (A)

[, ma@) + oma@), (1 o)male))ls € B}

fles 1 va@) — (1 - a)wa(@), (1 a)ma(e))le € B}

Ji 1 ({{z, 0, va(z) + (1 — a).(1 — pa(z) —va(z)))|z € E})

Ji 1 ({{z, pa(@), va(z) + (1 - a).(1 = pa(z) —va(z)))|z € £}
N{{z, 0, (1 —a).va(z))|z € E})

JU 1 (HY 1o (A) N HG o({(z, palz), (1—a)va(z))|z € EY))
JE 1 (HY 1 o (A) N HG o(J5 1-a(4)));
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Fo, p(4)

= {{z, pa(z)+ ams(x), valz)+ B.ralx))|z € E}

= {{z, 1 —valx) — Bra(zx), valz)+ B.ralx))|z € E}
(z, pa(@) +a.(1 = pa(z) —va(z)), va(z))lz € E}

= Ji 1({{z, 0, va(z) + B.(1 — pa(z) —valz)))|lz € EYNJ; 1(4)

= Ji 1({{z, palz), va(z) +B.(1 — pal(z) — va(z)))|z € E}
ﬁ{(:v, 07 BVA(:U)H:E < E}) N J:c, I(A)
i (HY 5(A) N H o({(z, pa(z), Bra(z))lz e E})NJ; 1(A)
Ji 1(HY g(A) N HG o(J5 5(A)) N T35 1(A);
Ga, p(4)

= {(z, a.pa(z), B.va(z))|z € E})

Hy o({{z, pa(z), Bva(z))|z € E})

HZ o(Jg, 5(A));

Ha, 5(A)

= {(z, a.pa(®), val(z) + B.(1 — pa(z) —va(z)))l|z € E}

= {(z, pa(z), va(z) + B.(1 — pa(z) —va(z)))|z € E}
N{(z, a.pa(z), Bra(z))lz € E})
HY (A)NH; o({{z, pa(z), Bra(z))|z € E})
Hi 5(A )N H, o(J5, 5(A4));
Ja, p(A)

= {{z, pa(z)+ ara(z), pvalz))|ec E}

= {{z, pa(@) + (1 — pa(z) —va(z)), valz))|z € E}
Ui, apa(a), Boa(@le € E})

= Jo, (A UHS o({{z, paz), Bra(z))lx € E})

= Jo, (A UH (S5 5(4)).

a, 1

Therefore we showed that every one of the above pairs is a basic 2-tuple. Below
we will show that these 2-tuples are unique.

Let a universe F be fixed. Let an element x € E be fixed, too, and let us
construct for the fixed set A C E the following IFS (below we will use only IFSs
A, i.e., no notational collision will arise):

A= {(z,pa(z),va(z))|lz € B}
for which pa(x) > 0 and va(z) > 0. It can be seen directly that the ordered tuple
(x,0,0) € Go,o(A) = {{z,0,0)|z € E}
cannot be represented by any of the following pairs of operators:
(D, ), (D, H), (D, H*), (D, J), (D, J°), (F, H), (F, H"), (F,.J), (F,.J"),

because none of them nor their combinations applied to the set A yields as a result
(z,0,0) for z € E. This fact can be seen, e.g., from the geometrical interpretations
of the individual operators. Analogically, the ordered tuple

(2,1,0) € Jio(A) = {{z,1,0)|]z € E}
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cannot be represented by any of the following pairs of operatots: (G, H), (G, H*),
(H,H*), and the ordered tuple

(z,0,1) € Hy1(A) = {{z,0,1)|z € E} —

by any one of the following pairs of operators: (G, J), (G, J*), (J,J*).
Therefore the unique pairs of basic 2-tuple operators are those listed in the
theorem.

Corollary 1. The only basic 3-tuples of operators are:

(D,F,G), (D,G,H), (D,G,H*), (D,G,J), (D,G,J*),
(D,H,J), (D,H,J*), (D,H*,J), (D,H*J*), (F,G,H),
(F,G,H*), (F,G,J), (F,G,J*), (F,H,J), (F,H,J*),
(FaH*aJ)v (FaH*aJ*)a (GaHvJ)a (GvHaJ*)a (GaH*vj)a
(GvH*aJ*)7 (HaH*a‘])a (H7H*’J*)v (HaJaJ*)v (H*vJaJ*)

Proof. These 3-tuples are basic 3-tuples of operators, since each of them contains
a basic 2-tuple of operators. For the set A, as in the proof of the theorem 2, we
see again that the element < z,0,0 >€ Go,0(A) cannot be represented by any
of the 3-tuples (D, F, H), (D, F, H*), (D, F,.J), (D, F,J*), (D, H, H*), (D, J, J*),
(F,H,H*), (F,J*,J*); the element < x,1,0 >¢ Jy ¢(A) cannot be represented by
(G,H, H"); and the element (z,0,1) € Hg1(A) — by (G, J,J*). &
Corollary 2. (D,F,H,H*),(D,F,J,J*) are the only 4-tuples of operators that
are not basic 4-tuples of operators.

Indeed, only these two 4-tuples of operators do not contain basic 2-tuples or

3-tuples of operators and it can be proved that they cannot represent the elements
<x,1,0 >€ Jio(A) and < z,0,1 >€ Hg,(A), respectively.

Corollary 3. All 5-tuples of operators are basic 5-tuples of operators.
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