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Abstract

The class of contrast intensification operators is formally defined and it’s
lattice structure studied. The effect of these operators in the referential clas-
sifications derived from special kinds of fuzzy relations is also determined.
Results and examples are presented providing contrast intensification opera-
tors which keep quasi-uniformity structures generated by fuzzy relations while
diminishing the fuzziness or the entropy of the relations.
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1 Introduction

In ordinary language and in approximate reasoning, linguistic instead of numerical
variables or values are commonly used. With the help of such linguistic values,
the range of each variable can be separated into a finite number of approximate
descriptors —low, medium, high etc.— thus allowing to reasoning or computing on
the variables in a summarizing simplified way, as a result of the use of the discretized
finite range for the variables, instead of the infinite numerical one, diminishing the
number of the rules in the descriptions of the systems and making them more
manageable.

Linguistic variables are obtained from primary ones, which are fuzzy subsets.
These are modified by the so-called linguistic hedges.

Hedges appeared early in Zadeh’s works (cf. [18]). They can be see as linguistic
terms by means of which other linguistic terms are modified. They consist on unary
operations in the unit interval, which are applied to the membership values of the
fuzzy subsets.

Examples of this modifiers are concentration, dilatation, fuzzyfication and oth-
ers.
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The first issue we are dealing with here is an special kind of hedges, the contrast
intensification operators —hereafter sharpeners—, which act upon the fuzzy subsets
making then less fuzzy, crisper or having less entropy.

Zadeh (see [19]) and Ragade-Gupta (see [13]) proposed examples of such op-
erators which are given as combinations of concentrations and dilatations in some
segments of the unit interval.

These operators are of interest in some decision problems, where at the end
one has to consider fuzzy subsets or systems which appear in the evaluation of
situations, for which the measure of entropy is relevant in the choosing of good
methods for the construction of the decision devices (see [2]). Examples of such
decision situations appear in the desing of fuzzy systems described by means of
fuzzy relational equations (see [2], [4])-

Another important subject we are concerned here, if that of similarities and
fuzzy classifications, which play an important role in reasoning with incomplete
information, and in the control techniques based upon it, where the degree in
which properties of one object can be inferred from those of another similar ob-
jects depending on their degree of equality. This situation occurs on the basis of
interpolative and analogical reasoning, and so can be found in the methodologies
for constructing fuzzy if-then rules by means of interpolation and approximation
from paradigmatic examples. (see [15], [12]).

Our aim in this paper is to study the structure of the sets of sharpeners ,and
to use it to study the effect these operators produce in the classifications derived
from fuzzy relations of preorder or similarity, the latter being considered in a wide
sense.

The paper is structured as follows: in the second section the concept of sharp-
ened order is remembered and the concept of contrast intensification operator —
hereinafter sharpener — is formalized. Also the structure of the set of sharpeners
is analyzed.

In the third section the definitions of sharpened order and of sharpeners are
extended to the classes of fuzzy sets and of fuzzy relations by setting their action
in the corresponding power sets. In the fourth section the notions and results
on weak properties for fuzzy relations are briefly summarized, and the main re-
sults, concerning the actions of the sharpeners on the pseudometrical classificatory
structures derived from the relations, are presented.

2 Sharpeners on the unit interval

By F(X) we denote [0,1], the set of fuzzy subsets on the universe X. Their
elements by A, B, etc., which are determined by the characteristic functions A(z).
In the Zadeh’s sense, subset operations are defined

(AU B)(z) = A(z) V B(x) (AN B)(z) = A(z) A B(x)
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where V, A denote the supremum and infimum operations in [0,1]. When the
operations are defined via different triangular conorms S or norms 7', they are
denoted by AUg B and ANy B.

In the interval [0, 1], we define the sharpened order relation <

<a<p or B<a< =)

N =

a=f

which describes the fact of being nearest to crisp values. This is a partial order
which is relevant in the study of measures of fuzziness or entropy of fuzzy sets.(see
3], [14])

By using < it is possible define the concept of sharpener operator in [0,1].

