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Abstract

Let us consider the following situation: An oracle provides us with a finite
set of examples considered as words belonging to a regular language. This or-
acle is not available again. In this paper we study a new and general inference
algorithm of fuzzy regular grammars based on this set of words. This algo-
rithm is created by adapting a process discovery method. The main issues
in the adaptation are the development of a fuzzy version, the assignation of
membership degrees to each production in the grammar, and the treatment
of consecutive repeated symbols. In addition to this inference algorithm we
present a practical use for automatically generating artistic designs. Specif-
ically, we have collected a set of paintings by Piet Mondrian (1872-1944)
and obtained new Mondrian-style paintings. To achieve this, we designed a
code to transform the paintings into strings and also to carry out the reverse
conversion. We view these strings, which represent the paintings, as words
belonging to a regular language and from this finite set of examples infer a
fuzzy regular grammar. The entire process has been implemented and some
new paintings from the inference algorithm have been obtained. An art ex-
pert has judged that these computer- generated paintings are fully in the
spirit of those painted by Mondrian.

Keywords: Fuzzy Regular Grammars, Process Discovery, Fuzzy Relations,
Computational Learning.

1 Introduction

Computational Learning tries to reproduce human learning in the sense of being
able to learn concepts in a natural way. In addition, humans are able to adapt their
learning to different situations depending on the availability of the necessary infor-
mation. So, learning can be exact or approximate. Learning can also be considered
in an open or closed context. In the open context a tutor interacts with the learner

*This work has been partially supported by project FACA number PB98-0937-C04-01 of the
CICYT-Spain. FACA is a part of FRESCO project.
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during the entire learning process. In the closed context there is no external help.
One of the first models of computational learning was the PAC model (Probably
Approximately Correct) introduced by Valiant [27] with only membership queries.
Afterwards, Angluin proved that the DFA (deterministic finite automata) class can
be learned and he introduced the exact computational learning model [2] (model
with membership and equivalence queries) [3]. Later, Kearns and Vazirani [19]
refined the learning algorithm for the DFA by means of classification trees and
Balcazar et al. [6] generalized the method.

All these models can be considered in an open context because the oracle is present
during the entire learning process. In this paper a more realistic situation is con-
sidered, namely that of approximate fuzzy closed learning. The only available
information is a finite set of examples and no new elements can be obtained. These
examples have subjective features and therefore certain ambiguity. Our goal is to
infer a model that fits the data suitably. Specifically, the case where the elements
can be considered as words belonging to a regular language. Therefore, a fuzzy
regular grammar must be inferred from the examples in order to verify the exam-
ples of the sample and generate new words of the language. We consider the use
of fuzzy regular grammars to be more appropriate because the concept obtained
from the examples is vague.

Various approaches to this problem have been studied in [1, 8, 9]. The DFA can
be viewed as a tree that evolves from an initial state and remains in the same state
whenever examples provided have the same prefix. When prefixes become different,
the DFA has reached a bifurcation. In particular, Biermann and Feldman [7] try
to infer a grammar by studying the behavior of the tail of length k of the present
state. Also, this kind of problem has been studied from a fuzzy point of view. A
general model to obtain deterministic acceptors of regular fuzzy languages is de-
veloped in [26].

The model presented here looks both at past and future behavior in order to define
a state. As a first step, a deterministic algorithm that focuses on process discovery
was presented by Cook and Wolf [10]. This algorithm just looks for the existence of
fixed length sequences of events in the sample. In this paper a new, fuzzy version
of the algorithm is presented and properties had been not dealt with the original
algorithm are studied. In order to achieve this goal, we assign a membership degree
to each production in the grammar. Moreover, the new version of the algorithm
takes into account consecutive occurrences of the same symbol. In this way, the
features of the events are more accurately detected. The fuzzy model presented
here has been applied to a practical case and implemented on the Internet [30]: the
generation of Mondrian-like paintings. The features of Piet Mondrian’s paintings
(1872-1944) have been inferred and extracted into a fuzzy regular grammar which,
in turn, can be used to generate the basic structures of new paintings. Each struc-
ture has an associated membership degree. A final transformation phase provides
paintings within Mondrian’s style with a realistic shape and size. The membership
degree associated to a final painting coincides with the degree of its structure. The
membership degree associated with each new painting is the level of credibility of
the painting being considered within Mondrian’s style. In our opinion, fuzzy sets
are the right conceptual tool to describe the “degree of adjustment” of an obtained
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structure to a given painting style -which is a fuzzy concept-, so fuzzy grammars
can be useful to describe and generate paintings of this kind.