Definition 1 A sharpener on [0,1] is a & € F([0,1]) verifying

(S1) a=d(a) Yo € [0, 1]

(52) a=x 8= ¢(a) P9 Vo, 8 €10,1]
Example 2 The following functions are sharpeners:

1) The identity function I{a) = « Yo € [0,1]

2) The closest border = defined by Hla) = (1) z; 312 1
2

3) Convex combinations 7. of the former ones
T.(a)=(1—¢)-a+e-E(a)
(see [6]).
4) Given T and S, some triangular norm and conorm respectively, the members

of the family {Q,c}, ccjo,1) defined

_f S(a,e) if a>2
Q”E(a)_{T(a,u) if oc<2%

are sharpeners because they verify (S1):

1:>Q,,E(oz):S(oz,s) >aVe>a

1
o < §:>Q,,E(oz):T(a,1/)§oz/\l/<a
and (52):

% <a<f= Q(f) = 5(B.) > S(ae) = Vela)
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a<pg< % = Qo) =T(a,v) <T(B,v) = Q(B)

5) In a similar way, one can prove that the double complement ®* of any
sharpener ®:

[N

1- v Py if a=

0<y<3

1-®(1—a) if a#
@*(a){

is a sharpener.
We shall denote the set of sharpeners on [0, 1] by S0, 1].

Proposition 3 (Structure of the set of sharpeners).

(a) (S]0,1],=) is a complete, partially ordered set, which has I and E as uni-
versal bounds. The corresponding lattice is completely distributive.

(b) (S§[0,1],0,<) is a monoid. For every pair of sharpeners ® and ¥, one has
DY U < doW, where "0” denotes the ordinary composition and ”Y” the join
operation corresponding to the partial order <.

Proof. (a) It is easy to see that < is a partial order on 8§ [0, 1]. For every sharpener
®, according to (S1), one has

1 1
§§a:>§§azl(a)§¢)(a)§125(a)

1
a<§$5(a):0§¢)(a)§azl(a)<
so I = & < = for every O.
For three given sharpeners ©, ® and ¥, with © < ® and © < ¥, due to (52),
one has

%ga:>%§®(a)§q)(a) and %S@(a)gﬁ/(a)

Oé<%:>@(a)§@(a)<% and \Il(a)g@(a)<%
1 1
§§Oz:>§§®(a)§<l>(a)§<I>(a)/\‘ll(oz)

DO =

Oz<%:><1>(oz)\/\ll(a)§@(a)<

and defining & A ¥ and & Y ¥ by

[ @@ AT () if a>3
(@A‘If)(a){q)(a)vxlf(a) if 0f<2%
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[ e (@VI(a) if a>3
(‘I’Y‘I’)(O‘){@(a)mf(a) if o<k

it can be proved that A and Y are the meet and join operations corresponding to
the partial order <. It is plain that, for every family {®;};cr of sharpeners, the
application

A D (a) =

) i >1
ié\L Q;(a) if a>3
i€l

. ; 1
ié/L Qi (a) if a<j3

is a sharpener. Moreover, it is the infimum of {®;};cr. In a similar way the
supremum is obtained. Hence the lattice is complete.
For every non void family of index sets {A.}.cc

AV @4 (a) if a>i

@7 _ zeC teA., ]
e da PO TN V(A e i a<d
z z

and, as ([0, 1], V, A) is completely distributive (see [10]), when F is considered being
the set of all functions f with C as domain and such that f(z) € A, Vz, one can
assure that the previous value - (t Y . (a)) equals

z€ €A,

V(A @) if azi

feF zeC
= . 1 =Y (~)\ @Z’f(z)(a))
fé\F (zG\/CZ ®.5(@) if a<j JEF ‘zeC

therefore (S10,1], A, Y) is completely distributive.

(b) Let ®, ¥ be sharpeners. For every a we have a < U(a) < &(¥(a)), and
due to the transitivity of <, ® o ¥ fulfils (S1), and for a < 3 we have ¥(a) < ¥(3)
and ®(¥(a)) = &(¥(3)), thus verifying (S2). The composition is associative over
all the class F'([0,1]) so it is over the part S[0,1]. To end, according to (S1), for
every ¢ and Wone has

<a<V¥(a) =

DN | =

<a=

| =

and due to (S2)

< o=

NI
IN

a<¥(a) = a<X¥(a) = ®(a) < d(¥(a))

DO =

a<i O(T(a)) < P(a) A ¥(ar), which guarantees @ Y ¥ < o U. H
As §[0,1] is a subset of the set F ([0, 1]), it is natural to ask about the stability
of the first set under the usual operations of the second one:

and in consequence 3 < a = ®(a) Y ¥(a) < ®(¥(a)) and analogously for

Proposition 4 (S[0,1],U,N) is a complete sublattice of F ([0,1]).
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Proof. For every {®;},cr. € S[0,1], the union and intersection operations in
F ([0,1]) are given by

(Y @) (@) =V (®i(a)) (0 ®)(a) =1 (Pi(a)

which belong to S0, 1] because

1
5 Sa=ax Q,(a) Vi = 7zé\L ®; (o) 712/L ®; (o)
< P <a< L Y A D <V @ <a< 1
a<g=2(a)<a 5 =5 ’(a)*zeL ile)<a 9
thus fulfilling (S1) and, for a < 3
1 1 %SQL(I)’ a)ﬁé\LCDi(ﬁ
§Sa§6:>§<q)z(a)<q)z(ﬁ) Vi = %S\/ (I)Z(Oé <V (I)z(ﬁ)
€L i€L
or
) ) AS () <0 Bi(a) < 3
= . S (2 (2
6Sa<2:>q)z(ﬁ)§q)z(a)§a<2 Vi — gL@Z(ﬁ)SgL@Z(O{)SO{<%
(2 (2
so that (U @;) (a) = (U ®,)(8) and (N @) (a) < (N Dy)(P) that is,
€L €L i€l il

unions and intersections of families of sharpeners also verify (S2) thus ending the
proof of completeness of the sublattice. H

One can observe that the universal bounds of this sublattice are the fuzzy
subsets N and U defined

N(a):{a if azé U(a):{ 1 if 02%

0 if a<% a if a<%

as much as they are sharpeners and

< a=a<Pla)<1

DN | =

1
< §=>0§<I>(a)§a

e

and consequently N C® C U Yo € S10,1].

In the Fuzzy Set Theory, the use of triangular conorms S and norms 7", different
from V and A ,it is established as alternative operators to compose the membership
values of elements in fuzzy subsets, thus providing an adequate degree of flexibility
for defining the operations of union and intersection

AUs B(z) = S(A(z), B(z)) ANy B(z) =T(A(z), B(x))

with respect to this operations one has
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Proposition 5 (a) Considered as subset of F([0,1]), S[0,1] is closed with respect
to Ug, if and only if

Slo,a)=a Va<% (1)

(b) §10,1] is closed for the intersection Ny if and only if T (o, 0) = v a>

N

Proof. First at all, one can observe that, V being the smallest of the conorms,
and as triangular conorms are monotonous, when (1) occurs, then

oV B <S(ef)<Savpav) =avi Yafelo ] (2)

Condition (2) is sufficient to guarantee the thesis:

Let ® and ¥ be sharpeners, ®Ug W verifies condition (S1) in definition 1, because
for a>3, @ (a)>a>1 and ¥ (a)>a>3 , and consequently S(®,¥) (a)>®(a)V
Y(a)>aVa = a>3. For a < 3 one has ®(a) <a<i and ¥(a)<a<i, and
therefore according to (2), S (@, V) (a)=®(a) V ¥(a)<aVa = a<i.

d Ug U satisfies (S2) since, if o < 3 and % < a < 3, as @ and ¥ are sharpeners,
2 < ®(a) < ®(B) and § < ¥(a) < ¥(F) , thus being § < ®(a) V ¥(a) < (P Ug
U)(a) < (@Us ¥)(B). For f<a <3, @(a)<®(B) <3 and ¥(a) < ¥(F) <
which together with (2) guaranties (® Ug U)(8) = ®(8) v ¥(3) <(P Us ¥)(a)
®(a) vV ¥(a) < 3.

Condition (1) is necessary:

If there is some ag < % such that ag < S (ap, @), then for the sharpener I,
ag < S (ag,ap) = (I Ug I) (ag), thus showing that I Ug I fails at (S1).

The proof for (b) is similar. B

| wor=

Example 6 Let S be a triangular conorm. The following functions are conorms
and verify S (o, o) = « Vo < k with k € [0,1].

k+(1—k)-S(2=R,528) if anB>k
aV if aAnB<k

(1 if av>kandaApB >0
(E2) Sa(a, B) = { avp otherwise

E)  Si(af) - {

Proposition 7 A triangular conorm is continuous and satisfies S (a, o) = « for
every a < k if and only if it is of the type seen in example (E1).