In the following section we introduce some notation and previous concepts. In
section 3 the inference algorithm is described. In the following section Mondrian’s
paintings and style are described and so is the algorithm for transforming paint-
ings into strings and vice versa. In the same section we present some new paintings
obtained by the system and how the grammar is employed to verify and generate
paintings. Finally, some conclusions are drawn from the work done.

2 Previous Concepts

We now review some basic notions that will be used in the next section; a more
detailed development can be seen in [13, 17, 18, 25].

2.1 Basic Notions

We give some basic notions about formal fuzzy language. Informally a fuzzy gram-
mar may be viewed as a set of rules for generating the elements of a fuzzy set.
More precisely,

Definition 1 (Fuzzy Right Regular Grammar) A fuzzy grammar is a quadru-
ple G = (N, V, P, A) where N is a nonempty finite set or terminals of the alphabet X,
V is a set of nonterminals (NNV = (), P is a finite subset of (N xV xN)U(N xV)
and A is the initial symbol. The elements t = (A;,ax,A;), 7 = (A, ax), of P are
called rules and they are expressions of this form pp(t) : A; — apAj,pp(r): Ay —
ax where m is the membership degree.

Definition 2 (Membership degree of a sequence) Let be ov;, i=1,...,m,
and © sequences of (N UV)*. Leti be a triangular norm and v its co-norm, then
the membership degree pg(x) = w(i(p(A — o), plon — a2),. .., e — 1))

Definition 3 (Generated Fuzzy Language) A fuzzy grammar G generates a
fuzzy language L(G). A string x© of V* is said to be in L(G) if and only if x is
derivable from A.

We also use deterministic finite automata [18]. A deterministic finite automata can
be represented by its state diagram which is a directed graph where the states are
represented by vertices, and the edges are labeled with symbols of the alphabet.

2.2 Grammar Inference

The grammar inference problem is usually informally stated as follows: given some
sample sentences in a language, and perhaps some sentences specifically not in the
language, infer a “good” grammar that represents the language. More formally, we
can define the problem in the following terms:

Let X be an alphabet and ¥* the set of all possible sequences (sentences) in 2. Let
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L C ¥* be a language. Let G be a grammar that describes and generates L.

We define Sy, as the infinite set of pairs (s,l) € £* x {0,1} where =11 s e L
and ! = 0 otherwise. Szr is defined as the set of pairs for words belonging to L,
and S is the set for words not belonging to L. So, S, = S} U S} .

Therefore, given some presentation of all or part of Sy, can one infer a good
grammar G describing L7

In the case studied here, we have a finite subset S (sample) of Szr, S={(sx,1) €
Y* x {1} 1<k <m} where its elements are considered as words belonging to a
regular language.

2.3 Process Discovery

Process discovery is essentially the analysis of data captured from a process in or-
der to generate a formal model of the process behavior that it describes. All the
effort is concentrated on the behavioral aspects of the process.

In the framework of the process an event is used to characterize the dynamic be-
havior of a process in terms of identifiable, instantaneous actions. The overlapping
activities of a process are represented by a sequence of events, which we refer to as
an event sequence.

Considering these in terms of grammar inference, the events e; € s, i=1,...,n
are interpreted as terminals, and event sequences s;, € S as strings in the language
of the process. Note that each e; can belong to more than one sy.

A good result is one that produces a model that reflects the inherent structure of
the sample. Often the sample does not reflect all the possible events that can be
generated. This is due to the fact that collecting the sample data can be difficult
and expensive. In addition, the data can be limited (as is the case with Mondrian’s
paintings).

3 The Inference Algorithm

A process discovery method was developed in a deterministic algorithm by Cook
and Wolf [10]. Now, we develop a new version adapted to fuzzy regular grammars.
Given an event sequence sample our inference algorithm generates a fuzzy regular
grammar. We focus on event sequences of length two and three. However, there are
some problematic situations if the strings xy and yz exist in the examples, because
then the algorithm initially allows the string xyz. If the string zyz does not appear
in the examples, then the algorithm destroys this overconnectivity. This is the way
in which the algorithm reflects the past and future behaviour.

We have adapted the algorithm to assign membership grades to event sequences.
Also, consecutive repetition of symbols has been taken into account. We obtain a
deterministic finite automata which is transformed into a fuzzy regular grammar.
We assign membership degree to the rules and in this way the features of the
grammar feature are more precisely gathered. The algorithm has been implemented
at all and a version is available on the Web [30].

The algorithm proceeds in six steps. In this section the algorithm is presented
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without examples. To smooth this difficulty, each step is explained in detail. Its
application to the practical case of Mondrian’s paintings is found in the following
section.

3.1 The Inference Algorithm

1. Definition of two fuzzy binary relations

(a) Let F be all the events ¢; belonging to the sample S C SZF. The fuzzy
binary relation R(F, F) is defined as “ —near to—" with membership
function p1z(e;, €;). This function amounts to the degree of belief in the
fact that event e; will be followed by the event e; i=1,...,n, j=
1,...,n.

(b) Let D be the set of event sequences of length 2 whose membership
degree is in R nonzero. The fuzzy binary relation T'(D, F) is defined as
“—near to—" with membership function pep. This function indicates
the degree of belief in the fact that an event sequence of length 2 will
be followed by an event e¢; i =1,...,n. To compute the membership
degree of each event sequence of length 3 a t-norm is used. To pick up
the number of these event sequences the corresponding co-norm is used
to accumulate membership degrees.

2. Construction of the event graph &G

After fixing a confidence level, the directed graph G is constructed from the
matrix associated with R by the following method. Each event is assigned to
a vertex. Then, for each event sequence that exceeds the confidence level, a
uniquely labeled edge is created from an event in the sequence to the imme-
diately following event in that sequence. The edges are labeled with natural
numbers.

Each event sequence of the sample can be considered as a path in the graph
G. The following condition must be satisfied: each path must be in same
region of the graph.

3. Remove overconnectivity

The previous step can produce overconnected vertices and therefore illegal
sequences (event sequences of length three e;eje, with membership degree
zero in the matrix associated with T'). Overconnectivity is removed as follows:
vertex e; is split into two vertices, one having an edge to a vertex at the
extreme of the illegal sequence, and the other duplicate vertex e; having an
edge from the other extreme to it. The rest of the edges are organized in
this way. For each duplicate vertex the same edges that were there with the
rest of the vertices are considered again except for the two vertices e;, e, that
appear in the extremes of the illegal sequence. All these edges are labeled
with the same number they had. Repeat this process to obtain all the legal
sequences and no illegal sequence in the graph G.
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4. Conversion of (G into its dual G’

Fach edge in GG is a vertex in G’ labeled with the label of the edge in G. For
each pair of in-edge b and out-edge f of a vertex e; in G two vertices are
created in G, labeled with the numbers of the in-edge and out-edge of G (b
and f) and also an edge e; from b to f.

If a vertex e; in GG has just an out-edge b, then an edge is created in G’ from
a vertex labeled by A (initial state) to the vertex b in G'. The edge in G’ is
labeled by e;.

If a vertex e, in G has just an in-edge f, then a vertex f and an edge labeled
by e, from f to a vertex F' (final state) is created in G'.

Transformation of the automaton G’ into a regular grammar G”

The automaton G’ is transformed into a regular grammar in the usual way
[18] and for every vertex in GG’ there will exist a nonterminal symbol in G";
let us denote it with the letter A subindexed by the number of the vertex. For
example, Ay or Ay. On the other hand, when writing down the productions
of G it must be taken into account the fact that there could be additional
transitions arising from the initial state A. This is a consequence of the
existence of states that can be visited more than once with in-edge u, from
which the DFA G must start in order to obtain consistency with all the
beginnings of event sequences of S. In this case productions 4 — A, are
added to G". If all these states are states that can be visited only once, then
only the usual productions of the form A — e; A; are considered in G"'.