Proof. For every triangular conorm satisfying the condition, the associativeness
implies that for o < k <~

S(a, 8(k,7)) = S(S(e, k), 7) = S(aVk,v) = S(k,7)
and then, for k¥ <~ and ¢ = S(k, ) one has

S(a,0)=6=aVd YVa<k (3)
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Now, as S(k,k) = k and S(k,1) = 1, the continuity of S implies the continuity
of function S(k,v) in the variable v and consequently for every > k there is some
v > k such that § = S(k,v), which added to (3) assures S(«,d) = a V4§ Yo <
k < 4, thus showing that S is of type (E1). Let be remarked that the boundary
conditions of triangular conorms makes A and S (?T_,’j, %) overlap properly in
order to continuity because

k+(1-k)-S( ):k:+(1fk)~8(7;k,0):k+(1—k)~%:7:7vk

1-k

for every v € [k, 1], and similarly in the other argument. H

Easily one can see that the dual norm of the one in example (E1), with k = %
satisfies the condition (b) of proposition 3; the uniqueness stated in proposition
5 and the duality conditions guarantee that this is the only continuous triangular
norm which does so.

3 Sharpeners and fuzzy sets

Every sharpener ® provides a map A —— ®(A) from the class of fuzzy sets I (X)
on itself defined by

B(A)(z) = B(A(z)) VoeX (4)

which can be interpreted as an operator that reduces the entropy of fuzzy subsets,
that is, for the sharpener order < inducted in F' (X) as direct product, i.e. point-by-
point extension of the sharpened order in [0, 1], it is verified that A < ®(A) N
A€ F(X) and that A < B = ®(4) < ®(B).

The set of inducted sharpeners, given by (4), will be denoted SF (X).

Proposition 8 For every sharpener ® € S[0,1], the associated ® € SF (X) is
isotonous with respect to the inclusion order C in F (X).

®(3) due to (S1);
fora<pg< %

Proof. Suppose a < 8. If a < 1 < 3 then @ ()
< i) z
) < ®(B(z)) Ve X, thatis

(S2) gives 2 < @ (o) < @(B) whe a < Fand
Hence A C B implies A(z) < B(z) and so ®(A(x
d(A4)CP(B). 1A

YRV
2
N

(z)

-

Corollary 9 For every ® € §[0,1], ® is a morphism from the De Morgan algebra
(F (X),U,N) onto itself, that is, for A and B in F (X) one has

B(AUB) =T(A) UB(B) and T(ANB)=T(A)NT(B).
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4 Fuzzy relations and uniformities

The connections between indistinguishability and distance are well known (see [1],
[16], [11], [15]). The processes of classification through fuzzy similarities and of
covering referentials by means of the open balls corresponding to distances are
dual. Stated in simple terms, similarities are the complements of S-pseudometrics.

A fuzzy T-preorder is a fuzzy relation R reflexive, i.e. R(z,z) =1 Vz e X,
and T-transitive, i.e. R(xz,2) > T(R(xz,y),R(y,z)) Vz,y,z € X. When it is
symmetric, i.e. R(x,y) = R(y,z) Va,y € X, it is called T-similarity.

The concepts of fuzzy preorder and similarity can be related to the concept of
distance by means of the concepts of weak transitivity and weak symmetry in the
following way (for details and proofs see [1], [9]).

Definition 10 A fuzzy relation R is weakly transitive if there is some function
f €10,1[0) not decreasing, with f(a) > a and such that

R(z,y) ANR(y,z) > f(a) = R(z,2) >« Vz,y,z € X, Vael0,1].

7

Definition 11 The relation R is weakly symmetric if there is some g € [0, 1[[%-1
not decreasing, with g(a) > a and such that

R(z,y) > g(a) = R(y,z) >« v,y € X, Vae€][0,1].

The upper level sets {(z,y) € X? st. R(z,y) > a} associated to the a fuzzy
relation R are denoted by R,. One has

Proposition 12 (See [9]) Every fuzzy relation R, transitive with respect to a tri-
angular norm continuous at (1,1) € [0,1)%, is weakly transitive.

Proposition 13 (See [1]) {Ra}aco,1] is a basis for a quasi-uniformity Ug in X if
and only if R is reflexive and weakly transitive. This quasi-uniformity is a unifor-
mity if and only if R weakly symmetric. These quasi-uniformities or uniformities
are pseudometrizable.

Proposition 14 (See [8]) A transformation ® transfers the weak transitivity and
weak symmetry conditions of every fuzzy relation R to the transformed relation

D(R) if and only if
Yo € [%, 1] 38 such that &(a) < ®(5) (5)

or equivalently

3h € [0,1[0 such that ®(a) < ®(h(a)) Va € [0,1].