All states in G/ with an in-edge labeled by an event that is consistent with
the end of the event sequence of S are final states for this edge. The vertex F'
of G’ is a final state, too. When G’ is transformed into the grammar G", for
every state [ with transitions to F' through e, only productions in the form
Ay — e, will be considered.

Fuzzy Regular Grammar: assignation of membership degrees to the produc-
tions of G"

A membership degree is assigned to each production by the following set of
rules:

(a) For each production A, — e;Af that corresponds in G with the path
from e; to e; through the edge b and from e; to e, through f, the fuzzy
relation 7" is looked up and the membership degree pr(e;e;,e,) of the
event sequence e;e;e, is assigned to the production.

(b) For each production Ay — e, where f are the states in G’ with transitions
to L' and f is the edge in G from ¢; to e,, the fuzzy relation R is looked
up and the membership degree pg(e;,€;) of the event sequence eje, is
assigned to the production.

(c) If { is a state in G’ consistent with all the ends of the event sequence
of §, the rules 4, — e;Ar and Ay, — e; are in G”. Then the fuzzy
relation 7" is looked up and the membership degree pr(e;e;,e,) of the
event sequence e;e;e, is assigned to the rule 4, — ¢;.
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(d) For each production A — e; A, where b is the unique edge in G from
e; to e, the fuzzy relation R is looked up and the membership degree
tr(ei,e;) of the event sequence eje, is assigned to the production.

(e) For each production A — £A4,, the membership degree is 1.

(f) In the special case that there is exactly one production from A, the
membership degree assigned to this rule is 1.

In this way, a regular grammar with membership degrees attached to the rules is
obtained.

3.2 Complexity Analysis

Let |X| = k be the number of symbols in the alphabet. Let |S| = n be the number
of examples in the sample and ¢ + 1 be the length of the largest example. In these
conditions for the total examples there are ¢ x n event sequences of length 2 and
(t — 1) x n event sequences of length 3 (different or not). The first matrix corre-
sponding to the fuzzy relation R has k? elements which need ¢ x n computations
(if the event sequence e;e; appears then the membership degree of the component
(i,7) of the table is calculated). The second matrix corresponding to the fuzzy
relation 7" has k® elements that need (t — 1) x n computations (analogous to the
previous case).

Considering the process directly, to construct the graph G the first table is con-
verted into a matrix M that represents the graph G with k nodes. To remove
overconnectivity, a new matrix M’ is built with at most 3k% nodes and 9%% edges.
The construction of the dual G’ is a quadratic process in the number of the nodes
of G.

Finally, transformation into a regular grammar and assignation of membership de-
grees are both of order k5. So, the algorithm is polynomial with respect to the
number of symbols in the alphabet. As mentioned, the algorithm controls length-3
overconnectivity. We can continue the process for lengths 4, 5, etc., with a multi-
plicative increment in the time, by a factor equal to k.

The level of robustness can be easily controlled by means of the a-cut. This para-
meter o can also be used to control the complexity of the model for large amounts
of data, pruning the execution of the algorithm. If it is known that data are exactly
correct (i.e., contain no noise), then every nonzero transition should be taken into
account.

4 Results for Mondrian-Style Paintings

In Holland, around 1917, a group of artists came together who were deeply in-
terested in abstract art. They founded the paper “De Stijl” (“Style”) in which
they expressed their ideas and created a new art movement known as “neoplasti-
cism”. The most important of its members was Piet Mondrian (1872-1944). He
conceived of his art as an instrument for contributing to true knowledge and hap-
piness throughout the world [9]. Cubism strongly influenced his paintings between
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the years 1912 to 1914 in Paris. During this period trees were his principal subject.
Around 1912 he began abstracting this and other subjects into a geometric ver-
sion, in which only rectangles between black lines appear in the paintings. In 1917
Mondrian eliminated the relation of depth, working with continuous flat forms,
considering harmony to be dependent on orthogonal lines only. By 1920 he had a
pure language of rectangles between vertical and horizontal black lines. The col-
ors are always flat and applied to rectangular areas. Mondrian thought that he
should only use the primary colors (red, blue and yellow). In the beginning, he
had used gray and black in the rectangles but afterwards they were eliminated. In
this study we only consider the paintings of this stage. We have collected paint-
ings with primary colors and without gray and black rectangles.In this way, he
sought a non-sentimental, non-subjective picture. The paintings were meant to
be independent of any historical, cultural or geographical event. Mondrian influ-
enced the French vanguard although his major influence was on the English world.
He returned to Paris in 1919 and from 1931 collaborated in the creation of the
Abstraction-Création group. He moved from London to New York in 1940. We
could say that Mondrian was the most radical artist who aspired to a universally
valid art. The paintings with only primary colors of this latter stage (1927-1944)
are the ones we have studied with the aim of generating Mondrian-style paint-
ings [4, 5, 11, 12, 14, 15, 21, 22, 23, 24, 29]. The application of our inference
algorithm to this case is justified because painter style is a fuzzy concept. This
paintings can be clasified in two types. The first paintings of this stage has only a
few rectangles and colors are located in big rectangles. The last paintings of this
stage has many black lines and therefore more rectangles. Only one or two small
rectangles are colored. These paintings can also be viewed on the Internet [29].