Example 15 (1) N and NNy N, where N is the universal bound of the lattice
considered in proposition 2, are sharpeners fulfilling the condition of the proposition.

(2) U, also considered after proposition 2, and Z, from example 1, are sharp-
eners which does not satisfies the condition.
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Let it be remarked that when R is reflexive and weakly transitive, then for
every ¢ fulfilling the conditions of the former proposition one has

1 1 1
= a(Ry) 2 () 2

R(z,y) > >

and
D(R(z,y)) > ®(a) = R(z,y) > «

hence Repn © (®(R))a and (B(R ) )o(a) € Ra for every a < 1. Consequently,
the uniformities g and U gy which, according to the previous propositions are
generated by the relations, are identical.

Proposition 16 For any given fuzzy relation R having weak properties, there ex-
ists a sharpener ® which transforms the relation in another ®(R) arbitrarily closed
to some crisp one, while the correspondent quasi-uniformity structures remain iden-
tical.

Proof. For every triangular conorm S, one can consider the ones S,,,, m = 2,3, ...
defined by

Sm(a,ﬁ):{avﬁ if {a,8}¢ (5,21

lym=2.9(2m . (o 1) 2m . (3 1y otherwise

m—2

which are of type (E1), with & = %, hence the union of sharpeners made with
them is a sharpener according to proposition 3(b). Then, for the below universal
bound N, &, = N Ug, N is a sharpener, and as

-1

3

(N Ug,, N)(o) Smla, o) if % <a< mT—l
0 if a<i

it is clear that ®,, satisfies (5) and in consequence, the upper level sets of R are
the basis of some quasi-uniformity on X if and only if those of ®,,(R ) does it so.
In particular, the previous process can be applied to the triangle conorm

S(a. ) :{ 1 if (a,8)€l0,1

aVvp otherwise

from which it results

(z,y) if (z,y) € Ra
$(R)(z,y) =1 = if (z,y) Ry - Ry
0 if (z,y)¢ Ry

and , with respect to uniform distance, one has

d(®m(R),=(R)) = eex @ (R(z,y)) — E(R(z, y)| = —
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which proves that {®,,(R)}m>2 converges to =Z(R), the ordinary relation nearest

Proposition 17 states that for every measure of fuzziness F (see [14]) continuous
of the transformed relation becomes as little as wished.

with respect to the uniform metric, one has lim F(®,,(R)) = 0, thus the entropy
m—0o0

5 Conclusion and future works

For a wide class of fuzzy relations, which include the most frequently used 7-
by them.

similarities, the previous results grant the possibility of simplifying the relations,
making them crisper, without essential changes in the nearness structure generated

The result stated in Proposition 17 appears to be of some significance, in relation
with viewpoints commonly considered in the development of two issues in Fuzzy
similarity-based reasoning.

Sets Theory, one relative to fuzziness measuring and another one concerning to

concept of degree of fuzziness.

How to measure vagueness or fuzziness of fuzzy subsets has been one of the sub-
jects extensively studied all through the development of Fuzzy Sets Theory (Cf. [3],
[14]). There is a set of axioms , due to DeLuca and Termini, which are commonly

considered as acceptable requirements in order to capture and characterize the

On the other hand , concepts about similarity, proximity -and ,related with

them, distance - play an important role in analogical reasoning, in the handling of
vague information and in the construction of fuzzy systems.

A concrete issue is given in the similarity-based approach to fuzzy control sys-
tems (Cf. [15], [12]), where the similarity of values is used as a measure of the
degree in which some representative magnitudes or attributes of some objects can

be inferred from those of another ones, thus allowing the extension of information
provided by some prototypical values to larger domains of them In this field, for in-
relations.

approach.

stance (Cf. [12], [15]),there are methodologies for the construction of fuzzy if-then
On the light of Proposition 17, a certain inconsistence or contraposition can

rules as an interpolation of paradigmatic samples made by means of the similarity

be appreciated between the concept of fuzziness considered in connection with

the issue of fuzziness measuring, and the one arousing from the similarity-based

Possibly, the difficulties found in the attempts to fill the gap between, on one
hand the axiomatic definitions proposed in order to modelize the concept of mea-

sure of fuzziness, and on the other hand the construction of effective fuzziness

of attention , which will be studied in further works.

measures, with its rather defectuous pass from finite to infinite referential cases,
could be related with the above mentioned contraposition. This is a point worthy
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