4.1 Shapes and Transformation in Mondrian

It has been necessary to develop an algorithm to encode Mondrian’s paintings into
strings and an algorithm to decode strings into structures of paintings. In a last
phase convert these structures into Mondrian-style paintings. We will consider
a reference system based on cardinal points. The cardinal points used for the
encoding (see figure 1) are: N, NE, NW, NNE, NNW, S, SE, SW, SSE, SSW, E,
ENE, ESE, W, WNW, WSW. An additional point rec is used to signal the end of
the string. The terminal alphabet has a symbol for every pair (point, color); since
there are 17 points and 4 colors (white is considered like color too), there should
be 68 terminal symbols. However, since only 39 combinations (point, color) appear
in the paintings by Mondrian considered in this study, the set of terminal symbols
will be precisely the latter.

To transform the strings into paintings, we start with a white rectangle where
all cardinal points are available. The reference system is located at the rectangle
centre. When we traverse the string, rectangles with their respective colors are
inserted in the cardinal point indicated by the string. Before doing so, the number
of available cardinal points decreases; used cardinal points will not be available
again until a new white rectangle is created in the painting. Then the reference
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Figure 1: Cardinal Points

system is moved to this new white rectangle and all cardinals points are available
again. Note that many strings can represent the same painting,

The process described above does not encode the whole structure of a Mondrian
painting; the total dimensions and exact arrangement of vertical and horizontal
lines must be tailored. These steps are carried out by an additional algorithm based
on the number of rectangles in the generated picture. In fact, as we have mentioned
above, two stages can be detected in the development of Mondrian’s style during the
period 1927-1944 in the paintings considered here. In the second half of this period,
paintings are more densely divided and there are more rectangles, so the number of
rectangles in the generated painting must be taken into account. Once a painting
has been classified according to the number of rectangles, external dimensions are
chosen from a table compiled from actual Mondrian paintings in each stage. Once
the external dimensions have been fixed, it is time to plot horizontal and vertical
lines. If the painting has less than 10 rectangles it belongs to the first stage. In
this case an original painting is selected that minimizes the difference between
rectangles and orientations in both paintings (original and generated). Then the
proportions of rectangles in the generated painting structure are modified in order
to conform to proportions in the original one. The treatment for paintings with 10
or more rectangles (second stage) is more straightforward. The number of vertical
lines is higher than the number of horizontal lines, horizontal lines cut just a few
vertical lines, colors are placed near to the edges of the paintings. Three types
of arrangement have been selected and the one chosen corresponds to the original
painting which is more similar to the generated one. This similarity is based upon
the same criteria previously described.

To transform paintings into strings, the top left corner of each rectangle in the
painting is taken into account to fix its orientation. A vector of 5 components in
the form (co — ordinatex, co — ordinatey, width, height, color) is associated with
each rectangle of the painting. When every rectangle in the painting has this form,
it can be transformed into a string. Iteratively, we consider a vector in the list and
check whether the premises are correct for substituting the current rectangle for
the present co-ordinate (cardinalpoint). If the premises are not correct we check
the following co-ordinate of the vector list. This process is repeated until all the
vectors of the list are ordered. This ordered vector list is the string associated with
the painting. Again a painting can be transformed into many strings. We have
generated all the possible strings for each painting. However, in the sample, we
have only take into account one string for each painting (i.e. 19 strings). Let us
show the encoding process with an example (Composition in Red, Blue and Yellow
(1928), 122x79cm, La Haya Gemeentemuseum), see figure 2 and figure 3.
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Figure 2: Composition in Red, Blue and Yellow (1928)

4.2 Obtaining Results
4.2.1 Definition of fuzzy binary relations

Now, we define two necessary membership functions in the algorithm. Let E be
the set of all terminals appearing in the event sequence of S.

Specifically the elements of E are the cardinal points with their respective associ-
ated colors.

The membership function p g has been defined in this way: to assign membership
degrees to event sequences of length 2 that appear in .S the distance in degrees be-
tween cardinal points is taken into account. There are grammar rules that display
symmetry with respect to the two edges. These grammar rules can be indiscrimi-
nately applied and the possible structures generated are symmetric too. Therefore
it is reasonable to reduce the analysis to the first quadrant. A new cardinal point
appears 1n each rule. We want to give a value to the “ — near to — " concept.
For these reasons we consider the angles between cardinal points. There are four
groups of rules that are equivalent because they produce a new complete rectangle,
therefore all of them have the same membership degree. On the other hand, there
are three groups of rules produces the same type of structure too. For this reason
the membership also is the same. To measure these angles we need a increasing
function with range between zero and one. Experiments with several measures
carry through the sinus function. We can think of the construction process of the
structure painting like a robot moving along the rectangle [28]. In short, we con-
sider the sinus of angles reduced to the first quadrant.

Through an interpolation and rounding up process we obtain the values: 1, 0,97,
0,95, 0,92, 0,70. Event sequences of length 2 that do not appear in S have an
associated membership degree equal to 0. Also, we must to calculate membership
function pp to take into account event sequences of length 3. Its membership de-
gree is calculated from a t-norm and the corresponding co-norm. If they do not
exist its membership degree is 0. If they exist in 5 its membership degree is calcu-
lated from Dombi’s t-norm [20]. A fuzzy binary relation is considered to compute
intersection of degrees through Dombi’s t-norm (2). The number of occurrences
of an event sequence of length 3 is accumulated through corresponding Dombi’s
t-conorm (1).
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4.2.2 Computing the fuzzy regular grammar

From the sample of 19 Mondrian paintings and by applying the described inference
algorithm we have obtained a fuzzy regular grammar with 159 rules and 93 non-
terminals. (See [30]).

To generate a new painting, we apply the rules consecutively. In this way we obtain
a string with a membership degree 7 (calculated in the usual way from Dombi’s
t-norm). Then the string is transformed into a painting through the conversion
algorithms. Membership degree 7 is the level of credibility that the painting can
be considered within the style of Mondrian. Some new Mondrian-style paintings
are showed, see figures 4, 5, 6 and 7.
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Considering the paintings in artistic terms the expert in art Professor Rosario
Camacho judges that these paintings can be considered within of the style of Mon-
drian. The features of Mondrian’s own style are present in the generated paintings
Examples of use of the inference algorithm can be done in [30].

Y
R
R
B
Y
B
Figure 4: n =0.3090 Figure 5: n =0.4535
B
R | R
Figure 6: n =0.3265 Figure 7: n=0.9417

5 Conclusions

An inference algorithm has been developed that can infer a grammar from a set
of words belonging to a regular language. The algorithm infers a fuzzy regular
grammar whose productions have attached membership degrees that measure the
level of credibility of each production. In this way the algorithm infers a fuzzy
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language.

The algorithm has been tested and applied to infer Mondrian’s style and generate
new paintings. In fact, the concept of “being in Mondrian’s style” is, in our opinion,
an essentially fuzzy one, so fuzzy grammars are the correct tool for the problem of
describing it: the algorithm generates new words (paintings) in a regular language
and assigns to each word (painting) the degree of closeness to Mondrian’s style. In
addition, the algorithm can be used to verify known paintings.

In the present version of the algorithm, for each original painting all possible strings
that code the painting have been generated; but, in order to infer the grammar, a
particular string has been chosen. It would be interesting to study the influence of
this choice on the membership degrees of inferred productions.
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